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ON THE X-RANKS ASSOCIATED TO A LINEAR SUBSPACE
EDOARDO BALLICO!

ABSTRACT. Let X C PV be an integral non-degenerate variety. For any q €
PV the X-rank 7x(q) of ¢ is the minimal cardinality of a set S C X whose
linear span contains q. For any r-dimensional linear subspace V. C PV the
X-rank rx (V) of V is the minimal cardinality of a set S C X whose linear
span contains V. We define several invariants related to the X-rank, e.g. the
open rank of V, r + 1 integers rx(g;), 0 < ¢ < r, with rx(g;) < rx(g;) for all
i < jand qo,...,qr a basis of V and minimal nx (V) :=rx(qo) + - - +rx(¢r)-
We always have nx (V) > rx(V) and we give an upper bound for nx(V),
which ensures that we may compute rx (V) with knowledge of qq, ..., ¢ and
in particular check if nx (V) = rx (V) (the general case, but not always). The
integer rx(g,) is the minimal integer ¢ such that V is spanned by points of
X-rank < t. Many of these invariants of V' give lower bounds for the invariants
of any linear subspace of V.

1. THE MAIN DEFINITIONS AND THE MAIN RESULTS

Let X C PY be an integral and non-degenerate variety over C (but we also
consider the real field R in section 3, while Proposition 1.3 and the definitions of
the integers nx(V), rx;(V), 0 < i < dim(V) work over an arbitrary field). For
each ¢ € PV the X-rank rx(q) of ¢ is the minimal cardinality of a finite set S C X
such that g € (S), where ( ) denotes the linear span. When N+1 = Hle(nﬁrl),
k > 2, and X is the Segre embedding of P™ X --- x P™ the X-rank rx(q) of ¢ is
the tensor rank of the tensor of format (n; +1,...,n,+ 1) associated to g. When
k =2 and X is the Segre embedding of P™ x P2 the tensor rank rx(q) is just the
rank of the (ny + 1) x (ny + 1) matrix associated to g, but even in this classical
case this notion leads to many research topics if (as in this paper) instead of a
single point ¢ we consider a linear space V C P¥. Rank metric codes can be
seen as a vector space of n; X ny matrices where the entries are from a finite field
and the rank distance is the rank of the difference between two matrices ([17],
[21], [26], [30], [30], [32], [31]). The motivation of many of these works came
from network codings ([27]). For linear spaces of matrices over a field with an
upper/lower bound of their rank or of constant rank, see [1], [10], [17], [19], [28],
[29]. When N +1 = ("Zd) with n a positive integer, d > 2, and X is the order d
Veronese embedding of P”, then 7x(¢) is the minimal number of addendum of the
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degree d homogeneous polynomial f(xg,...,z,) € Clxg,...,z,] associated to ¢
in a decomposition f(xo,...,z,) = >, li(wo, ..., x,)%, where each ¢;(xo, ..., )
is a linear form; for this set-up the papers [15], [18], [23], [33, 1.2] look at the rank

of a general r-dimensional linear subspace. Abo and Wan considered the case of
several anti-symmetric forms ([1]).

For any integer ¢ > 0 the t-secant variety oy(X) of X is the closure in PV of
the set of all ¢ € PV with 7x(q) = t; here over C we may take the closure either
in the euclidean topology or the Zariski topology and get the same set oy(X).
The set 04(X) is an irreducible projective variety, which contains all ¢ € PV with
rx(q) <t (but often it contains points with higher X-rank). We have 0(X) = X
and o,(X) C 0y1(X) for all £ > 0. Let 7y gen be the minimal integer x such that
0.(X) =PV ie. the only integer z such that ry(q) = x for all ¢ in a non-empty
open subset of PV (either for the euclidean or the Zariski topology of PV).

In this paper we look at properties related to the X-rank, but for linear sub-
spaces V. C PN, For each linear space V. C PV the X-rank ry(V) of X is
the minimal cardinality of a finite set S C X such that V' C (S). Obviously
rx({q}) = rx(q) for all ¢ € PV,

Adapting the proofs in [12] we get the following statement.

Proposition 1.1. Let V C PV be an r-dimensional linear subspace. Let p be the
minimal value of all rx (o), o € V. Then:

(i) rx (V) < min{(r + 2)7x gens (" + 1)"x gen + £}

(i1) If uy,...,ux, € V, k > 2, are linearly independent, then rx(V) < (r +
2 — k)rxpeg +rx(ur) + - 4+ rx(ug).

There are two notions related to the X-rank and for which the proof of Propo-
sition 1.1 may be extended with some effort. These two notions are related. They
capture what happens if a part of X cannot be used for the interpolation, i.e. the
finite set S used in the definition of X-rank must avoid a proper closed subset
of X. We fix a proper closed subset T' C X for the Zariski topology. For any
q € PV (resp. linear subspace V C PV) let rx\7 (resp. rx\r(V)) be the minimal
cardinality of a finite set S C X \ T such that ¢ € (S) (resp. V C (5)). Obvi-
ously rx\r(q) > rx(q) and rx\r(V) > rx(V'). The proof of Proposition 1.1 and
of Proposition 3.1 below works verbatim using 7x\r and 7x\rr instead of rx and
rx R, respectively. The notion of open rank is more subtle (it was introduced by
J. Jelisiejew in [25], inspired by a related notion for affine varieties introduced
in [3] and [9]). The open rank orax(q) of ¢ € PV is the minimal integer ¢ > 0
such that for every Zariski closed proper subset 7" C X there is a set Sp C X \ T
with §(St) <t and ¢ € (Sp). Obviously orax(q) > rx(q) and orax(q) > rx\r(q)
for any closed T C X, but often orax(q) > rx(q) (always if rx(q) = 1, i.e. if
g € X). There is a case for the symmetric tensor rank in which the maximal
value of the rank is strictly less than the maximal value of the open rank ([0], i.e.
trivariate homogeneous polynomials of degree 4). There are cases in which the
generic rank is not the generic open rank, i.e. there is no non-empty open subset
U C P (for the Zariski or the euclidean topology) such that orax(q) = 7x gen for
all ¢ € U. Take any non-defective X C PV such that a :== (N +1)/(dim(X) + 1)
is an integer; when a := (N +1)/(dim(X)+1) € N, X is non-defective if and only
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if 0,(X) =PV, ie. if and only if a = ryge. By assumption and a dimensional
count there is a non-empty open subset U C PV for the Zariski topology such that
rx(q) = a for all ¢ € U and for each ¢ € U there are only finitely many S C X
with §(S) = a and ¢ € (S). We claim that orax(q) > a for every ¢ € U. Fixq € U
and take the finitely many sets Sy, ..., Sk such that §(S;) = a and ¢ € (S;). Set
T :=S;U---USk. By the definition of 7" there is no S C X \ 7" with #(S) = a and
q € (S); if dim(X) > 1 we may even take instead of S; U---U Sy an irreducible
Ty € X with T3 D S;U---USg. Hence the generic open rank is at least a+1. We
may find many examples X C PV as above among the Veronese embeddings of a
projective space P with respect to the complete linear system |Opn(d)|, d > 2,
i.e. in the set up of the rank 1 decomposition of homogeneous polynomials; in this
case N +1 = (”:d) and it is sufficient to assume (”:d) =0 (mod n+1) and that
(n,d) is not in the Alexander-Hischowitz list of defective Veronese embeddings of
degree > 2 ([2], [3], [13]), i.e., with the assumption (”:d) =0 (mod n + 1) and
d > 2, if and only if (n,d) ¢ {(2,4), (4,3)}. For instance if n = 2 it is sufficient
to take any integer d > 5 with d = 1,2 (mod 3).

For any linear subspace V' C P¥ the open rank of V is the minimal integer ¢ > 0
such that for every Zariski closed proper subset T' C X there is a set Sp C X \ T
with #(Sr) <t and ¢ € (S7).

In section 2 we adapt the proof of Proposition 1.1 to the open rank and get
the following result.

Theorem 1.2. Let V. C PV be an r-dimensional linear subspace. Let p be the
minimal value of all orax (o), o € V. Then

(1) orax (V) < min{(r + 2)rx gen, (7 + 1)7x gen + p}-

(1) If uy,...,ux, € V, k > 2, are linearly independent, then rx(V) < (r +
2 — k?)TXJeg + oraX(ul) + -+ oraX(uk).

As in [12] we may extend this type of results over R with very mild assumptions
(see section 3).
For a linear subspace V with r := dim(V) > 0 many other invariants may

be defined in the following way. For any integer r such that 0 < r < N let
G(r, N) denote the Grassmannian of all r-dimensional linear subspaces of PV. Let
V C P be a linear subspace. Set ry max(V) := maxey rx(q) and ry mm(V) =
mingey 7x(q). Let 7x4en(V) denote the only integer ¢ such that there is a non-
empty open subset U C V with rx(q) = ¢ for all ¢ € U (it is called the generic
X-rank of V). If X is defined over R with X;eo(R) # 0, then rxgmax(V) :=
max,ey rxr(¢) and rx min(V) := mingey rxr(¢). In this case we may also define
the X-typical ranks of V', i.e. the integers ¢ for which there is a non-empty
euclidean open set £ C V with rxgr(q) =t (see section 3). In certain situations
related to coding theory small 7y min(V') is bad, while in other situations small
rx.min(V') is good. For instance, software programs which compute the tensor rank
of tensors and the rank of homogeneous polynomials are more effective for low
rank tensors. By Proposition 1.1 small 7y min(V') helps to get an upper bound for
rx(V). For a general V' € G(r, N) the invariant rx mmn(V') is computed in terms
of the dimensions of the secant varieties o¢(V'), t > 0.
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For any V € G(r,N) let nx(V) be the minimal integer x such that there is
S C V with S spanning V and z = 3 _7x(g). We obviously have

Tx(V) < UX(V) < (’f‘ + 1>TX,min(V)

Define the flag Uy C --- C Uy, h > 0, and the integers £xo(V),...,lxn(V),
rxo(V) < --- <rx,(V), in the following way. Let U, be the linear span of all
v eV with rx(v) = rxmn(V). Set xo(V) := dim(Up) and rx;(V) = rx min(V)
for all i = 0,...,0xo(V). If Uy =V, ie. if €xo(V) = r, then we take h = 0
and stop. Now assume £x (V) < 7. Let rx s, )+1(V) be the minimal integer
rx(v) for some v € V' \ Uy. Let U; C V be the linear span of the union of Uy
and all v € V' \ Uy with rx(v) = 7x0,,v)+1(V). Set €x1(V) = dim(U;) and
Tx,i(V) = rxpxoov)+1(V) for all x € {€xo(V) +1,... . £x 1 (V)}. UL =V, ie. if
lx1(V) = r, then we stop. Now assume £x1(V) < r. Let rx . v)4+1(V) be the
minimal integer rx(v) for some v € V' \ U;. Let Uy C V be the linear span of
the union of U; and all v € V'\ Uy with rx(v) = rxy,(v)+1(V). Set lxo(V) =
dim(Uy) and rx (V) = rxex, ()41 (V) forall z € {€x1(V)+1,...,lx2(V)}. And

SO on.

Proposition 1.3. Fizs € {0,...,r} and let W C V be any s-dimensional linear
subspace. Then nx (W) <>°7_ rxi(V).

Using Proposition 1.3 we get the following recipe to compute all integers nx (V),
lx;(V) and rx;(V). Take ¢y € V such that rx(qo) = rxmm(V). If r =0, then
stop. If » > 0, then take ¢; € V \ {go} with minimal rank. If » = 1, then
set nx(V) = rx(q) + rx(q1) and then stop. Now assume r > 1. Assume to
have defined linearly independent points qg,...,qs € V, s < r, such that for
h=1,...,s—1, rx(qp) is the minimal X-rank of a point of V'\ ({qo,...,qn_1})-
Since s < r, we have V' 2 ({qo, ..., qs}). Let ¢s11 be any point of V'\ ({qo, - .-, ¢s})
with minimal X-rank. And so on. We obtain in this way r + 1 points qq, ..., g,
with non-decreasing X-rank and spanning V.

Claim: We have rx;(V) = rx(q;) for all i, ¢; € U, if and only if ¢ < lx (V)
and each U; is spanned by U; N {qo, ..., q}

Proof of the Claim: Since qq,...,q, are linearly independent, the second
and the third statement of the Claim are equivalent. The case ¢ = 0 of the
first statement is true, because 7x(qo) = Txmin(V). Moreover ¢y € Uy by the
definitions of Uy and of go. Now assume ¢ > 0 and that rx (V) = rx(g;) for
all j < i. Set U_y := ). Let e be the minimal non-negative integer such that
i < UxeV) Ifi—1<lx. 1, then set f := e — 1, otherwise set f := e. By
the inductive assumption we have qo,...,q_1 € Uy. First assume f < e, i.e.
f=e—11erx;(V)>rx;,—1(V). In this case we have Ur = ({qo,...,qi-1})-
Since ¢; ¢ Uy, Ur = ({qo,--.,q—1}) and rx,;(V) is the minimal X-rank of an
element of V\Uy, we have rx(¢;) > rx,;(V). Since ({qo, - .., qi—1) = Uy, our choice
of ¢; gives rx(¢;) < rx,:(V). Now assume f = e. In this case we have rx;(V) =
rx,i—1(V). Sett :=Llx (V). Wehave Ue_; = ({qo, ..., q:}). Thereisan lx (V)-
dimensional linear subspace U, of V' spanned by U._; and lx (V) — lx _1(V)
linearly independents element with X-rank rx (V) = rx;—1(V), while U, \ U4
has no element with X-rank < rx;(V). By the inductive assumption we also
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have ¢; € U, for all j < i and U._; = ({qo,...,q}). The definition of ¢; gives
rx(qi) = rxi(V).

This procedure shows that the integer dx (V') := rx(¢.) is an invariant of X
and the linear space V. The integer dx (V') is the minimal integer ¢ such that V' is
spanned by the points of V' with X-rank at most ¢. If W is an s-dimensional linear
subspace of V', then the Claim implies dx (W) > rx (V). Obviously ({qo,- .., qs})
is an s-dimensional subspace of V' with dx(({qo,...,¢s})) = rxs(V).

Take any V' € G(r,N) and assume that the set of all ¢ € V with rx(q) =
rxmin(V) spans V. In this case we obviously have rx(V) < (r + 1)rxmm(V).
Can we improve this upper bound for rx(V)? If rx min(V) =1, ie. if VN X # 0,
then this bound cannot be improved, because rx (V) > r+1 for allV e G(r,N).
Now assume that V' is general in G(r, N) and set 2 := 7x yin and e := deg(o,(X))
and g :== N — dim(o,(X)).

Proposition 1.4. Set n = dim(X), a := rxgen. For any i € {1,...,a} set
o(i) := dim(o(X)). Set 0(0) = —1 and 0o(X) = 0. Fiz a general V € G(r,N).

(1) We have rx gen(V) = a.

(i) If r < N —o(a — 1), then rx mm(V) = a.

(111) For any i < a there is ¢ € V with rx(q) =i if and only if r > N — o (7).

(iv) Assume r > N — o (i). The integer z := rx min(V') is the positive integer
<a—1 such that N —o(z) <r <N —o(z—1).

(v) We have rx;(V) = rxmm(V) for all i = 0,...,r, and hence rx(V) <
nx (V) = (r + Drxmm(V).

In general the inequality rx (V') < nx (V') is very rough. If we are only interested
in the case of a general V € G(r, N) in some important cases (e.g. if X C PV is a
Veronese embedding of a projective space as in [15], [15], [23]), this integer is the
minimal integer ¢ such that o,(X) = PV, where X C PV is a certain embedding
of a variety X constructed from the embedding X C PV. For an arbitrary X
we know a general result for the uniqueness of the set evincing the X-rank of a
point ¢ € PV ([14, Theorem 1.18] is stated for the symmetric tensor rank, but
its proof works in the general case). For these type results it was introduced the
following invariant of the embedding X C PV. Let p(X) be the maximal positive
integer ¢t such that any set S C X with £(5) < ¢ is linearly independent. We have
2 < p(X) < N +1. It is easy to check that p(X) = N + 1 if and only if X is a
rational normal curve of PY. We have p(X) =d+1if X CPY, N = -1+ (”zd),
is the order d Veronese embedding of P". In section 2 we prove the following
result.

Theorem 1.5. Take any V € G(r, N).

(1) If 2rx(V) < p(X) + r, then there is a unique set S C X such that
8(S) <rx(V) and V C (S).

(i1) Assume 2nx (V') < p(X)+r. The integer ry (V) is computed in the follow-
ing way. Take qo,...,q € V such that rx(¢;) = rx;(V) and {qo,...,¢.}) = V.
Take any S; C X such that §(S;) = rx(q;) and ¢; € (S;). Set S := U[_,S;. Then
rx (V) =14(S) and S is the only subset A C X with §(A) =rx(V) and V C (A).
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Now we shows why part (ii) of Theorem 1.5 shows (for any r > 0) how to
construct examples V, M € G(r, N) with rx (V) = nx(V), rx(M) < nx(M) and
nx(V) = nx(M) < (p(X) +r)/2. Fix any r + 1 linearly independents points
o, - - ¢ with rx(¢;) < rx(g;) for all i < j and Y7 rx(q) < 2p(X) + r. Set
V= {qo,.--,q-}). Since 2rx(g;) < p(X), there is a unique S; C X such that
18(S;) = rx(¢;) and g; € (S;). Set S := U!_,S;. By part (ii) of Theorem 1.5 we have
rx (V) = 4(S). By the Claim and Proposition 1.3 we have nx (V) =>"1_ rx(¢;) =
Y i 8(S:). Hence rx (V) = €x(V) if and only if S;NS; for all i # j. We may also
reverse the construction. We start with sets S; € X, 7 =0,...,r, with Sy # 0,
8(5;) < #(S5;) for all ¢ < j and >, #(S;) < 2p(X) + r. This inequality implies
that each S; is linearly independent and that if p; € (S;), then rx(p;) = #(5;)
if and only if there is no S" C S; with p; € (S’). We also assume that for
all i = 1,...,r, then S; € (U;_4Sy). Take a general ¢; € (S;). We saw that
rx(g:;) = 4(S;). Since S; € (Uy_,Sp) for i = 1,...,7 we have ¢; ¢ ({qo, ..., qi_1)-
Hence we may easily construct V, M with rx (V) = nx (V) and rx (M) < nx(M)
(note that we may take arbitrary set S; # 0 with Y. 24(S;) < p(X) + 7).

In all cases with uniqueness (e.g. in Theorem 1.5) we obviously have orax (V) >
rx(V) and orax(g;) > rx(g;) for all i.

2. THE PROOFS

Proof of Proposition 1.1: Fix o € V with rx(0) = p and set a := Tx gen. Take a
non-empty open subset U C PV (either for the euclidean or the Zariski topology
of PY) such that rx(q) = a for all ¢ € U. Fix ¢ € U and set W := {q} UV. We
have dim(W) <r+1and W 2 V. Since ¢ € WNU, the set UNW is a non-empty
open subset of W (for the euclidean or the Zariski topology). Hence there are
€1, €12 € UNW spanning W. Since rx(e;) = ¢, there is S; C X such that
8(S;) = a and ¢; € (S;). Set S :== S U---US,12. We have £(5) < (r + 2)a and
W C (S). Since W DV, we get rx(V) < (r+2)a. Since o € W and UNW
contains a non-empty open subset of W there are fi,..., f,o1 € UNW such that
{0, fi,..., fre1} spans W. As above we get rx (V) < rx(o) + (r + 1)a. In the
same way we get part (ii). O

Proof of Theorem 1.2: Fix o € V with rx(0) = p and set a := 7x gen. Fix a closed
subset ' C X. By the definition of open rank there are A, A; € X\T,1 < i <k,
such that #(A) = p, #(A4;) = orax(u;) for all i, 0 € (A) and u; € (A;) for all .

Claim 1: There is a non-empty open subset U’ C PV such that for each
q € U’ there is S, C X \ T with #(S,) = a and q € (S,).

Proof of Claim 1: By assumption we have 0,(X) = PV, ie. PV is the
Zariski closure of the union of all linear spaces (S) with S C X, S linearly
independent and #(S) = a. Any point of X is a limit of a family of points of
X\ T. Hence PV is the Zariski closure of the union of all linear spaces (S) with
S C X\ T, S linearly independent and §(S) = a. Let Z C (X \ T)* be the set
of all (by,...,b,) € (X \ T)* which are linearly independent. Z is a non-empty
Zariski open subset of (X \ T)*. Let I C Z x PV be the set of all pairs (b, ¢) with
b= (b1,...,b,) and ¢ € ({b1,...,b,}). Iis an irreducible variety of dimension
adim(X)—1. Let 7 : T — P¥ the projection onto the last factor. By assumption
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PV is the Zariski closure of the image Im(7) of 7. By Chevalley’s theorem Im ()
is a constructible subset of PV for the Zariski topology. Hence the image of 7
contains a non-empty open subset U’ for the Zariski topology. The set U’ satisfies
the thesis of Claim 1.

With Claim 1 the proof of Proposition 1.1 goes verbatim for the open rank,
using U’ instead of U. O

Proof of Proposition 1.3: We use induction on the integer r (applied to all linear
subspaces of PY). For any fixed integer r we use induction on the integer s. For
any r the case s = 0 is trivially true, because for any linear space M rxo(M) =
Txmin(M) and rx min(N) < rxmn(M) if N O M. Hence we may assume that
r>s >0 Let W) C --- Cc W) =W, K >0, be the flag of linear
subspaces of W obtained as in the definition of the integer h > 0 and the flag
Uy C --- C Uy, =V of Vusing W instead of V. Take a basis {qo, . .., ¢} of V with
rx(q;) = rx;(V) for all i and such that each U; is spanned by U; N {qo,- .., }.
Take a basis {po,...,ps} of W with rx(p;) = rx;(W), i = 0,...,s and such
that each W (i) is spanned by W (i) N {po,...,ps}. Let W' be the linear span
of {po,...,ps—1}. By the inductive assumption for each integer j < s we have
Sl orx(pi) > Y _ga I rx(ps) > rx(gs), then we are done. Now assume
rx(ps) < rx(gs). Since rx(ps) > rx(p;) for all i < s, we get that the linear span
T of the set of all v € V' with rx(v) < rx(¢s) has dimension at least s. Hence
rxs(V) <rx(qs), a contradiction. O

Remark 2.1. The case s = r of Proposition 1.3 implies that nx (V) = >°7_,rx:(V).

Proof of Proposition 1./: Since V is general, it contains a general point of PV
and hence part (i) is trivial. For any integer i € {1,...,a — 1} set 0?(X) := {q €
oi(X) | rx(q) = i}. The set of(X) contains a non-empty open subset of o;(X)
and in particular the closure of 0;(X) \ 0?(X) is a finite union of algebraic sets
of dimension < o (7). Since V is general, for any i > 0 we have V N o;(X) # 0
if and only if r > N — o(i). Hence rxmn(V) > i if r < N —o(i). Now assume
r > N —o(i) and hence V No;(X) # 0. We get dim(V No; (X)) =o(i) +r— N,
dim(V N (03(X) \ 02(X))) < o(i) +r— N and so VN (0;(X) \ 09(X)) # 0.

Now we prove part (v). Set z := rxmm(V). It is sufficient to prove that V is
spanned by r+1 points with z as their X-rank. If z = a, then we are done, because
a non-empty Zariski open subset of V' is formed by points ¢ with rx(q) = z. Now
assume z < a. By assumption N —o(z) <r < N—o(z—1). Let W be a general
linear subspace of V' with dim(W) = N —o(z). Since V is general, W is a general
element of G(N — o(z), N). Hence W N o,(X) is finite and contained in of(X).
Since X is irreducible, o,(X) is irreducible. Hence o,(X) N M is an irreducible
curve for a general M € G(N — o(z) + 1, N). Since W is general, we may take
as M a subspace containing W. Take any hyperplane H C P¥. Since o, (W) is
reduced and connected, we have h'(PY,Z, (x)) = 0. Thus the exact sequence

0— IO'Z(X) — IJZ(X)(]_> — IazﬂH,H(l) — 0

gives that H No,(X) spans H. Taking a hyperplane of H and iterating the trick
several times we first obtain that the integral curve o,(X)NM spans M and then
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that the finite set o,(X) N W spans W. Since o, (X)NW = o?(X)NW, W is
spanned by points with X-rank z. Varying W in V' we get that V' is spanned by
points with X-rank z. O

Proof of Theorem 1.5: We first prove part (i). We use induction on r. Since the
case r = 0 is true by the proof of [14, Theorem 1.18], we may assume r > 0. Take
A, S € X with #(S) < rx(V), $(A) < rx(V), V C (S)N(A) and S # A. The
definition of the integer rx (V') gives #(A) = 4(S5) = rx (V).

First assume SN A = (. Take Ay C A with §(42) = A —r and VN (A4y) a
single point. Since V' C (S) and A, NS =, Ay U S is linearly dependent. Since
8(S U Ay) < p(X), we get a contradiction.

Now assume SN A # () and set A; := A\ ANS, S;:=5S\SNA, e:=4ANS)
and W :=V N (A1) N (Sy). Since S # A and no proper subset of A spans V', we
have S # Ay, Sy # 0, Ay # 0, Ay # S; and dim(W) = r — e. Apply the first
part to W, A; and S;.

Now we prove part (ii). Since part (ii) follows from part (i) when r = 0, we may
assume that > 0 and use induction on r. We have §(S) < >"7_ rx(¢;) = nx(V)
and V' C (S). Hence rx(V) < §(5). Let S’ be the minimal subset of S such
that V' C (S’). Take any A C X with #(A) = rx(V) and V C (A) and assume
S # A. Since $(A) + 4(5) < 2nx(V) < p(X) + r, the proof of part (i) gives
A=98".18 = 85, then the proof of part (ii) is over. Now assume S’ ¢ S. Set
M = ({qo,...,q—1}). We have dim(M) = r — 1. The definition of qo, ..., ¢ —1
gives rx;(M) = rx;(V). Since dim(M) = r — 1, the inductive assumption
implies S; N S" = S for all i < r. Take N := ({q1,...,¢-}). The Claim in the
introduction gives ry;(N) = rx,+1(V) for all ¢ < r. The inductive assumption
gives S; NS = S; for all ¢ > 0 and in particular S, € S’. Thus S’ = S, a
contradiction. O]

3. OVER R

Let X C P¥ be a geometrically integral variety defined over R. We write
X(R) c PN(R) for the real points of X and X(C) c PM(C) for the complex
points of X (we called them X in the other sections). Recall that “ geometrically
integral ” means that the complex variety X¢ (the same real equations of X, but
seen in PV(C)) is an integral complex variety. We require that X (R) contains
at least one smooth point of X (C) (usually this is written down as X, (R) #
(). This assumption implies that X,es(R) spans the real projective space PV (R)
(linear span with real coefficients) and hence the complex projective space P (C)
(linear span with complex coefficients). A typical X -rank is an integer t > 0
such that there is a non-empty open subset £ C PV for the euclidean topology
with rxr(q) = t for all ¢ € E ([7], [11], [12], [16]). The generic X-rank of
X (C) c PY(C) is the minimum of all typical X-ranks and if x; and x5 are typical
X-rank, then every integer = with z; < x < 25 is a typical X-rank ([7, Theorem
2.2]). Fix V € G(r,N)(R). For any S C PY(R) let (S)g denote its R-linear
span in the real projective space PY(R) and let (S)c denote its C-linear span
in the complex projective space PV (C). We have dimg({S)g) = dimc({S)¢) and
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(S)r = (S)c NPY(R). The real X-rank rx (V) of V is the minimal cardinality
of a finite set S C X (R) such that V' C (S)g.

Proposition 3.1. Let V C PY(R) be an r-dimensional R-linear subspace. Let p
be the minimal value of all rxr(0), o € V. Then

(1) rx (V) <min{(r + 2)rx gen, (" + 1)7x gen + p}-

(11) If uy,...,ur € V are linearly independent, then rxg(V) < (r +2 —
k)TX,reg + TXJR(Ul) + -+ TX,R(”k)«

Proof. Fix 0o € V with rx(0) = p and set a := 7xgen. Take a non-empty open
subset U C PY(R) for the euclidean topology of PV such that rxr(q) = a for
all ¢ € U. Fix ¢ € U and set W := {q} UV. W is an R-linear subspace,
dim(W) <r+1and W 2D V. Since ¢ € WNU, the set U NW is a non-empty
open subset of W for the euclidean or the Zariski topology). Then we continue
as in the proof of Proposition 1.1. O

Remark 3.2. Take the the assumptions of Proposition 3.1, but look at the proof
of Claim 1 in the proof of Theorem 1.2. Set n := dim(X). We fix a proper Zariski
closed subset T' C X. Take a non-empty open and connected subset £ C X,eq(R)
for the euclidean topology such that ENT(C) = (. E has euclidean dimension n
and in particular it is a connected topological manifold of dimension n. Let Zg be
the set of all b = (by,...,b,) € E® such that by,...,b, are linearly independent.
Zg is a topological manifold of dimension na, but we do not claim that it is
connected. Let Ir be the set of all pairs (b,u) with b = (by, -+ ,b,) € Zg and
u € ({b,...,ba})r. Let mp : Ip — PY(R) denote the projection onto the second
factor. Since 7 is dominant, its complex differential has rank N for a Zariski
dense open subset of I. This open subset meets Iz. Hence there is ¢ € Ig at
which the complex differential of = has rank N. The differential of 7 and of 7 at
c are given by the same real matrix. Hence the image of 7 contains a non-empty
euclidean subset of PV (R). With this observation Theorem 1.2 is extended to the
open real rank.
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