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CERTAIN CUBIC REDUCTION FORMULAS INVOLVING
HYPERGEOMETRIC FUNCTIONS

MOHAMMAD IDRIS QURESHI' AND SHAKIR HUSSAIN MALIK?*

ABSTRACT. In this paper, we obtain a new general double infinite series iden-
tity (in terms of the sum of three infinite series) involving the bounded se-
quence of arbitrary complex numbers using Saalschiitz summation theorem for
terminating Clausen series. As application of our double series identity, we
establish two cubic reduction formulas for Srivastava-Daoust double hypergeo-
metric functions in terms of generalized hypergeometric function with suitable
convergence conditions. By the theory of analytic continuation, our cubic re-
duction formula for special Srivastava-Daoust double hypergeometric function,
—211

is also valid in =21 < R(z) < 3 when $(z) = 0, using Mathematica software.

1. INTRODUCTION AND PRELIMINARIES

In our investigation here, we use the following standard notations:

N:= {1,2,3,---}, No:=NU{0} and Z; := Z- {0} = {0,—-1,-2,-3,---}.
Also, as usual, the symbols C,R,7Z and N denote the sets of complex numbers,
real numbers, integers, and positive integers, respectively.

Pochhammer symbol:

The Pochhammer symbol (a), (a,p € C) is defined, in terms of Gamma function
[ (see, e.g., [19, p. 2 and p. 5]), by

(@ =9 (0 pe g e €\ (0ha € 2y p=0)
(1 (sz;aeC\Za),
ala+1)---(a+n—-1) (p=neN;aecC),

(

(p:k,oz:—n;n,kENo,nggn),
0 (p=k,a=-n;n, ke Ny, k>n),

(p=-n,a€eC\Z,neN),

(1.1)
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it being understood that (0)g := 1 (see, e.g., [11, 25]) and assumed tacitly that
the Gamma quotient exists.

Generalized hypergeometric function of one variable:

The generalized hypergeometric series (or function) ,F, (p, ¢ € Ny), which is a
natural generalization of the Gaussian hypergeometric series oF}, is defined by

(see, e.g., [1, 6, 11, 19, 25])
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Here an empty product is interpreted as 1, and it is assumed that the variable z,
the numerator parameters a;, ..., a,, and the denominator parameters /i, ...,
B4 take on complex values, provided that

(B e C\Zy; j=1,...,9q). (1.3)

Then, if a numerator parameter is a negative integer or zero, the ,Fj series ter-
minates in view of the third and fourth cases in (1.1).

With none of the numerator and denominator parameters being zero or a neg-
ative integer, the ,F; in (1.2)

(i) diverges for all z € C\ {0}, if p > ¢+ 1;
(ii) converges for all z € C, if p < g;

(iii) converges for |z| < 1 and diverges for |z| > 1 if p = ¢ + 1;

(iv) converges absolutely for |z| =1, if p = ¢+ 1 and R(w) > 0;

(v) converges conditionally for [z| =1 (2 # 1),if p = ¢+1and —1 < R(w) = 0;
(vi) diverges for |z| =1, if p=¢+ 1 and R(w) = —1,

where
q p
w ::Zﬂj—z%. (1.4)
j=1 j=1

In Wolfram’s Mathematica this important function ,Fj is implemented as Hy-
pergeometricPFQ and suitable for both symbolic and numerical calculations.
Double hypergeometric function of Srivastava-Daoust:

Srivastava and Daoust [20, p. 199] defined a generalization of the Kampé de
Fériet function [2, p. 150] by means of the double hypergeometric series (see also
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[21] and [22]):
[(aa) = 0, 0] = [(bp) = 0]; [(pr) = ¢'];

[(cc) = b,¢] = [(dp) = nl; [(dpy) = 7');

ﬁ (@) 4ng,; ﬁ (05)m; ﬁ (b;-)m//, (1.5)

—~

o C D D’ m! n! !
m=0n=0 H (Cj)szjJrnsj H (dj>m77j H (dz)nné
j=1 j=1 j=1

where the coefficients

V1,045 @1, 0045 Uy By Yoo s 01,0, 00 (1.6)

€1y---5€05 M-+, 7ID; 7717"'777/D’ '
are real and positive; and for the sake of brevity, (a4) is taken to denote the se-
quence of A parameters ay, ag, ...,as with simialr interpretations for (bg), (V'3/),
and so on.
Let

C D A B
Al I:1+Z(5j+znj—219j—zwj (17)
j=1 j=1 j=1 j=1

and

c D’ A B’
Ay ::1+Zej+2n}—2gpj—z¢;. (1.8)
j=1 j=1 j=1 j=1

We have

(i) If Ay > 0 and Ay > 0, then the double power series in (1.5) converges for
all complex values of x and y;
(ii) If Ay =0 and Ay = 0, then the double power series in (1.5) is convergent
for suitably constrained values of |x| and |y| (for more details of this case,
see [22]);
(iii) If A; < 0 and Ay < 0, then the double power series in (1.5) would diverge
except when z =y = 0.

Each of the following results will be needed in our present study.
Saalschiitz summation theorem for terminating Clausen series (see[! 1, p. 87, The-
orem(29)]; see also [25, p.95, Q.N.25(i)]):

-n, ﬁa )
B 1| — @O =B (6 =7)n (1.9)

0, 1—n+p+~v—09; (0)n (6 =B —=7)n’

where n € Ng; 8, v, 0, 1l —=n+ 8+ —06 € C\Z,.

Note: (Sum of Denominator parameters in 3F5—Sum of Numerator parameters
in 3F2) =1

Pfaff-Kiimmer linear transformation[0, p.247, Eq.(9.5.1) and (9.5.2)];see also [I,
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p.68, Eq.(2.2.6)]:

o, f; a, v =
2F1 z = (]_ — Z)_agFl == s (110)

s s
where v € C\Z, and |arg(l — z)| < 7.
Decomposition of unilateral infinite series :

iA(n) :iA(Bn)+§:A(3n+1)~|—§:A(3n+2), (1.11)

n=0
Cauchy’s double series identity (see[ll, p. 57, Lemma(11)]; see also [25, p.100,
Lemma(2)]):

o oo oo 3]
> omm)=>Y "> 6(n-3mm), (1.12)

n=0 m=0 n=0 m=0
provided that both sides of identities (1.11) and (1.12) are absolutely convergent.
Short notation for a sequence of parameters:
The notation A (N; «) represents the sequence of N number of parametrs given by
a a+1l a+2 a+ N -1
NN N N , (1.13)
and A [N; (dp)] := A(N;dy), A(N;ds), A(N;ds), ..., A(N;dp) (1.14)
represents the sequence of DN numbers of parameters, with similar interpretation

for others.
Some useful identities involving Pochhammer symbols:

(=)™
(n—3m)!:u;0§m§n. (1.15)

(—=n)3m
(=) _ (6= Dovam. (1.16)

2—c—n—=3m)y (¢c—1)niam
() man = (@)m(a+m), ; (m,n € Ng,a € C) (1.17)
Product theorem of Pochhammer symbol[25, p.23, Eq.(26)]:
mn o+ —1

(@) =M H(#)n, (meN,neNg,aecC) (1.18)

j=1

It is well known that, whenever a generalized hypergeometric function reduces
to the quotients of the products of the gamma function or Pochhammer symbols,
the results are very important from the point of view of applications in numerous
areas of physical, mathematical and statistical sciences including (for example)
in series systems of symbolic computer algebra manipulation (see, for example,
21]).

Our present investigation is motivated essentially by the usefulness of several
interesting and widespread developments of general double-series identities and
reduction formulas for Srivastava-Daoust double hypergeometric functions (for
example) Buschman-Srivastava[3, p.439], Srivastava[l6] and [1 7], Chen-Srivastava
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[1], Chen-Liu-Srivastava [5], Olver et al.[7], Prudnikovet al.[3], two transforma-
tions (one product theorem of two ;F; hypergeometric functions and another
product theorem of two oF» hypergeometric functions) of Srinivasa Ramanujan
[11, p.106, Q.N. (5) and Q.N.(7)] and further generalizations of Ramanujan the-
orems given by Saran[!2, pp.91-92]; see also [23, p.32, Eq.(50)] and Shanker-
Saran[13, p.10]; see also[23, p.31, Eq. (46)] in the form of the reducibility of
Kampé de Fériet function, three new transformations formulas with their ap-
plications to partial theta function identities derived by Somashekara-Vidya[!5]
and some generalizations of reciprocity theorems of Ramanujan established by
Somashekara-Murthy- Shalini[11].

The article is organized as follows. In Section 2, we derive a new general double-
series identity (2.1) by using Cauchy’s double series identity (1.12), decomposition
series identity (1.11), Saalschiitz summation theorem 3F5(1) (or one-balanced
summation theorem) (1.9) and series rearrangement technique. In Sections 3
and 4, by the adjustment of bounded sequence {®(u)}>2;, our general double-

p=0
series identity(2.1) is used to derive two cubic reduction formulas (3.1) and (4 1)

for Srivastava-Daoust double hypergeometric functions having arguments | z, -

and <ﬁ, 1%22) with suitable convergence conditions. Finally, in Section 5,
we present several concluding remarks and observations.

Remark 1.1. Any values of parameters and arguments in sections 2 to 4, leading
to the results which do not make sense, are tacitly excluded.

2. USE OF SAALSCHUTZ THEOREM IN GENERAL DOUBLE SERIES IDENTITY

In this section, we present an identity (presumably new) which transforms a dou-
ble series into sum of three single series, in the following theorem.

Theorem 2.1. Let us assume that {CID( VYo, be a bounded sequence of essen-
tially arbitrary complex numbers or real numbers such that ®(0) # 0. Then, the
following general double-series identity holds true:

n+3m

(C B 1>n+2m z
>3 e+ ) e Dmram (©m @07

n=0 m=0

3c3—2)2n (C— 1)2n Z?m

(
Do (550), (352), (0 (e — gn
1 (3c—1

3n

3 )Qn (C)Zn z
3c—1 +

(
n=0 (2)3n(36;1)n ( 3 )n ( ) ( )
(M)Qn (3 o an (€4 1), 2"
2 O+ ) ety (), 0, (o5 T
(3c € C\(Zy U{1,2,3}) and z € C)
provided that infinite series occurring on both sides of equation (2.1) are absolutely

convergent. For the convergence condition on complex variable z in equation

(2.1), it is necessary that actual form of sequence {® (1)}, should be known.

(2.1)
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In this connection, for the convergence condition on complex variable z see the
results (3.1) and (4.1), where the value of ®(p) is known.
Proof of the assertion (2.1):

Let
n+3m

c— 1)piom 2
Z Z ®(n+3m)r— 1()n+3m> (O 2Ty 1l il (22)

n=0 m=0

Using the identity (1.16) in equation (2.2), we get

(_1>m n+3m

ZZ@R—%—Bm B (2—c—n—=3m)m (¢)m n! m!l’ (2:3)

n=0 m=0

Replacing n by n — 3m in the right-hand side of equation (2.3) and also using
Cauchy’s double series identity (1.12), we obtain

NN (1) o
(2) = Z (n)33m (2—c—n)m () (n—3m)! m!

n=0 m=0

|3

Employing the identity (1.15) and the following formula (1.18), we obtain

(%]
- (_n>3m

U(z) = Z @(n)g 33m (2 — ¢ —n)pm (C)m m!

S 2 P (5 (52,

2—c—n)py (¢)m m!

S

0
00 -n —-n+l —ni2.
> 373 3 >
=> {Cb(n)—' 3Fy 1]y, (2.4)
n.
c, 2—c—n;

Now using decomposition series identity (1.11) in the equation (2.4), we find

1 2.
—-n, —n+ 3,—7’L+ 3

o0 3N
n=0 )

c, 2—c—3n;

30+ —n, —Nn— 3, —N+3;
+ d(3n+1 3 F: 1|+
Z n + 1) 2 o
c, 1 —c—3n
i 53042 -n, —n-— %; —n-— %;
+ ®(3n+2) — 35 1. (2.5)
|
n=0 (3n +2)! c, —c —3n;

Further using Saalschiitz summation theorem (1.9) in three members 3F5(1) of
the right-hand side of equation (2.5), after long and systematic calculation, we

have
S o 2 [ O e (55 (e = Dan
N %q)(g )(371)! {(E)n (36_2)11 (C)n (c=1)3, } -

3 3
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cxal (3?;)2” SRR

-I—f:@(i%n-l— 1)

n=0 3 ) ( )n (C)?m
(%) Z3n+2 (%)zn (3 ;1)2 (C+ 1)2n
+2 0+ Dy {<3c;2> (1), (o), <c+1>3n}‘ (26)

On further simplification, we get the required result (2.1).

3. FIRST APPLICATION IN GENERAL SRIVASTAVA-DAOUST FUNCTION

Using double series identity (2.1), we establish a result for reducibility of general
Srivastava-Daoust double hypergeometric function containing the arguments z

64z

and 2= 2 = into a sum of three generalized hypergeometric functions 3p,F3p1g (m)@fz,m)

as in the following theorem.
Theorem 3.1. The following cubic reduction formula holds true for general
Srivastava-Daoust double hypergeometric function:

[(dD>"]-73]a [C_ 1:1a2} STy T

D+1:0;0 23
FE+101 25597

[(6E>"]—73]a [C_ 1:173]: - [C"l]a
A(35dy), ..., A(3;dp), A(2;257), A(2;252), A(2;¢ — 1);
6423

= 3p+6F3E48 @netED) +
A(35e1), ..., A(3; eE),%,é,A(B;Sc—Q),A(S;c—1);

Jj=
A1+ d1), ., ABy L+ dp), A2 257), A2 25, A(2:0);

3 3
X 3py6l3E4s (27)(624+Z—D) +
A(B;1+e1),...,AB;1+¢p), 2,5, A(3; 3¢ — 1), A(3;¢)
D
22 (dl)g
=1
+ - X
2 ()
j=1
A(3;24dy), .., A(3;2 4+ dp), A(2; 252), A(2;251), A(2;¢ + 1);
23
X3p16F3E48 (27)(6;le ;
A3;2+4e1), ..., A2+ €p), 5.5, A(3;3¢), A3 ¢+ 1);
(3.1)

where ey, e, ...,eg € C\Zy; 3c € C\(ZyU{1,2,3}) and (dp) denotes the sequence
of “D” number of parameters given by dy, ds, ds, ..., dp with similar interpretation
for others.

When D < E then both sides of equation (3.1) are convergent for |z| < oo and
when D = E + 1 then both sides are convergent for some common (suitably
constrained values of |z| in left-hand side of (3.1) and 64|z < (27)3TE=P) jn
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right-hand side of (3.1)).
Proof of the assertion (3.1):

Put ®(u) = (dl)“(dm::‘(dm“ == , (1€ Ny)
(ej)#

in both sides of the double series identity (2.1), we obtain

oo 0 1:[1(dz)n+3m (C - 1)n+2m 2n+3m
2. T

n=0m=0 (ej)n+3m (C - 1>n+3m (C>m (27)m n! m!

7j=1

Z.)371(306—1 )n(362_2 )n( 306—2 )n(3cg—1 )n(c;gl)n(g)n (6423>n

e
=

0 112[(di)3n+1(gc;1)n(36g4)n(36g1)n(gcﬁ+2>n<§>n<cg_1)n (64z3)n

12[(di)3n+2(3Cg2)n(3cg5)n(scgl)n(gcg4)n(%)n(%)n (6423)n

n=0 ﬁ(ej)3n+2(§)n (g)A%)n(%)n(dn(%)A%)n(%)n (729)" n!

(3.2)
Now using the definition of double hypergeometric function (1.5) of Srivastava-
Daoust in the left-hand side of equation (3.2); product theorem (1.18) of Pochham-
mer symbol and definition of generalized hypergeometric function (1.2) in the
right-hand side of equation (3.2), we obtain the required result (3.1).

4. SECOND APPLICATION IN SPECIAL SRIVASTAVA-DAOUST FUNCTION

Using double series identity (2.1), we establish another result for reducibility of
special Srivastava-Daoust double hypergeometric function containing the argu-

ments ﬁ and (Zfl) into the product of binomial expansion and sum of
three hypergeometric functions ¢ Fg <%> as in the following theorem.

Theorem 4.1. The following cubic reduction formula holds true for special
Srivastava-Daoust double hypergeometric function:
[c —1:2,1]: [b:3]; [c— 1 —bel];
1:151 23 —z
Fiio T2 1=s
[c—1:3,1]: [es1]; —;
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A(3;0), A(2;%57), A(2;252), A(2;¢ — 1);

= (1—2)Y yF |
§,§,A(3 3¢ —2),A(3;¢—1);
A(35b+1), A2 252), A2 2571), A2 0);
+(1 - Z)(C_l) bz oF3 %_;3 N
2 4 A(3;3¢— 1), A(3;0);
(=)D by 1)z [ ABDT2 A2, ARG, AZe+ )
+ 2 9F8 62,;
303 A(3:3¢), A(3y ¢+ 1);
(4.1)

where 3c € C\(Zy U{1,2,3}) and both sides are convergent for some common
region (suitably constrained values of |z| in left-hand side of (4.1) and |z| <
3 larg(l — 2)| < m, |z| <1 in right-hand side of (4.1)).

Proof of the assertion (4.1):

Put ®(p) = (b),, (1 € Np) in the both sides of double series identity (2.1) and
after using (1.17) in left-hand side, we obtain

i (D)3 (€ — 1)am(Z)™ i (b+ 3m)u(c—1+2m), 2

= (c—=1)sm () m! (¢ =14 3m), n!

n=

— - (303 1)2n (3032)271 (C 1)2n an
=20 Dz (35 )0 (52)n (On (¢ = 1)an

5 )an (55 )an (¢)2n

( Z
+2z Z(b)3n+1 (2) n<30+1)n ( ; )n (C n (C)

o0

2_2 ocT (3c+2) (c+1 ( ) Z?m
+ 2 %(b)smﬂ (3>3n(3c;2>n (3c§r1)n (O (c+ D’ (4.2)

Using the definition (1.2) in the left-hand side of equation (4.2) and also employing
the following identities (1.17) and (1.18) in the right-hand side of equation (4.2)
, we get

> 22 \m b+3m, c— 14 2m;
(B)am(c = 1)am(35) +dm, ¢—142m
Z 2l z
= (€= Dsm () mi c— 1+ 3m;
_ i () ()0 (52)n (350 ) (342), (35 2)n (B ) (S50 )n(E)n (642%)"
- c c c+1

N (B0 (H2)n (B2 (38 )0 (B (35 )n (P52
+bz Z ) 3 —
(

n=0 % n g)” ( c;1>n (303 D (C)n (5)n (5 3 )n
b(b+ 1)Z2 i %)n@TS)n(bTél)n 366—:_2)71 (3?5%(36;1)71(30;4 n (izl)n(%) (64Z )
2~ (a3 CFn CFHn (©n (FHa(F2)a(552)a (27 0!
(4.3)

Now using Pfaff-Kiimmer linear transformation (1.10) in the left-hand side of
equation (4.3), after expressing into double hypergeometric function (1.5) of
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Srivastava-Daoust and also using definition (1.2) in the right-hand side of equa-
tion (4.3), we find the required result (4.1).

Remark 4.1. We have verified the above reduction formula (4.1) numerically by
using Mathematica software under the following conditions:

(i) = < R(z) < 2 and S(2) = 0.

(il)When R(z) = 2 and S(z) = 0 then R(c — b) > 1.

(iii) When R(z) = = and $(z) = 0 then R(c — b) > =.

Note: By the theory of analytic continuation, the result (4.1) also valid in %511 <
R(z) < 2 and I(z) = 0.

5. CONCLUDING REMARKS AND OBSERVATIONS

Here, in this paper, we have established a new general double-series identity
(2.1) by using Cauchy’s double series identity (1.12), decomposition series iden-
tity (1.11), Saalschiitz summation theorem 3F5(1) (or one-balanced summation
theorem) (1.9) and series rearrangement technique. Then among numerous appli-
cations of this general double-series identity (2.1), we obtain two cubic reduction
formulas (3.1) and (4.1) for Srivastava-Daoust double hypergeometric functions

having arguments (z, ;—i) and <ﬁ, 1%2) under appropriate convergence con-
ditions. Therefore, we conclude our present investigation, by observing that the
several other interesting and potentially useful general double-series identities,
certain reduction formulas for Srivastava-Daoust double hypergeometric func-
tions can be derived in an analogous manner. The various results, which we
have presented in this article, are potentially useful in mathematical analysis and

applied mathematics (see, for example, [23],[24]; see also [15]).

With a view to encouraging and motivating further researches emerging from

the present investigation, we have chosen to draw the attention of the interested
readers toward some related recent developments (see, for example, [9], [10], [20]
and [27]) on hypergeometric functions and other families of higher transcendental
functions.
Conflicts of Interest: The authors declare that they have no conflicts of interest.
Acknowledgement. The authors are very grateful to the anonymous reviewer
and editor for their constructive encouraging comments and valuable suggestions
which improved this paper after revision.
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