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EXISTENCE AND UNIQUENESS OF RENORMALIZED
SOLUTIONS TO NONLINEAR MULTIVALUED PARABOLIC
PROBLEM WITH HOMOGENEOUS DIRICHLET BOUNDARY
CONDITIONS INVOLVING VARIABLE EXPONENT

BILA ADOLPHE KYELEM!, AROUNA OUEDRAOGO? AND FREDERIC D. Y.
ZONGO?*

ABSTRACT. In this paper, we prove the existence and the uniqueness of renor-
malized solution to a nonlinear multivalued parabolic problem §(u);—div a(z, Vu) >
f, with homogeneous Dirichlet boundary conditions and L'-data. The func-
tional setting involves Lebesgue and Sobolev spaces with variable exponent.
Some a-priori estimates are used to obtain our results.

1. INTRODUCTION

The purpose of this paper is to study the existence and the uniqueness of renor-
malized solutions to the following nonlinear parabolic problem involving the
p(-)—Laplacian

B(u)y —div a(z,Vu) > f in Q= (0,T) x Q
B(u)(t =0) = by in , (1.1)
u=0 on ¥ =(0,7) x 09

where Q € RY(N > 3) is a bounded open domain with smooth boundary, 7" is
a positive fixed final time and f € L'(Q), 8 is a maximal monotone graph on R
such that 37! € C°(R). Moreover, the function a(x, ) is monotone and coercive
with respect to & so as to define a Leray-Lions type operator.

There are mainly two types of difficulties in studying problem (1.1). The first
one resides in the the discontinuous character of 5 coupled with a nonlinear diffu-
sion term. The second one is raised by the L!-data so that finite energy solutions
could not be expected.

The study of various mathematical problems with variable exponent has consid-
erable attention in recent years. These problems have numerous applications (see
[1, 4,5, 13, 11]) and raise many difficult mathematical problems.

We recall that the notion of renormalized solutions was introduced for the first
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time by Diperna and Lions [7] in their study of the Boltzmann equation. Follow-
ing [7] and using the same notion of solution, Wittbold and Zimmermann (see
[15]) studied the problem

{ B(u) —div a(z, Vu) —div F(u) > f on £

u=">0 on 0f), (1.2)

where they proved the existence and the uniqueness of renormalized solution
for ' : R — RY a locally Lipschitz continuous function, 8 : R — 2% a set-
valued, maximal monotone mapping such that 0 € 3(0), a data f € L'(Q) and
a:QxRY — RY a Carathéodory function and p(.) : Q@ — (1,00) a continuous

variable exponent such that 1 < minp(z) < N.
e

Recently, Kyelem et als [10] proved existence and uniqueness of the entropy so-
lution to the problem

b(u) —div a(z,Vu) = f in Q= (0,T) x Q2
b(u)(t =0) = by in Q,
u=0 on ¥ = (0,7) x 09

where Q € RY(N > 3) is a bounded open domain with smooth boundary, T
is a positive fixed final time, b is monotone and continuous function such that
b(0) =0, and f € LY(Q).

For other works in this direction, see [11, 16]. The aim of our paper is to extend
the results in [10] , to the case of a monotone graph ( instead of a continuous
and monotone function b.

The paper is organized as follows: In section 2 we make assumptions on the data,
recall some basic notations and properties of Lebesgue and Sobolev spaces with
variable exponents, and give the definition of renormalized solutions to problem
(1.1). In section 3, we prove the existence and the uniqueness of the renormalized
solution of problem (1.1).

2. PRELIMINARIES
We study the problem (1.1) with the following assumptions on the data:

{ p(.) :  — R is a continuous measurable function such that (2.1)

]- < y - S P+ < +OO7
where p_ := inf p(z) and p, := sup p(z).
zeQ z€Q

For the vector fields af(., .), we assume that a(.,.) : QxRY — R is Carathéodory
and is the continuous derivative with respect to ¢ of the mapping A : Q x RY —

R, ie. a(z,§) = VA(x, ) such that:
e The following equality holds
A(z,0) =0, (2.2)

for almost every x € 2.
e There exists a positive constant C such that

la(z, )| < Ci(j(x) + €D (2.3)
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for almost every x €  and for every £ € RY where j is a nonnegative function
/ 1 1
in LPO(Q), with — + —— =1

p(x)  p(z)
e The following inequalities hold
(a(z, &) — alz,n)).(§ —n) >0, (2.4)

for almost every x € Q and for every &,n € RY, with £ # 1 and

1
Gl < afw, §).€ < Cpx) A, §) (2:5)
for almost every z € Q,C > 0 and for every £ € R,
Remark 2.1. (1) a(z,0) = 0 for a.e. x € Q. Indeed for z € Q fixed, denote
z = a(z,0) € RY. By the continuity of a(x,.), we have %ir% a(xz, &) = z.
—

Suppose now that z # 0 and choose {, = —sz with s > 0 goes to 0; then
a(w,&)-& = —s(z + €(s)).z < —s|z|” + 52| |e(s)], where lim |e(s ) = 0.

Therefore, for s sufficiently small, —s |z|* 4 s |z| |e(s)| < 0, which is a con-
tradiction by assumption (2.5). Thus, z = 0.

(2) As examples of models with respect to assumptions (2.2)-(2.5) for problem
(1.1), we can give the following:

(1): Set A(z,€) = (1/p(2))[€["™), a(z,&) = [P 2, where p(z) > 2.
Then we get the p(-)-Laplace operator

div (|Vu[P®~2Vuy).

(ii): Set A(x,&) = (1/p(x)) [(1 + ‘§|2>P(x)/2 B 1] alz,€) = (1+|€\2)(p($)_2)/2§,

where p(z) > 2. Then we obtain the generalized mean curvature op-
erator

div ((1+ Vuf?) P w).

As the exponent p(-) appearing in (2.3) and (2.5) depends on the variable z, we
must work with Lebesgue and Sobolev spaces with variable exponents.

We define the Lebesgue space with variable exponent LP)(Q) as the set of all
measurable functions u : 2 — R for which the convex modular

Pp() (U / |u[P™) da

is finite. If the exponent is bounded, i.e., if p; < 400, then the expression
|ulpey == 1nf{A >0 pyy(u/A) < 1}
defines a norm in L7 (), called the Luxembourg norm. The space (L*)(Q), ||,

E
is a separable Banach space. Moreover, if 1 < p_ < p, < 400, then LPM)(Q) is
uniformly convex, hence reflexive, and its dual space is isomorphic to L¥( )(€),
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1 1
where —— + —— = 1. Finally, we have the Holder type inequality:
p(z)  p(x)
‘ / uv d:v‘ < >|u|p V] (2.6)
for all u € LPM)(Q) and v € LP (')(Q).

Now, let
whO(Q) = {u e V(@) : |Vul € O(Q)},
which is a Banach space equipped with the following norm

[lull1p0) = Tl + [Vl lpe)-

—_wlr®)
We define also Wol’p(')(Q) = CgO(Q)W ©@, Assuming p_ > 1 the spaces

WirO(Q) and W,* (')(Q) are separable and reflexive Banach spaces. The space

(I/VO1 2() (€2))" denotes the dual space of WP © (Q). For the interested reader, more
details about Lebesgue and Sobolev spaces with variable exponent can be found
in [6] (see also [9]).

An important role in manipulating the generalized Lebesgue and Sobolev spaces
is played by the modular p,) of the space L) (Q). We have the following result

(ct. [5]):

Lemma 2.2. If u,,u € L") and p, < 400, then the following properties hold:
(1) |u|p(.) > 1= |U|,’Z() < pp(y(u) < |u|zzr_);'

(2) fulp)y <1 = |U\§Z) < pp(y(u) < W?E);

(3) Julpe) <1 (respectively = 1;> 1) <= pyy(u) < 1 (respectively = 1;>1);

(4) |un|py — 0 (respectively — 400) <= pyy(un) — 0 (respectively

— 400);

(5) pwiy (w/ulp(y) = 1.

Following [2], we extend a variable exponent p : Q— [1,+00) to Q@ =[0,T] x Q
by setting p(t,z) := p(z) for all (¢,z) € Q.
We may also consider the generalized Lebesgue space

LPO(Q) = { : ) — R mesurable such that // lu(t, z) [P d(z,t) < oo}

endowed with the norm

ull Loy () : mf A>0: //‘—’ t)<1}’

which share the same properties as LP) ()
Now, define the spaces:

={f e T @)V € V@
and

E={peVNL2Q); ¢,V + L' (Q)}.
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According to [12], we have E C C([0,T]; L'(Q)).

We will assume that
B:R— 2% is a maximal monotone graph such that 0ep(0) (2.7

and denote 37! the inverse function of 3, defined as f7'(r) = s <= r € B(s).
We also assume that

Bt e C’(R), ie. B7!is continuous on R. (2.8)

Asin [3], we will write [ 8(r) dr every time a graph 3 appears under line integrals,

instead of using its maximal or minimal univalued representations 3 = sup{s €
B(r)} and B = inf{s € B(r)} (in fact B = B almost everywhere).

In order to find more estimates for renormalized solutions and also to get useful a

priori estimates of approximate solutions to the problem (3.1) below, the following

integration by parts formula plays a crucial role:

Lemma 2.3. (see Corollary 2.4, [3])
Let F: R — R be a Lipschitz continuous function and f(s) be a mazimal mono-

By
tone graph in R. We set G(\) = / F'(r)B(r)dr.

Letw € LP-(0,T; Wy(Q)), wy € L®(Q) and b € E, by € L=(Q)N (WP ())*
such that
be pB(w) ae in Q, by € B(wp) a.e. in S

b, F / / Ui (bF(w) — G(w)) dida

for any ¢ € WH>(Q), ¥(T) = 0, where {.,.) denotes the dual pairing between
V* 4+ LYQ) and V N L>(Q).
In particular, we have

—(by, F / / U F(b) dtdx + /Q ¥(0)F (by) de, (2.10)

where F f F(p

Then we have

(2.9)

In order to deal with L!-data, we will need to introduce some auxiliary truncation
functions which are fundamental in the sequel.

Definition 2.4. For every k > 0, we set T(s) = max(—k, min(s, k)) the trunca-
tion function at level k, then we define

0,(s) = %Tn(s —T(5)), ha(s) =1 — [6,(5)], Suls) = /0 ho(r)dr,¥s € R.  (2.11)

To end this section, let now define what we understand by renormalized solution
of the parabolic problem (1.1).
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Definition 2.5. For f € L'(Q) and by € L'(Q), a renormalized solution of
problem (1.1) is a function u which verifies the following:
(Ry) u is measurable and Tj(u) € V, there exists b, € L'(Q) N E such that

b, € B(u) a.e. in Q;
(Ry) for all S in W2°°(R) such that S’ has a compact support,

_/Qso(o)/o S5~ drd:p—/ /W / §((r)) dr dt s

/ / a(z, Vu).VS' () + a(z, Vu).V(u)S” (u)e] dtdx (2.12)

= / /fS’ugodtdx,
o Jo

for any ¢ € C>°([0,T) x Q) such that S'(u)p € V N L®(Q);

/ a(z, Vu).Vudtdx = 0. (2.13)
n=F N 13 )eQm<|u(z,t)|<2n}

3. EXISTENCE AND UNIQUENESS OF RENORMALIZED SOLUTION

Our main result for the existence is the following.

Theorem 3.1. Assume (2.1)-(2.5) hold and [ satisfies (2.7)-(2.8). Moreover,
let by € L' () and f € L'(Q). Then, there exists at least a renormalized solution
for problem (1.1).

Proof. The proof of Theorem 3.1 is divided into several steps.

3.1. Regularized problems. As by € L'(Q), f € L'(Q) and L™ is dense in L',
then we can find two sequences of functions ( f€)€>0 C L™(Q) and (b07€)6>0 C
L™>(Q) strongly converging respectively to f and by such that

fellva) < flle@y,  lboellrr ) < HuollLre)-
Now, we consider the approximated problem

Bue)y — div a(x, Vu,) = fe in Q= (0,T) x Q

Bue)(t =0) = b in €, (3.1)
u. =0 on X = (0,T) x 0f.

We have the following result.

Proposition 3.2. Assume that (2.1)-(2.5) hold, by, € L>=(2) and f. € L=(Q).
Then, there ezists a function u. which is a weak solution of problem (5.1).
By a weak solution of the problem (3.1) we understand a function

uce (V={fer 0w @) vile Q) ) N L¥(Q)
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such that there exists b,, € L>®(Q) N E satisfying b,, € B(u), and

—/ /gotbuedtdx—/ bOde—i—/ / a(x,Vu.).Vo = / /fegodtdx (3.2)
o Ja

for any ¢ € C=([0,T) x Q).
Moreover we have

1(bu = bu ) Ol () < [l fe = Fall @) + 0o = bonllie), ¥t € (0,7). (3.3)

Proof. For shortness, we drop the index e.

Let Bs(s) be the Yosida approximation of the graph (3, and let 8s(s) = Bs(s) + s
Note that 5 is a Lipschitz increasing function with Lipschitz inverse Bgl.
Then, according to ([10], Proposition 2), there exists a unique weak solution wu;
of the problem

(ﬂg(u(g))t —diva(z,Vus) =f inQ=(0,T) x Q
55(%5)(75 = 0) = bo in Q, (34)
us =0 on X = (0,7) x 99.

As in [10], standard energy estimates imply that us is bounded in L>°(Q)) and in
LP=(0,T; Wol’p(')(Q)). Thanks to (2.3), we also have that a(x, Vus) is bounded in
LPO(Q)N. We deduce that

Bs(us) is bounded in LP'V(Q) and (ﬁg(ug))t is bounded in LP-(0, T (Wol’p(')(Q))*). (3.5)

Since we have, by Holder inequality (setting (-,-) the dual pairing in VVO1 #() (Q)),

/0 _ /Q (Bs(us)(T + h) — Bs(us) (7)) (us(T + h) — us(7)) dudr
:/O _ /T ((Bs(us)),, (us(T + h) — us(T))) dt

. T—h
< N(Bss)) ot ooy / (l15)(m + 1) 00y + [1) (P10 gy )

we conclude, thanks to the energy estimates as in [10],

/0 _ /Q (ﬂé(ué)(T +h) — 55(%5)(7')) (Ua(T +h)— U5(T)) drdr < C’h"%. (3.6)

Now, since 37! is continuous, we have that 56_1 is a sequence of uniformly equicon-
tinuous functions on the interval [—L, L], where L > ||us||oo. Thus, let us fix e > 0;
there exists a value o, such that

if |y — z| < o then |ﬁ5_1(y) — 65_1(2)} < e for any ¢ > 0.
Thus in the set {|us(7 + h) — us(7)| > €} we have
|B5(us) (T + h) — Bs(us)(7)| > o
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so that (3.6) implies

T—h
/ / [us(T 4 h) — s (T) | X |us (r+h)—us (1) > drdT < C
0 Q

0-6
Therefore,
T—h ni-
sup/ / lus(T + h) — us(7)| dedr < |Qle + C
s Jo Q Oe
which gives
T—h
lim sup/ / |us(T 4+ h) — us(7)| dedr = 0. (3.7)
h—=0 Q

We also have from Rellich theorem and the estimate in LP~ (0, T; W, * (‘)(Q)):

T a
Sup/ / lus(T + h) — us(7)| dedr < Ch™ . (3.8)
6 Jo Ja

We conclude, from (3.7) and (3.8), that wus is equi-integrable in @), so that it
strongly converges to u in L*(Q) and, up to subsequences, almost everywhere.
Therefore, we have that 35(us) weakly converges, in L10)(Q) for any ¢(.) < 400,
to a function y € 5(u). Moreover from estimate (3.5) and using a classical result
(Aubin’s lemma) we deduce

Balus) —> x  strongly in ([0, T]; (W™ (€2))").
This strong convergence, together with the uniform bound on Ss(us), yields that
Bs(us)(t) — x(t) in LIV(Q) as § — 0. (3.9)

Moreover, standard methods (see [10]) and almost everywhere convergence of ug
to u, yield

a(z, Vug) — a(z, Vu) in LPOQ)N as § — 0.
This is enough to pass to the limit and deduce that u is a weak solution of the
problem (3.1).
Then, techniques made in [10] allow us to obtain (3.3). O

Now, we aim to prove that this weak solution is also a renormalized solution of
the problem (1.1). Firstly, we prove an e—uniform a-priori-estimates in certain
Bochner spaces as well as in appropriate exponent Lebesgue spaces for u. and
Vu,. Secondly, we pass to the limit in the renormalized relation as e — 0.

3.2. A priori estimates and convergence results. Now, let u. be a weak
solution to problem (3.1) with f. and by . as data, i.e. there exists
by, € L*(Q) N E satistying b,, € B(u.), and

T
/ /cptb dtdm—/gp(O)boﬁd:ﬁ%—/ /CL(JJ,VUE).VUE
Q o Ja
:/ /fegpdtd:v
0o Jo

(3.10)
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for any p € C([0,T) x Q).

Remark 3.3. Note that any weak solution, as defined above, is a renormalized
solution. In fact, for any

S € W2*(R) and any ¢ € C>([0,T)xQ) such that S’(u.)p € LF-(0,T; Wol’p(')(Q)),
we can choose S'(u.)p as test function in (3.10).

Since we have from (2.10)

—{(bu)t, S'(uc)p //got bueS/ “L(r)) dr da dt
+ [ / S84 () dr da,

and since u, = 0 on (0,7 x 0f, integration of the convection term gives
bue
—/ ©(0) S’(ﬁ ) drdx — / / O S' (B (r)) dr dt dz
Q 0
T
—|—/ / S'(ue)a(x, Vu).Vo + S” (ug) (2, Vue).Vuep| dtdz (3.11)
/ /fgS’ ue ) dt du,
for any S in W2 (R) and ¢ € C°([0,T) x Q) such that S'(u.)p € V.
Moreover, in (3.11) it is enough to have ¢ € Wh*°(Q) such that ¢(T) = 0 to get
the result.

We also deduce as in ([3], Remark 3.2) that

16w, |l o 0,752 () < C<||bo||L1(Q)> Hf||L1(Q)>- (3.12)

Lemma 3.4. Let (uc)e=o be the sequence of solutions of the problem (3.1).
Then we have for all k > 0

1 1
IV Tl 1o gy < Bmas{ (11111 + ol ien) = (11112 + lluol @)} (3.13)

and

n—+00 ¢

1
lim sup —/ a(x, Vue).Vu. dtde = 0. (3.14)
{n<|ue|<2n}
Moreover, we deduce from (3.12) that (by, )eso i a Cauchy sequence in L°°(0,T; L'(Q));
in particular, there exist u and b, € B(u) such that (up to subsequences)

by, — by in L°(0,T; LY()) and almost everywhere in Q,

Ue — u a.e. 1 Q,

and
Ty (ue) = Ty (u) in LP=(0,T; Wol’p(')(Q)) and a.e in Q.
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(T —5—t)*

Proof. Choosing S'(r) = Tj(r) and ¢ = min ( 5

carding the positive terms, one gets

T-25
/ / a(x, Vue).VTi(ue) dtde < / /|f6Tk ue)| dt dx

o) [T ) ara
< k’(||bo||L1(Q) +fl@)-
Letting § — 0 in (3.15) and using (2.5), we obtain

1 T
5/0 /Q|VTk(ue)|p(m) dtdr < k(||bollzre) + 1 fll21@))- (3.16)

Then, according to Lemma 2.2, we deduce (3.13).
To prove (3.14), similarly we choose S’(r) = 6,,(r) to obtain

,1) in (3.10) and dis-

(3.15)

1
—/ a(x,Vue).Vu, dtdx
{n<|ue|<2n} (317)
< ]feldtdxjt/ |bg| d.
{lue|>n} {16§|>n}

By Poincaré inequality in constant exponent and (3.16), we have

T
nP~meas({|u| > n}) = / |10 (ue) [P~ dtdx < C’/ / VT, (ue) [P~ dtdx < Cn,
{lue[>n} 0 JQ

then,
lim sup meas({|u| > n})=0.

n—+o00 ¢

Hence by equi-integrability of b and f. we get from (3.17) the relation (3.14).
Finally, from (3.12) we deduce that (b,, )cso strongly converges in L>(0,T; L'(Q))
towards a function b,. Since 87! is continuous, this implies, up to subsequences,
that u, almost everywhere converges to u := 371(b,).

We also deduce that T} (ue) weakly converges to Ty (u) in LP~(0, T} Wol’p(')(Q)). O
To continue our proof of Theorem 3.1, we need the following.

Proposition 3.5. For all k > 0,

(i) a(w, VTi(u.) — a(z, VIi(u)) in L"V(Q),

(ii) a(z, VT (uc)).VTi(ue) — alx, VIi(u)).VTi(u) weakly in L'((0,7) x Q) for
any T < T.

Proof. The proof follows the same lines as in constant exponent case (see [3]). O

Proposition 3.6. For all k > 0,
(i): VTi(ue) = VIi(u) a.e. in Q,

(ii): a(x, VTi(u)).VTi(u) — a(x, VT (u)).VTy(u) strongly in L'(Q) and

a.e. in @,
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(iii): VTi(u) — VTi(u) in (Lp(')(Q)>N

Proof. (i): By relation (ii) of the Proposition 3.5, we deduce that

lim sup/ /Q(a(x, VTi(ue)) — a(x, VTE(u))). V(T (ue) — (Tx(u))) dtde = 0. (3.18)

e—0
Now, set g.(t, ) = [a(z, Vue) — a(z, Vu)|.V [T (ue) — Ti(u)] > 0.
ge(t, x) — 0 strongly in L'(2) as e — 0. Up to a subsequence, g (t,z) — 0
a.e. in (), which means that there exists w C @ such that meas (w) =0
and g.(t,z) — 0 in Q\w.
Let (t,x) € Q\w. Using assumptions (2.3) and(2.5), it follows that the

sequence (VT (u(t, :17)))6>0 is bounded in RY and so we can extract a

subsequence which converges to some 6 in RY.
Passing to the limit in the expression of g.(¢,x), it follows that

0= [a(z,0) — a(z, VT}(u))].[0 — Ti(u)]

and it yields 0 = VT, (u), V(t,z) € Q\w.

As the limit deesn’t depend on the subsequence, the whole sequence
(VTk(uE(t,x)))e>0 converges to 6 in RY. This means that V7j(u.) —
VTi(u) a.e. in Q.

(ii): The continuity of a(z, &) with respect to & € RY gives us
a(x,VIi(ue)) = a(x, VIi(u)) a.e. in Q.
Therefore
a(x, VT (ue)). VTi(ue) = a(x, VI (u)).VTi(u) a.e. in Q.

Setting z. = a(x, VTk(u.)).VTi(uc) and z = a(x, VIg(u)).VTi(u), we
have
ze> 0,2 > zae inQ,z€ L'(Q),

// zedtdx%//zdtd:c
and as/ |z6—z|dtdx—2// z—ze+dtdx+// — z)dtdx and

(2 — 27" < z, it follows by using the Lebesgue dominated convergence
theorem that

hm/ |ze — 2| dtdz = 0,

e—0
which means that
a(x, VTi(u)).VTi(u) — a(z, VTi(uw)). VT, (u) strongly in L'(Q) and a.e. in Q.
(iii): We need the following lemmas.
Lemma 3.7. (see [3]) Let u,u, € L*Y(Q), n = 1,2,.... Then the fol-

lowing statements are equivalent to each other:
1) lim |u, — ulpy = 0;
n— oo
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2) Ty (un — u) = 0;

3) u, converges to u in Q in measure and lim pyy(un) = pp)(u).
n—oo

Lemma 3.8. (Lebesgue generalized convergence theorem) Let (fy,)nen be
a sequence of measurable functions and f a measurable function such that
fu— fae inQ. Let (gn)nen C L*(Q) such that for alln € N, |f.| < g
a.e. in Q and g, — g in L'(Q). Then

//fndtdx—)//fdtda:

p(z

Now, set f. = ‘VTk<ue)‘ , f= ‘VTk( ) "

and g = a(z, VT (u)).VTi(u).

We have:

e f. is a sequence of measurable functions, f is a measurable function and
according to (ii), fe — f a.e. in Q.

e Using (i), we have (gc)eso C L'(Q), g — g a.e. in Q, g — g in L'(Q)
and using (2.5), we have |f.| < Cg..

Then, by Lemma 3.8, we have / / fedtde — / / f dtdz, which is equiv-
Q Q
alent to say

//Q‘VTk(uE)M) dtdx%//Q’VTk(u)

We deduce from (7) that the sequence (VTk(uE))E>O converges to VT (u)
in ) in measure. Then, by Lemma 3.7 we deduce that

lim / /Q ’VTk(ug) - VTk(u)’p(z) dtdz = 0,

), ge = a(x, VT (u.)).VTi(ue)

p(z)
dtdx.

e—0

which is equivalent to saying that VTj(u.) — VTj(u) in (Lp(')(Q))N.
O

To finish the proof of Theorem 3.1, we pass to the limit as € — 0 in (3.11) which
we recall:

—/Qgp(())/o (5 drdaz—/ /got/ue (87 (r)) dr dt da

/ / a(z, Vue). VS (ue) + a(z, Vu) . VuS” (uc) ] dtdz (3.19)

= / /fGS' ue)p dt dz,
0o Ja

for any S in W2>(R) and ¢ € C([0,T) x ) such that S'(u.)p € V.

Since S’ has compact support, in all previous integrals u, can be replaced by its
truncation Tp(u.) provided SuppS’ C [—L, L].

Using the strong convergence of (b, )eso to b, and (boe)eso to by, we obtain for
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the first and the second terms in the left-hand side of (3.19)

b bo
lim Qcp(O)/O S'(ﬁ_l(r))drdx:/ggo(O)/o S'(B7Y(r)) dr dx (3.20)

e—0

bu by
111%/ /got/ S'(p drdtdm—/ /gpt/ S"(B7 (r))drdtdx.  (3.21)
€—

Using Lemma 3.4, Propositions 3.5 and 3.6, we have

a(x, VT (u))S (ue) — a(x, VT (u))S (u) in (L”/(')(Q))

N

and
a(x, VT (ue)). Vg (u)S” (ue) = a(z, VI (u)).VTL(u)S” (u) in L'(Q).
Then,

lim / /Q [a(z, VT (1)) VS (1) + alz, VT4 (u.)). VT (u)S? (u)g)] dide

- /0 /Q [a(z, VTL(w)). VS (u) + a(z, VT (u)). VL (w)eS” (u)] dtdz.

For the right-hand side of (3.19), thanks to the strong convergence of f. to f, we

have . .
lim/ /fES’(ue)godtdx:/ /fS’(u)godtda:. (3.23)
~0Jo Ja o Jo

Therefore, passing to the limit in (3.19) as ¢ — 0 and using (3.20)-(3.23) we
obtain

_/990(0)/0 S5 drdx—/ /wt/bu S'(871(r)) dr dt da

/ / a(z, Vu).VS'(u) + a(x, Vu).VuS” (u)¢] dtdx (3.24)

//fS’ Yo dt da.

Finally, (2.13) follows from the estimate (3.17).

(3.22)

1
—/ a(z, Vu,).Vulg dtdr < / | fel dt dz + / |bo,c| dz,  (3.25)
" J{n<Jue|<2n} {lue|>n} {lbo,e[>n}

which holds for any £ € C°[0,T') with & < 0.
Since a(z, VI, (u)). VTgn(uE) weakly converges in L},.([0,T); L*(Q)), we can pass
to the limit as e — 0 in (3.25) to get

1
— / a(z, Vu).Vul dtdx < / |f|dt dz + / |bo| dz.  (3.26)
T J{n<|u|<2n} {|u|>n}

{Ibo|>n}

Letting & converge to 1 and then n go to infinity in (3.26), we obtain (2.13).
The proof of Theorem 3.1 is then complete. O
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Now, we deal with the uniqueness of the renormalized solution. We still let 5(s)
satisfy assumptions (2.7) and (2.8). We assume in addition that the principal
part of 3, i.e. the function 3(s) = min{r € 3(s)}, satisfies:

for any n € N, 8 has a finite number M,, of discontinuity points in [-n,n]. (3.27)

Our main result here is the following L!-contraction principle.

Theorem 3.9. Let (3 satisfy (2.7)-(2.8) and (3.27). Assume that (2.1)-(2.5) hold.
Fori=1,2, assume f; € L'(Q),bo; € L'(Q). Let u; be a renormalized solution
of problem (1.1) with data f;, by; and denote b,, € B(u;) a corresponding selection
giwen in the Definition 2.5. Then we have

/Q (bus (1) = by (1)) " < /Ot/Q (fi = fo) " dads + /Q (boy —bo2) " dz  (3.28)

for almost everyt € (0,T). In particular, problem (1.1) has a unique renormalized
solution u and a unique selection b, € B(u).

Proof. The proof of Theorem 3.9 follows the same lines as the proof of Theorem
4.1 in [3). 0

10.
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