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REFINEMENT OF THE UPPER BOUND OF THE RADIUS OF
A CIRCULAR INTEGRAL POINTS SET

BATZORIG UNDRAKH!'* AND GANBILEG BAT-OCHIR?

ABSTRACT. Let n be a product of the prime numbers whose positive integer
powers are of the form a? + Db? where D > 4 is a square-free number and
a, b are positive integers. For n < 3072, we obtained a refinement of the upper
bound of the radius of a circular points set which was previously given in Tables
1 and 2 of [5]. In order to prove this, we showed that there are points on the

nv'D

points are all integers. Consequently, if n is a product of the prime numbers
whose squares are of the form a? + Db?, then we showed that there are 7(n)

nv'D

between these points are all integer numbers, where 7(n) is the number of all
positive divisors of n.

circle with the radius R = such that mutual distances between these

such that mutual distances

points on the circle with the radius R =

1. INTRODUCTION AND PRELIMINARIES

A n integral points set in Euclidean plane is a set of n points such that all
the distances between these points are integers. There are still unsolved classical
problems concerning the n integral points set. For example, is there any perfect
cuboid whose edges, face diagonals and space diagonals all have integer lengths
? Is there any point in a unit square all of whose distances from the corners are
rational? Another interesting question is for what n do there exist n integral
points set in the Euclidean plane, no three points on a line and no four on a circle

? Source for these and related problems, see [1, (]. To date, the only known
examples we have n <7 [L1].
Circular sets are very important class of integral point sets [7, 5, 13]. To

continue, we need the following definition.

Definition 1.1. A planar n integral points set that is situated on a circle is said
to be a circular n integral points set.

Anning and Erdés [2] that for any n there exists a circular n integral points set.
Harborth [7] showed that if n is the product of prime numbers of the form 3k +1,
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then there exits 37(n) integral points set on the circle with radius R = ”T\/g In [5],
the author found the maximum number of points with pairwise integral distances
on the circle with radius R = %5 for D € {1,2,3,7,11,19,43,67,163}. n
integral points set has many nice and important connection to the other branches
of mathematics, for example it has a nice property with the integer solutions of
algebraic equations. Namely, Norman Anning presented in [I] an arrangement
of a circular 12 integral points set and all the distances of this points among the

solution (up to sign) of the diophantine equation

2? + oy +y?=17"-13%

CIRCULAR INTEGRAL POINTS SET

R(n,15) n R(n,15) n
:%-2 2 3%25-17-19-23.31.47 177,192
:%5-22 3 5%5-2"%17.19.23-31-47 193,224
=2 4 < A=-27-17-19-23-31-47 225,256
< =2t 5 < A=-2%-17-19-23-31-47 257,288
< A= 20 6 §¢11f5~29~17‘19.23.31-47 289,320
g\%ﬁ.zb‘ 7 g%.210-17-19-23-31-47 321,352
< =27 8 < £=-2°-17-19-23-31-47-53 353,384
g%as 9 g% 26.17-19-23-31-47-53 385,448
< =20 17 10 < A=-27-17-19-23-31-47-53 449,512
3%25.17 11,12 gﬁ.28-17-19-23.31~47~53 513,576
gﬁ-zf‘-n 13,14 gﬁ-29~17~19~23731-47-53 578,640
< A= 27-17 15,16 < 4=-2'9.17-19-23-31-47-53 641,704
g%s 28 .17 17,18 g%5-25-17~19~23~31~47-53-61 705,768
< =-2t17-19 19,20 < —A=-20.17-19-23-31-47-53- 61 769,896
< = 2°.17-19 21,24 S%5~27-17-19-23~31~47~53-61 897,1024
< A=-20017-19 25,28 < =-210.17-19-23-31-47-53 1025, 1056
<= -27-17-19 29,32 S\/%~29-17-19-23-31-47~53~61 1057, 1280
< = 28.17-19 33,36 S%5~210-17-19-23~31~47~53~61 1281, 1408
< =-2°-17-19-23 37,48 < —=-2'.17-19-23-31-47-53-61 | 1409, 1536
gﬁ.26-17-19-23 49,56 g%5~212-17-19-23-31~47~53~61 1537, 1664
< 4=-27-17-19-23 57,64 < 4=-2%.177.19.23-31-47-53-61 | 1665,1728
gﬁ.28.17-19-23 65,72 g%5-26-17~19-23~31~47~53-61-79 1729,1792
< 4=-2'-17-19-23-31 | 73,80 < 4=-2°.177.19.23-31-47-53-61 | 1793,1920
3%5-25.17.19-23-31 81,96 gﬁ~27-17-19-23-31~47~53~61-79 1921, 2048
< A=-20-17-19-23-31 | 97,112 < A=-219.177.19-23-31-47-53-61 | 2049,2112
g% 27.17-19-23-31 | 113,128 g%.28-17-19-23-31-47~53~61~79 2113, 2304
gﬁ.28-17-19-23-31 129,144 g%5-29-17~19-23~31747-53-61-79 2305, 2560
< =-2°-17-19-23-31 | 145,160 || < —=-2'0-17-19-23-31-47-53-61-79 | 2561, 2816
< £=-2'0-17-19-23-31 | 161,176 || < A= -2 -17-19-23-31-47-53-61-79 | 2887,3072

Table 1
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R, n R, n

=1 2 < 2 -7°-132-19-31-37 225,288

=2 3 < A=-27-17-19-23-31-47 289,320

= =8 4 < g5 77-18%197 3137 321,324

=57 5,6 < 25-7°-13-19-31-37-43 325,384

< =64 7 < 5771319313743 385,432

< 5T 8,9 < =-2°-17-19-23-31-47-53 433,448

< =713 10,12 §774 13-19-31-37-43 449, 480

g%.zﬁ.w 13,14 < = 1 .27.17-19-23-31-47-53 481,512

< 57713 15,18 g% 72.13-19-31-37-43-61 513,576

g\%? 13-19 19,24 < L 5 229.17-19-23-31-47-53 577,640

< 5713t 25,27 g% 7%.13%.19%.31-37-43 641,648

< = -2017-19 28 < -7°-13-19-31-37-43-61 649,768

< 257713419 29,36 5%7 -13%-.19-31-37-43-61 769, 864

< A= -2%-17-19 37,40 7 71-13-19-31-37-47-43- 61 865, 960

< 5=-2°-17-19-23 41,48 < =-27-17-19-23-31-47- 61 961,1024

§%~72~132-19 49,54 5%7 -13-19-31-37-43-61-73 1025, 1152

< —£=-20.17-19-23 55,56 < —=-27.17-19-23-31-47- 5361 1153,1280

< - 72.13-19-31 57,72 g% 72.13%.19%.31-37-43-61 1281,1296

< A= 24.17.19-23-31 73,80 < -L .210.17.19.23-3-47-53-61 1297, 1408

g%v7~13~19-31-37 81,96 g%-73-13-19~31~37v43~61-73 1409, 1536

<4 7717%019-31 97,108 < 4=-77-13%.19-31-37-43-61-73 1537,1728

< —=-2°.17-19-23-31 | 109,112 g%-26~17~19-23-31-47-53-61~79 1729,1792

< A=-27-17-19-23-31 | 113,128 7 74.13-19-31-37-43-61-73 1793,1920

< J5-7°-13-19%-31-37 | 129,144 || < = -27-17-19-23-31-47-53-61-79 | 1921,2048

< A=-27-17-19-23-31 | 145,160 | < J=-77-13-19-31-37-43-61-73-89 | 2049,2304

< 2 -7-13-19-31-37-43 | 161,192 < 55 -7°-13%-19°-31-37-43-61-73 | 2305,2592

g% 72.13%-19-31-37 | 193,216 | < = -2'0-17-19-23-31-47-53-61-79 | 2593,2816

<L .26.17.19.23.31-47 | 217,224 g%~73~13~19-31-37-43~61~73~89 2817,3072
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Very recently in [9], a generalization of this result has been proved by Halbeisen
and Hungerbiihler for 3 - 2" integral points set. Their result gives an affirmative
answer to Anning’s conjecture. Note also that from the proof of Lemma 1 in [5],
with the help of roots of diophantine equation 2% + Dy? = m? one can construct
a circular n integral points set lies on the circle with radius R = %ﬁ.

In this paper we generalize the results in [5] when n is a product of the prime
numbers whose positive integer powers are of the form a? + Db? with D > 4 is a
square-free number and a, b positive integers. As in an application, we improved
the results in [5] about the upper bound for the minimum radius of the circle with
n integral point set for n < 3072, see Table 1 and Table 2. For both tables, we
denote by R,, the minimum value of the radius of the circle of a circular n integral
points set. And denote by R(n; D) the minimum value of the radius R = % of
the circle of a circular n integral points set.

2. MAIN RESULTS

Lemma 2.1. Let D be a square free number and greater than 1. Assume that for
every positive integer s > 3 there exists a,b odd integers such that a® +b*D = 2°.

If (a+b\/5i " B xn—i—yn\/ﬁi
— | =5

5 and x,,y, € Q, then x,,y, are odd integers for
alln > 1.

Proof. Since 11 = a,y; = b are odd integers a* = b* = 1 (mod 8) . By the
assumption a® + b*D = 2° and s > 3 we have D = —1 (mod 8). It follows that

a’® —b?*D =2 (mod 8). Hence zo = @ - V'D and y = abD are odd integers.
The sequences {z,},{y,} are defined 2by the recurrence formula
Tnyy = Tpi1 — 2" 22y
Yntz = Yni1— 2" yn

for n > 1. Thus by induction we see that z,,y, are odd integers for n > 1.
O

Lemma 2.2. If cosw € Q and 2cosw ¢ Z, then cosnw ¢ 7Z for all positive

integer n > 1.

Proof. Since cosw is a rational number, there exists integers a, ¢ such that cosw =

a

— with ged(a,c¢) = 1. By contradiction we assume that there exists positive

c

integers n such that cosnw is an integer. That is, cosnw = k, where k € {0, +-1}.
First we assume that there exists odd prime number such that p | ¢. We

consider the Chebyshev polynomial of the first kind 7;,(cosw) = cosnw. On the

other hand, this polynomial can be written as T),(z) = 2" 12" +c1a™ 1 +- - - + ¢,

where cq,...,¢, € Z. Hence

n n—1
T, (g>:2"_1 (ﬂ) + ¢ <E> + 4=k
C C C

Multiplying both sides by ¢" we have

o lgn pcia™ e+ -+ e = ke
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Since p > 2 by (mod p) on the last equation gives a contradiction.
Next we suppose that there are no prime numbers such that p | ¢. That is,

bv/'D
28

, where D is a square free number and b is an integer. Since 2 cosw ¢ Z we must

have s > 2 . Hence a? + b*D = 2% and 2s > 4. Since cosnw # 0 and sinnw # 0

by Lemma 2.1 we have cosnw ¢ Z. O

a
¢ = 2° with s is a positive integer. Thus cosw = . It follows that sinw =

From now on, we use the following notations and the following assumptions
holds. Let n = pi'py?...pp* with p; < ps < --- < pj prime numbers. Suppose
that there exists positive integers myq,...,my and x1,..., Tk, Y1, - - ., Y such that
p;’ = a5 +y;D for j = 1,2,. k For a positive integer ¢ if (z + yv/Di)* =
Te+ W\/_Z and x4, Yy, € Z, then pj =274 y;D. Let s; be the smallest possible
positive integer such that p?sj = aj + b?D, where a;,b; € N for j = 1,2,... k.

We denote by w; = arg (a; + b;v/Di), the principal argument of (a; + b;j+/Di) for
j=1,2.. .k

Lemma 2.3. Under the above notations and assumptions, if we choose the infin-

nv'D

itely many points &y, 1) = R 1] €*9% on the circle with radius R =

1<j<k 2D’
where t; € Z for j = 1,2,...,n, then these points are mutually distinct .
Proof. Assume, for the sake of contradiction, the points &y, 1,,..+) = R [ e*¥*i
1<5<k
and ) = R IT 62” “7 are the same, where 0 < ¢; < s; and 0 < t;- < s5.
1<j<k
It follows that
k S 20—
S t2t0) = J[ e =em T = (2.1)
&ttt e
Let [t; — t}] = m; for j = 1,2,...,k. Since not all the numbers my,...,my

are simultaneously zero it follows that at least one of them is a positive integer.
Suppose mg > 0. From (2.1) we have

k
Z +£2mjw; = 2mr for some r € Z.
j=1

We may write it as follows
2Tr F 2mgwy = Z £2mjw;.
Jj#d
Hence

COS 2Mmgwy = COS Z +2mjw; = cos Z 2m; (£wy).
i#d i#d
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Equivalently, we have

B 2m 2m
aq + bd\/ﬁl ’ i agqg — bd\/ﬁ’l ’
Pa Pa

DN | —

1 a; £ bV/Di) " o, FoVDi\
= 5 H(—pj > +JH (— ) L (22)

| ed Pj

2m;
For abbreviation, we set A; + Bj\/ﬁi = <aj + bﬂ/ﬁi) for j=1,...,k and
A+ BVDi = H#d (Aj + Bj\/ﬁz'). Here Aj, Bj, A and B are integers. With

this notation, (2.2) is equivalent to the following
Ay A

2mgsq 2mjs;
Pa Hﬁéd P;

Thus,
Ad[ T = pieea. (2:3)
J#d

A

By Lemma 2.2 we have A; # 0,4+1. And since cos2mgwy = Tjsd we have
d

|Ag| < paT*t. Therefore by mod p2"** on equation (2.3) gives an obvious

contradiction. This completes the proof. O

Lemma 2.4. Under the above notations and assumptions, the following holds

i ] S\/E
Z Tmjw;)| = ——
j:l H pmﬂs]

sin

where S is an integer.

Proof. Let H(a] + b; \/_2) = T + SV/Di, where T,S € Z. Since pjj =

a; + b; VD 2‘ for j =1,...,k the assertion is deduced from the following

mj k
H (a] +i ) = H (coswj + isinw;)™
pj

]:1 j=1

E

= H (cosmjw; £ isinm w,)
i=1

[k
= cos E m;w; | £ isin E mjwj]
Lj=1 Lj=1

k
= cos Zm]wj + isin Z(imjwj)].

Lj=1 Lj=1
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We are now able to state and prove our main result:
Theorem 2.5. Under the above notations and assumptions,
a) If n is an odd integer, then there is a circular 'ﬁ1 (L%J + 1> integral
D J J
2D -
b) Ifn is an even integer, that is p; = 2, then there is a circular (L e J + 1)

51—1
nvD
2D

points set on the circle with radius R =

(%)

integral points set on the circle with radius R =

Proof. By the above assumptions we have n = p{'p5? - - - pi* with p = ajz + Dbjz
and arg(a; + b;v/Di) = w;.
a) We have the following factorization
p* = (a; + b;VDi)(a; — bjV/'Di).
We choose the points
iy = R T ¢, 0<t; < L&J 1<j<k

1<j<k

/

and

i/-w' 4 (071 .
=R I e, o<t < |2 1<i<k

1<j<k

g(t’

190

on the circle centered at the origin of complex plane with radius R. By

the law of sines we have
k
sin (Z (tj — t;) wj> ‘ .

j=1

=2R-

|Etrstarti) = €ttt

Set |tj —t;‘ =m; for j = 1,2,...,k. Then ngjgk (aj :tbj\/ﬁz) T
T + Sv/Di for some integers T, S. Thus by Lemma 2.4 we have,

& SvD
sin (Fmw;) | = =5 -
j=1 Ilicj<n?;
It follows that
€ ¢ .y |S|v'D 2n|S|
(1,2, tk) — S(E,th,..t0) - : k Mg L e
e [Loipy ™ ILoip ™
Since m;s; < o for j =1,2,...,k we see that |€(t1,t2,...,tk) = &yt ] 18

a positive integer. Therefore, we conclude that all the distances between



CIRCULAR INTEGRAL POINTS SET 35

the points
. a.
Eont = B T] @, o<t < |2 1<) <k
1<j<k %

are positive integers. By Lemma 2.3 the above points are all distinct and

k 4
form a circular [] (L&J + 1) integral points set that lies on the circle

7=1 \ -5
nvD

centered at the origin with radius R = 5D

b) As in the proof of part a) we consider the following points

. a a; .
Etrnty = R [ ¥, 0<ti< - 11 and 0 < t; < LﬁJ,ZS]Sk
; ~o1 — 14 7
1<k
and
o 2't'l . (03] / C]{‘7 .
() =B IL o 0<n< |25 ma0<’< 2] 2<isn
\J\

By the law of sines we have

:2R-

|Etatontn) = Et oty

m(ng—qu«

j=1
Set |t]~ — t;’ =m; for j =1,2,... k. Then by Lemma 2.1 we have

yml \/5

2m1(s1—1)+1

.Tml
2m1 (31—1)+1

, where @,,,, ym, odd integers. Let [] (a; & bj/Di)™ =T + Sv/Di, for

2<j<k

COS MWy = and sinmqw; =

some integers T, S. Thus
[T (a; £0;vDi)y™ = 2™ (20, + yon, VDi)(T + SVDi)
1<y<k
= 2mUT 4 S1\/5i)7
where T1, 57 € Z. Hence
sin( Z (£mjw;)) = 2m1(81151\/5

I P
1 J
O<i<k 2<j<k

From all the above

Si|VD
€10 = E(y,ty) | = 28 |51 ]

2lt1—t1"|(s1-1)+1 IT »

2<j<k

—.
‘tj_tjls]'

In the last equation,
it —til(s1 = 1) <

and

N\

= Glsy <o 25k
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Thus |£;,...00) —f(t, y )| is a positive integer. This means all the distances
1ol
between the points

- ; )
Eomy =B [[ . 0<nh< Ll_J and 0 < t; < L;jJ,ng <k

1<j<k J

Qg

are positive integers. By Lemma 2.3 the above points are all distinct and
k :
form a circular ({ @ J + 1) IT <L&J + 1) integral points set that
S1 — 1 j=2 Sj
nv'D

lies on the circle centered at the origin with radius R = 5D

This completes the proof. O

Before we present the consequences of Theorem 2.5, we consider the following
two examples.

Example 2.6. In this example, we consider the case when D = 5. Since
3¥=2"45-127=2245.3° (2.4)
we may choose n = 32 -7 = 63 in part a) of Theorem 2.5. Thus, a; = 2, a5 = 1.

On the other hand, (2.4) implies that s; = 1,s9 = 1. Hence, by part a) of

Theorem 2.5 there is a circular 7(63) = (2 + 1)(1 + 1) = 6 integral points set on

the circle with radius R = Y3, The configuration of these points are given in

10
the following figure.

11

5

12

Fig.1. A circular 6 integral points set

Example 2.7. In this example, we consider the case when D = 6. Since
52=124+6-227"=52+6-22 11> = 5% +6 - 4° (2.5)

we can choose n = 5711 = 385 in part a) of Theorem 2.5. Thus, a3 = ap =
az = 1. On the other hand, (2.5) implies that s; = so = s3 = 1. Therefore, by
part a) of Theorem 2.5 there is a circular 7(385) = (1 +1)(1 +1)(1+1) =38
integral points set on the circle with radius R = %ﬁ
of these points given in Fig.2.

. The exact configuration
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Fig.2. A circular 8 integral points set

Recall the following well known result from the elementary number theory.
If n = pi"p3?---pp*, then the number of all distinct positive divisor of n is
7(n) == (a1 + 1)(ag + 1) -+ (o + 1), where p; < py < -+ < pi prime numbers.

Corollary 2.8. Let n = p{'---pp*, where all the prime squares p?,j =1,...,k
are of the form a? + Db*, where D > 4 is a square-free number. Then there is a
nvD

2D
Proof. By assumption p? = a* + Db*> > D > 4,50 p; > 2 for all j = 1,2,... k.
Thus, n is an odd integer. It follows that s; = sy = --- = s, = 1. Now the
assertion is deduced from part a) of Theorem 2.5. U

circular T(n) integral points set on the circle with the radius R =

Corollary 2.9. Let n = 2 p3?---pp*, where all the prime squares p?,j =

2,...,3 are of form a® + 15b*. Then there is a circular T(n) integral points set

on the circle with radius R = %ﬁ

Proof. Since 22 < 15,2%2 =124+ 12-15 and p? =a;*+ ijD for j =2,3,...,k we
must have
si=2and sp=--- =5, = 1.

Now we consider the points &y, ) = R [] €*9*, 0 <t; < a;. Then by part

1<j<k
b) of Theorem 2.5 these points form a circular 7(n) integral points set on the
circle with radius R = %ﬁ O

To illustrate Corollary 2.9, we give a configuration of a circular 14 integral
points set for n = 1088 = 26 - 17.

Example 2.10. In Fig.3, we construct a circular 7(1088) = (6+1)(1+1) integral

points set on the circle with radius R = %/ﬁ.
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2.1. An upper bound of R(n,15) for n < 3072. In order to obtain an refine-
ment of upper bound for R(n, 15) we consider the primes whose squares are of the
form a? 4+ 15b%. From elementary number theory we know that the even powers
of 3,5,7,11,13 can not be written in the form a? + 15b°.

Let pj = 2 < py < p3 < ... be the prime numbers of the form a? + 15b%.
Since n < 3072 we only consider the following primes p, = 17,p3 = 19,p, =
23,p5 = 3l,ps = 47,p; = 53,ps = 6l,pg = 79. Let n = pi*---p.*, where
P < po <o < pp <prpeyfor k=1,2,... 8 We also choose ay, ..., a; with the
following constraints from Theorem 6 in [5]:

i) If pi* < p;, then ma; < ay;
i) If pry1 < p, then a; < 2m;
iii) If p;p; > pr41 and o; > 3, then o; = 1,
iv) If p;p; > pipr41 and a; = 2, o; = 2, then oy > 8.

Here m is the largest positive integer such that p* < p;, i« < j. With this
primes let us consider the radius R(n,15) = 1£5510‘1"1p(2)“2 ...ppk. For n < 3072 in
Table 1 we obtain an upper bound R(n,15). We also comparing the Table 2 of
[5] with the Table 1, we improved the upper bound of R,, for n < 3072 in Table
2.

Theorem 2.11. Under the above assumptions, for n < 3072 the upper bound of
R(n,15) in Table 1 is better than the one given in Table 1 of [5]. The upper bound
of R, for n <3072 in Table 2 is better than the one given in Table 2 of [5].

Proof. First, we obtain an upper bound of R(n, 15) for small values of n. Suppose

n = 2. Then R(n,15) = \/% - 2% and k = 1. Observe that 2% = p} < py = 17.

So m = 4. By the constraint i) we have ay > 0. On the other hand, by the
constraint i) we have a; < 8 = 2m because 17 < 2°. Hence, 0 < a; < 8.
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Therefore, we have the following upper bounds

R(2,15) < \/Lﬁa, R(3,15) < \/% 2°,
R(4,15) < \/%-23, R(5, 15)§\/L1_5 24,
R(6,15) < %-25, R(7, 15)3\/%_5 26,
R(8,15) < \/%_5-27 and  R(9, 5)§\/L1_5-28.

Next, assume n = 2% - 17*2, oy > 1. Then R = \/;175 -2 .17*2 and k = 2. Since
2% = pl < py = 17 by the constraint i) we have 4 < 4as < ;. On the other hand,
since ps = 19 < 2° = p} by the constraint i7) we have a; < 8. Thus, 4 < a; < 8.
Also, since 2 - 17 > 19 by the constraint ii) we must have ay = 1. Therefore, we
have the following upper bounds

1 1
R(10,15) < ——-2%.17, R(12,15) < — - 2°- 17,
10.19) = % (12.19) < 7

1 1
R(14,15) < ——-2%.17, R(16,15) < — - 27 - 17,
( ) < V15 ( )< 15
1
and R(18,15) < — -2%.17.
( ) = V15

By the exactly same way we find the upper bounds of R(n,15) for the larger
values of n as shown in Table 1 and Table 2. Finally, from Table 1 and Table 2
in [5], we have an upper bound of R(n,1) and R(n,3) for n < 3072. Hence we
conclude that R, < min{R(n,3), R(n,15)} for n < 3072. O
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