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FEKETE-SZEGO ESTIMATES AND SECOND HANKEL
DETERMINANT FOR A GENERALIZED SUBFAMILY OF
ANALYTIC FUNCTIONS DEFINED BY ¢-DIFFERENTIAL

OPERATOR

AYOTUNDE O. LASODE!* AND TIMOTHY O. OPOOLA?

ABSTRACT. In this paper, we considered a family of analytic and univalent
functions having positive real parts in the unit disk and defined by a ¢-difference
operator. The coefficients, the Fekete-Szego estimates and the second Hankel
determinant were established for the family of functions. Our family of func-
tions generalized some earlier known ones and by varying some parameters,
our results also generalized some known ones.

1. INTRODUCTION AND PRELIMINARIES

Let the family of normalized analytic functions
fR) =24 @ (ze% :={zeC:|z|<1}) (1.1)
k=2

be denoted by A. Also, let S C A also denote the family of functions analytic
and univalent in % .

The Fekete-Szego functional \,(f) = |az — oa3| for f(z) € S is well-known
for its role as a functional in determining the sharp upper bound for functions
f(2) € S in geometric function theory. It was established by Fekete and Szegd [13]
when they disproved the conjecture of Littlewood and Parley that the modulus of
coefficients of odd functions f € S are less than or equal to 1. The functional has
received great attention (see for instance [2, 5, 8, 10, 30]) particularly in many
subfamilies of analytic and univalent functions. The establishment of sharp upper
bound for functional A,(f) for any family of functions V C A is what is known
as the Fekete-Szego problem of V.

In geometric function theory, the rth-Hankel determinant denoted by #,(k)
(r,k € N), for each function f € S was considered by Pommerenke [23] and
defined by
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ay Ap4+1 - Qpgr—1
Qg+1 Aky2 - Ak+r
Hr(k) = | Og+2 G433 ... Qfprtl
Aptr—1  Qktr -+ Akp2(r—1)

where the ays (with a; = 1 in f) are the corresponding coefficients of 2* (k € N)
in f € S. For some specific values of r and k,

ay ag
a2 as

a2 as
a3z a4

[H2(1)| = = |az — a2®| and [H2(2)| = = |agay — as®|. (1.2)

We note that the determinant |Ho(1)| coincides with the Fekete-Szego func-
tional Ai(f), hence, A,(f) is a generalisation of |Ha(1)| in (1.2). Some recent
investigations in this direction includes the works in [, 10, 19, 25]. It is worth
mentioning that Pommerenke [23] gave some areas of applications of Hankel de-
terminants in the study of singularities and the power series with integral coeffi-
cients of analytic functions. Another area of its application is in the solution of
problems of orthogonal polynomials (see Junod [17]).

Jackson [15, 10] (see also [0, 7, 18]), introduced the g-derivative as follows. For
functions f € A and 0 < ¢ < 1, the g-differentiation of f is defined by

f'(z) for z =0
D z = z)—f(qz
of (2) {f((i_;‘)(g ) for 2 £0 (1.3)

Dif(z) = Dy(Dyf(2))
From (1.1) and (1.3), we can establish that
Dof(z) = 1+ X [kJjaz"""
k=2

Dif(2) = k;[k—l]q[k‘]qasz

_ ok _ k-1 . .
where [k], = 117‘1(17 [k—1], =1 e lﬁ?[k]q =k and 1(%1[/{:— 1], = k—1. Notably,
some researchers (such as [1, 2, 3, 24, 29]) have used the ¢-difference operator in

some ways to define some families of analytic functions.

Here, the g-difference operator is employed to define a new family of analytic
functions and generalize some results. The investigated family of functions is
defined as follows.

Definition 1.1. Let o € (—m, 7|, € [0,1) and let D, f(z) be as defined in (1.3),

then a function f(z) analytic and univalent in the unit disk % is said to be in

A, (a, p) if

1+ e
2

%{qu(z) + zDSf(z)} >0 (ze). (1.5)

Remark 1.2. The following are some subfamilies of A,(a, #). Let ¢ 11,
(1) @ =0 =, then A,(a, §) becomes the family R studied by Chichra [I1].
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(2) a =0, then A (c, ) becomes the family £(3) studied by Silverman [20].

(3) B =0, then A,(a, 5) becomes the family A(a,0) studied by Silverman
and Silvia [27].

(4) o = m and § = 0, then A,(a, §) becomes the family B studied by Mac-
Gregor [21] and later by Babalola and Opoola [9].

(5) a = m, then A,(c, ) becomes the family B(f) studied by Krishna et al.

[19].
(6) then A,(c, ) becomes the family R(«, 8) studied by Mahzoon and Kargar

2. PRELIMINARY LEMMAS

The following are the relevant lemmas that are applied in the course of proving
some of our results. Let P represent the family of functions of the form

z)=1+ ipkzk (z€ %, p(0) =1 and Rp(z) > 0). (2.1)
P is the familiar family of Carathéodory functions [12]. Now for p € P, the
following lemmas hold true.
Lemma 2.1. [11]. |px| <2 (k € N).
Lemma 2.2. [28]. |po — Ap?| < 2max {1,|2A - 1|} (A € C).
Lemma 2.3. [20].
2p2 = pi + (4 — p1)

Ap3 = pi + 2(4 - pl)plx + (4 —p})?a?
dps = pi +2(4 — ph)pre — (4 — p)pra® + 24 — p) (1 — [z[*)z
for some x, z such that |x|,|z| < 1.
3. MAIN RESULTS

The following are the established results.
Theorem 3.1. Let a € (—m, 7] and § € [0,1). If f(z) € A (c, B), then

ak:M (Y =24+ (L + ek —1], k=1{2,3,...}). (3.1)
[k]qwk
Proof. Let f(z) € Ay(a, ) so that in view of (2.1), (1.5) can be expressed as
Dy (=) + D2 () = 6+ (1 - B)ol) 32
so putting (2.1) and (1.4) into (3.2) gives
L+ [klgan " + Z ! +26m [Kg[k — Ugaez""" = B+ (1= B) + > _(1— B)pp2
=2 k=1

16

1+Z{1+ 1]q}[/€]qakz i1— B)pp_12*71
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which implies that

{24 (1 49k - 1]&%% =(1-08)pr_1

so that 21— 21— 8)
L R CEe e e R e )
0
Remark 3.2. Express |¢y| as follows. From (3.1),
(el = 12+ (1 + )k — 1|
= 202+ k= 1,2+ [k~ 1)1 +cosa)} > 2 (k={2,3,..}).
Corollary 3.3. Let a € (—m, 7| and B € [0,1). If f(z) € A,(a, B), then
lag| < % (k={2,3,...}) (3.4)
where || is as defined in Remark 3.2.
In [1], Ali et al. investigated the Fekete-Szegd problem related to the #*"-root

transformation for some subfamilies of S. For a function f € S of the form (1.1),
the t'"-root transformation is defined by (see [14])

1 1 t—1
F(z) =~/f(z") = 2+ ~a2"" + ( Sas — as ) 22 4 (3.5)
t t 212
=z + dt+12t+1 + d2t+122t+1 + d3t+123t+1 + - (t € N) (36)

Thus our theorem follows.

Theorem 3.4. Let f(z) € A,(a,B). Ifa € (—m, 7], B€10,1) and p € R, then

8(1-4) t[2)2]43 |

1
s — o | < @l 107 P2 gy T
t+11 = 16(1—B)2(2a+t—1) 1 t2)71¥5] .
Pepgl - 1O P25\ am e T

where t € N, dyy11 is as defined in (3.5) and || is as defined in Remark 3.2.

Proof. Tt follows from Theorem 3.1 that by substituting as and a3 into (3.5) gives
1 2(1 —a)py

dt+1 == ;CLQ == W (37)
d
- d 1 t—1, 2(1—B)ps 2(t—1)(1 = B)*p? 33
2t+1 — ECIS - 072 Ay = t[3]q¢3 - t2[2]2¢§ ( . )
so that
2(1 = B)po

s = o] < | (39)

’2(1 — B2+t —1)pj

t3]q¥s 220545
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This implies that

s = pit| < 2 2000
if ‘ﬂl_ﬁig%%t_nﬁ S‘%%ig?z (3.10)
and
if Fﬁiﬁ?ZSFU—BZ%%g—Qﬁ o

Now from (3.10) and by using Lemma 2.1 we have

M0 s )
|doe 1 — pdi, | < t[ o[ 03] for p= 2 | 2(1 = 53)[3]qls] et

and from (3.11) and by using Lemma 2.1 we have

_ 1601 B)*(2p+t = 1) 1{ t[212]43] }
d —pd? | < for p > - +1—-t,.
(= P ERHIE 2\ 200 )l I
Thus putting the results together completes the proof. O

Theorem 3.5. Let f(z) € A,(a,B). Ifa € (—m, 7|, B€0,1) and o € C, then
4(1 = B) { 2(1 = B)(20+t — 1)[3]g¥s ‘}
d max q 1, -1
s = 0l < 31| 1233
where t € N, dyy11 is as defined in (3.5) and || is as defined in Remark 3.2.
Proof. From (3.7) and (3.8),

20—5)&) O—Bﬂ%+t—DBM%ﬁ}

|d2t+1 th+1 = ‘

t[3]q¥s t[2]5y3
2(1-p) 2
= T 2T
where
(= B)20+ 1~ 13l
t2]5y3 '
and by applying Lemma 2.2 completes the proof. Il

Theorem 3.6 (HANKEL DETERMINANT: H(2)). Let f(z) € A (o, 8). If B €
[0,1), then
18(1= 8)° | 16(1 = B)?

L + M

|[2] [4 ]q¢2¢4‘ = ‘¢2H¢4‘ >0 }
H ¢§|— Ws‘ >0

[H2(2)| = |azay — a32| <

where

(3.12)
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and || is as defined in (3.1).
Proof. From Theorem 3.1,

Iy — 2(1 21— B)ps\ (21 - B)p\’
g E?Zﬁz <4AQﬂ?fp2 ()

[214[4]qt2t04 B33
Applying Lemma 2.3 simplifying gives

(1=6)%pi 20 =8 U —phpiz (1= B)*(4 - p})pia’

[az0s %"ﬁmmww 2L, [t 2ot
21— 24— p)(1— [tz (1— 5)}
[2]4[4] 12104 [3]243
21— BRA- e (- B - pd)?
203 B3

Now let p = p; so that |p1| = |p| < 2 and without loss of generality, p € [0, 2].
Applying triangle inequality, (3.12), for |z| < 1 and regrouping such that n =
|z| <1, then we have

SRR (I BT LRI
201 - B)*(4—p*p* | 2(1—B)*(4—p°)p°
I
(1=p)PE—-p)p° 2(1-p6)4—p*)p
* { L B L
4 _5)]\(44_19 ) }772 = Fi(n,p)- (3.13)

Maximizing the function Fj(n,p) in the closed interval n € [0, 1] gives

OF(n,p) {2(1 — B)%(4 —p*)p? N 2(1—B)%(4— pQ)p2}

on L M
(1=8)24—-p>p* 200-p6)*@A-p)p  (1—-pB)*(4—-p°)?

+2 { i3 - 7 + i } n

Observe that %j}”’) > 0 for n € [0, 1], therefore, F}(n, p) is an increasing function,
thus, it has maximum point at 7 = 1. Hence from (3.13),
(L=ppt (=6  2(1—B)*(4 = p*)p?

F = F(1 <

200 =4 —p)p*  (1=0)PE—-p)p* | (1-p)*4—p°)?
M + L + M '

+
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Expanding and simplifying the terms for p gives

1602 12082 , 20— 3

Fi(1 <
1( 7p)— M L L

p' = F(p) (3.14)

so that

Ry = 20BE, MU PF (3.15)

Now at the critical points, Fy(p) = 0 implies that

L 7 L

- p

U(1-F2 S0P {24(1 —6)? _8(1—p)? 2}p _0
L L

which means that py = 0 and p; = /3, hence, from (3.15),

_ 241 - B)?
= =

48(1 — p)?
-2

< 0.

Fél(po) >0 and Fél(pl) =

Now (3.14) attains maximum at

16(1— 8)2  36(1—B8)> 18(1—B)°

Fyp) = B(v3) = ——— P 2L S
that is , ,
16(1 — 18(1 —
‘a2a4_a32|§ (Mﬁ) + ( - ﬁ) ]
and the proof is complete. O
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