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INFINITELY MANY SOLUTIONS FOR CRITICAL
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ABSTRACT. In this paper, we investigate a class of nonlocal Kirchhoff problems
involving the fractional p-Laplacian operator with a critical Sobolev exponent
in a bounded domain. With the help of the concentration-compactness prin-
ciple and the dual fountain theorem, we prove that this problem admits an
infinite set of solutions with negative energy that tend to 0.
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1. INTRODUCTION

This article is devoted to the study of a critical Kirchhoff problem involving
the fractional p-Laplacian operator, formulated as

{[77”L(HUH”)]’J_1 ((=A)ju+[uf~?u) = [uf""2u+ Ag(z,u), inQ,

1.1
u = 0’ in RN\Q, ( )

where Q0 C RY is a smooth bounded domain with dimension N, A >0, 0 < s <

1, N > ps, and p} := N]\i’; - is the fractional critical Sobolev exponent for the
embedding of W3*(Q2) into LP(€2). The fractional p-Laplacian operator (—A)s is
defined for sufficiently smooth functions by
— p—2 _
£20 JrN\ B, (z) |z — y|N e
For further details on this nonlocal operator, we refer to [10, 23] and the references
therein.

The function m : [0,00) — R* is continuous and satisfies the following as-
sumptions:
(mq): There exists a > 0 such that m(£) > « for all £ > 0,
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(mg): There exists 0 > 0 with m(&) > o[M(&)[P~1¢ for all £ > 0, where M (&) =
Jy lm(t))P~dt.
(m3): The mapping & — m(&) is strictly increasing.
A prototypical example satisfying these conditions is given by m(§) = a + b
for p = 2, widely studied since the foundational work in [2]. The assumptions
(mq)-(mg3) ensure coercivity and subcritical growth of the nonlinearity term.
Regarding the nonlinearity g, we impose the following conditions:

(g1): limg_yg gfﬂ’f) = 0 for some 7 € (0,p — 1),
(92): limg oo ‘s(f £) — 0,

(93): There ex1sts 0 € (1,p) such that g(z,£)§ > 0G(x, &) for all £ > 0, where
= [* g(x, t)dt.

The problem (1.1) exhibits a nonlocal nature, preventing it from reducing to a
pointwise identity. This nonlocal feature poses distinct mathematical challenges,
yet makes its study especially intriguing. We highlight that problem (1.1) arises
in numerous physical and biological models where the function u depends on
its own mean value. For a detailed mathematical and physical background on
Kirchhoff-type problems, see [1, 20].

We now focus on the main advancement of our study. In [3], Chen, Kuo, and
Wu consider the following Kirchhoff problem:

(a+ b||Vul32)Au = Ag(z,u) + h(z)|u|?*u in Q, u=0o0n09Q,

where a,b > 0, and ¢ and h are continuous real-valued functions which may
change sign. They establish the existence and multiplicity of solutions by em-
ploying the classical Nehari manifold approach. For further results concern-
ing Kirchhoff problems involving the classical Laplacian operator, see for ex-
ample [1, 6, 12, 13, 21, 22].  Moreover, Kirchhoff equations have also been
studied using variational methods when involving the p-Laplacian operator (see
[ Y ) Y ) Y ])'

Furthermore, due to the increasing interest in partial differential equations
involving nonlocal operators, these studies have been extended to the fractional
Laplacian and fractional p-Laplacian operators. In [I4], Fiscella and Valdinoci
investigate a fractional Choquard equation with critical exponent:

{ <fR2N ‘Txx)yﬁég-yg@'z dflidy) <_A)Su = R + )\g(l', U), in Q7

where m and g are continuous functions. Using critical point theory, they prove
the existence of a nontrivial solution. For recent developments in this direction,
the reader may refer to [3, 18, 27, 28, 32].

More recently, Jiang [18] studied problem (1.1) in the case s = 1. The author
applied the dual fountain theorem to establish the existence of infinitely many
solutions for problem (1.1). An essential intermediate step in this approach
is the proof of the local Palais-Smale condition using the Lions concentration-
compactness principle.
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The objective of this paper is to extend the results from [18] to the case 0 <
s < 1. Following the strategy employed in [18], we focus on establishing the
existence of infinitely many solutions to problem (1.1).

Compared to [18], the techniques used in the proof of Lemma 2.3 are different.
Our techniques extend variational methods to fractional spaces W*P(§2) with

€ (0,1). The primary analytical difficulty stems from the non-locality of the
fractional p-Laplacian operator, which significantly complicates the analysis of
the problem compared to the local case. Our main result is as follows:

Theorem 1.1. Suppose that m satisfies (my)—(ms) and g satisfies (g1)—(g3).
Then, there exists A > 0 such that if 0 < A < A, problem (1.1) has a sequence of
solutions (u,) such that I(u,) < 0 and I(u,) — 0 as n — oo.

For the proof of Theorem 1.1, we first employ Lions concentration-compactness
principle to establish the compactness of any Palais-Smale (P.S). sequence asso-
ciated with the functional I. Then, the existence of infinitely many solutions is
obtained by applying the dual fountain theorem.

This paper is organized as follows. In Section 2, we introduce some notation
and preliminary results. In the last section, we apply the dual fountain theorem
to prove the existence of infinitely many solutions for (1.1).

2. NOTATIONS AND PRELIMINARY RESULTS

We start by introducing the notations that will be consistently used throughout
this manuscript. Let Q C RY be a bounded open domain with smooth boundary
0. Let s € (0,1) and p > 1. Set

Q = R*™\(CQ x CQ)
with CQ = RN¥\Q. We consider the fractional Sobolev space X defined by

_ L,y ju(z) = u(y)l?
X—{UR —>]R‘u|Q€L7’(Q)and dexdy<oo ,

endowed with the norm

1
ul | lu(@)ldr + |“ D Gray)”
X = ’N—i—ps Yy :

Taking into account the Dirichlet boundary condition v = 0 in RY \ ©, we work
in the closed subspace X, defined by

={ueX:u=0ae in RY\Q}.
We endow the space Xy with the norm defined by

ul] = (/ u(z) Pz + Q'ﬁiyw(ﬂl'pd dy)’l’. (2.1)

Equipped with this norm, (Xg, || - ||) is a reflexive and separable Banach space.
For any r € [1, p%], the embedding Xy < L"(Q2) is continuous. Furthermore, this
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embedding is compact for all » € [1,p¥). For any 1 < r < p*, let S, denote the
optimal Sobolev embedding constant defined by

fQ u(@)—u(y) P d:de

z—y[NEPs

S, = inf . (2.2)

ueXo\{0}

When r = p?, we simplify the notation by settmg S =35
Weak solutions of (1.1) coincide with the critical points of the C'-functional
I : X — R, defined by

1 1
Ia) = M (Jul?) <) [ Gz = [ fu
p 0 Ps Ja
For convenience, we define

) /ru — ()P 2(ula) — ) (ele) = e) ;0

|z — y|Ntes

P dg.

Then u € X is a weak solution of problem (1.1) if
P = (PP (Al + [ fur2upds )

— /\/ g(x,u)pdx — / lu|Ps ~2updr = 0, for any p € X.
Q Q

Additionally, for notational simplicity, we introduce the fractional (s, p)-gradient
of a function v € X defined by

. _ [ Julz) —uy)lP
| D*u(z)” = /RN WCZ%

which is well defined for almost every = € RY and satisfies | D*u(x)| € L? (]RN )
The following lemma establishes the concentration-compactness principle adapted
to the fractional p-Laplacian operator. This result extends the well-known concentration-
compactness principle originally proven by Lions (see [2, 33]) to the framework
of the fractional p-Laplacian.

Lemma 2.1 ([5], Theorem 1.1). Let (u,) C D*P(RY) be a weakly convergent
sequence with weak limit w. Then there exist two bounded measures ju and v, an
at most countable set J, x; € RY, and positive real numbers p;, v;, i € J, such
that the following convergences hold weakly in the sense of measures,

|Dup[Pde — > |DulPda + )~ pid,,,
ieJ
Py + Y il
ieJ
SUPIPE < i for alli € J.

up|Prde — v =|u

Before proving that the functional I satisfies the Palais-Smale condition at a
given level, it is necessary to establish the following preliminary result.
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Lemma 2.2. If (u,) C Xq is a Palais—Smale sequence at level ¢ for the functional

I, then there exists a constant A > 0 such that (u,) is bounded in X, whenever
A e (0,A).
Proof. Using (g1)-(g2), there exist constants ¢1,co > 0, independent of &, such
that

19(2, )] < i€ + ealg]"
Then from (g3) we obtain

6lo.6) ~ ~o(0. 96 < (5 - =) (clel + ale™).

S S

Now, by (my), (ms) and (2.2) we have

1
et Lt flunll 2 T () = (1 (un) )

s

L p—imupp_lup— xu—ixuu T
:];M(HUnH) p*[ (lnl[P)F (|| A/Q(G(,n) p*g(,n) n)d

S S

o 1 _ 11 _ -5 T
> (2= =)ol = (5= o) (007 Tl + CoS2F Tl ™).

P D s
Therefore, for every A € (0, A) with A sufficiently small, the sequence (u,,) remains
bounded in Xj. O

Lemma 2.3. Define

= {(g — i) SaP™t — ) (% — l*) Cl‘Q|p§o§p] (Soﬂ’—l)ﬁ
p

P D 5

1 1 pg—7—1 41
—A (— — —) 02|Q| PE (Sap_1>p§*p .

0  p;

For A > 0 chosen sufficiently small so that ¢* > 0, the functional I satisfies the
Palais-Smale condition in (0,c*).

Proof. Let (u,) be a (PS). sequence of I with ¢ € (0,¢*). By Lemma 2.2, (u,)
is bounded in Xj. Then, there exist u € Xy and a subsequence, still denoted by
(uy), such that

U, — u, weakly in Xy,
u, — u, strongly in LY(Q), 1<gq <pi,
Uy, — u, a.e. in €.

By applying the concentration-compactness principle (Lemma 2.1), one obtains
the existence of a bounded measure v on RY such that

Pidr — v,

|un
there is also a bounded nonnegative 1 measures on RY, such that
| D% up[” — .
Moreover, there exist J C N and
{zitics CRY, {pidicy € (0,00), {vitic; € (0,00)
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with
SV <y, (2.3)
such that
> |DulP + Z pidy,, v =|ufPdx + Z ViOz,, (2.4)

ieJ icJ

where §,, is the Dirac functions at the points x; of RY. Let ¢ € C5°(RY) such
that

Y(z) =1 forxz € By(0), ¥(z)=0 forz € RV\By(0)and |D*y| < 2,

where B,(zo) = {z € RY; [z — 2| < r}. Set ¢p(x) = ¢ (52) with R > 0.

According to I'(u,) — 0 as n — +oo, taking the test function w,¥g, then we
obtain (I'(uy),u,¥r) — 0 as n — oco. Then

MOl (At + [ i)

:)\/g(:c,un)unwd:c—i—/ [,
Q Q

First, it is easy to obtain

(2.5)
Psappdr + o(1).

/ |t [Ptopdx — 0, / g(x, up)upprdr — 0, asn — ocoand R — 0. (2.6)
Q Q

On the other hand,

Ap,s(un, unl/JR)
_ / [un () = un(y) "2 (un(2) = tn(y)) (un(@)9r() = un(y)Pr(Y)) ;- a0

|z — y| N

[ ),

|z —y|Nrr

+Luwm—w@WN%m—w@ﬂww—wmwmwmw

|z — y|N+sp
=A; + As.

Clearly, Ay = [ |D*up|PYrde, then by using u, — u in D*?(R") and Lemma
2.1, we have

lim Al = @Z)Rd,u

n—oo RN

Since p — Y, ; 1i0, has no atoms and g — 0 as R — 0 for any x # x;,7 € J,
we conclude that

lim lim A; = p,.

R—0 n—oo
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Now, we estimate Ay. By using the Holder inequality, we have

p=1 1
Ar < [ (DAY (D" funldy
R

< 107wl ([ P00

<c (/ |un|p|Dsz|pdx> "
RN

limsup A, < C </ \u]p|D5wR\pd:U> " (2.7)
RN

Then, we have

n—oo

Now, we show that limg_,o [on |u[P|D*¢g|Pdz = 0. Indeed, by [5, Corrolary 2.3]
and Holder inequality, we have

[ turlorinps
RN
p
<C (RSP/ |ulPdz + RN/ |UT|+sda:>
|z|<R w>r T[NP
* % sp > U|p
< CR </ |upsdx) |Br|¥ + CRY / |
lz|<R kX; ok R<|o|<or+ig [TV TP
§C</ |up§dx)ps
lz|<R

+C Z ka(NJrsp)Rfsp (/
— 2| <2FHR
. o0 %
% Ps * Ps
:C’</ |up5dx) +CZZ_kN (/ |up5d:p) :
|z|<R k=0 |z|<2k+1R

Since u € LPs (RN), we have limp_, flfv|<R |ulPsdz = 0. Let € > 0, there exists
ko € N such that ¢, 37, 27"V < ¢, then

C 9—kN (/ |u|p;dx) .
kz:% |z|<2k+1R
ko
oo (]
k=0 |

x|<2k0+1R

® *"@

]u p;dl’) " ‘B2k+1R‘%

|u

B
N pE
”Sdm) +¢||lu

P
D3

Then,

A

oo
limsupCZQ_kN / |u[Ps dx <ellu

R—0

P
2
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Hence,
lim / ul?| D*p P dz = 0. (2.8)
R—0 RN

By using (2.7) and (2.8), we have limg_,o lim,,_,, A3 = 0. Thus, we conclude that
lim lim A(un, unthr) = pi. (2.9)

Therefore, by using (2.5), (2.6) and (2.9) we have v; > a?~'j;. Combining this
with (2.3), we obtain that S(v;)»* < a'~Py;. This implies

*

v;=0 or vy; > (Sozp_l)f’g%?.
If v; > (Sap_l)Pg%P, we have
1
I (un) = — (1" (un) , un)
p*

s

1 _ 1 1
2 (2= ) Gl k=3 (5= ) [ (@l + Colun ) d

P D

o 1 1 1
> (2 - = p-1 P - _ =
- (p pz) o Slnlss ) = <0 pﬁ)

p wop o R
% | Cllunlf e 12T + Callun[7H, o 127

Lr*

o 1 1 1 pi—p _p
=== Smp_l—)\<———>C Q| -t } SmbH)r-r
Kp p?;) ‘ 0 p) (Sm5 ™)

S

1 1 ps—r-1 _qy St
A5 Gl (s

S

We conclude that

¢ = lim (I(un) - é([’(un),un>) > ¢,

n—o0 pS

which contradicts ¢ < ¢*. Hence, v; = 0. So, we have u, — u in LP:({). This
completes the proof of Lemma 2.3. O

3. PROOF OF THE MAIN RESULTS

In this section, we provide the proof of the main theorem. The key instrument
used to achieve this proof is the dual fountain theorem (see [31, Theorem 3.18]),
which we recall below. Let X be a Banach space equipped with the norm ||,
and suppose that

with dim X; < oo for each j € N. We define

Ye = @§:1Xja Zr = @72, X;.
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Definition 3.1. Let 7 € C'(X,R) and ¢ € R. The functional I satisfies the
(PS)% condition (with respect to (Y;,) ) if any sequence (u,,) C X such that

Up € Yo, I(un) = ¢, Ify, (u,) = 0in X* asn — oo
contains a subsequence converging to a critical point of I.

Theorem 3.2 ([31]). Let I € C*(X,R) be an even functional. If for every k > ko,
there exists pr > ri > 0 such that

(a) a :=1inf yez, I(u) >0,

l[ull=pr
(b) by := sup”uﬁyk I(u) <0,
ul|=rg
(¢) dy :=inf yez, I(u) = 0, ask — oo,
l[ull<pk
(d) I satisfies the (PS)% condition for every c € [dy,0).

Then I has a sequence of negative critical values converging to 0.
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 2.3, the functional I satisfies the (PS). con-
dition with respect to (Yj). It suffices then to verify the other assumptions of
Theorem 3.2.

In order to verify (a), we define

1
= sup </ ]u\”ldx) . k>1. (3.1)
uEZy,

[Juf| =1

Then, v, — 0 as k — oo For further details, see Lemma 3.8 in [31].
Using assumptions (m;) and (msy) we obtain

C C 1 .
I(w) > gap_lHqu—)\/ (—1\ Py 2 WH) dr — —*/ P da.
p a\Pp T+1 ps Jo
Moreover, by (3.1) we have
O-Oép_l - )\Cl C T 1 7£ *
I(u) 2 ———||ul)" - Yl = = ST P
p Tl P;
Note that there exists R > 0 such that
-1 \C 2
ulP > =SF
s
for all ||Jul| < R, this implies that
oQ )\Cl
T > 00 T P _ +1 T+1 3.9
(u) = el = — 1 [l (3.2)
2pACav; ;

We choose py, := <(mp_1,ml)(7+1)> 771 Since v — 0 as k — oo, it follows that

pr — 0 as k — oo. There exists ky € N* such that p, < R when k > ky. Then,
for k > ko, u € Zy and ||u|]| = pg, we obtain I(u) > 0. This gives (a).
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Next we show (b). Using the mean value theorem and (ms3), we obtain for all
llu|| < pi that there exists 7 € (0, 1) such that

- -1
M (|[ulP) = [m(rlul)"™ [full” < [m(E))™ llullP.
By the equivalence of norms on the finite dimensional space Yj, we can find

positive constants C3, Cy, Cs such that

P

m p-1
< (2B ) g -l - col

Take 7 sufficiently small, we have I(u) < 0 for all [|ul| = 7.
The proof of assertion (c) follows from inequality (3.2). Then, the assumptions
stated in Theorem 3.2 are fulfilled. This completes the proof of Theorem 1.1. [

Conflict of interest. The authors have no conflict of interest to declare.
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