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GENERALIZED CARTAN AND CARTAN-HARTOGS DOMAINS
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ABSTRACT. In this paper, we investigate weighted reproducing kernels on Car-
tan domains (irreducible bounded symmetric domains) and Cartan-Hartogs
domains. For a Hilbert space Hg of holomorphic functions equipped with gen-
eralized canonical metrics g(A;), explicit formulas for the weighted reproducing
kernels are obtained. These results are further extended to Cartan-Hartogs do-
mains H5" ();)).
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1. INTRODUCTION AND PRELIMINARIES

Let D in C? be a Cartan domain, that is, an irreducible bounded symmetric
domain in its Harish-Chandra realization, with its rank r, the characteristic mul-
tiplicities @ and b, the complex dimension ¢ and the genus . Therefore, D is the
open unit ball of a Banach space equipped with a JB*-triple structure.

Therefore
r(r—1)
1=—5 a+rb+r (1.1)
y=a(r—1)+2+0.
Cartan-Hartogs domains are defined as a family of Hartogs domains over Car-
tan domains. We define the generic norm of D by

1
(V(D)Kp(z7)7

where V(D) denotes the volume of D with respect to the Euclidean measure on
C4, and Kp(z,7n) is its weighted Bergman kernel. For a Cartan domain D in

Np(z,7) = (1.2)

C4, positive parameter \;,j = 1,2,...,y and a positive integer qp, we define the
generalized Cartan-Hartogs domain by
HE"()) == {(z,u) €C® x D C®xC|u2 < NY(z, 2)}, (1.3)
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where | - | denotes the Euclidean norm on C%. The domain D is referred to as
the base domain of the Cartan-Hartogs domain H5™ ()\;).

The study of asymptotic expansion of Bergman kernels has attracted consid-
erable attention over the past decades due to its fundamental role in complex
geometry, quantization, and Kéhler metrics (see [13], [7]).

Motivated in part by the influential contribution of Donaldson [I], substan-
tial progress has been made in understanding the structure and applications of
these expansions. We refer the reader to [10] and the references therein for a
comprehensive account of the subject.

The investigation of complex manifolds and differential geometry heavily re-
lies on the study of bounded symmetric domains, historically known as Car-
tan domains. Initial frameworks introduced by Feng [1] established the primary
Kahler geometry of Cartan domains, characterizing their explicit Bergman met-
rics, generic norms, and associated geometric properties.

Expanding significantly upon these single-domain structures, subsequent lit-
erature advanced into more intricate product spaces. Specifically, Zedda [I2]
introduced and studied generalized Cartan-Hartogs domains. While Feng’s early
constructions provided critical insights into standard Cartan-Hartogs configura-
tions, the transition to Zedda’s generalized framework opens up complex analyt-
ical challenges regarding function spaces, exact kernel functions, and invariant
metrics.

Let D in C™ be a bounded domain equipped with a strictly plurisubharmonic
function ¢. The associated Kahler form wp = %851/1 defines a Kahler metric gp
on D. For each 8 > 0, let Hz denote the weighted Hilbert space of holomorphic
functions on (D, gp) that are square-integrable with respect to the weight e(=¥%),
ie.,

Hp = {f € Hol(D) ‘ / |f|2€(_w)o;_§'§ < oo}, (1.4)
D !

where Hol(D) is the space of holomorphic functions on D and % = det < &y > “g

0z;0% ) nl!
denotes the volume form associated with Kéhler form wp and wy = i Z;L 1= dzi A
dz.

Let K denotes the weighted Bergman kernel of Hg if Hpg is nontrivial. For
more on the theory of Hilbert spaces and related frame constructions, (see [0]).
In this paper, we investigate the theory of reproducing kernel Hilbert spaces
of holomorphic functions endowed with generalized canonical metrics on Cartan
domains and Cartan-Hartogs domains.

The paper is organized as follows. In Section 2, we present explicit descrip-
tions of the various classical domains and the associated Cartan-Hartogs domains
HE™();). Finally, in Section 3, we derive an explicit formula for the weighted
reproducing kernel corresponding to the Kahler metric g(\;) on H5" ();).

2. CLASSICAL DOMAINS

Let M,,,, denote the set of all n X m complex matrices, let Z* denote the
conjugate transpose of the matrix Z, and [ is the identity matrix. A square
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matrix Z is said to be positive definite if Z > 0. For each bounded symmetric
domain D (see [2, 3, 7, 11]), we provide the genus (D), the generic norm Ngj (2,2)
of D and the corresponding Cartan-Hartogs domain H5™ ();) associated with its
type are given as follows:
(1) The Classical domains of type I: If D = D, := {Z € My, (C) | I — ZZ* > 0}
(1 <r <m), then v(D) =r+m, Np(z,2z) = det(l — ZZ*), and

HE"(A) = {(z,u) €C® x D), C CP x C™™ | |uf* < det(I — ZZ*)¥}.
In particular, when D := B" denotes the unit ball in C", it follows that
HE " (N) ={(z,u) €C® x D | |2]> <1 — [ul*¥}.

This domain arises as a natural generalization of the Thullen domains.

(2) The Classical domains of type II: If D = DI := {Z € Myun(C) | Z = 2", I — ZZ* > 0}
(n > 4), then v(D) = 2n — 2 (or 4n + 2¢ — 2, ¢ € {0,1} depending on
convention), Np(z, z) = /det(l — ZZ*), and

ngo()\j) = {(Z,U) € C® x D;I C Q0 % Cnn—1)/2

luf? < (det( — zz*))?} |

(3) The Classical domains of type II1: If D = D' := {Z € M,,,,,(C) | Z = 2", 1 — ZZ* > 0}
(n >2), then (D) =n+1, Np(z,2) = det(l — ZZ*), and

Hp"(\) = {(Z', u) € C® x DI ¢ Co x ¢rntl)/2

uf? < (det(I — zz*))*a} .

(4) The Classical domains of type IV: If D = DIY := {z € C" | 22> < 1+ [227 2, |2| < 1}
(n >5), then y(D) =n, Np(z,2) =1 — 2|z|> + |22T?, and

HE™();) = {(z,u) € C® x DIV ¢ C® x C"

w2 < (1 =202 + 22712V }

By [8], the origin-centered Kéhler potential for the Cartan-Hartogs domain
HE™();) is defined by

O(z,u) = —log (Ngf'(z, ) — |uy2) . (2.1)

Associated Kéhler form w();) on HE™ () is given by
i
Aj) = —009. 2.2
o) = (2

The Kéhler metric g();) associated with w();) on H5" (\;) is defined by ds* =
2 _
Z%Zl %dzj ® dz;, (where M = qo+q, 2 = (21,...,2), v = (Zg41,-- -, 2M))-
For gy = 1, Loi and Zedda [3] investigated balanced metrics on Cartan-Hartogs
domains.

Theorem 2.1. [12] Let D be an irreducible bounded symmetric domain of di-
mension q and genus . Then the scalar curvature of a Cartan-Hartogs do-
main (HE™(X\;),9(\;)) is constant if and only if g();) is Kdhler-Einstein, that

, S
18, )\J_qu_l
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3. THE WEIGHTED REPRODUCING KERNEL OF Hg

For every ¢ > —1, the Hua integral [ Np(z,Z)'dv(z) is evaluated as

0)
Nz,ztdvz:&/dvz, 3.1
[ ot 2 = X3 [ e (3.1)
where dv(z) is the Lebesgue measure on C?, and x(¢) denotes the Hua polynomial
given by

d a
H=[T(t+1+G-13) . 3.2
=TI+ G-0) (32)
For any non-negative integer v, the rising factorial (¢), is given by
I'(t+v)
By =~ 1) (v —1). 3.3
(t) D) t+1)...(t+v—-1) (3.3)

Let G denote the connected component of the identity of the biholomorphism
group of D, and IC, the stabilizer of the origin in G. The natural action of G on
the space P of holomorphic polynomials on CY, defined by f — f ok for k € K,
yields a Peter-Weyl decomposition

P=EP7P.
I

where the decomposition is taken over all partitions, that is, p = (u1, ..., @) is
an r-tuple of non-negative integers with p; > --- > p, > 0, and each space P,
forms an irreducible representation space of K. For each partition u, the space
P, is contained in Py, where |u| is the weight of y defined by [u| == 377, uj,
and P|, denotes the space of homogeneous polynomials of degree |1|.

The Fock-Fischer inner product on the space P of holomorphic polynomials on
C? is defined by

(f9)F = g f(2)g(2)dpr(z), (3.4)
where .
dur(z) := — eXP (—12[%) dv(2). (3.5)

For each partition i, we denote by Kp ,(21,22) the reproducing Bergman kernel
of Ps with respect to (3.4).

Let L2(C?, pr) denote the weighted Hilbert space of holomorphic functions on
C? that are square-integrable with respect to dur. The corresponding weighted
reproducing Bergman kernel is given by

K(Zl, 22) = Z KD,M(Zla 22)

= exp ((21, 29)) - (3.6)

The Faraut-Koranyi formula establishes a connection between the weighted
reproducing Bergman kernels Kp ,(z1, Z2) and the generic norm Np(z1, Z3) given
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by
1
—_— = t), K Z 3.7
ND(Zly 22)75 ;( )# D#(Zla Z2)7 ( )
the convergence of the series is uniform on compact subsets of D x D for each
t € C, where (t), is the generalized Pochhammer symbol given by

(0), ::ﬁ(t—jglxa)u | (3.9)

7j=1 J

For more details (see [2, 1]).

Lemma 3.1. Let D in C? be a Cartan domain in its Harish-Chandra realization
with the generic norm Np and the genus . For zy € D, ¢ be an automorphism
of D such that 1¥(z) = 0. By [9], the function

N%(Zl, 21)
D(z) = B~ 3.9
(= (39)
satisfies
J— A
N RCORIEAN
|©(2)|* = ( Np(e.7) ) . (3.10)
Let F : HE"(X\;) — HE™()\;) be defined by
(z,u) — (¥(2), ¢(2)u). (3.11)
Consequently, F is an isometric isomorphism of (H5"(X\;), g()\;)), i.e.,
00(V(F(z,u))) = 00(¥(z,u)). (3.12)
Proof. By [9], since F is an automorphism of H5" (\;),
NS (0(2),5) = e () 7 N (2,2), (3.13)

where Jct)(2) is the Complex Jacobian determinant of .
By (3.10) and (3.13), we have

Y ey [l
Np' (0(2),9(2)) = llo(2)ul|” = Np'(¥(2),¥(2) | 1 = ———
(6, 7)) - ol )ul <w>¢w»( Ng@¢)

i =
= v ()| (N (2,2) = [lul?)
this implies (3.12). O]

Lemma 3.2. Let D be an irreducible bounded symmetric domain with generic
norm Np(z,7n), dimension q, and genus . Then we have

2\ ¢ NCpHNY (2, 7)@+D)>y

ot (5rge) ()= 2 E ASR A (3.14)
2;0z1 ) i =
A sim1 (V5 (2,2) = Jull?)
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where ¥(z,u) = —log (Ngj(z,i) - ||u|]2), d=q+q, 2 = (z1,...,2), u =
(Ury ..y ug) = (Zg41s - -, 2a), and
2log N Z
CD = det —a ©8 D_(Z,Z) .
02;0% »
Proof. Tt is well-known that
(£000)* A N
S22 = det —0 3.15
dl ¢ (azjazl) L d (3.15)
where wy = # Zle dz; N\ dz.
By (3.12) and (3.15), we have
20 (F)\* 20 \*
det (8 <_)> :det( 4 _) . (3.16)
02;0% 11 02;0% =1

As a consequence of the identity

(T ), =), (aom), e (52), o

jl=1 jl=1
By (3.16), we get

det( Gl )d (2,u) = |J(CF(z,u)|2det< v )d (F(z,u)),  (3.18)

8482; jl=1 8zj8zl jl=1

d
where JeF(z,u) := det <@> and
ji=1

8zj
oF; o,
.
(aﬂ ) T
02 ) =1 oF OF,
Ozq 7 0zq

Evaluating at (21, 1;) = F(z1,u;) with Np(0,0) = 1, we get:

1
JcF ? = : 3.19
| C (Zl’ U/1)| ND(Zla 51)'y+)\jqo ( )
Hence,
2w \* 1 2w \*
det Z1,U1) = det [ ——— 0,u1). (3.20
(§ (6zj821)j7l:1 (Zla ul) ND(Zb 21)7—1—)\].(10 € (azj&?l)ﬂ:l ( 771/1) ( )
We now compute the block Hessian determinant at z=0:
2w )d
det ( — (0,u). (3.21)
823»(‘92[ =1
By
Np(0,0) =1,
Olog Np(z,z) Olog Np(z,z) . (322)
T |, e |,V U=5=0),
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we have
(N
ON (2,2) 1o 2.3 Aj —\ 0log Np(z,z
B | = o [VEEI)| = ANp (a2 Tepe| =0,
IV
) 8Ng]2(.z,z) _ 07
T l=0
82N (2,2 N/ NO%log Np(z,2 A Dlog Np(z,2)  0log Ny (2,2
N )I L NN (2, 7) Hopled) L+ AOND(z 2 2 0n(ed) . 2los Ny () = “\Ch.
- (3.23) -
_ 0%log Np(z,z2)
where Cj = — % o Hence,
2 .
2v . i Uiu .
W(Ovu) - 1_”]11“2 + (1_||]u|i2)27 (1 S .77l S q0)7 (324)
o5 0u) =0, (1<j<gq,1<1<q)
The above results may be expressed in block matrix form
Pu \* G, 0
( — ) (0,u) = | 1-lul®™1 L . . (3.25)
0202/ jima O e e T aupRe
where I, is the diagonal matrix gy X gy with its diagonal elements 1, u* denotes
the conjugate transpose of the row vector u = (ui, ..., uy), and Cy = (Cy1)% ;-
By (3.25), we have
920 \ ¢ M det C,
det 0,u) = J ) 3.26
ot (5535),,., O = T e 320
Combining (3.20) and (3.26) we get (3.14). O

Theorem 3.3. Let HE™ ()\;) be a Cartan-Hartogs domain with the Kdihler met-

ric g(A\;). Consider B > max{”’/\—_jl,q—i—q()}. We have the Bergman kernel
Kg(z,u; Z,u) of the Hilbert space

M= pe o) [ et o
HE™ () (a+ )’

can be expressed as

B
K(Z U'fﬂ,): 7TQ+QOX2(ﬁ_q_q0_1> 1
T CoM (xax2(0)V(D)V (B®) \ NY (2, %)

(3.27)

d 1
X X1 ()\j (5 +w%) - ’Y) Frq ;
(1_ wilul? )
w=1

A
ND] (2)2)
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where Cp = —det (%) . X1, X2 and V(D),V(B%) represent Hua
J
z=0
polynomials and Vol(D) and Vol(B%) denote the Euclidean volumes of D and

B respectively.

Proof. From (3.14), we define the inner product on Hg by
\Cp Np(z, 2)%iF—a0)>v
G =22 [ e
HE™ (\5)

T4+490 B—(g+q0+1)
1— QUH?
NDj (Z:E)
where dv is the Euclidean measure.

For simplicity, we denote D; = D, Dy = B%®. For a Cartan domain D; (1 < j <
2), let rj, a;, b;, v;, d;, v;, and N; denote its rank, characteristic multiplicities,
genus, dimension, generalized Pochhammer symbol, Hua polynomial, and generic
norm of the Cartan domain, respectively.

For each j, G; be the identity component of the biholomorphic self-map group
of D; C C%, and let KC; be the isotropy subgroup at the origin. For each k =
(k1, ko) € K := Ky x Iy, the action is defined as

T, (k) f(z,u) = fok(z,u) == f(ky oz, kyou)

of I, then according to the Peter-Weyl Theorem, the space P of holomorphic
polynomials on C% x C% can be decomposed as

P =P Pu) @ Poa-
v

dv(z)dv(u),

With each P,;) being an irreducible subspace that is invariant under the action
of IC; on the space of holomorphic polynomials on C% (1 < j < 2). Under the
action of Ky x K, the Hilbert space Hz remains invariant, that is,

(fru(k),gmu (k) = (f,g) forall k € I x K.

Consequently, the Hilbert space H sz admits a decomposition into irreducible /; x
Ks-invariant subspaces given by

Hs = D Puy @ Puge)
"%

where € denotes the orthogonal direct sum.

For each partition p of length at most r;, let K,(;)(2,%) denote the weighted
reproducing kernel associated with the subspace P, with respect to the inner
product defined in (3.4).

It follows from Schur’s Lemma that there exists a positive constant C), for
which C\, K1) Ky 2)(u, @) is the reproducing weighted Bergman kernel of the
subspace P,,1) ® Py(2) With respect to the inner product (-, -).

From the weighted reproducing Bergman kernel, we have

dim P,1) dim Py

MCp
= CuwK 2) K, )N F\Ni(B=a0)>y (1 _
a4+ /ngo()\‘) Iz u(l)(z, Z) (2)(u,u) p(z,Z)

J

ND(Z, 2)

“qu )5>(q+qo+1)

dv(z)dv(u).
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Therefore, the weighted Bergman kernel of the Hilbert space Hgz can be ex-
pressed as:

Ks(z,u;z,u) = Z <

where (f) denotes the integral of the integrand:

q 2 B>(g+qo+1)
I O N R
e ng(J()\j) ’ ’ ND(Z,Z)AJ'

Assuming A\; 8 —v > —1 and f —q—qo — 1 > —1, using the preceding results,

~ dim P,
/ K,)(2,2)Np(z, 2)'dv(z) Hj_lt / Np(z, 2)dv(z
(r

dim P“(l) dim Py(z)
Ku(l)(z, Z)K,,(g) (u, U

)>KN(1)(Z,Z)KV(2)(U,E), (328)

dv(z)dv(u).

for t > —1 and (3.1), the Hua integral formula gives

O
J D/ (2, 2) Np (2, 2> dy (2 / Ko (1, ) (1 — [[u]2)7> 0D gy ()
B0

14+490
B A Cp(x1x2(0))V(D)V(B®) dim P,y dim B2

e (e (N B +v) =B —a—aq—1) (NG +v)uwy)(B— D)
(3.29)

Using the preceding result (3.28), (3.29) and (3.7) we obtain

Kp(z,u; 2,u) = Z ex(1)(Ni(B +v) = M)A (B+ 1) uy(B — Do) Kuy (2, 2) Kyz) (u, @)

- 1
=eY X(MNB+v) =B - Qv Ko (u, “)W

- Z)N Nl 7\\B ZX Nj(B+v)—7)(B — v K2 (%)

DZ

= NG > x() (A] (ﬁ+w—> —7) (B — vy Koz (%”‘) ‘wl
_ ND(;z (Aj (5 +w ) ) > (B= v K (#“) ‘wl

~sae 0 (0 () - )X@;)m

A _
NDJ (Z:Z)

Y

w=1

where
TN (2)(B—g— g — 1)
ACp(x(1)x(2)(0)V(D)V (B®)’
which concludes the proof. O

e =




10 THUISEM SHADANG, MOIRANGTHEM PREMJIT SINGH

Acknowledgement. The first author gratefully acknowledges the financial
support provided by the Council of Scientific and Industrial Research (CSIR),
Government of India, under Grant No. 09/0476(15306)/2022-EMR-I. The au-
thors sincerely thank the referees for their valuable comments and constructive
suggestions which led to the improvement of this article.

REFERENCES

1. Donaldson, S. K. (2001). Scalar curvature and projective embeddings, I. Journal of Differ-
ential Geometry, 59(3), 479-522. https://doi.org/10.4310/jdg/1090349449

2. Faraut, J., & Kordnyi, A. (1990). Function spaces and reproducing kernels on bounded
symmetric domains. Journal of Functional Analysis, 88(1), 64-89. https://doi.org/10.
1016/0022-1236(90)90119-6

3. Faraut, J., & Thomas, E. G. F. (1999). Invariant Hilbert spaces of holomorphic functions.
Journal of Lie Theory, 9(2), 383-402.

4. Feng, Z. (2013). Hilbert spaces of holomorphic functions on generalized Cartan—Hartogs
domains. Complex Variables and Elliptic Equations, 58(3), 431-450. https://doi.org/
10.1080/17476933.2011.598927

5. Feng, Z., & Tu, Z. (2014). On canonical metrics on Cartan—Hartogs domains. Mathematis-
che Zeitschrift, 278(1), 301-320. https://doi.org/10.1007/s00209-014-1316-4

6. Ghosh, P., & Samanta, T. K. (2021). Construction of fusion frame in Cartesian product of
two Hilbert spaces. Gulf Journal of Mathematics, 11(2), 53-64.

7. Hua, L. (1963). Harmonic analysis of functions of several complex variables in the classical
domains (No. 6). American Mathematical Society.

8. Loi, A., & Zedda, M. (2012). Balanced metrics on Cartan and Cartan—Hartogs
domains. Mathematische Zeitschrift, 270(3), 1077-1087. https://doi.org/10.1007/
s00209-011-0842-6

9. Wang, A., Yin, W., Zhang, L., & Roos, G. (2006). The K&hler-Einstein metric for some
Hartogs domains over symmetric domains. Science in China Series A: Mathematics, 49(9),
1175-1210. https://doi.org/10.1007/s11425-006-0230-6

10. Xu, H. (2012). A closed formula for the asymptotic expansion of the Bergman kernel.
Communications in Mathematical Physics, 314(3), 555-585. https://doi.org/10.1007/
s00220-012-1531-y

11. Yin, W., & Wang, A. (2007). The equivalence on classical metrics. Science in China Series
A: Mathematics, 50(2), 183-200.

12. Zedda, M. (2012). Canonical metrics on Cartan-Hartogs domains. International Journal
of Geometric Methods in Modern Physics, 9(1), 1250011. https://doi.org/10.1142/
50219887812500119

13. Zhang, X. (2026). Kéahler-Einstein submanifolds of Cartan-Hartogs domains. New York
Journal of Mathematics, 32, 255-265.

I DEPARTMENT OF MATHEMATICS, MANIPUR UNIVERSITY, CANCHIPUR-795003, Ma-
NIPUR, INDIA.
Email address: sthuisem@gmail.com

2 DEPARTMENT OF MATHEMATICS, MANIPUR UNIVERSITY, CANCHIPUR-795003, MA-
NIPUR, INDIA.
Email address: mpremjitmu@gmail.com


https://doi.org/10.4310/jdg/1090349449
https://doi.org/10.1016/0022-1236(90)90119-6
https://doi.org/10.1016/0022-1236(90)90119-6
https://doi.org/10.1080/17476933.2011.598927
https://doi.org/10.1080/17476933.2011.598927
https://doi.org/ 10.1007/s00209-014-1316-4 
https://doi.org/10.1007/s00209-011-0842-6
https://doi.org/10.1007/s00209-011-0842-6
https://doi.org/10.1007/s11425-006-0230-6
https://doi.org/10.1007/s00220-012-1531-y
https://doi.org/10.1007/s00220-012-1531-y
https://doi.org/10.1142/S0219887812500119
https://doi.org/10.1142/S0219887812500119

	1. Introduction and preliminaries
	2. Classical domains
	3. The weighted reproducing kernel of H calHbeta
	References

