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DERIVATION OF QUANTUM CODES FROM SPECIFIC RINGS
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Abstract. We study the construction of quantum error-correcting codes (QECCs)
using the algebraic properties of cyclic codes defined over the product ring of
the finite field of order p and a specific local chain ring. Our methodology
relies on the analysis of Euclidean sums. This approach is used to construct
generator polynomials and to calculate the dimension of these codes. A key
part of our approach is the use of an isometric Gray mapping. Our technique
preserves distances while adapting these classical structures to quantum sys-
tems. As a result, it generates new families of good quantum codes.
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1. Introduction

Quantum computing can solve problems that are impossible for conventional
computers. It relies on quantum error-correcting codes (QECC) to be reliable.
These codes protect highly fragile quantum data from external disturbances. The
real challenge is that quantum physics prevents us from simply copying and past-
ing to save the information. QECCs must therefore employ intelligent detection
and methods to address errors without compromising the integrity of the original
data.

To protect data, these codes exploit two quantum phenomena: superposition
and entanglement. In practice, they distribute the information across multiple
physical qubits. The approach enables the non-invasive detection and correction
of errors, preventing the direct observation of data that would otherwise be de-
stroyed. Currently, there are several families of codes, each offering a different
trade-off between error resilience and the required hardware.

Since their inception, QECCs have played an instrumental role in the advance-
ment of quantum technologies. The field was initiated in 1995 with Shor’s de-
velopment [19] of a code to protect quantum memory. In 1996, Steane [20] had
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streamlined the detection and correction of these errors. Finally, in 1998, Calder-
bank et al. [5] achieved a new milestone in communication reliability using codes
based on GF (4).

Various studies have constructed quantum codes based on specific mathe-
matical rings. Çalişkan et al. [6] laid the groundwork with cyclic codes over
Fp × (Fp + vFp). Subsequently, Bag et al. [2], Ma et al. [16] and Ndiaye et al.
[17] adapted these principles to the rings Fp[u]/〈u3 − u〉, Fq + vFq + v2Fq and
Fpk + vFpk + v2Fpk + . . . + vkFpk where vr+1 = v. To optimize the quality of
these codes, Diao et al. [7] demonstrated the effectiveness of additive codes over
Zp× (Zp + vZp) where v2 = v. Cyclic codes on local rings have attracted growing
interest due to their diverse applications, including DNA coding [3]. Finally, re-
cent work [9] has explored non-local rings to better understand their fundamental
algebraic structure.

In this paper, we generalize the framework established in [9], extending the
findings to broader classes of rings and investigating new code constructions with
enhanced parameters. Specifically, the following tasks are achieved.

Our study utilizes the structure of the non-chain rings Rl = Fp[u]/〈ul−ul−1〉 '
Fp × Fp[v]/〈vl−1〉. We employ an isometric Gray map Γ : Rl → Flp, to construct
cyclic codes adapted to quantum metrics, thereby overcoming the limitations of
classical chain rings.

Instead of limiting itself to self-orthogonality, our article uses Euclidean sums
SC = C+C⊥ to generate QECCs. The dimension k of the quantum code [[ln, k, d]]p
is determined analytically by the degree of the gcd of the generator polynomials,
providing fine control over the code rate.

This manuscript is structured as follows. Section 2 proceeds by detailing the
fundamental concepts and examining the Gray map’s application to linear codes
over Rl. In Section 3 the Euclidean sum structures for cyclic codes over Rl is in-
troduced and their generator polynomials are established. Next, Section 4 utilizes
these sums to construct QECCs, presenting new codes with optimized parame-
ters. Section 5 provides numerical results and examples to illustrate our ideas.
Finally, Section 6 concludes this study by summarizing our major contributions.

2. Preliminaries

Let p ≥ 3 be a prime number and Fp = Z/pZ. Let n and k be positive integers
such that 0 < k ≤ n. A code C of length n and dimension k over Fp is a subspace
of Fnp with dimension k. If C is an additive subgroup, it is called a linear code. The
elements of C are called codewords. The Hamming weight wH(x) of an element
x ∈ C is the number of its non-zero components. The distance dH of the linear
code is the minimum Hamming weight of nonzero codewords, that is

dH = min {wH(x) : x ∈ C\{0}} .

2.1. The properties of the ring Rl. In this paper, we focus on linear codes
over the ring Rl where l ≥ 2 is an integer, and Rl is the set defined by:

Rl = Fp + uFp + u2Fp + . . .+ ul−1Fp
with ul = ul−1.
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Any element α ∈ Rl can be represented as a linear combination α = λ0 +λ1u+
λ2u

2 + . . . + λl−1u
l−1, where, for i = 0, . . . , l − 1, λi ∈ Fp. The ring Rl is finite,

commutative with an identity, and has characteristic p. It is a non-local as well
as a non-chain ring.

Moreover, Rl has a one-to-one correspondence with the direct product of the
rings Rl,1×Rl,2, where Rl,1 = Fp and Rl,2 = Fp+vFp+ . . .+vl−2Fp with vl−1 = 0.
In fact, consider the generator polynomial of the ideal defining the ring Rl, de-
noted g(u) = ul − ul−1. In the polynomial ring Fp[u], this polynomial factors
as g(u) = ul−1(u − 1). The polynomials g1(u) = u − 1 and g2(u) = ul−1 are
coprime. Indeed, if a divisor d(u) divides u − 1, then d(u) cannot divide ul−1

because g2(1) = 1l−1 6= 0 in Fp. Thus, gcd(u− 1, ul−1) = 1.
According to the Chinese Remainder Theorem (CRT) for rings, since the ideals
〈u − 1〉 and 〈ul−1〉 are comaximal, we have the canonical isomorphism: Rl

∼=
Fp[u]

〈u−1〉 ×
Fp[u]

〈ul−1〉 .

To make this isomorphism explicit, we will determine the orthogonal idempo-
tents in Rl. According to Bézout’s identity, there exist a(u), b(u) ∈ Fp[u] such
that a(u)(u − 1) + b(u)ul−1 = 1. So, the polynomial ul−1 satisfies the following
congruences simultaneously: ul−1 ≡ 1 (mod u−1) and ul−1 ≡ 0 (mod ul−1). We
consider the elements E1(u) = ul−1 and E2(u) = 1 − ul−1. These elements ver-
ify the properties of idempotence and orthogonality. Indeed, we have E1(u)2 =
u(l−1)+(l−1) = u2l−2 = ul−1 = E1(u), and E2(u)2 = 1− 2ul−1 + u2l−2 = 1− ul−1 =
E2(u). For the orthogonality, it is clear that E1(u)E2(u) = ul−1 − u2l−2 = 0, and
by construction, we have E1(u) + E2(u) = 1.

Now, consider the mapping:

π1 : Rl −→ Rl,1 = Fp
α = λ0 + λ1u+ . . .+ λl−1u

l−1 7−→ λ0 + λ1 + . . .+ λl−1

and

π2 : Rl −→ Rl,2

α = λ0 + λ1u+ . . .+ λl−1u
l−1 7−→ λ0 + λ1v + . . .+ λl−2v

l−2,

where vl−1 = 0. These applications π1 and π2 are surjective ring morphisms.
Let A1 and A2 be two rings defined by: A1 = {ul−1.α | α ∈ Rl} and A2 =
{(1− ul−1).α | α ∈ Rl}.
The following applications:

θ1 : A1 −→ Rl,1

ul−1.α 7−→ λ0 + λ1 + . . .+ λl−1,

and

θ2 : A2 −→ Rl,2

λ0 + λ1u+ λ2u
2 + · · ·+ λl−2u

l−2 −
(∑l−2

i=0 λi

)
ul−1 7−→ λ0 + λ1v + . . .+ λl−2v

l−2

are ring isomorphisms.
The fact that θ1 and θ2 are ring isomorphisms follows from straightforward alge-
braic verifications. The preservation of addition is immediate from their linear
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definitions. The preservation of multiplication is verified by expanding the poly-
nomial products and applying the defining ideal relations uk = ul−1 for k ≥ l− 1
in A1, and vl−1 = 0 in A2. Finally, bijectivity is established by noting that θ1

maps onto the field Fp bijectively, and that the set {1, v, . . . , vl−2} forms a basis
for the Fp-vector space Rl,2, which guarantees that θ2 is both injective and sur-
jective.
Next, consider the applications

π̃1 : Rn
l −→ Rn

l,1

(α0, α1, . . . , αn−1) −→ (π1(α0), π1(α1), . . . , π1(αn−1))

and
π̃2 : Rn

l −→ Rn
l,2

(α0, α1, . . . , αn−1) −→ (π2(α0), π2(α1), . . . , π2(αn−1))

It is easily seen that these maps are also surjective ring morphisms.
We consider also the following applications

θ̃1 : An1 −→ Rn
l,1

(ul−1α0, u
l−1α1, . . . , u

l−1αn−1) −→ (θ1(ul−1α0), θ1(ul−1α1), . . . , θ1(ul−1αn−1))

and
θ̃2 : An2 −→ Rn

l,2

(β0, β1, . . . , βn−1) −→ (θ2(β0), θ2(β1), . . . , θ2(βn−1))

where βi ∈ A2.

Since θ1 and θ2 are ring isomorphisms, then θ̃1 and θ̃2 are also ring isomor-
phisms.

The properties of the local ring Rl,2 have been explored in detail in [8], and
in particular cases: l = 3 and p is a power of 2 (resp. a power of a prime
number greater than or equal to 5), the isomorphism Rl

∼= Rl,1 ×Rl,2 is studied
in [22] (resp. [4]), and for l = 4 and p ≥ 3 is investigated in [9]. From the
above discussion, the following proposition introduces this correspondence for
the general case:

Proposition 2.1. Let p and l as given before. The non local ringRl = Fp[u]/〈ul−
ul−1〉 is isomorphic to the direct product of rings Rl,1 ×Rl,2, where Rl,1 ' Fp is
a finite field and Rl,2 = Fp[v]/〈vl−1〉 is a local ring.
Explicitly, we have the isomorphism

ϕ : Rl −→ Rl,1 ×Rl,2

α = λ0 + λ1u+ · · ·+ λl−1u
l−1 −→ (π1(α), π2(α))

Proposition 2.2. Let α = λ0 +λ1u+ · · ·+λl−1u
l−1 ∈ Rl. Then, α can be written

as
α = θ−1

2 (π2(α)) + π1(α) · ul−1.

Proof. We follow the same procedure given in Corollary 2 [21]. �

2.2. Linear codes and Gray map.
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2.2.1. Linear codes. A linear code C 6= ∅ of length n over Rl is an Rl-submodule
of Rn

l . The components of C are called codewords. Let τ represent the operator
that performs a cyclic shift from Rn

l to Rn
l . The linear code C is referred to as

a cyclic code over Rl with length n when the following condition holds: for any
c = (c0, c1, . . . , cn−1) ∈ C, one has

τ(c) = (cn−1, c0, . . . , cn−2) ∈ C.
There is a natural bijection between Rn

l and Rl[x]/〈xn − 1〉. This is achieved
by associating c = (c0, c1, . . . , cn−1) ∈ Rn

l to c(x) = c0 + c1x + · · · + cn−1x
n−1 ∈

Rl[x]/〈xn − 1〉.
Theorem 2.3. Consider c = (c0, c1, . . . , cn−1) a codeword in C ⊂ Rn

l , then

c = θ̃−1
2 (π̃2(c)) + π̃1(c) · ul−1.

Proof. From Proposition 2.2, we have that ci = θ−1
2 (π2(ci)) + π1(ci)u

l−1 ∈ Rl, for
i = 0, . . . , n− 1. Hence

c = (c0, c1, . . . , cn−1) =
(
θ−1

2 (π2(c0)) + π1(c0)ul−1, . . . , θ−1
2 (π2(cn−1)) + π1(cn−1) · ul−1

)
=

(
θ−1

2 (π2(c0)), θ−1
2 (π2(c1)), . . . , θ−1

2 (π2(cn−1))
)

= +
(
π1(c0) · ul−1, π1(c1) · ul−1, . . . , π1(cn−1) · ul−1

)
= θ̃−1

2 (π̃2(c0, c1, . . . , cn−1)) + π̃1(c0, c1, . . . , cn−1) · ul−1

= θ̃−1
2 (π̃2(c)) + π̃1(c) · ul−1.

�

Remark 2.4. Since Rl ' A1 ×A2 ' Rl,1 ×Rl,2, then any linear code C of length
n over Rl can be represented in the form C = (C1, C2) with Ci being a linear code
of length n over Rl,i for i ∈ {1, 2}.
As a result, any codeword c ∈ C can be written as c = (c1, c2), where c1 ∈ C1, and
c2 ∈ C2, such that π̃1(c) = c1 and π̃2(c) = c2. Therefore,

c = θ̃−1
2 (c2) + c1 · ul−1.

Corollary 2.5. Consider a linear code C = (C1, C2) ⊂ Rn
l , then

C = θ̃−1
2 (C2)⊕ul−1 · C1.

Proof. The proof follows directly from Theorem 2.3 and Remark 2.4. �

Based on the facts in Remark 2.4, let X, Y ∈ Rn
l with X = (X1, Y1) and

Y = (X2, Y2) where X1 = (x1, x2, . . . , xn) ∈ Rl,1, X2 = (x′1, x
′
2, . . . , x

′
n) ∈ Rl,2,

Y1 = (y1, y2, . . . , yn) ∈ Rl,1 and Y2 = (y′1, y
′
2, . . . , y

′
n) ∈ Rl,2, the inner product of

X, Y ∈ Rn
l is given by

〈X, Y 〉Rn
l

= (〈X1, Y1〉Rn
l,1
, 〈X2, Y2〉Rn

l,2
)

where, 〈X1, Y1〉Rn
l,1

=
n∑
i=1

xiyi is the inner product over Rn
l,1 and 〈X2, Y2〉Rn

l,2
=

n∑
i=1

x′iy
′
i is the inner product over Rn

l,2.
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If 〈X, Y 〉Rn
l

= 0, then X and Y are orthogonal. This leads to define the dual
code of C as

C⊥ = {X ∈ Rn
l | 〈X, Y 〉Rn

l
= 0 for all Y ∈ C}.

The linear code C satisfies the dual-containing property if C⊥ ⊂ C. Conversely, C
satisfies the self-orthogonal (resp. self-dual) property if C ⊂ C⊥ (resp. C = C⊥).

The following results will be useful for our construction.

Proposition 2.6. Let C = (C1, C2) ⊆ Rn
l be a linear code. The dual code of C is

C⊥ = (C⊥1 , C⊥2 ). Furthermore, C ⊆ C⊥ is equivalent to Ci ⊆ C⊥i for i = 1, 2.

Proof. Let C = (C1, C2) ⊆ Rn
l be a linear code, where C1 ⊆ Fnp and C2 ⊆ Rn

l,2

represent linear codes. Any codeword ω ∈ C is in the form ω = (ν, δ0 +vδ1 + · · ·+
vl−2δl−2) ∈ C1 × C2. The dual code satisfies C⊥ = (C⊥1 , C⊥2 ), where C⊥2 is taken
with respect to the Euclidean inner product 〈·, ·〉Rn

l,2
.

If C is self-orthogonal, then 〈ω, ω〉 = 0, and(
ν · ν, 〈δ0 + vδ1 + · · ·+ vl−2δl−2, δ0 + vδ1 + · · ·+ vl−2δl−2〉Rn

l,2

)
= (0, 0).

This implies that ν · ν = 0 in Fp, and ν ∈ C⊥1 . Hence C1 ⊂ C⊥1 . Also, we
have 〈δ0 + vδ1 + · · · + vl−2δl−2, δ0 + vδ1 + · · · + vl−2δl−2〉Rn

l,2
= 0 in Rl,2, that is

δ0 + vδ1 + · · ·+ vl−2δl−2 ∈ C⊥2 . Hence C2 ⊂ C⊥2 . As a consequence, both C1 and C2

are self-orthogonal.
Conversely, if C1 and C2 are self-orthogonal, then for any ω = (ν, δ0 + vδ1 +
· · · + vl−2δl−2) ∈ C and any ω′ = (ν ′, δ′0 + vδ′1 + · · · + vl−2δ′l−2) ∈ C, we have
ν · ν ′ = 0, and 〈δ0 + vδ1 + · · ·+ vl−2δl−2, δ

′
0 + vδ′1 + · · ·+ vl−2δ′l−2〉Rn

l,2
= 0. Thus,

〈ω, ω′〉 = (0, 0), and C ⊆ C⊥. This shows that C is self-orthogonal. �

Corollary 2.7. Consider a linear code C = (C1, C2) ⊂ Rn
l , then

C⊥ = θ̃−1
2 (C⊥2 )⊕ ul−1 · C⊥1 .

Proof. Since the dual code of C is represented as (C⊥1 , C⊥2 ), such that C⊥1 is a
linear code over Rn

l,1 and C⊥2 is a linear code over Rn
l,2. Then, for each element

c′ = (c′1, c
′
2) ∈ (C⊥1 , C⊥2 ) such that π̃1(c′) = c′1 and π̃2(c′) = c′2, it follows that

c′ = θ̃−1
2 (c′2) + c′1 · ul−1. By corollary 2.5, we obtain C⊥ = θ̃−1

2 (C⊥2 )⊕ ul−1 · C⊥1 . �

2.2.2. Gray map. The Gray map Γ : Rl → Flp is defined for an element α =
(λ0, λ1, . . . , λl−1) ∈ Rl by

Γ(α) =

(
λ0, λ0 + λ1, λ0 + λ1 + λ2, . . . ,

l−1∑
i=0

λi

)
.

This mapping can be represented by an invertible lower-triangular matrix over
Fp, ensuring Γ is an Fp-linear bijection.

The map is naturally extended to Γn : Rn
l → Flnp by applying Γ coordinate-

wise. For any element α ∈ Rn
l , the Gray weight is defined as wΓ(α) = wH(Γn(α)),

and the Gray distance between α, α′ ∈ Rn
l is defined by the Hamming distance

of their images dΓ(α, α′) = wH(Γn(α− α′)). By definition, Γn acts as a distance-
preserving linear isometry.
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Because of these isometric properties, the translation of linear codes over Rl

to linear codes over Fp follows standard coding theory frameworks [15, 23]. We
summarize this in the following lemma.

Lemma 2.8. Consider a linear code C ⊆ Rn
l with |C| = pk and minimum Gray

distance dΓ. Then, the image Γn(C) is a linear code over Fp with parameters
[ln, k, dH ], where the minimum Hamming distance dH = dΓ.

Remark 2.9. Let Γ1 : Rl,1 → Fp be the identity map and Γ2 : Rl,2 → Fl−1
p be the

map defined by

Γ2

(
l−2∑
i=0

λiv
i

)
= (λ0, λ0 + λ1, λ0 + λ1 + λ2, . . . ,

l−2∑
i=0

λi).

Then, the Gray map Γ can be decomposed as

Γ(α) =

(
Γ2

(
l−2∑
i=0

λiv
i

)
,Γ1

(
l−1∑
i=0

λi

))
,

for a given α = λ0 + λ1u+ λ2u
2 + . . .+ λl−1u

l−1 ∈ Rl.

3. The algebraic form of Euclidean sums

The present section investigates the structure of cyclic codes over Rl, and their
Euclidean sums. We specifically determine the form of their generator polynomi-
als. The Euclidean sum for a linear code C can be introduced by

SC = C + C⊥ = {c1 + c2 | c1 ∈ C, c2 ∈ C⊥}.
Notably, assuming C represents a cyclic code parameterized by length n across
Rl, hence SC preserves the cyclic structure, meaning it is also a cyclic code pa-
rameterized by length n on Rl.

We first give some necessary results regarding cyclic codes over Rl.

Lemma 3.1. Consider a cyclic code C = (C1, C2) ⊆ Rn
l , with gcd(n, p) = 1.

Then, there exist polynomials χ0(x) ∈ Fp[x], and χ1(x), χ2(x), . . . , χl−1(x) ∈
Rl,2[x], such that C1 = 〈χ0(x)〉 and C2 = 〈χ1(x), vχ2(x), . . . , vl−2χl−1(x)〉, where
xn− 1 = χi(x)φi(x) for i = 0, 1, . . . , l− 1, and χi(x) | χi−1(x) for i = 2, . . . , l− 1.
Moreover,

(1) C = θ̃−1
2

(
〈χ1(x), vχ2(x), . . . , vl−2χl−1(x)〉

)
⊕ul−1〈χ0(x)〉 with |C| = pln−

∑l−1
i=0 deg(χi(x))

and dΓ(C) = min{dΓ(C1), dΓ(C2)} = min
0≤i≤l−1

{dH(〈χi(x)〉)}.

(2) C⊥ = θ̃−1
2

(
〈φ+

1 (x), vφ+
2 (x), . . . , vl−2φ+

l−1(x)〉
)
⊕ ul−1〈φ+

0 (x)〉, where φ+
i is

the reciprocal polynomial of φi and defined by φ+
i (x) = xnφi

(
1
x

)
, for 0 ≤

i ≤ l − 1. Furthermore, |C⊥| = p
∑l−1

i=0 deg(χi(x)).

Proof. (1) According to the isomorphism established in Proposition 2.1, every
cyclic code C over Rl corresponds to a pair (C1, C2) where C1 is a cyclic
code over Fp and C2 is a cyclic code over Rl,2. The theoretical foundations
on cyclic codes [15] guarantees the existence and uniqueness of a polyno-
mial χ0(x) ∈ Fp[x] dividing xn−1 such that C1 = 〈χ0(x)〉. Similarly, since
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gcd(n, p) = 1, according to [8] (Theorem 3.5), there exist unique polyno-
mials χ1(x), . . . , χl−1(x) ∈ Rl,2[x] satisfying χl−1(x) | · · · | χ1(x) | (xn− 1)
such that C2 = 〈χ1(x), vχ2(x), . . . , vl−2χl−1(x)〉.
Applying the decomposition from Corollary 2.5, we obtain

C = θ̃−1
2 (C2)⊕ ul−1 · C1

= θ̃−1
2

(
〈χ1(x), vχ2(x), . . . , vl−2χl−1(x)〉

)
⊕ ul−1〈χ0(x)〉

As for the cardinality, since C ' C1×C2, we have |C| = |C1||C2|. According
to ([15], Theorem 4.2.4), it follows that |C1| = pn−deg(χ0(x)) and |C2| =

p(l−1)n−
∑l−1

i=1 deg(χi(x)). Therefore:

|C| = pln−
∑l−1

i=0 deg(χi(x)).

Since C ' C1 × C2, then dΓ(C) is determined by the minimum of the
distances of its constituent ideals, which implies that

dΓ(C) = min{dΓ(C1), dΓ(C2)}.
Furthermore, the Gray map Γn defines an isometry between (Rn

l , dΓ) and
(Flnp , dH). Then, dΓ(C1) = dH(〈χ0(x)〉) and dΓ(C2) = min1≤i≤l−1{dH(〈χi(x)〉)}.
Therefore:

dΓ(C) = min
0≤i≤l−1

{dH(〈χi(x)〉)}.

(2) Using a similar method, the proof of this part follows directly.
�

In the following, we provide the generator polynomials corresponding to SC
related to cyclic codes characterized by length n across Rl.

Theorem 3.2. Consider a code C supposed to be cyclic and characterized by
length n across Rl, with gcd(n, p) = 1. Then,

SC = θ̃−1
2

(〈
gcd

(
χ1(x), φ+

1 (x)
)
, v gcd

(
χ2(x), φ+

2 (x)
)
,

. . . , vl−2 gcd
(
χl−1(x), φ+

l−1(x)
)〉)
⊕ ul−1

〈
gcd

(
χ0(x), φ+

0 (x)
)〉
.

with gcd(χl−1(x), φ+
l−1(x))| gcd(χl−2(x), φ+

l−2(x)) | . . . | gcd(χ2(x), φ+
2 (x)) | gcd(χ1(x), φ+

1 (x)).

Furthermore, |SC| = pln−
∑l−1

i=0 deg(gcd(χi(x),φ+i (x))).

Proof. By the structural decomposition established in Remark 2.4, any cyclic
code over Rl can be decomposed into components over Fp and Rl,2.
Let C = (C1, C2) and C⊥ = (C⊥1 , C⊥2 ).
By definition, the Euclidean sum codes of C1 and C2 are SC1 = C1 + C⊥1 and
SC2 = C2 + C⊥2 , respectively. Due to the linearity of the decomposition maps, the
sum operates component-wise:

SC = C + C⊥ = (C1 + C⊥1 , C2 + C⊥2 ) = (SC1 ,SC2).
From ([11], Theorem 4.3.7), the sum of two cyclic codes over the field Fp is
generated by the greatest common divisor of their generator polynomials. Thus:

SC1 = 〈χ0(x)〉+ 〈φ+
0 (x)〉 = 〈gcd(χ0(x), φ+

0 (x))〉.
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Similarly, over the local ring Rl,2, the sum of the cyclic codes

C2 = 〈χ1(x), vχ2(x), . . . , vl−2χl−1(x)〉, and

C⊥2 = 〈φ+
1 (x), vφ+

2 (x), . . . , vl−2φ+
l−1(x)〉

is generated by the pairwise greatest common divisors of their torsion polynomi-
als. Therefore:

SC2 = 〈χ1(x), vχ2(x), . . . , vl−2χl−1(x)〉+ 〈φ+
1 (x), vφ+

2 (x), . . . , vl−2φ+
l−1(x)〉

=
〈
gcd(χ1(x), φ+

1 (x)), v gcd(χ2(x), φ+
2 (x)), . . . , vl−2 gcd(χl−1(x), φ+

l−1(x))
〉
.

Since SC is a cyclic code, we apply Corollary 2.5 to reconstruct SC from its
components SC1 and SC2 , then, we obtain:

SC = θ̃−1
2 (SC2)⊕ ul−1 · SC1

= θ̃−1
2

(〈
gcd(χ1(x), φ+

1 (x)), . . . , vl−2 gcd(χl−1(x), φ+
l−1(x))

〉)
⊕ ul−1

〈
gcd(χ0(x), φ+

0 (x))
〉
.

Furthermore, since Rl,2 is a finite chain ring, the cyclic codes C and C⊥ satisfy the
divisibility chains χi(x) | χi−1(x) and φ+

i (x) | φ+
i−1(x) for i = 2, . . . , l−1 as estab-

lished by Lemma 3.1. Therefore, any common divisor of χi(x) and φ+
i (x) natu-

rally divides both χi−1(x) and φ+
i−1(x). It follows directly that gcd(χi(x), φ+

i (x)) |
gcd(χi−1(x), φ+

i−1(x)).
Finally, since SC ' SC1 × SC2 , and using the cardinality formulas for cyclic codes
over Fp and Rl,2, it follows that

|SC| = |SC1||SC2|

= pn−deg(gcd(χ0(x),φ+0 (x))) ×
l−1∏
i=1

pn−deg(gcd(χi(x),φ+i (x)))

= pln−
∑l−1

i=0 deg(gcd(χi(x),φ+i (x))).

This completes the proof. �

4. QECCs constructed using cyclic codes on Rl via Euclidean sums

This section is devoted to the construction of QECCs based on the Euclidean
duals of cyclic codes over Rl, using the CSS and Steane schemes to derive them
from standard linear codes.

Theorem 4.1. [10] Consider two linear codes C1 and C2 parameterized by [n, k1, d1]p
along with [n, k2, d2]p respectively, with C⊥2 a subset of C1. Then, a QECC with
parameter [[n, k1 + k2 − n, d]]p exists, where d = min{wH(c) | c ∈ (C1 \ C⊥2 ) ∪
(C2 \ C⊥1 )} ≥ min{d1, d2}. Specifically, if there exists a linear code C across Fp
characterized by [n, k, d]p under the condition C⊥ ⊆ C, hence, the existence of a
QECC parameterized by [[n, 2k − n, d]]p, holds.

Corollary 4.2. [20] Let a code C1 (resp. C2) be linear and characterized by
[n, k1, d1]p (resp. [n, k2, d2]p), under the conditions C⊥1 ⊆ C1 ⊆ C2 along with
k2 ≥ k1 + 2. Then, a QECC parameterized by [[n, k1 + k2 − n, d ≥ d′]]p can be
found, where d′ = min{d1, [

p+1
p
d2]}.
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Within the next result, we identify characteristics concerning the Gray map
along with dual codes for the ring Rl.

Lemma 4.3. Consider a linear code C over Rl parameterized by its length n.
Hence, the following properties hold

(1) Γn(C⊥) = Γn(C)⊥.
(2) Γn(SC)⊥ ⊆ Γn(SC).

Proof. (1) Let a ∈ C and b ∈ C⊥. By definition, a · b = 0. Gray’s map
Γn : Rn

l → Flnp is a linear isometry preserving the scalar product. Thus,
a · b = 0 then, Γn(a) · Γn(b) = 0. Therefore, ∀ Γn(a) ∈ Γn(C), we have
Γn(b) ∈ Γn(C)⊥. Hence the inclusion Γn(C⊥) ⊆ Γn(C)⊥.

Since Rl is a finite ring, MacWilliams’ theorem [23] gives |C| · |C⊥| =
|Rl|n = pln. Since Γn is bijective, it preserves cardinals. Then, |Γn(C)| =
|C| and |Γn(C⊥)| = |C⊥|. Over the field Fp, Γn(C) is a linear code of length
ln, so |Γn(C)| · |Γn(C)⊥| = pln. By direct substitution, we get

|Γn(C)⊥| = pln

|Γn(C)|
=
pln

|C|
= |C⊥| = |Γn(C⊥)|.

The inclusion Γn(C⊥) ⊆ Γn(C)⊥ besides the equality of cardinals implies

Γn(C⊥) = Γn(C)⊥.

(2) By the properties of the dual of a sum, (SC)⊥ = (C + C⊥)⊥ = C⊥ ∩
(C⊥)⊥. On the ring Rl, duality is reflexive, then (C⊥)⊥ = C, which gives
(SC)⊥ = C⊥ ∩C. However, the intersection is trivially included in the sum
C⊥ ∩ C ⊆ C + C⊥ then, (SC)⊥ ⊆ SC. Since the application Γn preserves
inclusions, we obtain Γn((SC)⊥) ⊆ Γn(SC). According to (1.), the operator
Γn commutes with orthogonality, which implies Γn((SC)⊥) = Γn(SC)⊥. By
substitution, we obtain

Γn(SC)⊥ ⊆ Γn(SC).

�

Next, we present the fundamental result in this part.

Theorem 4.4. Let C ⊆ Rn
l be a cyclic code and gcd(n, p) = 1, such that

C = θ̃−1
2

(
〈χ1(x), vχ2(x), . . . , vl−2χl−1(x)〉

)
⊕ul−1〈χ0(x)〉 with χi(x)φi(x) = xn− 1

within Fp[x] for i = 0, 1, . . . , l − 1, and χi(x) | χi−1(x) and φ+
i (x) | φ+

i−1(x) and
gcd(χi(x), φ+

i (x)) | gcd(χi−1(x), φ+
i−1(x)) for i = 2, 3, . . . , l − 1.

Then, an [[ln, ln−2
l−1∑
i=0

deg(gcd(χi(x), φ+
i (x))), d]]p QECC code can be found and

d represents the minimum Hamming distance corresponding to the linear code
Γ(SC) across Fp.
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Proof. From the second point of Theorem 3.2 and Lemma 2.8, we can conclude
that Γ(SC) forms an [ln, k, d] linear code on the field Fp, such that

k = ln−
l∑

i=1

deg(gcd(χi(x), φ+
i (x))),

with the minimum Hamming distance corresponding to Γ(SC) on Fp, is d. There-

fore, the existence of a QECC parameterized by [[ln, ln−2
l∑

i=1

deg(gcd(χi(x), φ+
i (x))), d]]p

is ensured by using Theorem 4.1 and Lemma 4.3. �

Remark 4.5. It is clear that SC = C is equivalent to C⊥ is contained within
C. Thus, it can be readily observed that C⊥ ⊆ C if and only if xn − 1 ≡
0 (mod χi(x)χ+

i (x)), such that i = 0, 1, . . . , l − 1. From Lemma 2.8 besides
the second assertion of Theorem 3.2, we hold that Γ(SC) = Γ(C) represent a lin-
ear code characterized by [ln, k, d] over Fp. Applying Theorem 4.1, It follows that
an [[ln, 2k − ln, d]]p QECC exists.

4.1. Another method to construct QECCs. Let p and n are coprime and
suppose that pt ≡ 1 (mod n), implying that n | pt−1 however n - pt−1−1. Hence,
an element µ ∈ Fpt exists, and satisfying µn = 1. This is straightforward with
the aim of verifying that µj, for j ∈ Zn, correspond to all zeros of the polynomial
xn − 1. Thus, we get the factorisation in Fpt [x] :

xn − 1 =
∏
j∈Zn

(x− µj).

Now, assume xn − 1 = Φ(x)Θ(x). The polynomial Φ(x) is associated with the
following characterization set:

∆(Φ(x)) = {j ∈ Zn | Φ(µj) = 0}.
According to the description of the characterization set, obviously the degree of

Φ(x) equals |∆(Φ(x))|. If we take Φ(x) ∈ Fpt [x] generate a cyclic code C = 〈Φ(x)〉.
Therefore, the characterization set corresponding to C is identical to ∆(Φ(x)).

Remark 4.6. In order to the purpose of extended analysis in this part, we refer
to the presented findings given in [24].
Consider the factorization xn − 1 = Φ(x)Θ(x)Ψ(x) ∈ Fpt [x].
We have ∆(gcd(Φ(x),Θ(x))) = ∆(Φ(x)) ∩∆(Θ(x)), and furthermore,

deg(gcd(Φ(x),Θ(x))) = |∆(Φ(x)) ∩∆(Θ(x))|.
Considering xn−1 = Φ(x)Θ(x)Ψ(x) ∈ Fpt [x] together with a cyclic code C ⊆ Fnpt ,
formed by gcd(Φ(x),Θ(x)), if we assume that Λ = {ϑ | ϑ = π, π+1, . . . , π+η−1}
is a subset contained in ∆(Φ(x))∩∆(Θ(x)), then the minimum distance associated
with C is ≤ η.
Let Φ(x) = (x−µη)(x−µη+1) . . . (x−µη+n−ε−1) ∈ Fpt [x] be a polynomial, where
µ ∈ Fpt is a primitive element, η ≥ 0, and 1 ≤ ε ≤ p − 1. Consequently,
∆(Φ(x)) = {η, η + 1, . . . , η + n − ε − 1}. Now suppose there exists another
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polynomial Ψ(x) ∈ Fpt [x] such that xn − 1 = Ψ(x)Φ(x), the characteristic set
associated with Ψ+(x) is then given by ∆(Ψ+(x)) = {n−η+ 1, n−η+ 2, . . . , n−
η + ε}. This connection demonstrates how the composition of Φ(x) affects the
domain corresponding to Ψ+(x) when they are combined to produce xn − 1.

At this point, we turn our attention to another important result in this part
that aids in the building of further novel QECCs.

Theorem 4.7. Let n, η, and ε be defined so that n = pt − 1, η ≥ 1, and
2η−1 < ε ≤ n+2η−1

2
. Thus, we obtain an [[ln, ln−2lε+4lη− l, d]]p QECC, where

d meets the condition d ≥ ε− 2η + 2.

Proof. Suppose xn − 1 = Φ(x)Ψ(x), with Φ(x) = (x − µη)(x − µη+1) . . . (x −
µη+n−ε−1), and µ ∈ Fpt represent a primitive element. Thus, by applying Remark
4.6, we conclude that ∆(Ψ+(x)) = {n−η+1, n−η+2, . . . , n−η+ε}. Additionally,
one finds the claim ε > 2η − 1, which indicates the fact n+ η − ε− 1 ≤ n− η <
n− η+ 1. The first component of ∆(Ψ+(x)) is located immediately following the
last component of ∆(Φ(x)).

Considering the fact η ≥ 1, ε ≥ 2η − 1 ≥ η, It is possible to express ∆(Ψ+(x))
by ∆(Ψ+(x)) = {−η + 1,−η + 2, . . . ,−1, 0, 1, . . . , ε − η}. Since 1 < ε ≤ n+2η−1

2
,

we have ∆(Ψ(x))∩∆(Ψ+(x)) = {η, η+ 1, . . . , ε− η}. Thus, according to Remark
4.6, it can be concluded that gcd(Φ(x),Ψ+(x)) = (x−µη)(x−µη+1) . . . (x−µε−η).
Therefore, deg(gcd(Φ(x),Ψ+(x))) = ε− 2η + 1.

Examine a cyclic code C generated by θ̃−1
2

(
〈Φ(x), vΦ(x), . . . , vl−2Φ(x)〉

)
⊕ul−1〈Φ(x)〉

parameterized by length n on Rl. By applying Theorem 3.2 over xn − 1 =
Φ(x)Ψ(x), we obtain:

SC = θ̃−1
2

(〈
gcd

(
Φ(x),Ψ+(x)

)
, v gcd

(
Φ(x),Ψ+(x)

)
,

. . . , vl−2 gcd
(
Φ(x),Ψ+(x)

)〉)
⊕ ul−1

〈
gcd

(
Φ(x),Ψ+(x)

)〉
.

By using Remark 4.6, it follows dH(gcd(Φ(x),Ψ+(x))) ≥ ε− 2η + 2.

At this point, consider C1 = SC and C2 = θ̃−1
2

(
〈w(x), vw(x), . . . , vl−2w(x)〉

)
⊕

ul−1〈w(x)〉, where w(x) = (x − µη) . . . (x − µε−η). It is evident that Γ(C1) is an
[ln, ln−lε+2lη−l,≥ ε−2η+2]pt linear code, and Γ(C2) is an [ln, ln−lε+2lη−l]pt ,
linear code over Fpt . Obviously, Γ(C1)⊥ ⊆ Γ(C2), and ln − lε + 2lη > ln −
lε + 2lη − l + 2. Hence, by Corollary 4.2, we obtain a QECC parameterized by
[[ln, ln− 2lε+ 4lη − l, d]]p with d ≥ ε− 2η + 2. �

5. Applications

In this part, we aim to interpret the conclusions outlined previously by pro-
viding the following illustrations. The sequence amam−1 . . . a1a0 represents the
polynomial amx

m + am−1x
m−1 + . . .+ a1x+ a0.

Example 5.1. Let R5 be the ring over F5. Consider a cyclic code of length
n = 24. The polynomial x24 − 1 factors in F5[x] as:

x24 − 1 = (x+ 1)(x+ 2)(x+ 3)(x+ 4)(x2 + 2)(x2 + 3)

(x2 + x+ 1)(x2 + x+ 2)(x2 + 2x+ 3)(x2 + 2x+ 4)

(x2 + 3x+ 3)(x2 + 3x+ 4)(x2 + 4x+ 1)(x2 + 4x+ 2).
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Define the code C = 〈χ0(x), χ1(x), vχ2(x), v2χ3(x)〉, where

χ0(x) = x6 + x5 + 2x4 + x3 + 4x2 + 4x+ 3,

χ1(x) = x8 + 2x7 + 2x6 + 3x5 + 4x4 + 3x3 + 2x2 + 3,

χ2(x) = x6 + 4x5 + 2x4 + 3x2 + 4x+ 1, and

χ3(x) = x4 + 4x3 + 2x+ 3.

The corresponding reciprocal polynomials φ+
i (x) and the gcds characterizing the

intersection of each component with its dual, gcd(χi(x), φ+
i (x)), are calculated as

follows.
For φ+

0 (x) = x6+3x5+3x4+2x3+4x2+2x+2, then gcd(χ0(x), φ+
0 (x)) = x2+4x+1.

For φ+
1 (x) = x8 +4x6 +x5 +3x4 +x3 +4x2 +4x+2, thus gcd(χ1(x), φ+

1 (x)) = x+4.
For φ+

2 (x) = x6 + 4x5 + 2x4 + 3x2 + 4x+ 1, hence gcd(χ2(x), φ+
2 (x)) = x+ 4.

For φ+
3 (x) = x4 + 4x3 + 3x+ 2, this yields gcd(χ3(x), φ+

3 (x)) = x+ 4.
By Theorem 4.4, the QECC parameters are

[[ln, ln− 2
3∑
i=0

deg(gcd(χi(x), φ+
i (x))), d]]5 = [[96, 86, 5]]5.

The minimum distance d = 5 is verified via the Gray map image Γ(SC). This
code exceeds the parameters of comparable construction [[96, 80, 5]]5 in [12] and
in Grassl’s table [10] [[96, 86, 4]]5.

Example 5.2. Consider the following settings: let p = 11, l = 3, η = 2, and
ε = 4. We determine n = p−1 = 10. According to Theorem 4.7, we can construct
QECCs characterized by [[30, 27,≥ 2]]11.
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Table 1. Novel QECCs built on Rl

n l Generators χi QECC Existing QECCs
16 4 χ0 = 1211011, χ1 = 122012022

χ2 = 11122002, χ3 = 1202111
[[64, 58, 4]]3 New

20 3 χ0 = 111102, χ1 = 1222122
χ2 = 102121

[[60, 52, 4]]3 [[60, 36, 4]]3 [2]

13 3 χ0 = 1222, χ1 = 10221, χ2 = 1102 [[39, 34, 3]]3 [[39, 21, 3]]3 [6]
16 3 χ0 = 1202200012022, χ1 = 12112202022

χ2 = 1101112002
[[48, 14, 6]]3 New

22 4 χ0 = 12034313024, χ1 = 1344402041421
χ2 = 122223413311, χ3 = 13024212034

[[88, 76, 7]]5 [[88, 48, 6]]5 [1]

12 3 χ0 = 1643, χ1 = 12145, χ2 = 1523 [[36, 31, 3]]7 [[35, 21, 3]]7 [13]
8 5 χ0 = 1334, χ1 = 1020403, χ2 = 131334

χ3 = 14031, χ4 = 1321
[[40, 26, 3]]5 [[40, 24, 3]]5 [16]

6 3 χ0 = 16(12), χ1 = 1651, χ2 = 17(12) [[18, 13, 3]]13 [[18, 10, 3]]13 [16]
16 3 χ0 = 108080(12), χ1 = 170494068

χ2 = 185(12)8(12)(12)5
[[48, 44, 3]]13 New

13 4 χ0 = 1w231, χ1 = 1w22w8w20w104
χ2 = 1w3w154, χ3 = 1w101

[[52, 28, 3]]25 New

22 3 χ0 = 1022112121222012, χ1 =
12220100000211102
χ2 = 1021122222212011

[[66, 4, 10]]9 New

Table 2. Additional novel QECCs built on Rl

p l η ε New Codes Existing Codes
7 7 1 3 [[42, 21,≥ 3]]7 [[42, 12,≥ 4]]7 [7]
32 3 2 5 [[24, 15,≥ 3]]32 [[24, 21,≥ 2]]32 [18]
13 3 1 3 [[36, 27,≥ 3]]13 [[35, 27,≥ 3]]13 [14]
17 3 2 7 [[48, 27,≥ 5]]17 [[48, 26,≥ 5]]17 [13]
23 3 3 13 [[66, 21,≥ 9]]23 [[66, 60,≥ 4]]23 [13]
52 2 2 13 [[48, 10,≥ 11]]52 [[48, 42,≥ 3]]52 [18]
72 2 1 24 [[96, 6,≥ 24]]72 [[96, 74,≥ 7]]72 [18]
34 3 1 7 [[240, 207,≥ 7]]34 [[240, 225,≥ 3]]34 [18]
112 3 4 15 [[360, 315,≥ 9]]112 [[360, 345,≥ 4]]112 [18]
132 2 3 11 [[336, 314,≥ 7]]132 [[336, 330,≥ 3]]132 [18]

Table 1 lists several QECC codes derived from Theorem 4.4. These new codes
offer significantly better parameters than those found in the current literature.
Besides this, Table 2 presents another family of codes over different finite fields,
obtained via Theorem 4.7.

6. Conclusion

Through this work, a method for constructing QECCs is explored. The given
codes are obtained through the use of Euclidean sums corresponding to cyclic
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codes across Rl. Initially, this study introduces the algebraic properties of the
ring Rl. Then establishes the generator polynomial of cyclic codes and their Eu-
clidean sums over this ring in Lemma 3.1 and Theorem 3.2. We explore the link
connecting SC related to Γ(C), parameterized by length ln in Fp, with cyclic codes
C characterized by length n across Rl. Based on our findings, we demonstrate
that such codes are suitable for effective application to construct QECCs param-
eterized by length ln over the field Fp. These results are detailed in Theorem 4.4.
Besides this, we explore another method of constructing such codes and given
in Theorem 4.7. Furthermore, a list of newly constructed QECCs is provided in
Tables 1 and 2. In the future, we will extend these results to determine LCD
codes and skew cyclic codes. Additionally, evaluating the performance of these
codes in post-quantum, code-based cryptosystems presents an exciting direction
for future study.

Acknowledgement. The authors show their appreciation to the editor and
the anonymous reviewers for sharing their informative comments.
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