Gulf Journal of Mathematics ISSN: 2309-4966
Vol 24, Issue 1 (2026) 1-26 https://doi.org/10.56947 /ftfh7e69

GROUP LASSO FOR ZERO-INFLATED BERNOULLI
REGRESSION MODEL

MOUHAMED NDOYE! and ABA DIOP?*

ABSTRACT. Group Lasso is an extension of the Lasso regularization method
that selects variables in predefined groups within regression models. In this
study, we adapt Group Lasso to the Bernoulli regression model with zero infla-
tion and introduce an efficient algorithm designed for high-dimensional prob-
lems, solving the related convex optimization task. The resulting Group Lasso
estimator is proven to be statistically consistent and asymptotically Gaussian,
even when the number of predictors greatly exceeds the sample size, provided
the true underlying structure is sparse.

Keywords. Logistic regression, Zero inflation, Group variable selection, Pe-
nalized likelihood.
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1. INTRODUCTION AND PRELIMINARIES

Binary regression models and their parameter estimations have been widely
investigated in the literature, including asymmetric frameworks for rare events
[15]. In addition the Group Lasso for variable selection in a zero-inflated logistic
regression model is a powerful method, particularly when variables are naturally
grouped. The group Lasso see [28, 2, 3, 1] is a regularization technique used in sta-
tistical modeling and machine learning that extends the traditional Lasso method.
That is, group Lasso addresses variable selection problems by introducing an ap-
propriate extension of the Lasso penalty discussed in [3]. Mathematically, the
group Lasso can be expressed as an optimization problem where the objective
is to maximize the penalized log-likelihood function subject to a constraint on
the sum of L2 norms. It is especially useful when dealing with high-dimensional
data where the number of predictors exceeds the number of observations. The
group Lasso method enables the simultaneous selection of entire groups of vari-
ables that are most relevant to each component of the regression model, while
accounting for the underlying data structure. Recent developments in statistical
regression frameworks have focused on alternative robust estimation techniques
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under various dependence assumptions [6]. This makes it an effective tool for
feature selection in scenarios where predictors are naturally grouped. It is par-
ticularly valuable when the number of variables is large and the goal is to avoid
overfitting.

The Group Lasso operates by penalizing groups of coefficients in the zero-
inflated logistic regression model, in a manner analogous to the Lasso, but at the
group level rather than the individual-variable level: when a group of variables is
judged irrelevant, every coefficient within that group is shrunk to zero simulta-
neously, effectively removing the whole group from the model. This group-wise
selection is particularly advantageous in contexts such as genomics, where vari-
ables may be naturally grouped.

In this context, the group structure of variables is present, for example, in
biology, where a group may consist of variables sharing the same biological or
chemical property. This is also the case for categorical variables, where each is
represented in the design matrix by a group of dummy variables. In the case
of categorical variables, the Lasso estimator selects individual dummy variables
rather than the group of indicators that is, the variable in its entirety. In such
situations, it is more judicious to consider selecting (or rejecting) variables by
groups. This group structure can be accounted for using the Group Lasso esti-
mator introduced by [28] for the linear model, and by [16] for the logistic model
without zero-inflation. Variable selection (i.e., extracting relevant features for a
given task) or subset selection (i.e., model selection, which is nonetheless known
for its instability [10]) plays an increasingly important role in many fields, in-
cluding genetics ([13], astronomy [29], and economics [3]. It is a crucial step for
building a robust and interpretable model.

This article addresses the group Lasso penalty for zero-inflated logistic regres-
sion models [20, 11] first studied the group Lasso for logistic regression models
and subsequently proposed a gradient descent algorithm to solve the correspond-
ing constrained problem. Here, we present variable selection methods in a zero-
inflated logistic regression model that allow for working directly on the penalized
problem and whose convergence property does not depend on unknown constants,
as in [11]. Our algorithms are efficient in the sense that they can handle high-
dimensional problems. It should be noted that high-dimensional predictor spaces
are found in many applications, particularly with higher-order interaction terms
or basis expansions for additive logistic models where groups correspond to the
basis functions of individual continuous covariates. We do not aim for an (ap-
proximate) path-following algorithm [21, 30, 12], yet our approaches are fast
enough to compute a whole range of solutions for different penalty parameters on
a (fixed) grid. Our approach is similar to that of [9], which presents a remark-
ably fast ("the fastest”) implementation for large-scale logistic regression with
the Lasso. We also present an asymptotic consistency theory for the group Lasso
in high-dimensional problems where the predictor dimension is much larger than
the sample size. This is very useful when the number of variables is high and the
goal is to avoid overfitting.
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In this article, we present the ZIBer model penalized by the group Lasso.
Our main contribution is the development of variable selection methods for over-
dispersed binary data (it should be noted that the ZIBer model can incorporate
additional over-dispersion) and zero-inflated data [20] through the group Lasso
penalized ZIBer model. The remainder of the article is organized as follows: Sec-
tion 2 addresses the variable selection problem by penalizing the log-likelihood
function and discusses the underlying statistical inference using the group Lasso.
In Section 3, the asymptotic properties of the proposed estimators are studied,
and their performance in finite dimensions is evaluated through simulations. Fi-
nally, Section 4 provides an application using real data set.

2. METHODOLOGY

We consider here the case where the explanatory variables have a group struc-
ture that is known a priori, a structure we aim to incorporate into the estimation
procedure. The group Lasso method for the ZIBer model considers groups of
variables instead of individual variables. Let n be an independent and random
sample, p the number of explanatory variables, ¢ and the number of zero-inflation
variables.

2.1. Model. The ZIBer model with group Lasso is a sophisticated statistical

approach that combines two main components (the logistic part and the zero-

inflation part) to model data with zero inflation.

The Logistic component of the model uses logistic regression to predict the proba-

bility that an observation belongs to a specific category (for example, the presence

or absence of an event). It is particularly useful for binary or categorical data.
eﬂT%‘

pi=Ply=1lz;] = BeRP (2.1)

1+ eflei’
The inflation component models the excess of zeros in the data — that is, the case
where the observed number of zeros exceeds what a standard distribution would
predict — by separating zeros arising from a structural absence of the event from
zeros arising from the ordinary sampling distribution:

6’YTZi

T =Ply; = 0|z] =

By combining these two components with a group Lasso penalty, the ZIBer model
automatically identifies the most relevant variables while properly accounting for
zero inflation. The two linear predictors are:

Regression component:

logz’t(pi) = ﬁTiUz’ = Bz + Potip + ... + 5p$z’p (2-3)

Inflation component:

logit(m;) = V2 = mzin + Yozio + ... + VqZiq (2.4)
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2.2. Group Lasso. Let X and Z be design matrices structured into G,, groups
and G, groups, respectively. Each group ¢ in X has dfz, degrees of freedom,
and each group ¢’ in Z has dfz, degrees of freedom, where g € {1,...,G,} and
g € {1,...,G)}. We define df, = dfz, + dfz, as the total degree of freedom
of the g — th predictor for the pair (X7, Z7). Let dpap := maxgeq1,..cn+ary dfgs
and dpin = mingeq1 . g,+a} dfy the corresponding minimum. We also have

p = ngl dfzy, and ¢ = Zfiﬁ dfz,. The parameter § = (57,77)" (where 8 =

(BIT, e ,B(T;n) where 8, = (5971, e uﬁg,dfxg) € R¥?s and v = <7f, e ,’y&/) where

Yo = (Yg1, - - -+ Voudzy) € RY? so that 6, € R¥=s4 =) represents the coefficients
of the zero-inflated logistic model. For 8 € RP et v € R? 3, and 7, denote
the sub-vectors of 8 and v whose indices correspond to those of the g-th group
in X and Z, respectively. These degrees of freedom represent the complexity
or flexibility associated with each group within the matrices. For instance, in a
statistical modeling or machine learning context, degrees of freedom can be used
to measure a model’s capacity to fit the data while avoiding overfitting.

Let y; € {0,1} be a binary response variable from independent and identically
distributed (i.i.d.) observations. Let X; and Z; be n x df x; and n X df z; matrices,
respectively, representing the columns of the design matrix corresponding to the
i-th predictor. In other words, assuming the block matrices X, (resp Z,) are of
full rank, we can perform block orthonormalization—for example, via QR decom-
position to obtain X X, = lus,, (vesp Z)Zy = Iy ,) for all g = {1,...,G\.}
(resp g = {1,...,G,}). Fori={1,...,n} X; = (X},...,XiG") where X7 =

(Xgl, o ,ngfxg> and Z; — (Z}, L Zﬂ) ont Z¢ = <fo1, L Zg{dfxg) This
decomposition is often natural in biology and microarray data when the covari-
ates represent gene expressions, for example, [22, 27]. We allow the number of
groups to increase with the sample size n in order to accommodate cases where
G, + G, exceeds n. By using such a design matrix, the group Lasso estimator
does not depend on the dummy variable coding scheme. We chose a rescaled
version, X' X, = nly,, and Z] Z, = nly.,, to ensure that the parameter es-
timates remain on the same scale as the sample size n varies. After parameter
estimation, the estimates must be transformed back to correspond to the original
encoding. We study the estimation and prediction properties of the group Lasso
in high-dimensional contexts where the number of groups exceeds the sample size:
G, + G, > n. Let H* = {g : 0*9 # 0} denote the set of group indices for which
the corresponding sub-vectors of 6* are non-zero, and let s* := |H*|. This set
characterizes the sparsity of the model, and H*¢ denotes its complement the set of
group indices not included in H*. Both H* and s* depend on n, though we omit
this dependence for notational simplicity. In general, it is impossible to estimate
all unknown parameters from the data unless we assume that the true param-
eter is group-sparse;we therefore assume that 6* is partitioned according to the
grouping of (X, Z), with only a few groups being relevant. That is G, + G, > s*.



GROUP LASSO FOR ZIBERRM 5

2.3. Penalized log-likelihood function. The complete-data log-likelihood func-
tion is given by:

(a(8) =Y [Jilog (m; + (1 = m)(1 = pi) + (1 = J)log (1 = m)ps)]  (2.5)

i=1

n

() = Z [Jilog (67% +(1+ eﬁTxi)_1> —log (1 + ev%)]

+ [(1 —Ji) (yzﬂTxi —log(1 + eﬁTxi)>] = iei(e) (2.6)

where J; := 1y,,—0y and 1 — J; 1= 1g,—13.

2.4. Group Lasso penalty function. Let P(#, \) be the group Lasso penalty
function. It is defined as follows:

G
POX) =2 w,
g=1

(852", (27)

where ¢ indexes the groups of variables and A > 0 is the regularization (tuning)
parameter. The regularization parameter A > 0 controls the level and strength
of the penalty, thereby influencing the selection process, and w, represents the
weight adjusted for the size of group g. In order to independently select variables
in each component, we apply a separate penalty:

Gn G
PO, A) =\ Z s(dfxg) [|Bgll, + A2 Z s(df zg) [l (2.8)
g=1 g=1

where, ||| refers to the Euclidean norm. We generally choose s(t) = v/t = w,, so
as to penalize larger groups more heavily. We also assume there exists a constant

B > 0 such that P(0,\) < B.

2.5. Minimizing the negative log-likelihood for the group Lasso. Our
objective is to minimize the penalized negative log-likelihood function under the
group Lasso, defined as:

Sx(6) = —£,(0) + P (6, \) (2.9)

S, (0) is a convex loss function; furthermore, we penalize the coefficients 0 = (3, )
using the group Lasso via:

m@in [SA(0)] (2.10)

Thus, the group Lasso formulation can be represented as a minimization of
S)(0). Consequently, the penalized negative log-likelihood estimator minimizes
the negative log-likelihood function penalized by the group Lasso (for A = (A1, A\y) >
0). In other words, the group Lasso estimator, which achieves group-level sparsity,
is obtained as the solution to the following convex optimization problem:

~

0, = argmein [SA(6)] (2.11)
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Note that if all groups are of size 1, we recover the Lasso estimator. The group
Lasso allows for the simultaneous selection and estimation of variables, much like
the Lasso. Furthermore, the group Lasso estimator defined in (2.11) relies on the
assumption that the groups form a partition. The group Lasso penalty combines
an Ly norm within each group with an L;-type norm across groups, which induces
selection at the group level rather than the individual coefficient level positioning
the estimator between the Lasso and Ridge penalties. Concretely, the penalty
term is the sum of the Euclidean norms of the coefficient groups, so that the
estimator behaves like a Lasso at the group level [17, 14, 28] while remaining
invariant to orthogonal transformations applied within each group, a property
inherited from the Ridge penalty [25].

Note that we do not penalize the intercept. However, as shown by Lemma
(2.1), the minimum of (2.9) is achieved. Let s be a function used to scale the
penalty relative to the dimension of the parameter vector 6,. Unless otherwise
specified, we use s(t) = v/t (where t can be df,) to ensure that the penalty term
is of the same order as the number of parameters df,. The same rescaling is used
in [28].

Lemma 2.1. Assume that 0 < Y., y; < n. For A\ > 0 and s(t) > 0 for all
t € N, the minimum of the optimization problem (2.9) is achieved.

The condition on the observed data in Lemma 2.1. If X and Z are of full rank,
the minimizer of Sy(.) is unique; otherwise, the set of minimizers is a convex
set, all of whose elements achieve the same minimum value. The L, structure of
the group penalty implies that, generically, either ég =0 or ég,j # 0 for every
Jj€A{l,...,df,} (indices omitted for brevity). A geometric interpretation of this
particular sparsity property is provided by [28].

2.6. Selection of the penalty parameter \. The tuning parameter A, de-
pends on the sample size n, the number of groups G,, + G/, and the degrees of
freedom dfz, and df z; within each group. Assuming the degrees of freedom per
group are fixed, the regularization parameter A\, can be chosen on the order of
log(G + G"). In this case, it can be shown that the group Lasso is globally con-
sistent, under certain additional regularity and sparsity conditions. When A = 0,
we recover the classical unpenalized maximum likelihood for the full model. For
very large values of A, all parameters are estimated as exactly zero; furthermore,
an increase in A, leads to a decrease in 6, toward zero, meaning that certain
blocks simultaneously become null and groups of predictors are eliminated from
the model, leading to model underfitting. Therefore, A must be carefully chosen
to achieve a proper balance between goodness-of-fit and sparsity. All questions
related to correct estimation and model selection are, in fact, conditioned by the
proper choice of A, as this value determines the size of the model selected by the
Lasso. The parameter A is tuned via cross-validation ([23]) or by minimizing AIC
and BIC criteria. These criteria provide guidance on how to adjust the degree
of regularization in light of the prediction problem, but do not provide desirable
guidance regarding the estimation or selection problem. We focus here on pre-
diction properties. In practice, given a grid of tuning parameters \q, ..., g, we
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run the group Lasso algorithm for each \;. Each J; is linked to a subset Sy, of se-
lected variables. For each \;, we perform a zero-inflated logistic regression model
using the selected subset Sy, and calculate prediction errors using leave-one-out
cross-validation. The regularization parameter \ is used to adjust the trade-off
between loss minimization and the search for a group-level sparse solution. The
group Lasso offers the same advantages as the Lasso. Finally, the optimal sub-
set of selected variables is chosen as the subset that minimizes the prediction
error. These methods were implemented using the R software packages glmnet
and grplasso.

3. ALGORITHM FOR THE GROUP LASSO

3.1. Block Coordinate Descent (BCD). Parameter estimation is more com-
putationally demanding than in the case of generalized linear regression models.
The algorithm proposed by [28] relies on sequentially solving a system of non-
linear equations, which are both necessary and sufficient to minimize the penalized
residual sum of squares by groups. This algorithm thus constitutes a specific case
of the block coordinate descent algorithm. To address the more complex case of
zero-inflated logistic regression, we can resort to a block coordinate descent algo-
rithm. The numerical convergence of this approach is demonstrated by building
upon the results of [24], as explained below:

Step  Block Coordinate Descent

Step 1 Consider 0 = (3,7) € RPT! x R9T as a vector of initial
parameters
Step 2 0y := argming,Sx(0)
Step 3 for g €{1,...,G}
if | X7 (y = p=g)ll2 + 1 2] (y — 7=9) |2 < \/df,
99 = (07 0)
else
0, := argming,Sx(0)
end
end
Step 4 Repeat steps 2 and 3 until a convergence criterion is
met.
TABLE 1. Logistic Group Lasso algorithm using block coordinate
descent minimization.

We iterate through the parameter groups and minimize the objective function
Sy while keeping all parameter groups fixed except for the current one. This leads
us to the algorithm presented in Table 1, where §_, denotes the parameter vector
6 with 6, set to 0, while all other components remain unchanged. In step (3), we
first check whether the minimum is located at the non-differentiable point 6§, = 0.
If it is not, a standard numerical minimizer such as a Newton-type algorithm can
be used to find the optimal solution with respect to 6,. In this case, the values
from the previous iteration can be used as starting values to save computation
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time. If the group was not included in the model during the last iteration, we
first take a small step in the direction opposite to the gradient of the negative
log-likelihood function to ensure that we start at a differentiable point.

Proposition 3.1. Steps (2) and (3) of the block coordinate descent algorithm
perform group-wise minimization of Sy and are well-defined in the sense that
the corresponding minima are achieved. Furthermore, if we denote by é(t) the
parameter vector after t block updates, then every limit point of the sequence
{0(t)Ye=0 is a minimum point of Sy.

As presented in Proposition 3.1, the key lies in the separable structure of the
differentiable part of S. These properties apply to the group Lasso for generalized
linear regression models with or without zero-inflation.

As it can be shown that the iterations remain within a compact set, the exis-
tence of a limit point is guaranteed. The main drawback of such an algorithm is
that the block minimization for the active groups must be performed numerically.
However, for small to medium-scale problems in terms of the dimensions p (for
the logistic model) and ¢ (for the inflation model), and group sizes df,, this proves
to be sufficiently fast. For large-scale applications, it would be beneficial to have
a closed-form solution for block updates, as in [28]. This point will be addressed
in the following subsection.

3.2. Block Coordinate Gradient Descent (BCGD). The main idea of the
Block Coordinate Gradient Descent method of [25] consists in combining a qua-
dratic approximation of the group Lasso penalized log-likelihood with an addi-
tional line search. By using a second-order Taylor expansion at 6 and replacing
the Hessian of the group Lasso penalized log-likelihood function ¢(.) with an
appropriate matrix H® we define:

~

M) = - [z((;(ﬂ) ATV + %dT H“)d]

+ A Z Vf By + dyllz + Azz Vfgll7g + 7|2

~ SA(H +d) (3.1)

where d = (d',d”)T € RPH x RIFL

We now consider the minimization of M it)(.) with respect to the g — th group
of penalized parameters. This means we restrict ourselves to vectors d where
d, = (0,0)T for k = g. Furthermore, we assume that the corresponding sub-

matrix Hétg) of dimension df, x df, is of the form: H_(SZ) = h;t).jdfg for some scalar
W' e RxR If Ve, — rIEW |, < Ay/df,, the minimizer of (3.1) are
dlg(t) = —Bg(,t) and d;(t) = —%t) among other things d(gt) = —éét) else

1

a9 = —— ~ M\,

hg ||V€

A( _ a0

—n0)
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If d® £ 0, an inexact line search using the Armijo rule must be performed: Let
a® be the largest value in {agd'};>o such that:

Sy (0D 4 a®d®) — 5,V < aWgAD

If d® # 0, an inexact line search using the Armijo rule must be performed: Let
a® be the largest value in {agd'}i=o such that Sy(0®) + a®Dd®) — $,(4(t)) <
a®eA® where 0 < § < 1,0 < 0 < 1,ap > 0, and A® is the improvement in the
objective function S, when using a linear approximation for the log-likelihood,
ie.:

A = —(d)VUOD) + MN[0 + A o = AN o (3.3)

Finally, we define 8¢+Y = 9 4 oMd®  The algorithm is described in Table 2.
When minimizing M /St) with respect to a penalized group, it is first necessary to
check whether the minimum is located at a non-differentiable point, as indicated
above. For the (unpenalized) intercept, this is not necessary, and the solution
can be calculated directly.

1 .
dy) = —WV(H(”)O (3.4)
0

For a general matrix H®, the minimization with respect to the g-th group of
parameters depends on H® only through the corresponding submatrix Hg(_f,). To
ensure a reasonable quadratic approximation in (3.1), H, étg) is ideally chosen to be
close to the corresponding submatrix of the Hessian of the log-likelihood function.
By restricting ourselves to matrices of the form H, étg) = hét).l df,» one possible choice
is :

A = — max {dmg [—V%(é(t))gg} ,c*} (3.5)

g

where ¢, > 0 is a lower bound to guarantee convergence (see proposition 3.2).
The matrix H® does not necessarily need to be recomputed at each iteration.
Under certain moderate conditions.

Step  Block Coordinate Gradient Descent

Step 1 Let 8 = (8,7) € RPTL x R7*! be a vector of initial parameters.
Step 2 forge{l,...,G+ G}
Hyg = hy(0).1yy,
d:= CLT’ng'ndwk:O’k?ggM,\ (d)
ifd=#0
a := Line search
0:=0+ad
end
end
Step 3 Repeat steps 2 and 3 until a convergence criterion is met.
TABLE 2. Group Lasso Logistic Algorithm using Block Coordinate
Gradient Descent.
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Under certain conditions on H® | the convergence of the algorithm is ensured,
as shown by [28] and the proof of proposition 3.2.
Standard choices for the tuning parameters are, for instance, ag = 1, 6 = 0,5
and ¢ = 0,1 . Other definitions of A®, for example to include the quadratic
part of the improvement, are also possible. We refer the reader to [25] for further
details and proofs that A® < 0 for d® = 0 and that the line search can always
be performed.

Proposition 3.2. If Hétg) is chosen according to equation (3.5), then every limit
point of the sequence {0(t) }1>0 is a minimum point of S,.

Remark 3.3. When cycling through the coordinate blocks, we could restrict our-
selves to the current active set and visit the remaining blocks, for instance every
10 iterations, to update the active set. In high-dimensional cases, for example,
this modification reduces computation times by approximately 40% compared to
what is shown in Figure 2. Furthermore, it is also possible to update the coor-
dinate blocks non-cyclically or all at once, which would allow for a parallelizable
approach while maintaining the convergence result.

Remark 3.4. The Block Coordinate Gradient Descent algorithm can also be ap-
plied to the Group Lasso in other models. For instance, any generalized linear
model where the response y has a distribution from the exponential family belongs
to this class. This is available in our R package grplasso.

A similar algorithm is presented in [12], where a global upper bound on the
Hessian is used to solve the Lasso problem for multinomial logistic regression.
This approach can also be used with the Group Lasso penalty, yielding a closed-
form solution for a block update. However, the upper bound is not tight enough
for moderate and small values of A\, generally leading to excessively slow conver-
gence. For zero-inflated generalized linear models, the LARS algorithm [7, 15] is
highly efficient for computing the Lasso solution path {fy},so. For zero-inflated
logistic regression, approximate path-following algorithms have been proposed
[21, 30, 7]. But with the Group Lasso penalty, some of them are not applicable
[21] or do not necessarily converge to a minimum point of Sy [30], and none of
them seem to be computationally faster than iteratively working over a fixed grid
of penalty parameters A. This latter point was also observed by [9] for large-scale
Lasso logistic regression applications.

To compute the solutions ég over a grid of the penalty parameter 0 < A\g < -+ <
A1 < Apaz, We can, for instance, start at a given \,..:

1 1
Amaz = gmax |‘X;f(y =92+ g:HllaX /

=L..G \/df, G \/dfy

Where only the intercept [y is in the logistic model and 7 is in the inflation
model. We then use 0, as the starting value for ), and proceed iteratively

1Zg (v = DIz

until é,\K, with Ag being equal or close to zero. Instead of updating the Hessian
approximation H®) at each iteration, we can use a constant matrix based on the
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previous parameter estimates é)\k to save computation time, i.e.:
HY) = hy(63,) 1o,

For the estimation of é,\k .1, cross-validation can then be used to choose the pa-
rameter A\. Most often, we aim for a minimum negative log-likelihood score on
the test sample.

4. ALGEBRAIC PROPERTIES

Let (z;, z;,y;) be independent and identically distributed copies of the random
vector (x, z,y). The loss function used is the penalized log-likelihood (a negative
log-likelihood function):

(o) = Jxlog (e + (1+e )7 ) ~log (1+¢7")

+ (1-J) (yBTx —log(1+ 66T$)> (4.1)

With J = 1{y:0}
Assuming that the degrees of freedom per group are fixed, the smoothing param-
eter A can be taken to be of order log(G). As noted in Section 2.6, assuming
fixed degrees of freedom per group, the smoothing parameter A may be taken
of order log(G); under this choice, the group Lasso is globally consistent given
suitable regularity and sparsity conditions, as detailed below. It should be noted
that a judicious choice of the (tuning) regularization parameter A will depend on
the sample size n, the number of groups GG, and the degrees of freedom within
each group df,. It can then be demonstrated that the Group Lasso is globally
consistent under certain additional regularity and sparsity conditions.

This section details this asymptotic result.
The theoretical risk is defined as follows:

R(O) =E[¢(6)] (4.2)

and its empirical counterpart:
1 n
Ra(0) = — > _1(6) (4.3)
i=1

The Logistic Group Lasso estimator 0, is the minimizer of:

S\6) = nRa(6) + P8, )) (4.4)
SO _ g+ 20N (45)

Now, let 6° be a minimizer satisfying:

0° € argmingR(0) (4.6)
If the model is correctly specified, then we have:
E(y|z) = ppl() (4.7)

E(y|z) = mpo(2) (4.8)
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There are several ways to measure the quality of the estimation procedure. We
will use the global measure.

(03,.10) = E |0, (2) = ngo (@) ] (4.9)

d* (M3, 1y0) = E [[15,,(2) = myo (2)]] (4.10)
Where 7 is chosen as the logit() function.
The following assumptions are made:
Assumption 1
We assume that for some constant 0 < e < %, for all x and z we have :

€ <ppl(zr)<1l—e (4.11)
e<mo(z) <1—c¢ (4.12)

Assumption 2

We shall require the matrix to : ¥, = E[zz?] and ¥, = E[227] are non-singular.
Let v? denote the smallest eigenvalue of X.

Assumption 3

Let w, and 2, be the g-th predictors in = and z, respectively. We normalize
x4 and z, such that they have an identical inner product matrix, specifically
Elzyz]] = L4, and Elzyz)] = Iyp.,. With this normalization, we further assume
that for a constant £,,, we have:

maxmaxz.z, <nl? et maxmaxz!z, <nl? (4.13)

Since we use the previous normalization, the smallest possible order for L? is
L2 =0 (%) For categorical predictors, L2 = O (%) corresponds to the balanced
case where, in each category, the probability of finding an individual within that
category is bounded away from zero and one.

Consistency can then be demonstrated in the following sense. Let 92 denote the
elements of the vector #° corresponding to the g-th group. Let Ny be the number
of non-zero group effects, i.e., the number of vectors 6 satisfying ||65]| # 0. There
exist universal constants C'1, C'2, C'3 and C'4, and constants c1 and ¢2 depending
on €, v, max, dfr, and max, df z,, such that whenever:

Assumption 4
C1(1+ N§)L2logG < c; et CilogG < X < ufw (4.14)

The following probability inequality holds:
14+ No)A A 1
P |2 (UéA?W)) > Q%} < Oy {log(n)e:l:p (—53) + exp <— C4L2)}

with 7().

This result follows from arguments similar to those used by [26]. An overview of
the proof is presented in the Appendix.

For the asymptotic implications, assume that €, v, max, dfz, and max, df z, are
held fixed as n tends to infinity and that G remains much larger than logn. Let
A be substantially equal to logG, i.e., it is of order logG. When, for instance, the
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number of non-zero group effects Ny satisfies Ny = O(1) and L2 = O(ZO;G), we
then find the quasi-parametric rate.
logG
d* (n, ,me0) = Oy ( - ) (4.16)

With L2 = O (1), the maximum growth rate for Ny is Ny = O (‘ /#), and
when N is exactly of this order, we obtain the rate

log(G)

d® (ng,, o) = Op ( —) (4.17)

n

Remark 4.1. The result can be improved by replacing Ny with the number of
non-zero coefficients of the ’best” approximation of 0, which is the approximation
that balances the estimation error and the approximation error.

Remark 4.2. A similar consistency result can be obtained for the Group Lasso in
Gaussian regression.

5. SIMULATION STUDY

We use the performance of Group Lasso for Logistic Regression with Zero Infla-
tion on simulated datasets. The calculations were performed using the R software.
There is no R package that handles ZIBer and Group Lasso simultaneously. We
will therefore proceed with a pragmatic approach. We use the grpreg package
developed by Patrick Breheny, Yaohui Zeng and Ryan Kurth for Group Lasso,
and the MASS package developed by Brian Ripley, in collaboration with other
contributors. The MASS package is part of the R project and is widely used
for statistical analyses, including regression methods, discriminant analysis and
other advanced functions. The dplyr package was created by Hadley Wickham,
a highly influential statistician and R software developer. It forms part of the
tidyverse ecosystem, a collection of packages designed for data science in R. The
grpreg function is part of the grpreg package in R, designed for regularised re-
gression with grouped variables. It supports various regularisation methods such
as group Lasso, group MCP and group SCAD. It is suitable for linear, logistic,
Poisson and Cox regression models. We evaluate the asymptotic properties of
two-stage estimators with Group Lasso on each logistic and inflation component
separately in finite dimensions through simulations. We also use Elastic-net for
comparison.

5.1. Study design. :

We compare the ZIBer model’s finite-sample performance under two regulariza-
tion methods: Group Lasso y Group Lasso [10] and Elastic-net [31]. In zero-
inflated logistic regression, the response exhibits an excess of zeros relative to a
standard Bernoulli model; group-wise variable selection is important here for re-
ducing model complexity and improving prediction [5]. As for variable selection
by penalising the log-likelihood, we use regularisation methods such as Group
Lasso and Elastic-net. For this task, we study the properties of the ZIBer model
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estimators in finite dimensions, and an application to real-world data will be car-
ried out through simulations using the R programming language.

We simulate p = 100, p = 160 and p = 240 predictors for the logistic regression
part and ¢ = 100, ¢ = 35 and ¢ = 240 predictors for the zero-infation part,
using sample sizes of n = 500 and finally n = 1000. We ran Group Lasso for
the logistic regression and for the zero-inflated regression on these datasets. The
responses are simulated using the logistic regression model with zero inflation

(Y ~ ZIBer(n,p,m)) where p = % and T = li% with 8 = (3, ...,B%)
and v = (v%,...,7%") with, respectively, g groups having non-zero coefficients

among the G groups and ¢’ groups having non-zero coefficients among the G’
groups. We estimate the parameters v and /3 for the probability of a zero (7) and
the probability of success (p), respectively. We then use the datasets to evaluate
the performance of the fitted model according to a specific loss function. The
parameter vector § = (3,7)? is finally recalibrated to adjust the empirical risk
r = (r1,r2) to the desired level.

r = %Z min{p(z;), 1 — p(x;)} (5.1)
ry = %Z min{m(z),1 —m(z)} (5.2)

We determine the optimal regularisation parameter using cross-validation. From
this, we determine the model with the parameter vectors 3,, and 7,,. Next,
we calculate the hits that is, the number of relevant variables correctly identi-
fied—the false positives that is, the number of non-significant variables selected
as relevant—and the degrees of freedom that is, the total number of variables
selected in the model. Finally, we estimate the performance of the selected model
by calculating several metrics such as bias and RMSE to evaluate and interpret
the performance of the prediction model (ZIBerRM). We ran Group Lasso with-
out excess zeros (logistic part) and Group Lasso with excess zeros (inflation part)
on these datasets.

Three examples are considered in the simulations; we use a random design
matrix where the predictors are simulated according to a uniform distribution to
ensure bounded predictors. There were 100 replicates for each set of parameters
described below. These parameters were chosen to have a different number of
effective predictors and different levels of zero inflation.

Example 1: : let’s take p = 100 predictors in the logistic component:
Groupl X;=U;+¢ pour 1<:<10

Group 2  X;=Uy+¢ pour 11 <i<20
Group 3 X; =U; for 21 <43<30

Group 10 X; =U; for 91 <:<p
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with Uy ~ U([0,1]), Uy ~ U([0,1]), U; ~ U([—0.1,0.1]) and &; ~ U([0,0.01])Vi €

{1,...,p} and ¢ = 100 predictors in the zero-inflated component:

Group 1 Z; = Us for 1<4<10
Group 2 Z;=U, for 11 <1 <20
Group3 Z;=U;+¢ pour 21 <17<30

Group 10 Z; =U; +¢ pour 91 <i<yq

with U3 ~ U([0,0.5]), Uy ~ U([0.5,1]), U; ~ U([-0.5,0.5]) et ¢ ~
U([0,0.001])Vi € {1,...,q}. The covariates in the first two blocks are
highly correlated (~ 0.8) and there are weak correlations between the
blocks. The coefficients are:

10
10 10 10 ~ 10 0
- % ~\ 7~ % ~\ 7~ % \/_M /_/A
3= (T10,....1.10,7032, ..., -0.32,70.36,...,-030,0,....0,...,0,...,0)
10
10 10 10 “ 1o 0

7 - N 7 N\ N\ 7 N\ —N— —N—
v =(0.30,...,0.30,—048,...,-0.48,0.44,...,0.44,0,...,0,...,0,...,0)
The zero inflation rate is approximately 55%.
Example 2: : we have doubled the number of ineffective predictors from

the examples above, and the parameters have been set to achieve approx-
imately 29% zero inflation.

8
20 20 20 20 ~ 920 20
- - ~\ 7~ % ~N 7~ % ~\ < % ™~ /_M /_/A
g = (1.50,...,1.50,—-0.22,...,-0.22,-0.25,...,—0.25,0.30,...,0.30,0,...,0,...,0,...,0)
8
20 20 20 20 ~ 20 20
- - ~ ~ - - - —— ——
v = (—=1.05,...,—1.05,0.45,...,0.45,—0.30,...,—0.30,—0.36,...,—0.36,0,...,0,...,0,...,0)
Example 3: : the parameters are chosen to achieve approximately 21%
zero inflation.
~ 3 2
4 15 15 g 15 15 15 15
——N— ~ % ~ -~ % ~ - % —— ——
g =(220,...,2.20,...,2.20,...,2.20,-0.72,...,-0.72,...,-0.72,...,-0.72,0,...,0,...,0,...,0)
4 3 9
- 15 15 - 15 15 DT 15
”~ % ™~ 7 % N 7 % N % N\ 7/ N\ s N
v=(-2.01,...,-2.01,...,-2.01,...,—2.01,0.88,...,0.88,...,0.88,...,0.88,0,...,0,...,0,...,0)

5.2. Results. The results of the eight simulations are shown in Tables 3, 4 and
5 for sample sizes n = 500 and n = 1000 respectively. For each configuration
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(sample size and zero inflation proportion) of the simulation parameters, we cal-
culate: the mean bias, the root mean square error (RMSE), mean hit and mean

false positive for §; for all i € {1,...,p} and 7; for all i € {1, ..., q}.

>: p is the number of covariates in the logistic part and ¢ is the number of
covariates in the zero inflation part.

>>: sEN is the number of significant covariates in the logistic part and s’
is the number of significant covariates in the zero-inflation part for the
Elastic-Net method.

>: sGL is the number of significant covariates in the logistic part and s
is the number of significant covariates in the zero inflation part for the
Group Lasso method.

>>: (G is the number of groups in the logistic part and G’ is the number of
groups in the zero inflation part.

>: G* is the number of non-zero groups in the logistic part; G* is the number
of non-zero groups in the zero inflation part.

>>: v is the size of the non-zero groups in the logistic part. v’ is the size of
the non-zero groups in the zero-inflation part.

’ A \ Example 1 \ Example 2 \ Example 3 ‘
Elastic-Net logistic part

Amin | 0.01843 0.01612 0.00219
Amaz | 0.03222 0.02818 0.05694
Elastic-Net zero inflation part
Amin | 0.01777 0.01816 0.00198
Amaz | 0.03412 0.03484 0.03903

Groupe Lasso partie logistique
Amin | 0.01575 0.01292 0.00077
Amaz | 0.02285 0.03682 0.07181

Group lasso zero inflation part
Amin | 0.01513 0.01663 0.00861
Amaz | 0.03261 0.04121 0.06977

TABLE 3. The tuning parameters (A) for the five examples n = 1000
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| Examples | Example 1 | Example 2 | Example 3 |
Logistic part

p 100 240 240
sEN 24 240 195
sGL 10 20 220
G 10 12 16
v 10 20 15
es 01 01 11

Mean Hit (%) (Average success rate)
Elastic-net 99.95833 | 99.87468 | 99.94609
Group Lasso | 99.99083 100 99.99962
Mean False positive (%)
Elastic-net 16.31579 3.60109 36.59794
Group Lasso | 27.10448 | 80.10452 | 37.29742
Biais
Elastic-net -0.16267 | -0.18317 -0.68121
Group Lasso | -0.12979 -0.18916 -0.68503
RMSE
Elastic-net 0.00097 0.00095 0.00068
Group Lasso | 0.00079 0.00044 0.00022
Zero inflation part

q 100 240 240
SEN' 25 240 210
sGL' 10 240 90
G 10 12 16
v 10 20 15
G 01 12 06

Mean Hit (%) (Average success rate)
Elastic-net 90.01327 | 60.12029 | 89.91758
Group Lasso 100 100 99.99962
Mean False positive (%)
Elastic-net 14.73333 3.60109 40.59794
Group Lasso | 37.21951 | 82.32489 | 38.23102
Biais
Elastic-net -0.00009 | -0.00092 0.00037
Group Lasso | -0.00009 | -0.00002 | -0.00381
RMSE
Elastic-net 0.00037 0.00066 0.00193
Group Lasso | 0.00008 0.00042 0.00019

TABLE 4. Simulation results for the three examples for n = 500

Group Lasso appears to perform better than Elastic-net at including relevant
predictors in the model, particularly when there are strong intra-group correla-
tions. Elastic-net tends to select fewer variables from among the influential ones
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| Examples | Example 1 | Example 2 | Example 3 |
Logistic part

D 100 240 240
sEN 41 220 210
sGL 10 100 120
G 10 12 16
v 10 20 15
G 01 05 06

Mean Hit (%) (Average success rate)
Elastic-net 99.00271 | 77.97527 | 80.06381
Group Lasso | 99.99999 100 100
Mean False positive (%)
Elastic-net 18.49153 6.18421 33.46724
Group Lasso | 29.22841 | 87.42763 | 35.14837
Biais
Elastic-net -0.00009 -0.00092 0.00037
Group Lasso | -0.00007 -0.00009 -0.00101
RMSE
Elastic-net -0.00017 | -0.00105 0.00073
Group Lasso | -0.00011 -0.00048 -0.00572
Zero inflation part

q 100 240 240
sEN’ 53 240 210
sGL' 30 240 75
G 10 12 16
v 10 20 15
G* 03 12 5

Mean Hit (%) (Average success rate)
Elastic-net 92.98973 | 72.05654 | 95.91129
Group Lasso 100 99.99981 100
Mean False positive (%)
Elastic-net 19.36174 6.18421 33.46742
Group Lasso | 29.10446 | 87.99052 | 37.82814
Biais
Elastic-net -0.00009 -0.00085 0.00034
Group Lasso | -0.00005 -0.00008 0.00099
RMSE
Elastic-net 0.00017 0.00078 0.000074
Group Lasso | 0.00002 0.00014 0.000016
TABLE 5. Simulation results for the threze examples for n = 1000
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(Elastic-net selects only certain variables from groups of highly correlated predic-
tors) than Group Lasso in the case of highly correlated covariates and when the
size or number of non-zero groups is large. Group Lasso succeeds in including
the truly significant groups in most cases. Conversely, the Group Lasso estimator
tends to include more irrelevant covariates than Elastic-net, particularly when
the number or size of non-influential groups is large. We might expect this result
because the Group Lasso estimator does not include a single variable, but rather
groups of variables (when one of the covariates is included in the model, all others
belonging to the same group are also included in the model). Thus, Group Lasso
selects models that are larger than the true model.

However, when Group Lasso selects a number of covariates equal to the number
of significant covariates, it is highly likely that the correct groups are included.
We also measured the performance of Elastic-net and Group Lasso in terms of
estimation error and prediction error. Group Lasso appears to perform better
than Elastic-net in terms of estimation error and prediction error in most cases,
and the improvement is particularly significant for prediction error.

We can also note that the performance of both estimators decreases as (G, G%,)
and (Gf,GY) increase. In conclusion, the Group Lasso estimator appears to
perform better than Elastic-net by including hits in the model and in terms of
prediction and estimation error when the covariates are structured into groups,
and particularly in the case of strong correlations within the groups.

6. REAL DATA APPLICATION

In this section, we apply the Group Lasso-penalised ZIBer model to data from
the National Medical Expenditure Survey 1987-1988 (NMES1988) [1] (a large-
scale cross-sectional study conducted to assess the demand for medical care in
the United States). This dataset is particularly well-suited to the zero-inflated
Bernoulli model due to the high proportion of non-utilisation of care (zeros) in
the medical consumption indicators.

6.1. Data description. The distinctive feature of Group Lasso lies in the def-
inition of group structures. In this application, the p + ¢ explanatory variables
are partitioned into G + G’ thematic groups, allowing for the selection of co-
herent blocks rather than isolated variables. We will classify these 19 variables
into 10 groups of 5 (making a total of 50 slots). To classify these 19 variables
into 10 groups of 5 (making a total of 50 slots), it is necessary to repeat cer-
tain variables. The parameters j3 (Bernoulli component) and 7 (zero inflation
component) are estimated using an EM (Expectation-Maximisation) algorithm.
At each M-step, we minimise the negative log-likelihood function penalised by
Group LASSO (2.9). The regularisation parameter A = (A1, Ay) is determined by
10-fold cross-validation (10-fold CV), by maximising the predictive log-likelihood.

6.2. Results. We fit a penalised ZIBer model to the data using the Group
LASSO method, including all covariates. We then select the variables at a signifi-
cance threshold of 5%. We present the estimate, the standard error (s.e.) and the
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significance level (labelled: not significant (NS), significant (S) or highly signifi-
cant (SVS)) of the Wald nullity test for each parameter, for the null hypothesis
Hy : 0; = 0. We run the following model:

logit(p;) = X and logit(m;) = ~vZ. (6.1)
The results are shown in the table 6.2.
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6.3. Discussion. The results in Table 6.2 illustrate a structural advantage of
Group Lasso when applied to the ZIBer model: entire thematic clusters "health-
care utilization,” ’basic demographic profile,” and ’socio-economic status’ are re-
tained or discarded as coherent blocks, rather than being split apart as individual
dummy variables would be under an ordinary Lasso. This is clinically more inter-
pretable; since these indicators jointly describe a single risk profile for the patient
rather than a set of unrelated covariates.

Furthermore, this approach enhances the model’s parsimony in terms of the in-
flation structure. Indeed, simulations show that the variables “Health Insurance
Coverage” and “Vulnerability Factors” are the first to be significant, suggesting
that these factors exert a positive influence on the probability of non-utilization
of non-medical care.

Finally, the method ensures greater estimation stability. By imposing simulta-
neous selection on the coefficient vectors g and 7, Group Lasso mitigates the
recurring numerical instability in standard ZIBer models, where a variable might
be deemed significant in one component whilst generating excessive noise in the
other.

An interesting approach for future work would be to compare these results with
a Bayesian approach, and also to examine the problem of variable selection in
cases where there is missing data in the covariates

7. CONCLUSION

We studied the zero-inflated logistic model in high-dimensional settings and
proposed a group Lasso estimator for § and =~ when covariates are naturally
structured into groups and the true parameter is group-sparse; only a few groups
being relevant to explaining the response. Under assumptions on the sparsity of
£ and -, the correlation structure between covariate groups, and the choice of
tuning parameter, we established consistency and an asymptotic Gaussian ap-
proximation for the resulting estimator.

When all groups have size one, our framework reduces to the ordinary Lasso for
zero-inflated logistic models; we further extended the comparison to the Elastic-
net penalty, evaluating its performance against Group Lasso on simulated data.
Our results show an improvement in both variable selection and prediction error
for Group Lasso relative to Elastic-net when covariates are structured into groups.
We also used simulation to illustrate the effect of the total number of groups, the
number of non-zero groups, and group size on Group Lasso’s performance; the
estimator performs particularly well in high-dimensional, group-sparse settings
with strong within-group correlation, though it requires prior knowledge of the
group structure its main practical limitation.

On the NMES1988 data, the Group Lasso approach offers better structural inter-
pretability than Elastic-net while maintaining comparable predictive performance
(as measured by RMSE), and confirms that a multidimensional health-status pro-
file is the principal driver of variation in medical-care utilization in this popula-
tion.
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‘ Group ‘ Parameter ‘ Variable ‘ Estimate ‘ Std. Error ‘ Wald test ‘
Bernoulli component

Bin visits -0.372435 | 0.060609 VS
Group 1 Bon nvisits 0.277489 | 0.036426 VS
Ban ovisits 0.313113 | 0.048290 VS
Ban novisits 0.109707 | 0.005722 S
By, | emergency | 0.177876 | 0.012395 Vs
Ben hospital 0.000000 - NS
Brn emergency | 0.000000 - NS
Group 2 Ban visits 0.000000 - NS
Bon ovisits 0.000000 - NS
Bion | nvisits 0.000000 - NS
Bsn health 0.000000 - NS
Ben chronic 0.000000 - NS
Group 3 Brn adl 0.000000 - NS
Bsn age 0.000000 - NS
Biom | health 0.000000 - NS
Bun | age 0.218615 | 0.027832 S
Bron | gender -0.001999 | 0.005304 S
Group 4 ﬂfgn afam 0.795283 | 0.012941 S
Bran | married |-2.656241| 0.005934 VS
Bisa | region -1.404549 | 0.005347 VS
Bin | income 0.027560 | 0.051146 S
Bitn employed | -0.554917 | 0.025491 VS
Group 5 [ﬁfgn school 0.707816 | 0.003192 VS

Bion insurance |-1.456849 | 0.006147 VS
Baon medicaid |-2.816104 | 0.010934 VS

Zero component

Yin insurance | 0.006777 | 0.035115 VS
Vn medicaid | -0.007812 | 0.051089 VS
Yan, employed | -0.008276 | 0.131608 S
Group 6 Yan income 0.062487 | 0.016657 VS
Yan health -0.006143 | 0.008212 VS
Yon chronic 0.227574 | 0.002355 VS
Yn adl -0.107657 | 0.001824 VS
Group 7 Yan medicaid | 0.024505 | 0.074243 S
Yon afam 0.208744 | 0.010042 S
Yion age -0.010646 | 0.060848 VS
Min region 0.000000 - NS
Yion insurance | 0.000000 - NS
Group 8 Yi3n income 0.000000 - NS
Yian gender 0.000000 - NS
Visn school 0.000000 - NS
Vi6n employed | 0.000000 - NS
Vrn school 0.000000 - NS
Group 9 Vign married 0.000000 - NS
Yion age 0.000000 - NS
Y200 income 0.000000 - NS
Yon | age 0.000000 - NS
Yaon gender 0.000000 - NS
Group 10 Ya3n region 0.000000 - NS
Y24n health 0.000000 - NS
Yo5n insurance | 0.000000 - NS

TABLE 6. Analysis of health data using the Group Lasso regular-
ization method, with a 25% zero inflation proportion
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8. APPENDIX
8.1. Proof of lemma 2.1. As a reminder, the ZIBer model using the lasso group
can be defined as follows:
Regression part:
logit(p:) = B"x; = Bo + Brxa + -+ + Bawic = o + d; (8.1)
Inflation part (classification): :
logit(m) = 7"z = o+ 20 + - + Yo e = Y0 + d; (82)

We will first eliminate the intercept. Let [i,...,8s and ~q,...,7v¢ be two
fixed parameters. To obtain an estimate of the intercept, we must minimise the
following logarithmic likelihood function:

f(0o) = — i [Jlog (e”ﬁdg +(1+ eﬁo+di)_1> — log (1 + 670+d§>]

+ [(1 - J) (yiﬂol'o + yzdl - log(l + €Bo+di))} (83)
avec J := 1g,—o}.
The derivative of f(fy) is:
Partial derivative with respect to fy:

(14 by 2
- Z ’YoerZ + (1 + ePotd: )

eﬂ()‘f’d
Partial derivative with respect to 7y:
) B n eotd; eotd;
) == Zl {Ji (evo+d§ + (1 + efotdi)—1 14 et (85)
It follows that
li =n— x>0 8.6
ﬁmi{r—l&-oo f 60 - Z Yili ( )
%hnioof (70) =n >0 (8.7)
1
Ogﬂoof (Bo) = [Z Yii — W] <0 (8.8)
lim £ () =0 (8.9)
Yo——>—00

Furthermore, the function f is continuous and strictly increasing. Therefore,
there exists a unique pair (85,75) € R? such as f(6;) = 0. By the implicit
function theorem, the corresponding functions G3(51, ..., Be) and v (71, - - -, Yor)
are continuously differentiable. By replacing fy and vy in Sy(f) by functions
Bg(Bi, ..., Ba) and (71, ..., 7ve) and by applying the theory of duality, we can
rewrite (2.9) as a constrained optimisation problem ZZG:1 | Bgll2 + ZZG:/I 1 Bgll2 < t
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for a certain ¢ > 0. This is a problem of optimising a continuous function on a
compact set, so the minimum is reached.

8.2. Proof of Proposition 3.1. We first show that the minima of S are at-
tained for each group. For g = 0, this follows from the proof of Lemma 2.1. The
case g > 1 corresponds to the minimisation of a continuous function on a com-
pact set, so the minimum is attained. We now show that step (3) minimises the
convex function Sy(6,) for ¢ > 1. Since S)(6,) is not differentiable everywhere,
we invoke subdifferential calculus . The subdifferential of Sy with respect to 0,
is the set

9S\(8y) = {=XT(y —ps) + Ae, e € B(B,)} (8.10)
95\(7,) = {—=X, (y —my) + Ae, e€ E(y,)} (8.11)
B(5) —{e €R%: = s i 5,0 and el < s(dfy) i 5,0}
(8.12)
Elw) = {e €RY ey = syt s 3 #0 and eyl <s(d) si 5 =0}
(8.13)

The parameter vector §, minimises S (6,) if and only if 0 € 95,(6,), every bound-

ary point of the sequence {é(t)}tzo is a stationary point of the convex function
Sy, and therefore a minimum point. It should be noted that s(df,) = \/df,.

8.3. Proof of Proposition 3.2. Setting s(df,) = +/df,, the statement follows

directly from Theorem 4.1(e) of [25]. We must show that —H® is bounded
above and non-zero. The Hessian of the negative log-likelihood function is N =
i pa(@i)(1 = pg(zi))wia] < JXTX et N' = 3700, m (20)(1 — mo(20))2i2] <
%ZTZ in the sense that N — }lXTX and N’ — iZTZ are negative semidefinite. For
the block matrices Ny, and N¢, corresponding to the gth predictor, it follows from
block orthogonalisation that Ny, < %14, and consequently max{diag(Ngy)} < 7.
An upper bound on —H® is therefore always guaranteed. The lower bound is
imposed by the choice of H, é?. By the choice of line search, we ensure that o is
bounded from above and thus Theorem 4.1(e) of [25] can be applied.
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