Gulf Journal of Mathematics ISSN: 2309-4966
Vol 24, Issue 1 (2026) 1-13 https://doi.org/10.56947 /s7cr0f38

BI-UNIVALENT FUNCTIONS ASSOCIATED WITH C-SHAPED
DOMAINS

FATIMA HAYDER HASAN!and FATIMA OBAID SALMAN?*

ABSTRACT. Motivated by the geometric theory of analytic functions, this pa-
per introduces two parameterized subclasses of bi-univalent functions through a
subordination condition associated with a C-shaped domain. Sharp estimates
for the initial Taylor coeflicients are established, and corresponding Fekete—
Szegb type inequalities are obtained. Furthermore, several special cases are
discussed by assigning suitable values to the defining parameters, yielding a
variety of new consequences for different families of bi-univalent functions. The
obtained results not only unify and extend a number of existing coefficient es-
timates but also provide a flexible approach for investigating coefficient-related
problems within the framework of geometric function theory.
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1. INTRODUCTION

Coefficient problems play an important role in geometric function theory, where
the initial Taylor coefficients of analytic and univalent functions provide essential
information about their geometric properties. Among the classical coefficient
problems, the Fekete-Szego functional az —na2, n € R, is particularly significant,
as it describes the interaction between the second and third Taylor coefficients.
The problem originated with Fekete and Szegd in 1933, who obtained the first
sharp estimate for this functional in the class of normalized univalent functions.
Since then, the Fekete—Szego problem has been extensively studied for various
subclasses of analytic and bi-univalent functions, including starlike, convex, Ma—
Minda, Janowski, and operator-defined classes.

In recent years, the investigation of Fekete-Szego inequalities has expanded sig-
nificantly through the introduction of new subclasses associated with differential
and integral operators, fractional calculus, ¢g-calculus, and subordination to vari-
ous geometric domains, see [1 1, 12]. These developments have produced sharper
coefficient estimates and unified many previously known results, demonstrating
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that the Fekete—Szego functional continues to serve as one of the principal tools
for studying coefficient-related problems in geometric function theory, see for
clarification [1, 4, 7, 14, 28].

Let A denote the family of all analytic functions defined in the open unit disk
© = {z € C: |z| < 1}, having the form

f(2) :z—i-Zamzm, (1.1)
m=2
with the normalization conditions f(0) =0 and f'(0) = 1.

We use the notation S for the class of all functions in A that are univalent
in ©. Basic concepts and well-established properties of analytic and univalent
functions can be found in [6]. An important classical theorem in this field is the
Koebe one-quarter theorem: for every f € S, the image of © under f necessarily
contains a disk with radius not less than }l.

As a consequence, every function f € S admits an inverse function !, defined
on a disk |w| < ro(f) with ro(f) > 0.25, satisfying

) =2 2€0, (@) ==, [of<rlf)
The inverse function has the expansion
f @) =@ — ayw® + (25 — a3)w® — -+ - . (1.2)

A function f € A belongs to the class X of bi-univalent functions whenever
both f and its inverse f~! are univalent in ©. The class ¥ and its coefficient
problems have been widely studied in recent literature [2, &, 13].

The study of bi-univalent functions has attracted significant attention, espe-
cially following the work of Srivastava and coauthors [%], which stimulated exten-
sive research in this direction. Several classical functions are known to belong to
the class X2, such as

z 1 1+ 2
“log(1 — | .
I (I - og(l_z)

In contrast, some standard univalent functions do not belong to ¥; for instance,

the Koebe function, z— %, and — are univalent in © but fail to be bi-univalent .

1—22

A substantial part of the literature has been devoted to deriving sharp or
improved coefficient estimates for functions in ¥. Early results include Lewin [15],
who obtained |ay| < 1.51, followed by Brannan and Clunie [3], who conjectured
las| < V2, and Netanyahu [23], who established the upper bound |a| < 2.
Recent developments up to 2026 have further refined these estimates, where the
latest results report that |as| < 2.427..., |a4| < 3.461..., and |as| < 4.993...
[24]. To refine these estimates, many subclasses of ¥, including starlike and
convex bi-univalent functions, have been introduced and studied extensively [25,

]. Among the most studied expressions in this context is the Fekete—Szego
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functional |az — na3|, which has been investigated for a wide range of function
classes [10, 20, 26, 29].

Let f,g € A. The function f is said to be subordinate to g, denoted by
f(2) < g(z), whenever there exists a Schwarz function u, analytic in ©, satisfying
u(0) =0 and |u(z)| < 1 for all z € O, such that

f(z) = g(u(2)).
Subordination is one of the basic concepts in geometric function theory and has
been investigated in numerous works; see [0, 21]. If the function ¢ is univalent in
©, then the relation f(z) < g(z) can be expressed equivalently by

f(0) =¢(0) and f(©) C g(0).
Motivated by the recent development of analytic functions in geometric domains,
several authors have introduced new frameworks to study coefficient problems
under non-standard geometric configurations. In particular, Hadi et al. [15] inves-
tigated holomorphic functions subordinated to a C-shaped domain, introducing
a novel setting that extends classical analytic function theory and enriches the
study of geometric behavior of such functions.

S*:{fES:Zf/(Z) <2—eXp<M>, ze@},

f(2) 2

Im(z)

F1GURE 1. The C-shaped domain generated by the image trans-
formation of the unit disk.

In this paper, we extend this idea by introducing and studying two new sub-
classes of bi-univalent functions defined in the same C-shaped domain, with the
aim of obtaining new coefficient estimates and related functional inequalities.

2. COEFFICIENT ESTIMATES AND FEKETE-SZEGO INEQUALITY FOR THE
Crass Dx(p)

This section presents several preliminary definitions and auxiliary results that
will be used throughout the proofs of the main results.
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Let P denote the family of analytic functions ¢(z) within ©, satisfying the
normalization and positivity conditions

c0)=1,  R(c(z)) >0, (2.1)

for all z € ©.
Lemma 2.1. (see [0]) If ¢(z) € P has the expansion

c(z)=1+crz+cp2® 43z’ +-- -,
then its coefficients satisfy the sharp bound

len| <2, meN={1,23,...}. (2.2)
Lemma 2.2. (see [10]) if m € R,L € RTU{0}, and n,c1,cy € C with n = a+ib.
If max{|ci|,|c2|} < L, then

2(lal + b)) L, la] = |m],
|(n+m)cy + (n—m)ea| < (2.3)
2(lm[ + )L, |a] < |m],

Definition 2.3. Let f and g = f~! be given by (1.1) and (1.2), belong to the
class Dy (/) if the following subordination conditions are satisfied:

P+ pa(2) <2 exp M)
and
g'(w) + Pwg” (w) < 2 — exp (%n(w)) :

where 0 < g <1.

Theorem 2.4. Assume that the function f, defined by (1.1), belongs to the class
Ds (), where 0 < B < 1. Then the initial coefficients satisfy the following bounds:
1

N E T E s

and
1 1

az| < + .
|3|—6\1+25\ 16(1 + )2

Proof. 1t is obvious that the expansion of the left-hand side of the class in Defi-
nition 2.3 gives

f'(2) 4+ Bzf"(2) =1 +2(1 4 Bagz + 3(1 + 2B)azz* + - -- (2.4)
g (w) + pwg”"(w) =1 —2(1 + Bagw + 3(1 + 28)azw* + - -- (2.5)

We consider the analytic functions

C(Z) =1+ chzn7 s(w) =1+ Z Snwn (26)
n=1 n=1
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Define the functions

c(z) -1 s(w) — 1
— d = - 2.7
u() c(z)+1 and - v(w) s(w) +1 27)
Next, consider the functions
t
®(2) = 2 — exp <w> . (2.8)
and
t
Y(z) =2 —exp (arcar;ﬂ) . (2.9)
Expanding (2.8) and (2.9) into their Taylor series gives
3¢t —8
Bz)=1- o1 200224 o3, (2.10)
4 32
352 — 8
W(z) =124 L2922 4 08, (2.11)
4 32
Then .
2(1 + B)ay = _Zl (2.12)
1
3(1+2B)az = = (3¢} — 8c») (2.13)
2(1 + B)ag = % (2.14)
1
3(1+28) (2a5 — a3) = 5 (357 — 8s) (2.15)
From (2.12) and (2.14), we immediately obtain
CiT = —81. (216)
Furthermore,
128(1 + B)%a; = cf + 51,
equivalently,
2 | 2
2 €1+ 381
= —. 2.17
927 198(1 + B2 (2.17)

From (2.13) and (2.15), by adding the left-hand sides and the right-hand sides,
we obtain

1
3(1+28)as + 3(1 4 28) (2a5 — a3) = 5 (3¢] —8ca +3s7 —8s2) . (2.18)
Simplifying, we get

1

6(1+ 28)as = —

(1+28)a; 39

From (2.17), we substitute the expression into (2.19). After simplification, we
obtain

(3(ct + s7) — 8(ca + s2)) - (2.19)

a2 — Co + S2
2 24(1 428 +282)

(2.20)
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An application of Lemma 2.1 leads to the following estimate:
1
|6L2| S .
V6(1+ 26 +252)
Subtracting (2.15) from (2.13), we obtain

1
3(1428)as — 3(1 + 28) (2a5 — a3) = 5 (3¢] —8cy — 357 +8s2) . (2.21)

Simplifying and using (2.16), we obtain

o —(ca— 59)
—a= ) 2.22
TR T o1+ 28) (222)
By using (2.17) and substituting it into (2.22), we obtain
(e — 2 | 2
gy = (27 s2) Gt (2.23)
24(1+28) ' 128(1 + )2
Again applying Lemma 2.1, we infer that
lag] < 1 n 1
a :
=611+ 28 16(1+ B)2
0J

Corollary 2.5. Suppose that f(z) in (1.1) is a member of the class Dx(0). Then

1
as| < —,
| 2| = \/6
and
lag| < 11
a —.
VT
Theorem 2.6. Let the function f € Dx(f) and n = ny + ing with ny,n2 € R,
then
1 1 1+26+23°
i (3 Tragag) 0sh-nl <2
4 — ne| < 6 \1+28 1+28+28 1+28
3 — <
2 11— 1| + |2 |1_n1|>1+25+252
6(1+ 28 + 2532)’ = 1+28
(2.24)
Proof. From (2.22) we have
o _ —(c2—s2)
—a5 = ————=. 2.25

Using (2.20) and (2.25), by simple calculation we get



BI-UNIVALENT FUNCTIONS ASSOCIATED WITH C-SHAPED DOMAINS 7

az —nay = az — a3 + (1 — n)aj
. —Co + So
©24(1428)

Co + S2
24(1 + 28 + 23?)

— (F(n) + m> S + <F(n) - M) €2

_ 1-7
F0) = oia s 25 12

+ (1 —mn)

where

Therefore Lemma 2.2 leads to

(garas + BEON) . O IRFW < 5r g
s — a3 <
RPN + O, REN >
which completes the proof. O

Corollary 2.7. Let the function f € Dx(0) and let n = my + ine with ny,n2 € R.
Then

1
M) 0<|1—m| <1,
s =S 9
D2 RL ) > 1.
6
Corollary 2.8. Let the function f € Dx(B) and let n € R. Then
1 1+2 232
. — 0<]1—n < ﬂ’
2 6(1+28) 1+2p
|as — na;| < 2
6(1+ 26+ 202) - 1+28

3. COEFFICIENT ESTIMATES AND FEKETE-SZEGO INEQUALITY FOR THE
Crass Kx(8,9)

Definition 3.1. Let f and g = f~! be given by (1.1) and (1.2), belongs to the
class s (B, 9) whenever the following conditions are fulfilled:

/()] <2 s E)

L+ 8(f'(2) = 1) 2
and )
[(wg' (w))] oy [(2rctan(w)
T+ B (w) —1) p( 2 >’

where 9 > 1and 0 <3 <1.
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Theorem 3.2. Let f, defined by (1.1), belong to the class Ks(B,v). Under this

assumption, the following coefficient estimates hold:
1

’CL2| S .
/3202 — 3203 + 60 + 4532 + 63
1 1

=530 —8)  d@i—2872

(3.1)

(3.2)

|as| <
where v > 1 and 0 < B < 1.

Proof. Let g be given by (1.2). Since f belongs to the class Ks(f5,1), there
are analytic functions w,v : E — E satisfying u(0) = 0 = v(0) together with
lu(z)| < 1 and |v(z)| < 1, such that

[(zf"(2))]" e arctan(u(z))

T+ 60 -1 p( 2 > ' 3
[(wg' (w))]" B arctan(v(w))

T+ Blg'(w) — >—2 exp( i > (3.4)

Expanding ®(z) and ¢ (w) as power series, we obtain:

arctan(u(z)) 1 3ci—8cy 4
B(2) =2 —exp| ABE) ) g G, PG 0%¢ .
(2) exp( 5 17 + 37~ + (3.5)
t 2 _
Y(w) =2 —exp (_arc anév(w))) =1- %w 4 0% B ™ 3522 1 (3.6)

Moreover, it follows that

[CXE) I —98)ans 2 _ 2)42 — 38)as] 22+ - -

T+ 87z =1) 1+(49-2p)azz+[(89" — 80(B + 1) + 46%)a3 + (99 36)(;}7) e
[(UJQ/("U)),]ﬁ _ 2 2 2 2

T B 1) 1—(40—28)azw+[ (89> — 89 + 109 + 46% — 63)a3 — 3(?21; ;)g)ag} W -

Using (3.5), (3.6), (3.7), and (3.8), and comparing the coefficients of z and 22,

we get:
C1

(49 — 2B)ay = - (3.9)
(897 — 8U(B + 1) + 458%) a3 + (90 — 3B)az = 3% (3¢ — 8ca) . (3.10)
— (40 — 28)ay = 541 (3.11)

1
(897 — 89S + 100 + 45 — 68)a; — 3(30 — B)az = 5 (3s7 —8s2) . (3.12)
From (3.9) and (3.11), we solve for ay as follows:

C1 S1

449 —2B) _ 4(40 —28)’

a9 — —
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it follows that
1T = —81. (313)
Thus,
2 ci + st
a; = —————.
32(49 — 23)?
Adding (3.10) and (3.12) and using (3.14), we have:

(3.14)

(16192 — 1698 — 69 + 8% — 65) a; = 332 (3(cf+s7) — 8(ca+s2)) . (3.15)

1
(—32192 13208 — 69 — 467 — 66) @} =~ (e + 1) (3.16)
Hence,
2 Co + So
2 4(3202 — 3298 + 69 4+ 482 + 63)°
Applying Lemma 2.1 to (3.17), we get the desired inequality (3.1).

It remains to prove that the expression under the square root is always positive.
Let

a (3.17)

A = 32097 — 32098 + 60 + 4% + 6.

Completing the square, we obtain

2
A =32 <19—§) + 69+ 25(3 — 28).

Since
9>1 and 0< B <1,
we have
3 2
32 <19—§) >0, 69 > 0, 26(3—28) > 0.
Therefore,
3 2
A =32 (19—5) + 69 + 28(3 — 28) > 0.
Hence,

3207 — 3208 + 69 + 43* + 653 > 0,
which implies that

/3202 — 3208 + 69 + 452 + 63

is well-defined for all ¥ > 1 and 0 < 8 < 1.
Subtracting (3.10) from (3.12), and using (3.17), we obtain

1
6<B — 319)(@% — ag) = Z(_CQ —+ 82). (318)
. Co — S9
©24(8 — 39)
Again, from (3.13), we have ¢ = s?, and applying Lemma 2.1 then (3.19) yields
the desired inequality. This completes the proof. O

as + as. (3.19)
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Corollary 3.3. Assume that the function f, defined by (1.1), belongs to the class
Ks(1,9), where ¥ > 1. Then

1
az| < ,
ja] = V3207 — 260 + 10

and
0] < L 1
=639 —1) ' 16(20 — 1)

Corollary 3.4. Assume that the function f, defined by (1.1), belongs to the class
Ks(8,1), where 9 > 1. Then

1
|as| < ;
/38 — 263 + 432
and
’ | < 1 . 1
a .
TT6B-8) T 16(2—B)?
Theorem 3.5. Let the function [ € Kx(8,9) and n = my + iny with ny,ny € R,
then
[n2] 32092 —32098+69+458%+653
) (6(3191—6) + 32192—3219612619—&—462-&-66) , 0<[1—m| < 6(z>,:9r—5J)r - )
laz—nas| <
[1—n1[+[n2] |1 - ’ ~ 3202 -3208469+45”+65
(3202—320B+69+4B2160) i = 6(39—5) ,
(3.20)
Proof. From (3.19) we have
2 Co — S2
— = — 3.21
97927 9406 — 30) (3:21)
Using (3.17) and (3.21), by simple calculation we get
az —nay = a3 — az + (1 —n)aj
_ =8 (1 —=n)(ca + s2)
24(8 — 30) | 4(3202 — 3208 + 60 + 452 + 65)
1 1
—(F - Flp) — — —
( D 2405 - 3ﬁ>> “r ( )~ 515 319>) ”
where .
-1
F = .
() =1 (3202 — 3208 + 60 + 452 + 68)
Therefore Lemma 2.2 leads to
15—+ S{FH ). 0 < IRIFM)] < 5
_— \s‘ _—
248 — 30| i) = TIV= 545 — 30y

|as — na3| <

RPN +SFY). REOY >
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which completes the proof. O

Corollary 3.6. Let the function f € Kx(1,9) and n = ny +1inq, where ny,n2 € R.
Then

L, 72| 0 <1 | < 2260410
’ » 6(30—1) 3202 —260+10° 0 M=TTg@Eo_1
as — na
SRS L+ e 1 |>32192—2619+1O
3202 — 260 + 10° M= "630 - 1)

Corollary 3.7. Let the function f € Kx(5,1) and n = n +inq, where ny,n, € R.
Then

1 72| 38 — 2603 + 413
0<|1—m|<
| » 63— 5) | 38268+ 45 <lt-ml< 6(3—5)
az —na;| <
T Ll el 1| 3 3B 208+48°
38 — 265 + 452’ =66 5)
Corollary 3.8. Let the function f € Kx(5,9) and let n € R. Then
1 3202 — 3208 + 60 + 482 + 6
—— 0<[1—n < b+ +ﬁ+ﬂ,
oo = 11— 7 1 |>32192—32195+619+452+66
3202 — 3208 + 60 + 452 + 65’ = 6(30 — ) ‘

4. CONCLUSIONS

This research has defined two new classes of bi-univalent functions related to
a geometric domain of the shape C, and investigates some of their coefficient
properties. Limits for the first coefficients are established, and the generalized
Fekete-Szegd inequality for these two classes have been derived. The results
yielded several known outcomes as special cases when appropriate values are cho-
sen for the parameters, in addition to new results not reported in previous studies.
These findings have demonstrated that the two proposed classes represent a suit-
able extension of several classes studied in analytic function theory and can be
used to investigate other coefficient problems for similar classes in future work.

Acknowledgements. The authors express their sincere appreciation to the re-
viewers and the editor for their careful assessment and insightful feedback. Their
comments played an important role in refining the presentation and strengthening
the final version of this manuscript.
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