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NONLOCAL KDV DYNAMICS WITH FRACTIONAL BESSEL
SLOPE

GERMAN PRECIADO LOPEZ

ABSTRACT. We study a one-dimensional nonlocal dispersive equation combin-
ing Airy dispersion, Helmholtz averaging, and a slope filtered by a fractional
Bessel operator. For fractional orders from zero to one half, the nonlinear
vector field is locally Lipschitz on the natural energy space, including the end-
point case. A contraction argument based on the Airy group gives local well-
posedness, uniqueness, and locally Lipschitz dependence on the initial data.
Conservation of a coercive quadratic energy is justified for mild solutions by
resolvent regularization. Consequently, every real-valued energy-space solution
exists globally.
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1. INTRODUCTION

The Korteweg-de Vries equation
Uy + Ugypy + Uy = 0 (1.1)

is the standard unidirectional approximation for weakly nonlinear, weakly disper-
sive long waves. Its cubic Airy phase describes the leading dispersive correction
to nondispersive transport, while the quadratic term represents the first nonlinear
modification of the wave speed; see Korteweg and de Vries [11]. The modern low-
regularity theory is strongly influenced by the bilinear analysis of Kenig, Ponce
and Vega [8].

The continuing relevance of KdV-type dynamics is also reflected in recent con-
tributions. Taboye and Ennouari [15] studied stabilization of a linear KdV equa-
tion with delayed boundary feedback and internal saturation, while Khadraoui,
Khadraoui and Ould-Hammouda [9] established existence and energy decay for a
coupled modified KdV system with memory. In contrast, the equation considered
here is conservative and spatially nonlocal, and our focus is the construction of a
global flow in the natural energy space.
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The Camassa—Holm equation provides a complementary long-wave description
in which nonlinear dispersion is mediated by the Helmholtz inverse. In nonlocal
form it reads

2

It was introduced as an integrable shallow-water equation with peaked solitary
waves [2]. The Dullin-Gottwald-Holm equation subsequently combined linear
KdV dispersion with nonlinear Camassa—Holm dispersion [4].

A second physical source of nonlocal dispersive equations is continuum mechan-
ics with an internal length scale. In integral-type nonlocal elasticity, the stress at
a point depends on a spatial average of the strain in a neighborhood rather than
only on the local strain. Helmholtz kernels provide a differential realization of
this averaging and lead naturally to dispersive wave equations [3]. Long-wave re-
ductions of nonlocally and nonlinearly elastic media have also produced classical
and fractional Camassa—Holm equations [5]. These works suggest that a filtered
spatial gradient can be a meaningful constitutive variable in a one-dimensional
wave model.

The Cauchy theory and wave dynamics of fractional long-wave models have
received renewed attention. Besov-space well-posedness and analyticity for frac-
tional and generalized fractional Camassa—Holm equations were established in
[6, 12]. For a generalized fractional Benjamin-Bona—-Mahony equation, local exis-
tence, conserved quantities and solitary waves were studied in [13|, while spectral
stability of solitary waves was investigated in [14]. Numerical evidence for soli-
tary waves, stability and dispersive-shock behavior in fractional Camassa-Holm
equations was reported in [10]. The model considered here differs from those
equations because the fractional Bessel operator enters a variational nonlinear
slope interaction, whereas the linear part retains the Airy dispersion.

To make the internal length explicit, let £ > 0 and define

Jog = (1 = 29%)~(1=)/2, Dot = OpJas.

Uy + utty, + 0y (1 — 92)71 (u2 + 1ufc> = 0. (1.2)

The quantity D, ¢u may be interpreted as a strain or velocity gradient measured
after spatial averaging over a scale comparable with ¢. Its Fourier symbol is

25(1 + 6252)((171)/2.

It behaves as the ordinary derivative for |{|¢ < 1, whereas for |£[¢ > 1 its or-
der is . Thus ¢ represents an internal or correlation length and « controls the
sensitivity of the nonlinear response to short-wave gradients. After nondimen-
sionalization we set ¢ = 1 and write

Dy =0,(1 -0 V2 p<a<-=. (1.3)

N | —

Its symbol is
do(&) = 360", (&) =1+ (1.4)

We consider a scalar field u = u(z,t) representing a longitudinal velocity, dis-
placement amplitude, or free-surface amplitude in a unidirectional regime. The
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nonlinear response couples the amplitude with the filtered slope through the cubic
interaction

V. (u) :/R [%u?’—f— %U(DQU)Q} dz. (1.5)

Its variational derivative is

3 1
Go(u) = §u2 + E(Dau)2 — Do (uDyu). (1.6)
The evolution equation studied in this paper is
Up + Uggy + KOpGo(u) =0, (x,t) € R xR, Lo
u(z,0) = uo(a). D

where
K=(1-0)"
The operator K averages the nonlinear force with the exponentially decaying
kernel G(z) = ie 7, while D, filters the slope before it enters the nonlinear
interaction. Equation (1.7) is therefore a phenomenological nonlocal long-wave
model combining Airy dispersion, a finite interaction length and a scale-dependent
nonlinear gradient. We do not claim that it is the unique asymptotic reduction of
a specific continuum system. Rather, it isolates structural ingredients that occur
separately in established models.
At the formal value a = 1, one has D; = 0, and

Gi(u) §u2 — §u§ Ul
so that )
K0,G:1(u) = uu, + K0, <u2 + §ui> ) (1.8)

Thus, the formal member o = 1 combines the nonlocal Camassa—Holm nonlin-
earity with Airy dispersion. The present analysis is restricted to 0 < a < 1/2,
where the high-frequency attenuation is strong enough for the nonlinear vector
field to be locally Lipschitz on H'(R).

The main result is the following.

Theorem 1.1. Let 0 < o < 1/2 and let uy € H*(R) be real-valued. Then (1.7)
has a unique global real-valued solution
u € C(R; H'(R)) N CY(R; H%(R)).
For every T > 0, the data-to-solution map is locally Lipschitz from H(R) into
C([-T,T); H'(R)). Moreover,
[ull g = luolly s teR (1.9)

The endpoint a = 1/2 requires special care. Since H'/2(R) is not an algebra,
the square (D,u)? is estimated in L? by the embedding H'/4(R) < L*(R). The
remaining amplitude-slope term is controlled by the multiplier property H'-H® C
H>.

The proof has two ingredients. First, the nonlinear vector field N, (u) =
K0.Gu(u) is locally Lipschitz from H' into itself. The Airy group then yields
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local well-posedness and a blow-up alternative by the contraction principle. Sec-
ond, the flow conserves the positive quadratic quantity

1
E(u) == /(u2 +u?) dx. (1.10)
2 Jr
The conservation law is first proved for smooth solutions and then justified for
mild H! solutions by resolvent regularization. Since £ controls the complete H*
norm, the local solution extends globally.

2. PHYSICAL AND VARIATIONAL MOTIVATION

2.1. A nonlocal constitutive picture. A local one-dimensional constitutive
law relates stress to strain evaluated at the same point. In a nonlocal medium,
the effective strain may instead be represented by a spatial average

Eeff = Gﬁ*gu

where Gy is concentrated on a neighborhood of size ¢. For the Helmholtz kernel,

1
Go(z) = Q—Eeflxl/f, (1 -0 f =Gy f.

Such kernels occur naturally in differential formulations of nonlocal elasticity and
introduce both a finite interaction length and dispersive wave propagation [3]. In
(1.7) the same mechanism is used twice: the nonlinear force is averaged by I,
and the gradient entering the constitutive interaction is replaced by D,u.

The interpretation is especially transparent when « is a longitudinal velocity
or displacement amplitude. The ordinary slope u, measures local strain, whereas

Dou = 0,(1 — 92)~1=2)/2y

measures the derivative after Bessel averaging. It retains the long-wave gradient
while suppressing very short spatial oscillations. Fractional powers of nonlocal
kernels have appeared in derivations of fractional Camassa—Holm equations for
elastic waves [5]; equation (1.7) uses a related filtered-gradient mechanism in a
semilinear setting.

2.2. Long-wave dispersion. The term u,,, is the linear dispersive correction
characteristic of a unidirectional long-wave approximation. Linearizing at the
rest state gives the Fourier phase

w(g) = ¢,

so phase and group velocities depend on wavelength. Restoring dimensional con-
stants would lead to a family of the form

Ug + CoUy + Bu:{:x‘x + ’7(]- - 8283)_18xga,€(u) = 07

with wave speed cq, dispersive coefficient 3, nonlinear coefficient v and internal
length /. A Galilean change of variables, scaling of z,%,u and normalization of
¢ reduce this family to (1.7) when the relevant coefficients are nonzero and have
compatible signs.
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2.3. Variational interaction and Hamiltonian structure. The cubic func-
tional (1.5) couples the wave amplitude with the energy of the filtered slope. Its
translation invariance is compatible with a homogeneous medium, and its varia-
tional derivative gives the nonlinear force in (1.7).

Proposition 2.1. Let 0 < a < 1/2 and let u,h € S(R) be real-valued. Then

DV (u)[h] /R G (u)h dz,

where G, is given by (1.6).
Proof. Differentiating (1.5) at u in the direction h gives

DV ()] = /R Eu%—i—%h(Dauf—i-u(Dau)(Dah) da.

The symbol d, in (1.4) is purely imaginary and odd. Hence D} = —D, on L.
Therefore,

/u(Dau)(Dah) dor = —/Da(uDau)h dz,
R R
which proves the formula. 0

For smooth functions define
Ho(u) = —= /(ui + ) dr 4+ Va(u). (2.1)
R
Since
i —1/(u2 +ut)dr| = (1 —0%)u
5u 2 x rx xr TTH

equation (1.7) can be written formally as

OHea

S

Thus the Airy dispersion and nonlinear filtered-gradient response are incorporated
in a single conservative flow.

Uy = —/Caz

3. PRELIMINARY ESTIMATES

We use the Fourier transform

~

fle) = [ e pta)ds
R
and write A = (1 — 9?)'/2. The Sobolev norm is

1 = ||(€) (&)

)
L

Throughout the paper, constants may depend on « but not on the functions being
estimated.
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Lemma 3.1. Let 0 < o < 1/2. Then

Do fllspi-o < N Fllar s (3.1)
1KDa fll g < 11l 2 5 (3.2)
1K Do fll i < N F 1 e - (3-3)

Moreover, D, maps real-valued functions into real-valued functions, commutes
with 0, and is skew-adjoint on L*.

Proof. The first estimate follows from
(€)' da(&)] = I€] < ().
For (3.2),

(€)1 ’f'f? <1

Finally, the symbol of K9,D, is —£2(£)*~3 and
O < (O

The remaining assertions follow because d, is odd and purely imaginary. O

We shall use the one-dimensional embeddings
H'(R) — L*(R),  HY4R) < L*(R). (3.4)
We also use a standard Sobolev multiplier property; see [1, 7|.
Lemma 3.2. For every 0 < o < 1 there exists C, > 0 such that
19l e < CollFll g gl o (3.5)
for all f € HY(R) and g € H°(R).

Proof. For o = 0, the assertion follows from H! < L. For o = 1, it follows from
the product rule and the same embedding. Intermediate cases follow by complex
interpolation of the multiplication operator ¢ — fg between L? and H*. O

Lemma 3.3. If0 < a <1/2 and u € H'(R), then
IDaull s < Callul 1 - (3.6)

Proof. By (3.1), Doyu € H'™*. Since 1 — a > 1/2 > 1/4, the second embedding
in (3.4) gives the result. O

4. THE NONLINEAR MAPPING AND LOCAL WELL-POSEDNESS
Define

N,y (u) := Ko, gqf + %(Dau)2 — Do(uDyu) | . (4.1)

The next proposition is the key analytic estimate.
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Proposition 4.1. Let 0 < o < 1/2. There exists C,, > 0 such that, for all

u,v € H'(R),
1Ga () = Ga(W)ll 2 < Calllull g + 0]l ) e = vl (4.2)
and consequently
NG (u) = Na()ll g < Calllull g + 1wl ) llu = vl - (4.3)
In particular,
Va1 < Callullz - (4.4)

Proof. We estimate the three terms in G, (u) — G, (v). First, by H* < L>,

[ = 0| o < ll(w =) (w + v)l|

< C(llull g + 1l ) llw = ll o -

Second,

(Dot)* = (Dav)? = Dot — v)(Dyu + Dyv).
Holder’s inequality and Lemma 3.3 give

H(Dau)2 - (Dav)2||L2 < ||Da(u — U)||L4 (HDaU”L4 + “DaUHm)
< Calllull g + 10ll ) llw = vl -

This remains valid at & = 1/2 and does not use the false endpoint assertion that
H'/? is an algebra.
For the variational term, write

uDyu — vDyv = (u — v)Dytt + VDo (u — v).
Since 1 — a > a, estimate (3.1) gives
[Daw]] o < Cla [[0]| 1 -
By Lemma 3.2,
[uDau = vDavll o < Callltll g + [0llg2) llw = vl -

Since D, : H* — L? is bounded, these estimates prove (4.2). Finally, (3.2)
implies

INa(w) = Na(0)ll 1 < [1Ga(w) = Gal0)ll 2 »

which gives (4.3). Taking v = 0 yields (4.4). O
Let
S(t) = e
be the Airy group. Since its Fourier multiplier has modulus one,
||S<t>f||H1 = ||f||H1 : (4-5)

The mild formulation of (1.7) is

u(t) = S(#)uo — /0 S(t — )N (u(r)) dr. (4.6)
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Theorem 4.2. Let 0 < o < 1/2 and ug € H'(R). There exists T = To,(||uol| ;1) >
0 and a unique solution

u€ C([-T.T); H'(R)) N CY([-T, T); H*(R))

of (1.7). The data-to-solution map is locally Lipschitz. One may choose

Ca

T>_ G 4.7
2 T+ Tl e
where ¢, > 0 depends only on c.
Proof. Let Xt = C([-T,T); H') with its supremum norm and define
t
B(u)(t) = S(t)uo — / S(t — r)No(u(r)) dr.
0
By (4.5) and (4.4),
19 ()]l < lloll s + CaT Null, - (4.8)
Similarly, (4.3) gives
[®(u) = @(v)l|x, < CaT (lullx, + [[v]lx,) lu=vlx, - (4.9)

Take R = 2 ||ug| gy + 1. If T is chosen so that C,T'R < 1/8, then (4.8) and (4.9)
show that ® is a strict contraction on the closed ball of radius R in Xp. This
proves existence, uniqueness and (4.7).

The same difference estimate gives locally Lipschitz dependence on the initial
datum. Finally,

Ut = —Ugza _Na(u) € C([_T> T]v H_2)7

which yields the asserted time regularity. Since all operators preserve real-
valuedness, real initial data generate real solutions. 0

Corollary 4.3. For each ug € H'(R) there exists a unique mazimal solution on
an interval (=T_,T). If T < oo, then

timsup (9l = oo,
T

and the analogous statement holds backward in time.

5. THE CONSERVED QUADRATIC ENERGY
Set
A=1-02 K=A",
and define

E(u) = % (Au,u) = %/R(u2 +u?) dr. (5.1)
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5.1. The formal cancellation.

Proposition 5.1. Let u be a sufficiently smooth, decaying real-valued solution of

(1.7). Then
d
—&(u(t)) = 0.
9 e(u(n)
Proof. Using (1.7), the self-adjointness of A and AK = I, we obtain

9 g ut)) = (Au, )

dt
= — <.AU, Uzz:}c> - <AU, ]Cawga(u»
= /Ruxga(u) dx. (5~2>

The Airy contribution vanishes because

(Au, Uyr) = /uuxm dr — /umumx dr = 0.

Substituting (1.6) into (5.2),

d 3 [, 1 5
Eg(u(t)) = 2/u Uy dr + 2/ux(Dau) dx

— / Uz Do (uDyu) dz.

The first integral is zero. For the last one, skew-adjointness and commutation
with 0, give

—/uxDa(uDau) dr = /Da(ux)uDaudx

= /u@m(Dau) Doudx
1

- _é/uI(Dau)2 dzx.

The remaining two terms cancel. O

The cancellation is also a consequence of translation invariance:
d
= [ Go(u)u, dz.
y:O R

0= —Vq(u(-+
TValul-+9)
5.2. Justification at H' regularity. The preceding computation contains prod-
ucts meaningful for H' functions, but u, need only belong to H 2. We therefore
justify conservation through resolvent regularization. For ¢ > 0, let

Js = (1 —-602)"". (5.3)

The operators Js are self-adjoint contractions on every H®, commute with all
Fourier multipliers in the equation and converge strongly to the identity as ¢ | 0.

Lemma 5.2. For every real-valued u € H'(R),
<ua:) ga(u>>L2 =0. (54)
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Proof. By (4.2), G, : H' — L? is continuous. Choose real-valued u,, € S(R) with
U, — w in H'. Then

Go(tn) — Go(u) in L2
For every n, Proposition 5.1 gives ((uy)s, Go(u,)) = 0. Passing to the limit in
L? x L? proves (5.4). O

Theorem 5.3. Letu € C([—T,T]; H') be the mild solution given by Theorem 4. 2.
Then
E(u)) = E(wo), [t <T (5.5)

Proof. Set us = Jsu and

(1) = 5 sl

Since u; € C([-T,T]; H?) and J; gains two derivatives, us is differentiable as

an L2-valued function. Using the commutation properties of Js, A, K and 0,, we
find

%&s(t) = (AJsu, Jsuy)
= (OrJsu, JsGa(u)) - (5.6)

The regularized Airy term vanishes by skew-adjointness. Integrating (5.6) from
0 to t gives

Es(t) — Es(0) = /0 (Jsuz (), JsGa(u(T))) dr. (5.7)
Because u € C([-T,T]; H') and G,, : H' — L? is continuous, the sets
{ua(t) - [t] < T}, {Ga(u(t)) : [t <T}

are compact in L?. Strong convergence .J; — I is therefore uniform on these com-
pact sets. Hence the integrand in (5.7) converges uniformly to (u,(7), Go(u(7))) =
0 by Lemma 5.2. Also, &(t) — £(u(t)) uniformly on [-T,T]. Passing to the limit
9} 0 proves (5.5). O

6. GLOBAL WELL-POSEDNESS

Proof of Theorem 1.1. Let (—=T_,T,) be the maximal lifespan supplied by Corol-
lary 4.3. Conservation of the quadratic energy gives

[w() | g = [luoll 1
throughout the maximal interval. The blow-up alternative excludes finite 7', and
finite T_, so T, =T_ = oco.
It remains to record global Lipschitz dependence on bounded time intervals.
Let u and v be global solutions with initial data wug, v in a fixed ball of H'. From

(4.6) and (4.3),

[u(®) = vl < lluo = voll

t
+Ca/0 (lu() i + (@)l ) lu(r) = o) 1 dr.



NONLOCAL KDV DYNAMICS WITH FRACTIONAL BESSEL SLOPE 11

The conserved norms and Gronwall’s inequality imply, for [¢t] < T,

[u(t) = o)l 2 < exp(CaT ([[uoll g + llvoll 1)) [[uo — voll g1 -
This proves the claimed locally Lipschitz property of the global flow. Il

7. CONCLUSIONS AND FURTHER PERSPECTIVES

We introduced and analyzed the nonlocal dispersive equation
1

Uy + Ugay + KO, gu2 + %(Dau)2 — Dy(uDyu) | =0, 0<a (7.1)
The model combines Airy dispersion, Helmholtz—Bessel averaging of the nonlin-
ear force and a fractional filtered slope whose high-frequency order is a. Although
(7.1) is proposed as a phenomenological model rather than as the unique asymp-
totic reduction of a particular continuum system, it provides a conservative and
analytically tractable framework in which these mechanisms interact.

The first contribution is a complete local Cauchy theory in the natural energy
space H'(R). The nonlinear vector field is locally Lipschitz from H'(R) into
itself, so the Duhamel formulation associated with the Airy group can be solved
by a direct contraction argument. This yields existence, uniqueness, persistence
in H' and locally Lipschitz dependence on the initial datum.

The scope is deliberately focused on establishing a complete Cauchy theory at
the natural energy regularity. More refined dynamical questions, including soli-
tary waves, stability and scattering, require tools beyond the elementary Sobolev
framework used here and are separated from the present global well-posedness
result.

A relevant feature is the inclusion of the endpoint o = 1/2. At this value one
cannot use an algebra property of H'/2(R). Instead, the quadratic filtered-slope
term is controlled through

Dol s < Cllullf

which follows from the regularity supplied by the Bessel multiplier and the one-
dimensional Sobolev embedding into L*(R). This endpoint argument is an essen-
tial analytical ingredient.

The second contribution is rigorous conservation of the coercive quadratic func-
tional

E(u(t)) = % /R (u(z,t)? + ug(x, £)?) do.

For smooth solutions, conservation follows from skew-adjointness of D,,, commu-
tation with 0, and translation invariance of the cubic interaction. Since an H'!
solution satisfies the equation only in a negative Sobolev space, the formal cal-
culation is not sufficient at the natural regularity. Resolvent regularization and
continuity of G, : H'(R) — L*(R) justify the identity for mild solutions.
Coercivity of £ rules out the blow-up alternative. Consequently, the Cauchy
problem is globally well posed for every real-valued initial datum in H*(R), with-
out a smallness assumption. The same estimates give a quantitative Lipschitz
bound for the flow on bounded time intervals and bounded subsets of H'(R).
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The restriction 0 < o < 1/2 should be interpreted as a threshold of the present
H' argument, not necessarily as an optimal threshold for the equation. For
a > 1/2, the filtered-slope interaction loses too much regularity for the elementary
Sobolev product estimates used here. It remains open whether Airy dispersion
can compensate for this loss through Bourgain spaces, refined bilinear estimates
or paradifferential methods.

Further questions include persistence and global bounds in higher Sobolev
spaces; existence, decay and variational characterization of traveling waves; spec-
tral and orbital stability of solitary waves; dependence of the flow on o and on
an explicit internal length scale; and numerical analysis of wave speed, disper-
sive spreading and coherent-structure interactions. The present results provide a
rigorous foundation for these developments.
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