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ABSTRACT. Consider a lattice module M over a C—lattice L. A proper el-
ement P of a lattice module M is called primary if aA < P implies A < P
or a"ly; < P for some positive integer n, for all @ € L and A € M. In
this work, we construct a topological framework on SpecP” (M), the family of
all primary elements of M. We examine several topological properties of this
space, particularly compactness and irreducibility, and establish criteria under
which SpecP” (M) satisfies the conditions of a spectral space.
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1. INTRODUCTION

Several extensions of the Zariski topology defined on the collection of prime
submodules of an R—module have been explored in previous studies [5, 6, 17]. In
[7], Behboodi and Noori proposed a Zariski-type topology for the classical prime
spectrum of a module. Building on these ideas, Girase et al.[l3] extended the
Zariski topology framework to the classical prime spectrum of lattice modules,
while Borkar et al.[9] developed a corresponding topology for the prime spectrum
of lattice modules. Bijari et al.[8] introduced and studied a primary Zariski
topology over the spectrum of primary submodules of a module. Motivated by
these contributions, the present work studies primary Zariski topology on the
spectrum of primary elements of lattice module M over a C'—lattice L extending
many of the results obtained in [3].

Throughout this work, let L denote a complete multiplicative lattice with least
element 07 and the greatest element 1;. The lattice L is assumed to possess a
multiplication operation ”.” satisfying the conditions:

(1) z.y = y.x, for all x,y € L;

(2) z.(y.2) = (z.y).z, for all x,y,z € L;
(3) z.(ValYa) = Val(r.ys), for all z,y, € L;
(4) z.1;, = x, for all x € L.
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A compact element x € L is an element x satisfying z < V,ery, implies
T < Yoy VYay VoV Yq, for some subset {ay, g, ,a,} of I. A C'—lattice is
a multiplicative lattice generated by its compact elements under arbitrary joins,
where the multiplicatively closed set of compact elements contains the identity
element. For more details on C'—lattice the reader may refer ([12],[16],[24]-[25]).

An element x € L is called proper, if x < 1;. A proper element ¢ € L is said
to be prime provided that, for arbitrary x,y € L, xy < g implies x < g or y < gq.
Spec(L) denotes the collection of all prime elements of L.

The Zariski topology on the set Spec(L) of all prime elements in multiplica-

tive lattices is being studied in [24], by Thakare, Manjarekar and Maeda and in
[23], by Thakare and Manjarekar as a generalization of the Zariski topology of a
commutative ring with unity.
A proper element m € L is called mazimal if there is no proper element lying
strictly above m. Equivalently, m < x < 1 forces x = 1;. The radical of an
element a € L is defined as \/a = V{z € L|x is compact and z" < a, for some
positive integer n}[3].

Let M be a complete lattice with least element 0y, and greatest element 1,,.
We say that M is a lattice module over the multiplicative lattice L, or simply
an L—module, if there exists a multiplication L x M — M, (z,A) — zA
satisfying the following conditions:

Throughout, let M be a lattice module over a C'—lattice L. For A € M,y € L,
define the residual operation by (A :y) = \/[{K € M | yK < A}. For z,y € L,
the corresponding residual in L is written as (z : y) = \{a € L | ay < z}.
Furthermore, if A,B € M, weuse (A: B)=\/{z € L | 2B < A}.

An element A € M is called compact whenever A < \/ae ; Ao implies the existence
of a finite subset {ay,as, -+ ,a,} C I such that A < A,, VA, V-V A,,.

An element N € M is called meet-principal if A AaN = (a A (A : N))N for

every a € L and A € M. Dually, N is said to be join-principal if ((aN V A) :
N)=(aV(A:N)))foreverya € Land A € M. An element N is called principal
when it satisfies both the meet-principal and join-principal conditions.
If every element of M can be represented as a join of principal elements, then
M is called a principally generated lattice module. In particular, when every
element of M is expressible as a join of compact elements, M is referred to as a
compactly generated lattice module.

An element A € M is said to be proper, if A < 1,,. A proper element P € M
is called prime if, for every a € L and X € M, aX < P implies X < P or
a < (P :1y). The set of all prime elements of M is called the prime spectrum of
M and is denoted by Spec(M). In [1], S. Ballal and V. Kharat studied the Zariski
topology over Spec(M) as a generalization of the results carried out in [[23],[24]].
Also in [11], Fethi Callialp et al. studied the Zariski topology on Spec(M).
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For an element N € M, the radical of N is defined as VN = A{P €
Spec(M)|N < P}[18]. Note that, VN = 1y, if N is not contained in any
prime and N < V'N.

Finally, an element N < 1;; of M is called maximal if there exists no element
B € M satisfying N < B < 1. If 1 is compact, then M has a maximal
element|[21].

For further details on these concepts and more information on multiplicative
lattices, lattice modules and topology, the reader may refer ([1], [2], [15], [20],

[22]).

2. PRIMARY ZARISKI TOPOLOGY ON SpecP" (M)

Let M be a lattice module over a C'—lattice L. A proper element P € M is said
to be primary if for a € L and A € M,aA < P implies that A < P or a"1); < P,
i.e., a” < (P : 1y) for some positive integer n ([19]). Let Spec,(M) be the set
of all primary elements of M. The primary spectrum Spec?” (M) is defined to be
the set of all primary elements P of M for which (VP : 13;) = /(P : 1y), i.e.,
Spec?" (M) = {P € Spec,(M)|(VP : 131) = /(P : 15)}. Clearly, Spec(M) C
Spec?”(M). Let N be any element of M. Let W(N) = {P € Spec” (M)|(N :
1y) < (VP : 1)}, In this section, we investigate the primary Zariski topology
over the primary spectrum Spec?” (M).

We require the following lemma.

Lemma 2.1. [15] Suppose M is a lattice module defined over the C'—lattice L.
Then fOT’N € M, (N : 1M) = ((N . 1M>1M . 1M>

Throughout this paper, the following properties will be used.

Lemma 2.2. [15] Let M denote a lattice module associated with the multiplicative
lattice L. Then for x € L and A, B,C, A, € M, following hold.
(1) 2 < (0pr : (Opf = ).

A:B)B < A.
a<(aA:A).
(12) (BAC :A)=(B:A)AN(C:A).

Theorem 2.3. Assume that M is a lattice module associated with the C'—lattice
L and N, K are elements of M and that (N;);es is a family of elements of M.
Then

(1) W(0n) = Spec?” (M)

(2) W(ln) =0
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(3) NictW (N;) = W (Vier(Ni : 1ar) 1)
(1) W(N)UW(K) = W(N A K)

Proof. We have, W(N) = {P &€ Spec” (M)|(N : 1p;) < (VP : 1x)}.

1) W(0u) = {P € Spec?” (M)|(0ar : 1a7) < (VP : 131)} = Spec” (M).

2) W(Ly) = {P € Spec(M)|(Lys 1) < (VP L)} =0

3) Consider P € W(\/lel(NZ 01 )1M) Then ( ZEI(N 1M)1M . 1M) S (\/ﬁ

157) which implies that Vier((N; : 1a)1ar 2 1as) < (VP 2 1y), by Lemma 2.2(5).
By Lemma 2.1, (N; : 1p) = ((IV; = 1ar)1a 2 1ay). Hence, (IV; @ 1) = ((N; -
1M>1M 1M) < \/Zej((N 1M>1M 1M) < (\/ﬁ 1M) for every i € 1. ThU_S
P e W(N;) for i € I. Finally, we have P € N;c;W(JV;). Conversely, we COHSlder
P € Nie;W(N;). Then P € W(N;) for every i € I. Thus, (N; : 1y) < (VP : 1y).
By Lemma 2.2(6), it implies that (N; : 1p)1a < (VP : 1p)1p for i € I and
therefore Ver(N; = 1)1 < (\/_ Ia)1lps. As (\/_ Ia)ly < VP, by Lemma
2.2(10), from this, we obtain V;c;(N; : 137)13 < V/P. Now, By Lemma 2.2(4),
we get (Vier(N; : 1a) 1y = 1yy) < (\/ﬁ 1p7). Consequently, P € W (Ve (IV; :
1a)1n).
4) If P e W(N)UW(K), then (N : 1) < (VP :1y) or (K : 1p) < (VP : 1y).
Since N A K < N, K, by Lemma 2.2(4), (NAK : 13) < (N : 1y) < (VP : 1)
r (NAK :1y) < (K :1y) < (VP : 1y). Hence, P € W(N A K). Thus,
W(N)UW(K) C W(N A K). For reverse inclusion, let P € W(N A K). Then
(NAK :1y) < (VP :1y). By Lemma 2.2(12), (N : 1) A (K : 1y) = (NAK :
1y) < (VP : 1y). By primality of (VP : 1y) in L, (N : 1) < (VP : 1)
or (K :1y) < (VP : 1y). Hence, P € W(N) or P € W(K), which implies
that P € W(N)U W(K). This proves the reverse inclusion. Hence the proof is
complete.

Let 7(M) = {W(N)|N € M}. Then it follows from Theorem 2.3 that the
collection 7(M) induces a topology on SpecP” (M), which is called the primary
Zariski topology. Let U(N) = {P € Spec(M)|(N : 1p) < (P : 1p)}. Then
U(N) is the closed set for Zariski topology on Spec(M) [L1]. It can be verified
that U(N) = W(N) N Spec(M) and consequently, Spec(M), equipped with the
Zariski topology, becomes a topological subspace of Spec?” (M) endowed with the
primary Zariski topology. O

Some of the results in this paper require the following properties.

Properties 2.4. ([23] and [24] ) If L is a multiplicative lattice, then for c,d € L

(1) c < (/e

(2) ¢ < d implies \/c < V.

(3) For x € L.,z < +/cif and only if x™ < ¢ for some integer n > 1.
(4) Ve = Ve
(5) VeNnd= /e AVd=cd.
(6)
(7)

cVd=/\eV V.

If 1 € L is compact, then ¢ < 1 implies \/c < 1.

6
7
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(8) Ve = N{p € Llp is prime and ¢ < p} = N{p € L|p is minimal prime over

c}.
(9) If ¢ € L is prime, then \/c = c.

Proposition 2.5. Assume that M is a lattice module over a C'—lattice L and N,
K are elements of M. Then
(1) If /(N : 1ar) = /(K : 1p), then W(N) = W(K). The converse holds
provided that N and K are primary.
(2) W((N :1p)1p) = W(N).

Proof. 1) Assume that /(N : 1y) = /(K : 1y). Let P € W(N). Then (N :

1y) < (VP : 1y), which implies that /(N : 1y7) < v/ (VP : 13) = (VP : 1)
by Properties 2.4(2 and 4). Therefore, (K : 1y7) < /(K : 1) < (VP : 1), by
Properties 2.4(1), hence P € W(K). For the reverse inclusion, let P € W(K).
Then (K : 1p) < (VP : 1y). By Properties 2.4(2 and 4), it implies that

VK 1) < A/(VP:1y) = (VP : 1y). Hence, (N : 1)) < /(N :1y) <
(VP :1y) and P € W(N).

Now suppose that N and K are primary elements of M and W(N) = W(K).
As N is primary, N € W(N) = W(K), it implies that (K : 1) < (VN :
1y) = /(N : 1p). By Properties 2.4(2 and 4), /(K : 1) < /(N : 15). Also
if K is primary, then K € W(K) = W(N) implies that (N : 1) < (VK :
1a) = /(K : 1y). Hence, \/(N :1a) < /(K : 1), by Properties 2.4(2 and
4). Consequently, \/(N : 1p7) = /(K : 1y).

2) Let P € W(N). Then (N : 1y) < (VP : 1p). By Lemma 2.2(6 and 10),
(VP : 1p7). Hence, P € W((N : 13)15). Now we show the converse inclusion.
Let P € W((N : 1p)17). Then (N : 1p7)1as: 1a) < (VP : 1y). According to
Lemma 2.1, (N : 13/) < (VP : 1)) and P € W(N). O

In what follows, L/a denotes the interval [a, 1] which is multiplicative lattice
with x oy = 2y V a, where z,y € L[10].

Let Spect" (M) = {P € Spec” (M)|(v/P : 1y;) = p, for some p € Spec(L)}. We
denote the set Spec(L/(0p : 1p7)) by Spec(L). Note that, for a primary element
Pin M, (P : 1y) is a primary element of L and /(P : 1) is a prime element
of L[19].

Definition 2.6. Let M be a lattice module over a C-lattice L. Then the map

P : Spec?” (M) — Spec(L) defined by " (P) = (v/P : 1y) is called the natural
map of Spec? (M).

Proposition 2.7. Suppose M is a lattice module defined over the C-lattice L and
P Spec” (M) — Spec(L) be the natural map. Let P, P € Spec” (M). Then
the following statements are equivalent:

(1) If W(P) = W(P"), then P = P'.

(2) [Speckr(M)| <1 for every p € Spec(L).
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(3) P is injective.

Proof. 1 = 2 : Assume that (1) holds. We show that (2) follows. Let
PP ¢ Spech’(M). Then (VP : 1y) = (VP : 1y) = p. To prove W(P) =
W(P"), let Q € W(P). Then (P : 15;) < (/@ : 1a7). According to Properties

2.4(2), /(P : 1y) < V/(VQ : 1a). Tt implies that (VP : 1) < 1//(Q : 1y) =
V/(Q : 1a), by Properties 2.4(4). Hence, (VP : 1) < (/Q : 1p). By Properties
2.4(1), (P : 1) < /(P : 1y) < (V@ : 13). Thus, Q € W(P"). Consequently,
W(P) € W(P"). Similarly, W(P") € W(P). It follows that W(P) = W (P").
Therefore, P = P'.

2 — 3: Suppose that (2) holds. Let P, P" € Spec” (M) and *" (P) = ""(P").
Then (VP : 13) = (VP : 15;) = p and hence, P, P’ € Spech"(M). Therefore,
P=P.

3 = 1 : Suppose that 9"" is injective map. If W(P) = W(P'), then
(VP :1y) = (VP : 1), which implies that ¢ (P) = ¢ (P'). Hence, P =
p. O

Corollary 2.8. Suppose M is a lattice module defined over the C-lattice L and
P Spec?” (M) — Spec(L) be the natural map. If |Specht’ (M)| = 1, for each
p € Spec(L), then YP" is a bijective map.

Proof. By Proposition 2.7, it is clear. OJ

Let V(a) = {p € Spec(L)la < p}. Then the collection of all subset V' (a)
of Spec(L) forms a Zariski topology on Spec(L)[!1]. Note that, V(a) = {p €
Spec(L)|a < p).

Proposition 2.9. Suppose M is a lattice module defined over the C-lattice L and
YP" 2 Spec?” (M) — Spec(L) be the natural map. Then (¥P")~1(V(a)) = W(alyy),
for every a € L such that (0p : 1) < a and therefore YP" is continuous.

Proof. Let P € (¢¥*)~'(V(a)). Then 4" (P) € V(a). Therefore, (VP :1y) €
V(a),ie.,a < (VP :1y). Hence, a < (v/P : 1), which implies that al,, < /P.
By using Lemma 2.2(4), we obtain (aly : 1y) < (VP : 1y). This yields,
P € W(aly). Thus, (¢")"Y(V(a)) € W(aly). To complete the proof, we
prove the reverse containment. Let P € W (aly). Then (aly : 1p) < (VP :
1y) and as @ < (aly : 1), by Lemma 2.2(11), we have, @ < (VP : 1)
P (P). Therefore, " (P) € V(a) and P € (¢P")~1(V(a)). Thus, W(aly,)
() ~H(V(@a)).

In the following theorem we prove that ¥*" is both open and closed.

Omn

Theorem 2.10. Suppose M is a lattice module defined over the C-lattice L and
YP" o Spec?” (M) — Spec(L) be the natural map. If YP" is surjective, then it is both

closed and open. Equivalently, vP"(W(N)) = V((N : 1p)) and ¢P"(Spec?” (M) —

W(N)) = Spec(L) — V((N : 1)), for every element N of M.
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Proof. According to Proposition 2.9, we have, for every element N of M,

(W) THV(N < 1ar))) = W((N - 1M)1M) - But W((N : 1y)1y) = W(N), by
Proposition 2.5(2). Therefore, (¢*")~'(V ((N : 1)) = W(N). It implies that,
PPIW(N)) = ¢ () (VN = 1)) = V(N = 1ar)). Now, 9" (Spec” (M) —

W(N)) = ¢P (7))~ (Spee(L))—(P) " (V((N : 1ar)))) = (Spec(L)—V (N : 1%))-

For each a € L, we denote C, = Spec?”” (M) — W (aly). Then C, is open in
Spec?” (M).

Lemma 2.11. The collection C = {C,la € L} forms a basis for the primary
Zariski topology over Spec?” (M).

Proof. Suppose that X is an open set in Spec?” (M). Then X = (W(N))¢ fo
some N € M. Therefore, X = Spec’ (M) — W(N) = Spec?" (M) — W((N
L)) = Spec?” (M) =W (Va, <, @ilar) = Spec” (M) = Na,< (i) (ale)
Ua,<(N:120) (Spec? (M) — W(a;lpr)) = Ug<(n:1,)Ca;- Thus the collection C =
{C4la € L} forms a basis for the primary Zariski topology over Spec’ (M). O

Let &, = Spec(L) — V(a). Then &, is open set in Spec(L) and the collection
{&ala € L,a is compact} forms a basis for the Zariski topology on Spec(L). Note
that & = Spec(L) — V(a).

Lemma 2.12. Suppose M is a lattice module defined over the C-lattice L and
PP 2 SpecP” (M) — Spec(L) be the natural map. Then:

(1) (¥*)~ (&) = Ca-

(2) W"’”(C ) S 5*

(3) ¥ (C ) = &a, if YP" is surjective.

(4) Cap = Cy N Cy, for any elements a,b € L.

Proof. 1) Let us consider P € (Spec” (M) — (4*")~'(&)). Then a < (VP :
1y). Hence, aly < /P, which implies that (aly = 1y) < (VP @ 1y), by
Lemma 2. 2(4). Thus, P € W(aly), ie., P € (Spec” (M) — C,). Therefore,
Co C (¥P")"1(&;). Now we show the reverse 1nclu31on let P e (¢P")"(&;). Then
Y (P) € &, ie., (\/_ 1y) € &. Tt follows that, p = (\/(P: 1)) € &a.
Hence, a £ p. As a consequence, we have, (aly : 1y) £ (VP : 1y). Therefore,
P ¢ W(alyr). Consequently, (@Z)p") 1(&) C C..

2) Let a € L and P € Spec? (M). Let /(P :1y) =p. If p€ V(a), thena < p
and hence, a < p = /(P : 1M) = (V/P : 1y), which implies that aly < V/P.
By using Lemma 2.2(4), we obtain, (aly : 157) < (VP : 1) and therefore, P €
W(aly). Thus, if P € C,, then " (P) = p € &. It follows that, ¥*"(C,) C &,.
3) By part (2), ¢ (C,) C &;. To establish the inclusion in the opposite direction,
consider p € &. Then a £ p. As ¢P" is surjective, there exists P € Spec?” (M)
such that (VP : 1y) = p. Thus, (aly : 1y) £ (VP : 1p) and hence P € C,.
Finally, & C ¥ (C,).

4) Consider Cop = (V7)1 (E5) = (V7") 7 (&N &) = (W) 71 (&) N (W) 7H(&) =
Cy NGy, for each a,b € L. O
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In the following results, we investigate the compactness of the space Spec?” (M).

Theorem 2.13. Suppose M is a lattice module defined over the C-lattice L and
PP Spec?” (M) — Spec(L) be the natural map. If YP" is surjective, then for
every a € L, C, is compact in Spec?” (M).

Proof. Suppose that C, is covered by an open cover in Spec?” (M). As C = {C,la €
L} is a base for the primary Zariski topology, C, C UaepCa, for some open cover
{Ca,la € A} C C. By Lemma 2.12(3), & = ¥ (C,) C Upea®?" (Ca,) = Uner&a, -
Now since, Spec(L) is compact space with respect to Zariski topology[l1], we
have, & = ¢¥P"(C,) C Ui &a,,, for some a;(1 <i < k). Thus, by Lemma 2.12(1),
we have, C, = (¥7") 7' (" (C,)) € Ui, (¥7") " (&a,,) = UiLiCa,, . Consequently,
C, is compact in Spect” (M). O

Corollary 2.14. Suppose M s a lattice module defined over the C-lattice L
and YP" : Spec?” (M) — Spec(L) be the natural map. If YP" is surjective, then
SpecP™ (M) is a compact space under the primary Zariski topology.

Proof. By the above theorem, C, is compact for a € L. Since, Spec?”" (M) = C,,,
it is compact space. [l

Corollary 2.15. Suppose M is a lattice module defined over the C-lattice L and
PP o Spec?” (M) — Spec(L) be the natural map. If YP" is surjective, then the
compact open sets of Spec?” (M) are closed under finite intersections and form a
open base.

Proof. By Lemma 2.12(4), Coy = C,NCy, for C,,Cp in C. By theorem 2.13, each C, is
compact open set. Thus, by Lemma 2.11, every open covering of any intersection
of compact sets is a finite union of the elements of C. Hence the result. O

A topological space X is irreducible, if for any closed subsets X, X, of X,
X = X;U Xy implies X = X; or X = X5. A subset Y of X is irreducible, if it
is irreducible as a subspace of X. Let Y be a subset of Spec?”(M). The closure
of Y, we denote by CI(Y). Let Z(Y) be the meet of all /P, for P € Y, i.e.,

Z(Y) = Apey VP.

Proposition 2.16. Suppose M is a lattice module defined over the C'-lattice L.
Then W (P) = W(\/P), for P € Spec (M).

Proof. Let Q@ € W(v/P). Then (VP : 1y) < (/@ : 1y). By Properties
24(1), (P : 1y) < /(P:1y) < (VQ : 1p). Thus, Q € W(P). Hence,
W(\/ﬁ) C W(P). For reverse inclusion, let @ € W(P). Then (P : 1) < (V@ :

=/ (Q:1y). By Properties 2.4(2 and 4), /(P : 1y) < \//(Q: 1y) =
v/ Q : 1p7). Thus, ( 1) < (V@ : 1p). This implies that Q € W(V/P).
Consequently, W (P) = W(\/I_D) O

Lemma 2.17. Suppose M 1is a lattice module defined over the C-lattice L. Let
Y C Spec? (M). Then CIL(Y) = W(Z(Y)). In particular, if Y contains Oy, then
Y is dense in Spec’” (M), that is, C1(Y') = Spec? (M).
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Proof. Let Y be a subset of Spec?””(M). Assume that P € Y. Then Z(Y) =
ApeyVP < VP and so that by Lemma 2.2(4), (Z(Y) : 1y) < (VP : 1y).
Hence, P € W(Z(Y)). Thus, Y C W(Z(Y)) and CI(Y) C W(Z(Y)). For the
opposite inclusion, let N be any element of M such that Y C W(N). Then
for each P € W(N), (N : 1y) < (VP : 1y). Let P € W(Z(Y)). Then
(Z(Y) : 1y) < (VP : 157). This implies that (Apew VP : 1ar) < (VP : 1ay).
It follows from Lemma 2.2(12), APGW(N)(\/? s ly) < (\/F : 1p7). Hence,
(N : 1ar) < Apewny (VP : 1) < (V/P": 1y). Thus, P € W(N). Consequently,
W(Z(Y)) is the minimal closed subset of Spec’” (M) containing Y. Therefore,
W(Z(Y)) = CI(Y). For the final part of the proof, consider 0); € Y, then
CUY) =W (Z(Y)) = W(/0u) = W(0y) = Spec?”(M). Hence, Y is dense in
Spec?” (M). O

In the following results, we investigate the irreducibility of closed subsets of
the space Spect” (M).

Theorem 2.18. Suppose M is a lattice module defined over the C-lattice L.
Then W (P) is irreducible in Spec?” (M), for every P € Spec’™ (M).

Proof. According to Lemma 2.17, CI(Y) = W(Z(Y)). Let Y = {P}. Then,
ClI(Y) = CI({P}) = W(Z({P})) = W(\/P). Therefore, CI({P}) = W(P), by
Proposition 2.16. It follows from the fact that any singleton set is irreducible and
closure of irreducible set is irreducible, W (P) is irreducible. O

Theorem 2.19. Suppose M is a lattice module defined over the C-lattice L and
Y C Spec?™(M). If Z(Y) is a primary element of M, then Y is irreducible.
Conversely, if Y is irreducible, then Y = {(v/P : 13)|P € Y} is an irreducible
subset of Spec(L), that is, Z(Y') = (Z(Y) : 1x) is a prime element of L.

Proof. Assume that Y C Spec?” (M) and Z(Y') is a primary element of M. By
Theorem 2.18, W (P) is irreducible for every primary element P of M, therefore,
W(Z(Y)) is an irreducible subset of Spec?”(M). From the Lemma 2.17, we
have, CI(Y) = W(Z(Y)). Thus, Cl(Y) is irreducible. Consider Y C Y; U Y3,
where Y7, Y, are closed subsets of Spec? (M). Then CI(Y) C Y] UY,. It follows
that Y C CI(Y) C Yy or Y C Cl(Y) C Y,. Therefore, we conclude that Y is
irreducible. Conversely, let us assume that Y is irreducible. Then, by Proposition
2.9, the image ¥*"(Y) = {(V/P:1y)|P € Y} of Y is an irreducible subset of
Spec(L), since the natural map ¥?" is continuous. Now, by Proposition 7(3) in
[11], Apey (VP = 1y1) = (Apey VP : 1) = (Z(Y) : 1) is a prime element of L.
Hence, Z(Y') = (Z(Y) : 1y) is a prime element of L. Thus, Y is an irreducible
subset of Spec(L). O

Theorem 2.20. Suppose M s a lattice module defined over the C-lattice L and
Y is a subset of Spec’™(M). Let Y*" : Spec?” (M) — Spec(L) be the surjective
natural map. Then the following statements are equivalent:

(1) Y is an irreducible closed subset of SpecP (M).

(2) Y =W(P), for some P € Spec’"(M).
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Proof. 1 = 2 : Let us assume that Y is a closed irreducible subset of Spec?” (M).
Then Y = W(N), for some N € M. Therefore, by Theorem 2.19, (Z(W(N)) :
Iy) = (Z(Y) @ 1) = p is a prime element of L. As 9P" is surjective, there
exists P € Spec” (M) such that " (P) = (VP : 1y) =p= (Z(W(N)) : 15). Tt
implies that, Y = W(N) = W(Z(W(N))) = W(vV/P) = W(P), by Proposition
2.5 and Lemma 2.17.

2 = 1: This is obvious from Theorem 2.18. O]

Now we examine the space Spec?” (M) endowed with primary Zariski topology
and study whether it satisfies the properties of a spectral space.

A topological space X is called a Ty—space when, for any two distinct points in
X, at least one possesses an open neighborhood that excludes the other. Equiv-
alently, X satisfies the T axiom precisely when distinct points have distinct clo-
sures. For multiplicative lattice L, the prime spectrum Spec(L) with the Zariski
topology is known to satisfy the T condition.

A topological space X is termed spectral if it is homeomorphic to the spec-
trum of a commutative ring endowed with the Zariski topology. According to
Hochster’s characterization ([14]) a space X is spectral if it fulfills the following
conditions:

(1) X is compact.

(2) Compact open subsets of X constitute a basis for the topology and remain
closed under finite intersections.

(3) Every irreducible closed subset of X is the closure of a singleton set.

(4) X is a Th—space.

Theorem 2.21. Suppose M is a lattice module defined over the C-lattice L and
PP 2 Spec?” (M) — Spec(L) be the surjective natural map. Then Spec?” (M) is a
To—space if and only if |Spech’ (M)| < 1 for each p € Spec(L).

Proof. Let us assume that Spec? (M) is a Ty—space and P; and P, are two dis-
tinct elements of Spect”(M). Then (v/Py : 1y) = (VPs : 1ar) = p. It is clear
that, W (P;) = W(P), which shows that closure of distinct points are not dis-
tinct. Since Spec?” (M) is a Ty—space, we must have, P, = P,. Consequently,
[Spech(M)| < 1. Conversely, assume that |Spech”(M)| < 1. Let P and P
be two distinct primary elements of M. Then (v/P; : 1y) and (v/P, : 1p) are
distinct primes in L. Therefore, we have, P, ¢ W (P,) and P, ¢ W (P;). Hence,
Cl({P,}) # Cl({P}). Thus, distinct points have distinct closures. Consequently,
SpecP™ (M) is a Th—space. O

Theorem 2.22. Suppose M is a lattice module defined over the C-lattice L and
PP Spec?” (M) — Spec(L) be the surjective natural map. If |Spech(M)| < 1
for every p € Spec(L), then Spec’” (M) with primary Zariski topology is a spectral
space.

Proof. By Corollary 2.14, Corollary 2.15, Theorem 2.20 and Theorem 2.21,

SpecP” (M) with primary Zariski topology fulfills conditions (1), (2), (3), and (4)
of Hochster’s characterization. Consequently, Spec’” (M) with primary Zariski
topology is a spectral space. O



PRIMARY SPECTRUM OF LATTICE MODULES 11

A topological space X is a Ti—space if and only if every singleton set {z} is
closed for every x € X. Equivalently, for all x € X, {x} is closed.

Theorem 2.23. Suppose M s a compactly generated lattice module defined over
the C—lattice L. Then Spec? (M) is a Ti—space if and only if Spec?” (M) =
Max(M), where Max(M) is the set of all mazimal elements of M. Moreover,
Spec?” (M) = Spec(M) = Maz(M).

Proof. Let us assume that Spec?”” (M) is a T)—space. Then {P} is closed subset
of Spec?” (M), for each P € Spec?” (M). By Lemma 2.17, W(P) = Cl{P} = {P}.
As M is compactly generated, there exists N € Max (M) such that P < N. It
follows that, (P : 1p;) < (N : 1p) < (VN : 1p), by Lemma 2.2(4). Since, N
is maximal, N is prime and hence it is primary. Hence, N € W(P) = {P}.
Thus, N = P and so P € Max(M). Consequently, Spec?” (M) C Max(M).
It is obvious that Max(M) C Spec?”(M). Therefore, Spec? (M) = Max(M).
Conversely, assume that Spec” (M) = Max(M). Let {P} be a singleton subset
of Spec” (M). If P' € W(P), then (P : 1)) < (VP : 1), ie., \/(P: 1y) <
V(P :1y), by Properties 2.4(2). As (P : 1p) and (P : 1) are maximal
elements of L, (P : 1y) = (P : 1y). It follows that P A P' € Spec” (M) and
hence P A P' € Max(M). Thus, P = P and W(P) = {P}. Consequently,
SpecP™ (M) is a Ty —space. O

Theorem 2.24. Suppose M is a lattice module defined over the C-lattice L and
PP SpecP” (M) — Spec(L) be the surjective natural map. Then the following
statements are equivalent:

(1) SpecP™ (M) is a spectral space.

(2) Spec?” (M) is a To—space.

(3) P is injective.

Proof. 1 = 2 : By the characterization due to Hochster, Spec’" (M) is a
To—space.

2 = 3 : Suppose that ¢ (P) = ¢*"(P') for P,P" € Spec’”(M). Then
(VP : 1p) = (VP : 1y). Hence, PP’ ¢ Spech" (M), where p = (VP : 1y).
Since Spec?” (M) is a Ty—space, by Theorem 2.21, |Spech"(M)| < 1. It implies
that P = P'.

3 = 1 : By Proposition 2.7 and Theorem 2.21, (3) implies (2). Hence the
result. O]
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