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GEOMETRIC BROWNIAN MOTION AND A NEW APPROACH
TO THE SPREAD OF COVID-19 IN ITALY

NICOLA FABIANO!* AND STOJAN RADENOVI(?

ABSTRACT. Starting from the problem of the asymmetry of the curve, a new
model is adopted for the spread of Covid-19. The pandemic waves are mod-
elled from a geometric Brownian motion, leading to a lognormal distribution.
The infection waves are described correctly by the model and the asymmetry
problem is solved. The diffusion model of the geometric Brownian motion is
able to reproduce correctly the first two Covid—19 waves, and possibly show
signs of a starting third wave.

1. PROBLEM AND EQUATION

The problem of spreading of the Covid—19 in time has been treated in [3], []
and [5] by means of a differential equation due to [10]:

dl’(t) _ E { exp[(b — t)/a’] } (1 1)
dt a \(1+exp[(b—1)/a))*] '
x(t) represents the total number of cases, while its derivative dz(t)/dt gives the
growth of cases at the time ¢. The parameter a is related to the growth rapidity,
¢ is the asymptotic total number of cases, and b indicates the peak position of

the growth of cases.

The results obtained with this method so far are quite remarkable, yet as could
be clearly seen in the figures of the cited papers, they share the common problem
of providing a symmetric curve for the growth of cases. As already discussed there
the asymmetry slowing the descent on the right handside of the curve is probably
due to the fact that there is an important interaction among the infected patients
spoiling a quicker recovery for the whole population.

Figure 1 shows the number of new cases per day of coronavirus in Italy with
respect to the date. Data are provided by Italian ministry of health [8]. The two
peaks of the different waves of the disease that happened in March and November
are well visible, toghether with the curve asymmetry that makes the decay last
much longer than the sharp increase.
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F1GURE 1. Number of new cases of coronavirus per day with re-
spect to the date for the year 2020

In order to answer the question of the asymmetry we will use a different ap-
proach to the problem.

2. BROWNIAN MOTION

The problem of Brownian motion, that is the random movement of a particle
in a fluid medium was first quantitatively solved by Einstein in 1905 [2]. The
analogy to the spreading of a virus among the population is evident. He gave the
diffusion equation for the density of particles p(z, )

op 9%
o~ Do

D being the diffusivity parameter. The solution of (2.1) for a system of N Brow-
nian particles is given by the well-known heat kernel

(2.1)

p(:(},t) = eXp[—:L'Z/(ZlDt)] ) (2'2)

N
Var Dt
and is readily apparent that the curve is symmetric, as each particle has an equal
probability for going left or right.

In a more modern mathematical language, a Brownian motion X (¢) is the solu-
tion of the equation with constant drift (first term in dt) and diffusion coefficient
(second term in dW (t))

dX (t) = pdt + odW (t) , (2.3)

where X (0) = zo, W(t) is a Wiener process with properties that non overlapping
increments are independent, and W (s) — W (t) for 0 <t < s is a normal random
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variable with zero mean and variance s —t. Integrating the stochastic differential
equation (2.3) one obtains the solution

X(t) =z + pt + oW (t) , (2.4)

hence X (t) is normally distributed, with mean zy + pt and variance o?t. Its
density function is

f(t2) = —

e exp[—(z — 2o — ut)?/(20%t)] , (2.5)

recovering eq. (2.2) for p=0.

3. GEOMETRIC BROWNIAN MOTION

In order to circumvent the problem of a symmetric distribution, we consider
a variation to the Brownian motion, namely the Geometric Brownian motion,
described by a stochastic differential equation with linear drift and diffusion co-
efficients (compare to eq. 2.3))

dX(t) = pX(t)dt + o X (t)dW(t) . (3.1)

The application of Itd’s lemma [6] to log(X) and the fact that dW = O((dt)(1/?)
yelds the solution to equation (3.1)

X(t) = zgexplit + oW (t)] , (3.2)

where i = u — 0?/2.
As a consequence of the geometric Brownian motion, the X (¢) has a lognormal
distribution:

ft2) = m;% exp|—(log z — log o — fit)2/(2020)] | (3.3)

which is not symmetric and its mean value is given by zget!, always positive.

4. LOGNORMAL FIT TO DATA

In order to use the lognormal distribution density to covid-19 data, we will use
formula (3.3) with values g = 1, ¢t = 1, therefore the number of new cases at
day x will be given by

1

—— expl—(log — */(20)] (a.)

N(z,a,1,0) =a

and the parameters a, fi, 0 will be determined by fitting the data found in [3].

The first wave of the disease, which started on 24" of February 2020 and ended
on the 13" of July, is shown in Fig. (2) together with the fit of the lognormal
function (4.1). The fit parameters obtained are presented in Table 1.

Figure (2) shows an excellent agreement with the data of the asymmetric dis-
tribution described in (4.1) for the number of new cases per day. The error on
the parameters is quite small, and the two parameters ji,o are of the order of
unity.
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F1GURE 2. Number of new cases of coronavirus per day with re-
spect to the numbers of days starting from 24" of February 2020
the and ending on 13" of July 2020

TABLE 1. Fit for the parameters a, fi, o of the first wave

Parameter | Value Error | Error %
a 241019 4226 1.735
il 3.71651 | 0.01045 | 0.2812
o 0.499839 | 0.009351 | 1.871

The minimum value of new cases has been encountered on the 14 of July with
114 new patients on that day. This will be the starting point of the second wave,
that at the time of writing, 4" of January 2021, is not over yet.

Figure (3) shows for the second wave a very good agreement of the fit with the
data. Table 2 gives the fit value of parameters, that have a low error in this case
as well. The two parameters fi, o are of the order of unity and are similar in both
cases, while the parameter a has for the second wave a bigger value because this
one is much larger than the first one.

TABLE 2. Fit for the parameters a, [i, 0 of the second wave

Parameter Value Error Error %
a 1.9623 x 10% [ 4.38 x 10* | 2.232
i 4.86056 0.004919 | 0.1012
o 0.191687 0.00505 2.634

Other useful informations on geometric Brownian motion could be found for
instance in [7] and [1].
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F1GURE 3. Number of new cases of coronavirus per day with re-
spect to the numbers of days starting from the 14" of July 2020
up to the 4" of January 2021

5. CONCLUSION

The approach of the geometric Brownian motion to the problem of calculating
the number of new cases per day of Covid—19 has proven to be very effective and
the obtained lognormal distribution solves the problem of the asymmetry of the
density of number of new cases. Compared to the existing data the two virus
waves are described in an excellent manner. For the second wave the results
prove that the end of it is yet to come, and the apparent discrepancy with the
right limit of the data could be the sign that there is actually a third wave on
the raise, maybe due to the holidays period travelling or to the new mutations
of Covid-19, known as the lineage B.1.1.7, whose preliminar data are discussed
in [9].
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