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PROPERTIES OF A CLASS OF MEROMORPHIC UNIVALENT
FUNCTIONS

KARTIKA VERMA1∗ and S. SUNIL VARMA2

Abstract. In this paper, we study a subclass of meromorphic functions de-
fined in the unit disk having a simple pole in it. A sufficient condition that
guarantees the univalence of functions belonging to this subclass is derived.
Inspired by this condition, we define a new subclass of meromorphic univalent
functions in the unit disk characterized by a specific differential inequality. We
derive a formula to represent functions in this subclass. Furthermore, condi-
tions which are necessary and sufficient for membership of functions in terms
of its Taylor’s coefficient are obtained adjoined with a sharp estimate for the
associated Fekete–Szegö functional.
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1. Introduction and preliminaries

Let Ĉ = C ∪ {∞} denote the extended complex plane, where C represents the
complex plane. The open unit disk is defined by D = {z ∈ C : |z| < 1}. Let H
be the class of all holomorphic functions in D, and define A = {f ∈ H : f(0) =
0, f ′(0) = 1}. Moreover, let S denote the subclass of A consisting of functions
that are univalent in D. Comprehensive discussions on these function classes are
available in [8, 11]. Every function f ∈ S admits the Taylor series representation

f(z) = z +
∞∑
n=2

anz
n, z ∈ D. (1.1)

Over the last century, geometric function theory has witnessed the development of
many profound and significant results. Introduced by Ludwig Bieberbach in 1916,
the Bieberbach conjecture soon emerged as a fundamental problem in geometric
function theory.The conjecture states that if a function f ∈ S is represented by
the expansion given in (1.1), then its coefficients satisfy the estimate |an| ≤ n for
every n ≥ 2. This long-standing conjecture was finally established by de Branges
in 1985 (see [7]). Prior to this achievement, considerable efforts were devoted to
proving the conjecture for various geometric subclasses of S. In particular, it was
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verified for the classes of convex, starlike, and close-to-convex functions (see [8]).
In more recent years, the class U(λ), which forms a subclass of S, has been the
subject of extensive investigation in geometric function theory. For a parameter
λ satisfying 0 < λ ≤ 1, let U(λ) stand for the family of functions in A defined by

U(λ) = {f ∈ A : |Uf (z)| < λ, z ∈ D} ,
where the operator Uf is given by

Uf (z) =

(
z

f(z)

)2

f ′(z)− 1.

It is a well-established fact that the inclusion U(λ) ⊆ S holds (see [1, 13]. The
geometric properties and various aspects of this class have been investigated ex-
tensively in [10],[12]-[14].

Motivated by these developments, Sivasubramanian [15] introduced the gen-
eralized subclass U(α, µ, λ) of analytic functions. Let λ > 0, 0 < α ≤ 1, and
0 ≤ µ < α. A function f ∈ A is said to be a member of the class U(α, µ, λ) if it
satisfies ∣∣∣∣∣(1− α)

(
z

f(z)

)µ
+ α

(
z

f(z)

)µ+1

f ′(z)− 1

∣∣∣∣∣ < λ, z ∈ D.

Each function f in the class U(α, µ, λ) has a representation formula(
z

f(z)

)µ
= 1− λµ

α

∫ 1

0

w(sz)

s
µ
α
+1
ds

where w is analytic in D, satisfies |w(z)| < 1, and fulfills the conditions w(0) = 0.
It follows from the Schwarz lemma that |w(z)| < |z|. Let B denote the family
of all functions w that are analytic in D and satisfy |w(z)| < 1 for every z ∈ D.
Inspired by the investigations on the class U(λ), the authors in [3, 4] introduced
its meromorphic counterpart, denoted by Vp(λ), for 0 < λ ≤ 1. We briefly
recall the definition of this class. Let A(p) denote the family of functions that
are analytic in D \ {p}, where p ∈ (0, 1), and possess a simple pole at z = p
with residue m 6= 0. These functions are normalized by the conditions f(0) = 0
and f ′(0) = 1. Furthermore, let Σ(p) represent the subclass of A(p) consisting
of functions that are univalent in D. Several geometric properties and further
developments concerning this family of meromorphic functions can be found in
[4, 5, 6]. Motivated by the work of Bhowmik et al. [4], we introduce in this paper
the class Up(α, λ), which serves as a meromorphic counterpart of the analytic class
U(α, µ, λ). In Section 2, we derive a condition which is sufficient for functions in
the class A(p) to be univalent.This result naturally leads to the definition of the
subclass Up(α, λ) of Σ(p). In Section 3, we establish a representation theorem for
functions in the class Up(α, λ) having the expansion

z

f(z)
= 1 + b1z + b2z

2 + · · · , z ∈ D.

Furthermore, we derive sharp estimates for the coefficients |bn| for every n ≥ 1.
In the final section, we obtain the optimal upper estimate for the Fekete–Szegö
functional corresponding to functions in the class Up(α, λ).
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2. A Univalence Criterion for functions in A(p)

Lemma 2.1. For each f ∈ A(p) and an arbitrary but fixed point x of D \ {p}
with f ′(x) 6= 0, if |h′(z, x)| ≤ |m|/(1 + p)2 for z ∈ D where ′ the derivative taken
with respect to z where

h(z, x) = − m

z − p
+
αm(1− p2)−1(1− |x|2)f ′(x)

f

(
z−p
1−pz + x

1 + x̄( z−p
1−pz )

) +m(1−α)

∫ z

0

1

(ζ − p)(1− pζ)f

(
z − p
1− pz

)dζ,

then then f is univalent in D.

Proof. Define

g(z) =
αm(1− p2)−1(1− |x|2)f ′(x)

f

(
z−p
1−pz + x

1 + x̄( z−p
1−pz )

) +m(1− α)

∫ z

0

1

(ζ − p)(1− pζ)f

(
z−p
1−pz

)dζ
(2.1)

where f ∈ A(p) and x ∈ D \ {p}. Since g(p) =∞ and h′ is bounded,the function
g, defined by (2.1), has no poles in D except at the point z = p. Moreover, it
follows from (2.1) that the function f is univalent in D if and only if g is univalent
in D. A straightforward computation shows that the residue of g at its pole z = p
is equal to m and we can express the function g as:

g(z) =
m

z − p
+ h(z, x)· (2.2)

We prove that f to be univalent in D by establishing the same for g in D. Evi-
dently g(z)−m/(z−p) = h(z, x) is analytic in D. Now for z1, z2 ∈ D\{p}, z1 6= z2,
we have (

g(z2)−
m

z1 − p

)
−
(
g(z1)−

m

z1 − p

)
= h(z2, x)− h(z1, x)

=

∫ z2

z1

h′(z, x)dz.

where the integration is carried out along the line segment connecting the points
z1 and z2. By introducing the parametrization z = z1+t(z2−z1), where 0 ≤ t ≤ 1,
the above integral can be expressed as

∫ 1

0

(z2 − z1)h′(z, x)dt.

Now multiplying

∣∣∣∣− (z1 − p)(z2 − p)
m(z2 − z1)

∣∣∣∣ on both sides we have,
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∣∣∣∣(g(z1)− g(z2))(z1 − p)(z2 − p)
m(z2 − z1)

∣∣∣∣ =

∣∣∣∣(z1 − p)(z2 − p)m

∫ 1

0

h′(z, x)dt

∣∣∣∣
≤ |(z1 − p)||(z2 − p)|

|m|

∫ 1

0

|h′(z, x)|dt

<
(1 + p)2

|m|
|m|

(1 + p)2

∫ 1

0

dt

= 1.

This shows that g(z1) − g(z2) 6= 0 for z1 6= z2 i.e., g is univalent in D, and
consequently so is f . �

Theorem 2.2. Let f ∈ A(p) and α > 1.If∣∣∣∣(α−1)

(
z

f(z)

)
+α

(
z

f(z)

)2

f ′(z)−1

∣∣∣∣ ≤ (1− p
1 + p

)2

for z ∈ D, then f is univalent

in D.

Proof. It follows from Lemma 2.1 that, f is univalent in D whenever |h′(z, x)| ≤
|m|/(1 + p)2 for z ∈ D. The fact that |z2h′(z, 0)| ≤ |m|/(1 + p)2 for z ∈ D leads
to |h′(z, 0)| ≤ |m|/(1 + p)2 for z ∈ D by an application of the Maximum Modulus
Principle for holomorphic functions. Using (2.1) and (2.2), we get

h(z, x) = − m

z − p
+
αm(1− p2)−1(1− |x|2)f ′(x)

f

( z − p
1− pz

+ x

1 + x̄(
z − p
1− pz

)

) −m(α−1)

∫ z

0

1

(ζ − p)(1− pζ)f

(
z − p
1− pz

)dζ

where h(z, x) is holomorphic in D.Differentiating h(z, x) with respect to z and
evaluating at x = 0 gives

h′(z, 0) =
m

(z − p)2

[
1−

α

(
z − p
1− pz

)2

f ′
(
z − p
1− pz

)
f 2

(
z − p
1− pz

) −

(
z − p
1− pz

)
(α− 1)

f

(
z − p
1− pz

) ]
.

A change in variable by ξ =
z − p
1− pz

i.e. z =
ξ + p

1 + pξ
, gives |ξ| < 1 if and only if

|z| < 1. From the above equality, we get

ξ2h′
(
ξ + p

1 + pξ
, 0

)
=
m(1 + pξ)2

(1− p2)2

[
1− αξ2f ′(ξ)

f 2(ξ)
− (α− 1)ξ

f(ξ)

]
.

Therefore, from the given condition, we get∣∣∣∣ξ2h′( ξ + p

1 + pξ
, 0

)∣∣∣∣ ≤ |m|
(1 + p)2

,

which will force f to be univalent through lemma(2.1). �



CLASS OF MEROMORPHIC UNIVALENT FUNCTIONS 5

Definition 2.3. Let Up(α, λ) denote the class of functions f ∈ A(p) satisfying∣∣∣∣(1− α)

(
z

f(z)

)
+ α

(
z

f(z)

)2

f ′(z)− 1

∣∣∣∣ < λµ for α > 1,

µ =

(
1− p
1 + p

)2

and λ > 0.

3. Fundamental properties for functions in Up(α, λ)

Theorem 3.1. The family Up(α, λ) is invariant under conjugation.

Proof. Since f ∈ Up(α, λ), we have f(0) = 0 = f ′(0) = 1, f(p) = ∞ and∣∣∣∣(1 − α)

(
z

f(z)

)
+ α

(
z

f(z)

)2

f ′(z) − 1

∣∣∣∣ < λµ for z ∈ D. Define h(z) = f(z).

Note that h is analytic in D \ {p} with h(p) = ∞. Also, h′(z) = f ′(z) and
h(0) = 0 = h′(0)− 1. A computation gives,

|Uh(z)| =
∣∣∣∣(1− α)

(
z

h(z)

)
+ αh′(z)

(
z

h(z)

)2

− 1

∣∣∣∣
=

∣∣∣∣(1− α)

(
z

f(z)

)
+ αf ′(z)

(
z

f(z)

)2

− 1

∣∣∣∣
=

∣∣∣∣(1− α)

(
z

f(z)

)
+ αf ′(z)

(
z

f(z)

)2

− 1

∣∣∣∣
< λµ.

This shows that h ∈ Up(α, λ). �

Theorem 3.2. Each f ∈ Up(α, λ) can be represented as

z

f(z)
= 1− z

p

(
1− λµp1/α

α

∫ p

0

w(ζ)

ζ1+1/α
dζ

)
− λµz1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ,

where w ∈ B.

Proof. Let f ∈ Up(α, λ). Then

|Ufα(z)| =
∣∣∣∣(1− α)

(
z

f(z)

)
+ αf ′(z)

(
z

f(z)

)2

− 1

∣∣∣∣ < λµ.

Introduce

h(z) =
cf(z)

c+ f(z)
where− c /∈ f(D). (3.1)

Note that h is analytic and univalent in D, and satisfies h(0) = 0 and h′(0) = 1.
Therefore, h ∈ S and

(1− α)

(
z

h(z)

)
+ αh′(z)

(
z

h(z)

)2

− 1 = (1− α)

(
z

f(z)

)
+ αf ′(z)

(
z

f(z)

)2

− 1,
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that is, Uhα(z) = Ufα(z). Thus h ∈ S with |Uh(z)| < λµ. Consequently h ∈
U(α, λ) and it can be represented in the following form (see [13]):

z

h(z)
= 1− λµz1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ, (3.2)

where w ∈ B. Next, from (3.1) we obtain

z

h(z)
=

z

f(z)
+
z

c
·

Substituting the above expression for z/h(z) into equation (3.2), we obtain

z

f(z)
= 1− z

c
− λµz1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ.

1

c
=

1

p

(
1− λµp1/α

α

∫ p

0

w(ζ)

ζ1+1/α
dζ

)
.

hence, for every function f ∈ Up(α, λ) admits the representation

z

f(z)
= 1− z

p

(
1− λµp1/α

α

∫ p

0

w(ζ)

ζ1+1/α
dζ

)
− λµz1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ·

�

Corollary 3.3. Let f ∈ Up(α, λ) for some λ > 0, α > 1 and 0 < p < 1. Then∣∣∣∣ z

f(z)
− 1

∣∣∣∣ ≤ |z|p
(

1 +
λµp

(α− 1)

)
+

λµ|z|
(α− 1)

·

Proof. Since for each f ∈ Up(α, λ) can be expressed as

z

f(z)
= 1− z

p

(
1−λµp

1/α

α

∫ p

0

w(ζ)

ζ1+1/α
dζ

)
−λµz

1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ, ζ ∈ D and ω ∈ B.

∣∣∣∣ z

f(z)
− 1

∣∣∣∣ =

∣∣∣∣− z

p

(
1− λµp1/α

α

∫ p

0

w(ζ)

ζ1+1/α
dζ

)
− λµz1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ

∣∣∣∣
≤ |z|

p

(
1 +

λµp1/α

α

∫ p

0

|w(ζ)|
|ζ1+1/α|

dζ

)
+
λµ|z|1/α

α

∫ z

0

|w(ζ)|
|ζ|1+1/α

dζ

≤ |z|
p

(
1 +

λµp

(α− 1)

)
+

λµ|z|
(α− 1)

.

�

Corollary 3.4. Let f ∈ Up(α, λ) for some λ > 0, α > 1 and 0 < p < 1.Then
|Ufα(z)| ≤ (α− 1)|a2||z|+ λµ|z|.
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Proof. Using the representation of f ∈ Up(α, λ)

Ufα(z) = −αz
(

z

f(z)

)′
+

z

f(z)
− 1

= −αz
(

1− a2z −
λµz1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ

)′
+ 1− a2z −

λµz1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ − 1

= (α− 1)a2z + λµzw(z)

where w ∈ B. Applying the Schwarz lemma, we obtain |w(z)| < |z|, and hence
the desired inequality follows.Next, we consider fθ, θ ∈ [0, 2π), one can calculate
Ufθ(z) = (α − 1)a2e

iθz + λµeiθz,which shows that equality holds for the given
function. �

4. Second coefficient estimates for functions in Up(α, λ)

Theorem 4.1. For each f ∈ Up(α, λ), α > 1 and f(z) = z +
∑∞

n=2 anz
n is its

Taylor series expansion, in the disc {z : |z| < p}.Then the region of variability of
second Taylor coefficient a2 is the disc given by

|a2 − 1/p| < λµ

α− 1
.

Proof. For each f ∈ Up(α, λ) has the representation formula of the form

z

f(z)
= 1− a2z −

λµz1/α

α

∫ z

0

w(ζ)

ζ1+1/α
dζ,

where w ∈ B. Now at z = p, the above equality implies that

a2 =
1

p

(
1− λµp1/α

α

∫ p

0

w(ζ)

ζ1+1/α
dζ

)
.

Consequently,we obtain the estimate

|a2 − 1/p| =
∣∣∣∣− λµp1/α−1

α

∫ p

0

w(ζ)

ζ1+1/α
dζ

∣∣∣∣
Since |w(ζ)| ≤ |ζ|

|a2 − 1/p| ≤ λµp1/α−1

α

∫ p

0

|ζ|−1/α|dζ|

≤ λµ

α− 1
·

�
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5. Necessary and Sufficient condition for functions in Up(α, λ)

Throughout this section for each f ∈ A(p), the Taylor expansion of the func-
tion z/f is considered to be :

z

f
= 1 + b1z + b2z

2 + · · · , z ∈ D (5.1)

Theorem 5.1. Let f ∈ Up(α, λ), α > 1 have an expansion of the form (5.1).
Then g ∈ A(p) defined by

(
z

g(z)

)
= 1 +

∞∑
k=1

(Rebk)z
k, with

z

g(z)
6= 0

in D \ {p}, is also a member of the class Up(α, λ) .

Proof. For f ∈ Up(α, λ), call h(z) = f(z). Since Up(α, λ) is invariant under con-
jugation, h ∈ Up(α, λ) . It maybe observed that

z

g(z)
= 1 + Σ∞k=1(Rebk)z

k

=
1

2

[(
1 + Σ∞k=1bkz

k
)

+
(
1 + Σ∞k=1bkz

k
)
]

=
1

2

[ z

f(z)
+

(
z

f(z)

)]
=

1

2

[ z

f(z)
+

z

h(z)

]
·

Further,

Ugα(z) =
z

g(z)
− αz

(
z

g(z)

)′
− 1.

=
1

2

[
Ufα(z) + Uhα(z)

]
Hence |Ugα(z)| < λµ which implies g ∈ Up(α, λ). �

Theorem 5.2. If each f ∈ A(p) of the form (5.1) satisfies the condition
∑∞

n=1(nα−
1)|bn| ≤ λµ, then f ∈ Up(α, λ).
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Proof. For each f of the form (5.1)∣∣∣∣Ufα(z)

∣∣∣∣ =

∣∣∣∣(1− α)

(
z

f(z)

)
+ α

(
z

f(z)

)
f ′(z)− 1

∣∣∣∣
=

∣∣∣∣( z

f(z)

)
− αz

(
z

f(z)

)′
− 1

∣∣∣∣
=

∣∣∣∣ ∞∑
n=1

(1− nα)bnz
n

∣∣∣∣
=

∣∣∣∣− ∞∑
n=1

(nα− 1)bnz
n

∣∣∣∣
<
∞∑
n=1

(nα− 1)|bn|

≤ λµ,

which implies f ∈ Up(α, λ). �

Theorem 5.3. Let f ∈ Up(α, λ) be of the form (5.1). Then

∞∑
n=1

(nα− 1)2|bn|2 ≤ λ2µ2

and for each n ≥ 1, |bn| ≤ λµ
(nα−1) . The result is sharp for the function

f(z) =
z

1−
(

1
p

+ λµpn−1

(nα−1)

)
z + λµzn

(nα−1)

, z ∈ D. (5.2)

Proof. From (5.1) we find that

|Ufα(z)| =

∣∣∣∣∣
∞∑
n=1

(nα− 1)bnz
n

∣∣∣∣∣ < λµ, z ∈ D.

Let z = reiθ where 0 < r < 1 and 0 ≤ θ ≤ 2π. Then

∞∑
n=1

(nα− 1)2|bn|2r2n =
1

2π

∫ 2π

0

∣∣∣∣ ∞∑
n=1

(nα− 1)bnr
neinθ

∣∣∣∣2dθ < λ2µ2.

By letting r → 1,, we deduce the desired inequality. For establishing the coeffi-
cient bound, for n ≥ 1, it follows

(nα− 1)2|bn|2 ≤
∞∑
n=1

(nα− 1)2|bn|2 ≤ λ2µ2,

which implies

|bn| ≤
λµ

(nα− 1)
, ∀n ≥ 1.
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To verify the sharpness, consider the function f defined by(5.2), the coefficient
bn = λµ

(nα−1) . We now show that this function belongs to Up(α, λ). A direct

computation shows that the function satisfies f(p) =∞, f(0) = 0, f ′(0) = 1 and

|Ufα(z)| =

∣∣∣∣− αz( z

f(z)

)′
+

z

f(z)
− 1

∣∣∣∣
=

∣∣∣∣− (1− α)
z

p
− (1− α)λµzpn−1

nα− 1
− λµzn

∣∣∣∣
< |λµzn| < λµ,

for z ∈ D. We establish that z = p is the unique pole of the function in the unit
disk D. To prove this, observe that

z

f(z)
= 1−

(
1

p
+

λµpn−1

(nα− 1)

)
z +

λzn

(nα− 1)

= (z − p)
[ λµpn−1

(nα− 1)

n−1∑
k=1

zk

pk
− 1

p

]
. (5.3)

Now, for z ∈ D,∣∣∣∣ λµpn−1(nα− 1)

n−1∑
k=1

zk

pk
− 1

p

∣∣∣∣ ≥ ∣∣∣∣1p −
∣∣∣∣ λµpn−1(nα− 1)

n−1∑
k=1

zk

pk

∣∣∣∣∣∣∣∣,
and it is easy to see that∣∣∣∣ λµpn−1(nα− 1)

n−1∑
k=1

zk

pk

∣∣∣∣ ≤ λµpn−1

nα− 1
< λµ < 1.

It follows that rightmost bracketed entity in (5.3) is nonzero throughout the unit
disk, since 1/p > 1. Consequently, z/f is nonzero at every z ∈ D except at z = p.
Therefore, the function f defined in (5.2) belongs to the class Up(α, λ). �

6. Fekete-Szegö estimate for Up(α, λ)

Theorem 6.1. For some 0 < λ ≤ 1 , α > 1 if f ∈ Up(α, λ) has the Taylor’s
series expansion of the form f(z) = z +

∑∞
n=2 anz

n in the disc {z : |z| < p} then

|a3 − a22| ≤
λµ

(2α− 1)
·

Proof. Let f ∈ Up(α, λ). Then the Taylor expansion given by (5.1) implies

z = (1 + b1z + b2z
2 + b3z

3 + · · · )(z + a2z
2 + a3z

3 + · · · )

from which it follows that b1 + a2 = 0 and b2 + b1a2 + a3 = 0.
Therefore, a3 − a22 = −b2. The result follows from Theorem (5.2). �
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