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SINGULAR NONLINEARITIES
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ABSTRACT. This paper investigates a class of local-nonlocal elliptic equations
driven by the classical and fractional p-Laplacian operators and involving log-
arithmic and singular nonlinearities. Using variational methods and critical
point theory, we establish the existence of at least two distinct positive weak
solutions under suitable assumptions on the parameters.
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1. INTRODUCTION AND MAIN RESULT

Let © Cc RY be a bounded domain with smooth boundary 9. In this pa-
per, we investigate the following mixed local-nonlocal elliptic problem involving
logarithmic and singular nonlinearities:

S - A 3
—Apu+ (A u = |u|"uln |ul* + — n Q,

u > 0, in €, (1.1)
u=0, in RV \ Q,
Where0<3<1<p<N,O<7<1,2p<q<q+2<p*:NN—_’;),and)\>Oisa

real parameter. Here, A,u = div (|Vu|P~2Vu) denotes the classical p-Laplacian,
whereas the fractional p-Laplacian is given by

(—A)SU(JJ) —P.V. |u(x) — u(y)|p’2(u(x) — u(y)) dy,

! |z —y| VP

RN
where P. V. stands for the principal value. We refer the reader to [15] for a com-
prehensive account of the fractional p-Laplacian and its fundamental properties.

Problems driven by the combination of local and nonlocal diffusion operators
have attracted considerable attention during the past decade. Besides their math-
ematical interest, such models naturally arise in several applications, including

Date: Received: Jun 29, 2026; Revised: Jul 26, 2026; Accepted: Aug 4, 2026.
* Corresponding author
(© The Author(s) 2026. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

1


https://creativecommons.org/licenses/by-nc-nd/4.0/

2 M.IDRISSI, M.KHOUAKHI, C.YAZOUGH

anomalous diffusion, continuum mechanics, biological processes, and phase tran-
sition phenomena; see, for instance, [16, 10, 17]. Their study has generated a
substantial body of work devoted to existence, multiplicity, regularity, and qual-
itative properties of weak solutions; see, among others, [13, 5, 7, 2, 8 11, 18].
The presence of singular nonlinearities considerably increases the analytical com-
plexity of these problems since it affects both the regularity of solutions and the
variational structure of the associated energy functional.
A representative contribution in this direction was obtained by Das et al. [7],
who considered the mixed local-nonlocal equation
—Apu+ (—4),

u=—+u", in €,
p uY
u >0, in €2,

u =0, in RV \ Q,

where A > 0, v € (0,1),r € (p—1,pt —1), s € (0,1), and N > p > 1. Using
variational techniques together with suitable a priori estimates, they proved the
existence of at least two positive weak solutions for sufficiently small values of
the parameter \.

Subsequently, Arora et al. [2] and Garain et al. [20] investigated singular equa-
tions governed by mixed local-nonlocal operators of the form

P
—Apu+ (=A)su = 5 in Q,
u >0, in €,

u=0, in RV \ Q,

obtaining several existence, uniqueness, and regularity results. We also refer
the interested reader to [9, 6, 25, 4] for further developments concerning related
singular mixed local-nonlocal problems.

On the other hand, logarithmic nonlinearities have received increasing atten-
tion because of their occurrence in various mathematical models and their deli-
cate analytical features. Numerous existence and multiplicity results have been
established for elliptic equations involving logarithmic terms; see, for example,
[3, 23, 14, 29, 22, 28]. In particular, Zhang et al. [28] analyzed a mixed local-
nonlocal elliptic system with logarithmic nonlinearities and symmetric coupling
terms on bounded Lipschitz domains. By combining the Nehari manifold ap-
proach with fibering map techniques, they obtained two sign-changing solutions
and further established the existence of a ground state solution through a mini-
mization argument.

Inspired by the above works, we investigate problem (1.1), where logarith-
mic and singular nonlinearities appear simultaneously in the presence of a mixed
local-nonlocal diffusion operator. To the best of our knowledge, this combination
has not been addressed in the existing literature. The coexistence of these non-
linear effects gives rise to substantial analytical challenges, including the singular
behavior near the origin, the logarithmic growth of the reaction term, and the
nonsmooth character of the associated energy functional. These difficulties pre-
vent the direct application of standard variational arguments and require a more
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careful analysis of the corresponding Nehari manifold. By developing an appro-
priate variational framework together with refined compactness arguments, we
establish the multiplicity of positive weak solutions under suitable assumptions
on the parameter \.

Our main result is stated as follows.

Theorem 1.1. Assume that 0 < v < 1. Then there exists \g > 0 such that, for
every A € (0, \g), problem (1.1) admits at least two positive weak solutions.

The paper is organized as follows. Section 2 introduces the functional frame-
work together with the auxiliary results required throughout the paper. The
proof of Theorem 1.1 is presented in Section 3.

2. PRELIMINARIES

In this section, we introduce the functional framework and the main analytical
tools that will be used throughout the paper.

For the standard properties of Lebesgue, Sobolev, and fractional Sobolev spaces,
including the classical embedding theorems, we refer the reader to [15, 21].

To investigate problem (1.1), we introduce the Banach space

Xo(Q) = {u € WH(RN) : ulg € WyP(Q), u=0ae. in R\ Q},

endowed with the norm

1
Ju(z) = uly)” v
[ullx, = (/ |Vu]pdx—i—/RN /RN |x_ |N+ps dx dy

According to the standard theory of mixed local-nonlocal Sobolev spaces (see,
for example, [7, 15]), the space X(2) is a separable and reflexive Banach space.
Furthermore, the embedding X (£2) < L"(2), is continuous for every 1 < r < p*
and compact whenever 1 < r < p*.

Throughout the paper, we use the notation

Sp = {u € Xo(Q) : flullxy = py, By ={u &€ Xo(Q) : flullx, < p},

for the sphere and the closed ball of radius p in Xy(£2), respectively. Moreover,
we set

A(u(z,y)) = lu(x) —uly) P (u(z) —uly),  dv=|z—y/ V" dody,

and denote by u*(z) = max{u(x),0}, the positive part of .
The energy functional associated with problem (1.1) is defined on X,(2) by

|u(z) —uly)l”
VulP d dz d
/' ety /]RN/]RN va—le*pS o
+—2/ |u|qd;v——/ |u\qln|u|2dx——/|u]1_7dx,
9 Jo qJo L —vJq

for every u € Xo(2).
We next recall the basic notions of nonsmooth critical point theory that will
be used in the sequel. For further details, we refer the reader to [12, 24].
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Definition 2.1. Let (U, d) be a complete metric space, f : Y — R be a continuous
functional in Y. Denote by |D f|(u) the supremum of ¢ in [0, c0) such that there
exist § > 0, a neighborhood V' of uw € U, and a continuous map o : V x [0,0] — U
satisfying

{f<o—<v,t>> < f) —ct, (v,1) €V x[0,6], (2.1)

d(o(v,t),v) <t, (v,t) € V x [0,4].

The extended real number |D f|(u) is called the weak slope of f at u, we say that
u € U is a critical point of f if |Df|(u) = 0, we say that k € R is a critical value
of f if there exists a critical point u € U of f with f(u) = k.

Definition 2.2. A sequence {u,} of U is called a Palais-Smale (PS) sequence
of the functional f, if |[Df|(u,) — 0 as n — oo and f (u,) is bounded. Since
u +— | D f|(u) is lower semicontinuous, any accumulation point of a (PS) sequence
is clearly a critical point of f.

We consider the energy functional J, on the closed positive cone
U ={u e Xo(Q),u(x) >0, ae. z€Q}.

U™ is a complete metric space and .Jy is a continuous functional on ™. There-
fore, we obtain the following lemma.

Lemma 2.3. Assume that |DJy| (u) < 400 holds, then for all v € Ut we have
/ |VulP2VuV (v — u)dr + / A(u(z,y)[(v —u)(x) — (v —u)(y)]dv
0 RN JRN

—/ " 2u(v — ) In [ul2dz + | DJy] (W)]|o — ullx, > )\/ v
Q Q

_ udx.
¥
(2.2)

Proof. Let |[DJy| (u) < p, 8 < 3|lv—1ullx,,v € U and v # u. Define the mapping
o:Vx[0,0] U by
v—2z

o(z,t) =2z +t——,
lv = 2],
where V' is a neighborhood of u. Then, we get ||o(z,t) — z||x, = ¢, by (2.1), there
exists a pair (z,t) € V x [0,6] such that Jy(o(z,t)) > Jx(z) — ut. Therefore,
we suppose that there exist sequences {u,} C U™ and {t,} C [0,00), such that
u, — u,t, — 07, and

vV — Up

J)\ (Un +t, > > J)\ (un) - tha

[0 = unllx,

which implies

I (Un + 80 (v —un)) 2 Iy (un) = psn ([ — unly, (2.3)



EQUATION WITH LOGARITHMIC AND SINGULAR NONLINEARITIES 5

where s,, = m — 0Tas n — co. Dividing by s, in (2.3), we obtain
"X
1{|un + 8n (U —uy, E = unp T (u, + s UV — Up —T(u
_” ( )HXO || ||XO + ( n T’L( )) ( n) +/,L”'U—un||xo
p STL Sn
> A / |ty + 5p (0 — )7 — ’u”|1_7d:r;,
1_/7 Q Sn
with
T (u,) = —2/ |u,|? dx — —/ || I || d
Note that
fim T (un + $p (v —1up)) — T (u, — fim _/ |t + sp, v—un)] \un|qd
n—00 Sn n—00 q
— lim 1 (lun + s (v = up)|* — |un|*) In u, + 50 (v _un)| dr
n—oo Sp,
/ Jun|? ( ln\un+sn( — up)]? — In Juy) )
— lim dx
n—oo q

:—/ |u|?™2u(v dx—/ lu|2u(v — u) ln|u|2dx——/ lu|?2u(v — u)dz
q4.Ja qJa
—/ |u|92u(v — u) In |u|*dz.
0

Using [23], for all § € (¢, p*) and 2p < ¢ < p*, we have that

t]9= 1 In [¢|? t]9= ! In [¢|?
lim’| nf =0, and limwzo.

t—0 |t]p—1 P |01
Hence, for any € > 0, there exists C. > 0 such that
[t In [t)? < eft|P~t + CojtP (2.4)

Since u,(z) — u(z) a.e in Q and the map t — |t|?In|t|* is continuous, we
conclude that |u,(2)|"In |u, (2)]> — |u(z)|?In|u(z)]?, ae. in Q. Then, from
(2.4) and the Lebesgue dominated convergence theorem, we have

/ |t | I |2 | diz — / lu|?In |u*dz, asn — oco.
Q Q
We pose

Jln:

)

1— 1—
n n - Un - 1_ n n
JREE T (A T
Q Sn(1_7)

and

1-—
Jon = ( / |un| T dzx.

snl—

—
:/_fn Snvdx:/andx,
Q Sn Q

Thus we have



6 M.IDRISSI, M.KHOUAKHI, C.YAZOUGH

where &, € (up — Spln, Uy + Sy (V — uy)), then &, — u(u, — u) as s, — 07.
Hence J;, > 0 for all n, by the Fatou lemma, we get

n—oo

liminf .J; ,, / ial:t:,
o u

for all v € Y*. For Jp,, by the Lebesgue dominated convergence theorem, we

obtain
lim J;, = —/ul'ydx.
n—oo Q

It follows from the above that

/Q (VulP*VuV (v — u)dw + /RN - A(u(z,y))[(v —u)(z) — (v — u)(y)]dv

vV—Uu

— / lu|*"2u(v — u) In |u|*dz + pllv — ul|x, > liminf (Jin + Jon) > )\/
Q n—oo

e dx,
for every v € UT. Since |DJ,| (u) < p is arbitrary. The proof is complete. [J
Lemma 2.4. The functional Jy satisfies the (PS) condition.
Proof. Let {u,} CU™" be a (PS) sequence for Jy at the level ¢, that is
Iy (uy) = ¢, and  |DJy| (u,) — 0 as n — oc. (2.5)

We deduce from (2.2) and (2.5) that

/Q Va2V, V(0 — ) + / At () (0 — 1) () — (0 — 1) (9)]

RN JRN

_ / |un|q_2 Up, (U —up) In |un]2 dx + |DJy| (uy) ||v — un”xo
Q

v — U
2)\/ Vnda:.
Q Un

We take v = 2u, € U in (2.6), we have

(2.6)

[, —/Qlunlqln\unWJH [ DI (un) l[unllx, = /\/Quwdﬂf. (2.7)

Since (2.5), (2.7) and the Holder inequality, there exists a constant C' > 0, such
that

1
ct+ 140 ([unllx,) = (un) + p [ DI (un) [Jun ],

1 1
> == =) |lunll%. + /unqu— (———)/unlvdx
(p q)|| 1%, + |t |tn|
1 1
> (2= 2wl A [ —— = =) O Jlun
_(p q)H %, <1_7 q> [

From 1 — v < 1 < p, we conclude that {u,} is bounded in X(€2). Then, we may
assume up to a subsequence, still denoted by {u,}, there exists u € Xo(Q2) such
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u, — u, weakly in Xy(9),

u, — u, strongly in L"(2) (1 < r < p*), (2.8)
Up(z) = u(x), ae. in Q,

as n — 0o. Choosing v = u,, in (2.6), we obtain that
/ |V, P2 Vu,V (U — up,)dr + / Atn (2, y)) (U, — un)(x) = (U — un)(y)]dv
0 RN JRN
—1/WUnF_2un@ml—1%)hﬂunfdx%—oﬂjHum——unm%
Q

zg/W;Wm‘
Q n
(2.9)

If we change the role of u,, and wu, in (2.9), we obtain a similar inequality. By
adding the two inequalities, we have

/ (VP Vg, — (VP> V) V (u, — ) do
0

[ A ) = A )] [ = ) () = (= ) ()]
géwwﬂwmquwwwwmw%w—wmx

A / (1 = ) (tt, — ) i+ 0(1) [ty — ],
< /Q (|un]q72 Uy 10 [t ]* = [ty |7 Uy In \um|2) (Un — Upm) dx + 0(1) [|[Um — unllx, -

(2.10)
By using (2.4), (2.8) and {u,} is bounded in Xy(2), for all r € (g, p*), we get

‘/ ]un]q_2 U, In |un]2 (Un, — Up,) dx
Q

< CS/ [t [P [t — | d + CE/ ||ty — Uy | diz
0 Q
=1 1
< Ce (/ \un\pdx) </ [ty — U |” dx) (2.11)
Q Q

+ C; </ |un|rd:c) ' </ |un—um|rdx)r
Q Q

< C€||un_um||p+cf||un_uer — 0,

as n — oo. From a similar calculation in (2.11), we have

‘/ U |72 g 101 [t |* (g — e )
Q

< O Jtn — ti||, + C- ||t — ]|, = 0,

(2.12)
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as n — oo. Combining (2.11) and (2.12), we get that

Hm [ (] w10 [un]? = [ |t I fum|?) (wn — wn) dz = 0. (2.13)
n—oo 0
We recall the well-known Simon inequalities [27], for all £, ¢ € R such that
o op < { eI €0, _ drp22
TGP ICP2O (€ = QI ([P + )=, for 1<p <2,
(2.14)
where ¢,, C), > 0 depending only on p.
Then, by (2.10),(2.13) and (2.14), we obtain
lim (|Vun]p_2 Vi, — | Vi, [P V) V (uy — t) do
[ ) = Al )] (1 = ) () = (0 = ) ()] =
RN JRN
(2.15)

Therefore, we distinguish two cases.
Case 1: p > 2. It follows from (2.15) and Simon’s inequality (2.14) that

[tn — tmllx, = /Q |Vu, — Vu, |’ dx
_ — (u. — P
RN xRN

|z — y|Vtrs

< Cp</ (\Vun|p_2Vun — \Vum]p_QVum) -V (Uy — U da
Q

[ A = ) (0 = ) ) = a0 = ) 0) dy> |

Hence, by (2.15), ||ty — U ||x, —> 0. Consequently u,, — u in Xo(€2) as n — oo.

Case 2: 1 < p < 2. Since {u,} is bounded in X((f2), the factors appearing
in Simon’s inequality remain uniformly bounded. Combining the subadditivity
inequality

(E+0F <€ +CF, (20,
with (2.14), we obtain

[MiS]

i — %, < C( / [(|vunv>—2vun VP2Vt ) - Y (uy — um)} dz
Q

[M4S]

[ A = A (= ) = (i = ) 0)]

where C' > 0 is independent of n and m. Using (2.15), the right-hand side tends
to zero as n,m — oco. Consequently, |t, — tn|x, — 0. Hence, u, — u in

Xo(Q2) as n — oo. O

dV) ,
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Lemma 2.5. If |DJy|(u) = 0, then u is a weak solution of (1.1). That is,
u g € LNQ) for all ¢ € Xo(Q) such that

| e vode [ [ At aiele) - ot

= / |u|92ug In |u|? do + )\/ i(Jlx.
Q Qu?
Proof. Assume that |DJy|(u) = 0. By Lemma 2.3, for every v € U™,

/Q |VulP~2Vu - V(v —u) dr + /RN . A(u(z,y))[(v —u)(zx) — (v —u)(y)] dv

—/ |u|q_2u(v—u)ln|u|2dx2)\/ T g
Q o u

(2.16)
Let t € R, we take v = (u+t¢)" € U™ in (2.16), for any ¢ € Xo(£2), we have

o<t | [1vurrvasods [ [ At iow - sl

—/ |u|q_2u¢ln|u|2dx—)\/ gd:zc}
0 Qu?

—t{ [ vdrvavsdss [ [ Al - s
u+tp<0 u+tp<0

u+tp<0
+/ |u|T2u(u + tp) In |ul*dz.
u+tp<0

From Vu(z) = 0 for a.e. x € Q with u(z) =0, and

meas {z € Q| u(z) +tp(x) < 0,u(z) >0} -0, ast—0.
We obtain that

0<1 { [ v evuvots+ [ [ Aot - o

_/Q|u|q_2uq251n|U|2dx—/\/%dﬁ] +o(1).

Q
Therefore, we have

[ wupvavods+ [ [ e - ola

—/ |u|T2ug In |u|*dx — /\/ ﬂdx > 0.
Q o u’
Replacing ¢ by —¢ yields the reverse inequality. Hence,

[ vuvode+ [[ Atz o) - o)

= w|"?ugIn |ul* dx + X ida:',
|ul
Q o u’
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for every ¢ € Xo(2). O

3. PROOF OF THEOREM (1.1)

This section is devoted to the proof of Theorem (1.1). We first present several
key lemmas that will play a crucial role in the proof of the main theorem.

Lemma 3.1. There exist constants a,p,\g > 0, for all X € (0, o). Then the
functional Jy satisfies the following conditions:

(1) J/\|uesp > a > 0;inf,ep, Ja(u) <0.
(2) There exists e € Xo(§2) with |le]|x, > p such that Jy(e) < 0.

Proof. (1) Using the Holder and Sobolev inequalities, and In |u|* < |u|?, we
get

1 2 1 A
Ia(u) = =lull%, + —2/ lul?dx — —/ |u|?1In |u|*dx — —/ lu|' " dx

p " Jo 4 Ja 1= Ja
1 1 A
> Sl = ¢ [ e = 2 [ e
p q4Ja

1, CD

> Sl - 7107 ( / )’

1
> —[lullk, ——QWM“2 CMWH

1—y

(e
Q

—_

1-—
- A
= Il (" — Ll ™ - :C‘z),

where 7 and C5 are a positive constants.

Set

g(t) — ltp—1+w _ lcltq+1+v’
p q

for t > 0, so, there exists a constant
_ { gp —1+7) }” -
o lplg+1+9)C ’
such that max,~ g(t) = g(p) > 0. Let

_ 9L —7)
AT

then, for every 0 < A < A\g and u € S, we have

1-A
Ja(u) > p'™7 (g(p) ~ 7 i 7Cz) > pTg(p) =a>0.

Furthermore, for u € Xo(©2)\{0}, we have
t A
lim 2 _ ——/ lul'*Vdx < 0.
0

t—0t t1=Y 1—7
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Thus, we get that Jy(tu) < 0 for ¢ small enough. Therefore, for ||u||x,
small enough, we have

d= inf Jy(u) <0. (3.1)

u€B,

(2) For all u € X,(©2)\{0} and ¢ > 0, we have

At
T (tu) :—HUH +—/ |u|qu——/ ult o frufde - /|u|1—w

“Clall + 25 [ fuftde =22 [ juprin e
1—y
——/ |u|? Intdr — al /|u|1_7dm—>—oo,
q Ja L=vJa

as t — +oo,therefore Jy(tu) < 0 for ¢t > 0 large enough. Then, we can
find e € Xo(£2) with |le||x, > p such that Jy(e) < 0.

OJ

Theorem 3.2. Assume that 0 < v < 1. Then there exists a parameter Ao > 0
such that for every X € (0, \g), problem (1.1) has a positive solution u, satisfying
JA(U*) < 0.

Proof. From the definition of d in (3.1) and Lemma (3.1), there exists a minimiz-
ing sequence {u,} C B, NU" such that lim, . Jy (u,) = d < 0. It is clearly,
{u,} is bounded in B,, so it admits a subsequence, still denoted by {u,}, thus
there exists u, € Xo(€2) such that

Up — Uy,  weakly in X(2),
Up — Uy,  strongly in L"(02),1 <r < p¥,
un(r) = us(x), a.e. in Q,

as n — 0.

We then prove that w, — u, as n — oo in Xo(Q2). Let t, = u, — u,, by the
Brézis-Lieb Lemma see [19], we obtain

lunllf, = ltallk, + ludlk, +o(1).
Consequently, by Lemma (2.4), we get
d= lim Jy (u,)

n—oo
1
= () + Jim ~ il
Z J)\ (U*) Z da
from which it follows that ||t,[|x, — 0 as n — oo. Since B, is closed and convex,
then u, € B,. Therefore, we can conclude that J (u.) = d < 0, which implies

that wu, is a local minimizer of Jy and u #Z 0 in €. For v € Y™ and ¢ > 0 small
enough such that u, + ¢ (v — u.) € B,, similar to the proof of Lemma (2.5), we
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have

/Q |V, [P *Vu,V (v — u,)dr + /RN -, Aus(z,y))[(v — ue) () — (v — ui)(y)|dv
- /Q 2wy (0 — wy) In |uy|* da

UV — Uy
2)\/ —dx.
Q Uk

Thus, u, is a critical point of Jy, by Lemma (2.5), we get u, € U™ is a solution
of (1.1) with Jy (u.) = d < 0, which implies that u, > 0 and u, # 0. We consider
the function

A
h(t) = 21Ilt —I— tq——l'*"Y
We obtain

lim h(t) = 400, and  lim A(t) = +oc.

t—0+ t——+o00

Then, h achieves its minimum at

t_{Mq—Hv)]q—hv

Hence

, 2 Mg —1+7) 2
O = bl = T T T

Therefore, we have that
A
—Apts + (A u, = ul " Inul + =2 Cu?™t > 0.

By using the strong maximum principle in [20], we deduce that u, € U is a
positive solution of (1.1). O

Theorem 3.3. Assume that 0 < v < 1. Then there exists a parameter \g > 0
such that for every A € (0, \g), problem (1.1) has a positive solution v, satisfying
J)\(U*> > 0.

Proof. Using Lemma (3.1) and the mountain pass Lemma in [1], there exists a
sequence {u,} C Xy(€2) such that

Iy (up,) = ¢, and |DJy|(u,) =0, asn— oo,

where

— inf Ja(n(t
¢ = Inf max A(n()),

and

['={n € C([0,1],%o()) : n(0) = 0,n(1) = e} .
By Lemma (2.4), we know that {u,} C Xy(£2) has a convergent subsequence, still
denoted by {u,}, we may assume that u,, — v, in Xo(2) as n — oo, we get

Iy (v) = 1i_>m Iy (uy) > a >0,
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which implies that v, #Z 0. It is similar to Step 1 that v, > 0, we obtain that v,

is a positive solution of equation (1.1) such that Jy (v,) > 0. O]
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