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Abstract. This paper introduces and studies the concept of mean (η1; η2)-
pseudo-almost automorphic solution of infinite class for stochastic processes
using the measure theory. We present many interesting results on spaces,
such as completeness and composition theorems. Our abstract results are then
applied to the study of the existence and uniqueness of mean almost-pseudo
automorphic solutions for the stochastic evolution equation. These results pro-
vide an effective framework for analyzing the existence and uniqueness of mean
(η1; η2)-pseudo-almost automorphic solutions of infinite class of stochastic evo-
lution equations, combining semigroup theory, fixed-point argument.
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1. Introduction

The study of pseudo-almost automorphic solutions plays a crucial role in the
qualitative analysis of recurrent dynamical systems. In many applied fields, par-
ticularly in physics, biology, engineering and finance, such systems are often sub-
ject to random perturbations, which naturally leads to the study of stochastic
evolution equations. Stochastic evolution differential equations arise in various
areas, notably in neuroscience, where Poisson processes are widely used [11, 22].
However, classical notions of almost periodicity are not sufficient to capture the
full complexity of these phenomena. This limitation motivates the development
of more general frameworks, especially those based on measure theory. In the
presence of Poisson noise, several challenges remain, including the proper defini-
tion of suitable functional spaces and the analysis of the existence and uniqueness
of mild solutions, which require appropriate analytical tools. In this article, we
investigate certain stochastic differential equations as well as pseudo-almost au-
tomorphic processes in a Banach space. The concept of almost automorphic pro-
cesses was first established by S. Bochner in 1927 [7] as a generalization of almost
periodic processes introduced by H. Bohr in 1925 [8]. We also study processes in
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the mean sense notably (η1; η2)-ergodic and (η1; η2)-pseudo-almost automorphic
processes of infinite class . The notion of mean pseudo-almost automorphic pro-
cesses and has relevant applications in mathematical physics and statistics [5]. In
this paper, we study (1.1) in a Banach space B, defined

dy(t) = [Ay(t) + L(yt) + g(t)]dt+ h(t)dN(t), (1.1)

where A : B → B with domain D(A) ⊂ B, is a linear operator satisfying the
Hille-Yosida condition; g, h: R→ L(Ω,B) are two stochastic processes and N(t)
is a two-sided inhomogeneous Poisson process with intensity function λ∗, defined
on the filtered probability space (Ω,F , P, {FNt }t≥0) with natural filtration
FNt = σ{N(u) − N(v)|v, u ≤ t} and L : B → L(Ω,B) is a bounded linear
operator, where B denotes the phase space which is a space of functions mapping
]−∞; 0] into X. For every t ≥ 0, the history function yt ∈ B corresponding to a
stochastic process y defined by yt(θ) = y(t+ θ) for θ ∈]−∞; 0]. L(Ω,B) denotes
the space of all B-valued random variables y such that

E‖y‖ =

∫
Ω

‖y‖dP <∞.

Our work is based on the studies established on Poisson processes in [17, 22]
and on recent contributions concerning stochastic evolution differential equations
similar to (1.1). As an illustration, in [21] the authors established the existence
and uniqueness of mean cl(µ, ν)-pseudo-almost periodic solution of class r in a
Banch space. In [5], the authors studied the concept of p-mean almost periodicity
for stochastic processes and established the unique square-mean almost periodic
solution of an equation similar to problem (1.1).
Our work is divided as follows: in the second section, we provide the spectral
decomposition and study the mean (η1; η2)-ergodic process of infinite class; in the
third section ; we establish mean (η1; η2)-pseudo-almost automorphic processes of
infinite class and their properties; and the last section is devoted to an application.

2. Spectral decomposition and Mean (η1, η2)-ergodic processes

In this paper, we consider the space (B, |.|B) is a normed linear space of functions
mapping ]−∞; 0] into L(Ω,B) and satisfying the following fundamental axioms.

(A1) : There exist a positive constant H and functions K(.),M(.) : R+ → R+,

with K continuous and M locally bounded, such that for any σ ∈ R and a > 0,

if v :]−∞, a]→ L(Ω,B), vσ ∈ B, and v(.) is continuous on [σ, σ + a],

then for every t ∈ [σ, σ + a] the following conditions hold :

(i) vt ∈ B,

(ii) |v(t)| ≤ H|vt|B, which is equivalent to |ϕ(0)| ≤ H|ϕ|B for every ϕ ∈ B

(iii) |vt|B ≤ K(t− σ) sup
σ≤s≤t

|v(s)|+M(t− σ)|vσ|B

(A2) : For the function v(.) in (A1), t 7→ vt is a B − valued continuous function for t ∈ [σ, σ + a],

(A3) : The space B is a Banach space.
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Now, we illustrate the concept of a normed linear space (B, |.|B) with the follow-
ing example

Example 2.1. B = Cγ, γ > 0 where

Cγ =

{
φ ∈ C(]−∞; 0], L(Ω,B)) : lim

θ→−∞
eγθφ(θ) exists in L(Ω,B)

}
,

with the following norm

‖φ‖γ = sup
θ≤0

(
E‖eγθφ(θ)‖

)
.

We assume that :
(C1) : Let (ϕn)n≥0 ⊂ B, if ϕn → 0 in B as n→ +∞, then sequence (ϕn(θ))n≥0

converges to 0 in L(Ω,B). Consider C(]−∞; 0], L(Ω,B)) the space of continuous
functions from ]−∞; 0] to L(Ω,B). Now, we suppose the following assumptions
:

(C2) : B ⊂ C(]−∞; 0], L(Ω,B));

(B) : There exists λ0 ∈ R such that, for all λ ∈ C with Re(λ) > λ0 and

y ∈ L(Ω,B), eλ·y ∈ B and K0 = sup
Re(λ)>λ0,y∈L(Ω,B)

y 6=0

∣∣eλ·y∣∣
B

|y|
<∞,

where (eλ·y)(θ) = eλθy for θ ∈]−∞, 0] and y ∈ L(Ω,B).

Here, we associate to (1.1), the following initial value problem{
dvt = [Avt + L(vt) + g(t)] dt+ h(t)dN(t) for t > 0

v0 = φ ∈ B,
(2.1)

where g, h : R+ → L(Ω,B) are two continuous stochastic processes.

Definition 2.2. A continuous function v :] −∞; +∞[→ L(Ω,B) is an integral
solution of (2.1), if the following conditions hold :

(1)

∫ t

0

v(s)ds ∈ D(A), for t ≥ 0 ;

(2) v(t) = φ(0) + A

∫ t

0

v(s)ds+

∫ t

0

(L(vs) + g(s))ds+

∫ t

0

h(s)dN(s),

for t ≥ 0 ;
(3) v0 = φ.

Remark 2.3. [20] If D(A) = L(Ω,B), the integral solution coincides with the mild
solution.
From the closedness property of A, if v(t) is an integral solution of (2.1), then

v(t) ∈ D(A) for all t ≥ 0, in particular φ(0) ∈ D(A) .
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Now, we introduce part A0 of the operator A in D(A) which is defined by{
D(A0) =

{
y ∈ D(A) : Ay ∈ D(A)

}
A0y = Ay for y ∈ D(A0).

We assume

(H0) : A satisfies Hille-Yosida condition.

Proposition 2.4. [1] The part A0 of A generates a C0-semigroup (T0(t))t≥0 on

D(A).

Introduce BA of (2.1) which is defined by

BA = {ϕ ∈ B : ϕ(0) ∈ D(A)}.

For t ≥ 0, V(t) in BA is defined by V(t)ϕ = ut(., ϕ) where u(., ϕ) is the solution
of 

d

dt
ut = Aut + L(ut) for t ≥ 0

u0 = ϕ ∈ B.
(2.2)

Proposition 2.5. [3] Family (V(t))t≥0 is a C0-semigroup of bounded linear oper-
ators on BA. Furthermore (V(t))t≥0 satisfies, all t ≥ 0 and θ ≤ 0, the following
translation property

(V(t)ϕ) (θ) =

{
(V(t+ θ)ϕ) (0),∀t+ θ ≥ 0

ϕ(t+ θ), ∀t+ θ ≤ 0.

Theorem 2.6. [3] Let AV defined on BA by{
D(AV) =

{
ϕ ∈ C1(]−∞, 0];X) ∩BA; φ′ ∈ BA, ϕ(0) ∈ D(A) and ϕ′(0) = Aϕ(0) + L(ϕ)

}
AVϕ = ϕ′ for ϕ ∈ D(AV),

then AV is the infinitesimal generator of the semigroup (V(t))t≥0 on BA.

Let 〈X0〉 the space defined by 〈X0〉 = {X0y : y ∈ X} where function X0y is
defined by

(X0y)(θ) =

{
0 if θ ∈]−∞, 0[

y if θ = 0.
(2.3)

The space BA ⊕ 〈X0〉 is a Banach space with following norm

‖z +X0p‖B = ‖z‖B + ‖p‖ for (z, p) ∈ BA × X and consider ÃV the extension of
the operator AV defined on BA ⊕ 〈X0〉 by{

D(ÃV) =
{
ϕ ∈ C1(]−∞, 0];X) : ϕ ∈ D(A) and ϕ′ ∈ D(A)

}
ÃVϕ = ϕ′ +X0 (Aϕ+ L(ϕ)− ϕ′) .

Lemma 2.7. [3] Suppose that B satisfies (A1), (A2), (B) and (C1)−(C3). Then

ÃV satisfies the Hille-Yosida condition on BA ⊕ 〈X0〉.
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Let C00 be the space of X-valued continuous function on ]−∞, 0] with compact
support. We assume that :
(D) : If (φn)n≥0 is a Cauchy sequence in B and converges compactly to φ on
]−∞; 0], then φ ∈ B and |φn − φ| → 0.

Proposition 2.8. [2] Suppose that B satisfies (A1), (A2), (B) and (C1)− (C3).

Assume that (H0) holds. Then ÃV satisfies the Hille-Yosida condition on BA ⊕
〈X0〉, there exists M ≥ 0, ω̃ ∈ R such that

]ω̃,+∞[⊂ ρ(ÃV) and |(λI − ÃV)−n| ≤ M

(λ− ω̃)n
for n ∈ N et λ > ω̃.

Furthermore, the part ÃV on D(ÃV) = BA is exactly the operator ÃV .

Let (S0(t))t≥0 be the strongly continuous semigroup defined on the subspace
B0 = {φ ∈ B : φ(0) = 0} by

(S0(t)ϕ) (θ) =

{
φ(t+ θ), if t+ θ ≤ 0

0, if t+ θ ≥ 0.

Definition 2.9. Assume that the space B satisfies axioms (B) and (D), B is
said to be a fading memory space, if for all φ ∈ B,

|S0(t)| → 0 as t→ +∞ in B0.

Moreover, B is said to be a uniform fading memory space, if

|S0(t)| → 0 as t→ +∞.

Lemma 2.10. [18](p.190) If B is a uniform fading memory space, then the
function K may be taken as constant and the function M can be selected such
that M(t)→ 0 as t→ +∞.

Proposition 2.11. [18] If B is a fading memory space, then the Banach space
BC(]−∞, 0],X) of all bounded continuous X-valued functions on ]−∞, 0] equipped
with the supremum norm is continuous embedding in B. In particular B satisfies
(C3), for λ0 > 0.

Now, we assume the following hypothesis

(H1) : T0(t) is compact on D(A), for all t > 0.

(E) : B is a uniform fading memory space.

Theorem 2.12. [3] Assume that B satisfies (A1), (A2), (B), (C1) and (H0), (H1), (E)
hold. Then (V(t))t≥0 can be decomposed on BA as follows

V(t) = V1(t) + V2(t) for t ≥ 0

where (V1(t))t≥0 is an exponentially stable semigroup on BA, which means that
there are constants α0 ≥ 0 and N0 ≥ 0 such that

|V1(t)| ≤ N0e
−α0t|ϕ| for t ≥ 0 and ϕ ∈ BA

and (V2(t))t≥0 is compact for t > 0.

The result below concerns the spectral decomposition of BA.
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Proposition 2.13. [3] Assume that (A1), (A2), (C1) and (H0), (H1), (E) hold.
Then the space BA is decomposed as a direct sum

BA = S ⊕ U

of two V(t) invariant closed subspaces S and U such that restricted semigroup on
V is a group and there exist positive constant M0 and ω such that

|V(t)ϕ| ≤M0e
−ωt|ϕ| for t ≥ 0 and ϕ ∈ S,

|V(t)ϕ| ≤M0e
ωt|ϕ| for t ≤ 0 and ϕ ∈ U,

where S and U are called the stable and unstable space respectively.

Let N the Lebesgue σ-field of R and by M the set of all positive measures η on
N satisfying η(R) = +∞ and η([a, b]) < ∞, for all a, b ∈ R, (a ≤ b). The space
(L(Ω,B), ‖.‖) is a Banach space.

Definition 2.14. Let g : R→ L(Ω,B) a stochastic process.

1) If lim
t→s

E‖g(t)− g(s)‖ = 0 for all s ∈ R, then g is continuous.

2) If there exists C ∈ R+ such that E‖g(t)‖ ≤ C, ∀t ∈ R , then g is
bounded.

Denote SBC(R, L(Ω,B)), the space of all bounded and continuous processes.

We can see that the space SBC(R, L(Ω,B)) with the following norm
‖g‖∞ = sup

t∈R
E‖g(t)‖ is a Banach space.

Definition 2.15. Let η1, η2 ∈M. A stochastic process g : R→ L(Ω,B) is mean
(η1; η2)-ergodic of infinite class if g ∈ SBC(R, L(Ω,B)) and satisfies

lim
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t) = 0.

We also denote by E(R, L(Ω,B), η1, η2,∞), the space of all such processes.

For η1, η2 ∈ M and a ∈ R, we denote by η1,a the positive measure on (R,N )
defined by

η1,a(S) = η1({a+ b : b ∈ S}) for S ∈ N . (2.4)

From η1, η2 ∈M, we formulate the following hypothesis

(H2) : For all a ∈ R, there exist β > 0 and a bounded interval J such that

η1,a(S) ≤ βη1(S) when S ∈ N satisfies S ∩ J = ∅.
(H3) : For all a, b, c and δ ∈ R, such that 0 ≤ a < b ≤ c, there exist δ0 > 0 and α0 > 0

such that |δ| ≥ δ0 ⇒ η1(]a+ δ, b+ δ[) ≥ α0η1([δ, c+ δ]).

(H4) : Let η1, η2 ∈M such that lim sup
ζ→+∞

η1([−τ, τ ])

η2([−τ, τ ])
= α <∞.

Remark 2.16. [19] Hypothesis (H2) implies hypothesis (H3).
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Proposition 2.17. Assume that (H2) holds. Then E(R, L(Ω,B), η1, η2,∞) is a
Banach space with the norm ‖, ‖∞.

Proof. We can see that E(R, L(Ω,B), η1, η2,∞) is a vector subspace of SBC(R, L(Ω,B)).
To complete the proof, it is enough to prove that E(R, L(Ω,B), η1, η2,∞) is closed
in SBC(R, L(Ω,B)). Let (gn)n∈N be a sequence in E(R, L(Ω,B), η1, η2,∞) such
that lim

n→+∞
gn = g uniformly in SBC(R, L(Ω,B)). From η2(R) = +∞, it results

that η2([−ζ, ζ]) > 0 for ζ sufficiently large. ∀ε > 0,∃n0 ∈ N such that
∀n ≥ n0, ‖gn − g‖∞ < ε. We have

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t) ≤ 1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖gn(θ)− g(θ)‖dη1(t)

+
1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖gn(θ)‖dη1(t)

≤ 1

η2([−ζ, ζ])

∫ ζ

−ζ
‖gn − g‖∞dη1(t)

+
1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖gn(θ)‖dη1(t),

It results that

lim sup
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t) ≤ α‖gn − g‖∞

≤ αε, ∀ε > 0.

Therefore g ∈ E(R, L(Ω,B), η1, η2,∞). �

The result stated below characterizes mean (η1, η2)-ergodic processes, including
the possibility that J = ∅.

Theorem 2.18. Assume that (H4) holds. Let g ∈ SBC(R, L(Ω,B)) a process.
Then the following assertions are equivalent :
i) g ∈ E(R, L(Ω,B), η1, η2,∞) ;

ii) lim
ζ→+∞

1

η2([−ζ, ζ] \ J )

∫
[−ζ,ζ]\J

(
sup

θ∈]−∞,t]
E‖g(θ)‖

)
dη1(t) = 0 ;

iii) For any ε > 0, lim
ζ→+∞

η1

({
t ∈ [−ζ, ζ] \ J : sup

θ∈]−∞,t]
E‖g(θ)‖ > ε

})
η2([−ζ, ζ] \ J )

= 0.

Proof. First, we show that i) ⇔ ii).

We denote by S = η2(J ), R =

∫
J

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t). S and R belong to R

because the interval J is bounded and the process g is stochastically continuous
and bounded on R. For ζ > 0 such that J ⊂ [−ζ, ζ] and η2([−ζ, ζ] \ J ) > 0, we
have η2([−ζ, ζ]) < +∞ and J ⊂ [−ζ, ζ].
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Hence η2([−ζ, ζ] \ J ) = η2([−ζ, ζ])− η2(J ). We have

1

η2([−ζ, ζ] \ J )

∫
[−ζ,ζ]\J

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t)

=
1

η2([−ζ, ζ])− S

[∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t)−R

]
;

=
η2([−ζ, ζ])

η2([−ζ, ζ])− S

[
1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t)

]

+
η2([−ζ, ζ])

S − η2([−ζ, ζ])
× R
η2([−ζ, ζ])

;

=

(
1 +

S
η2([−ζ, ζ])− S

)
× 1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t)

+

(
1 +

S
S − η2([−ζ, ζ])

)
× R
η2([−ζ, ζ])

.

By passing to the limit and using the fact that η2(R) = +∞, we obtain

lim
ζ→+∞

1

η2([−ζ, ζ] \ J )

∫
[−ζ,ζ]\J

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t) = 0.

We deduce that i) is equivalent to ii).
Now, we show that iii) ⇒ ii). Denote by Sεζ and Rε

ζ , the following sets

Sεζ =

{
t ∈ [−ζ, ζ] \ J : sup

θ∈]−∞,t]
E‖g(θ)‖ > ε

}
; Rε

ζ =

{
t ∈ [−ζ, ζ] \ J : sup

θ∈]−∞,t]
E‖g(θ)‖ ≤ ε

}
.

Assume iii), then

lim
ζ→+∞

η1(Sεζ )
η2([−ζ, ζ] \ I)

= 0. (2.5)

We have [−ζ, ζ] \ J = Sεζ ∪Rε
ζ , it follows that∫

[−ζ,ζ]\J
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t) =

∫
Sεζ

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t) +

∫
Rεζ

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t).

For ζ sufficiently large, we obtain∫
[−ζ,ζ]\J

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t) ≤ ‖g‖∞η1(Sεζ ) + εη1(Rε
ζ).

Hence

lim sup
ζ→+∞

1

η2([−ζ, ζ] \ J )

∫
[−ζ,ζ]\J

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t)

≤ ‖g‖∞lim sup
ζ→+∞

η1(Sεζ )
η2([−ζ, ζ] \ J )

+ εlim sup
ζ→+∞

η1(Rε
ζ)

η2([−ζ, ζ] \ J )
.

By using (2.5) and hypothesis (H4), it follows that
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lim sup
ζ→+∞

1

η2([−ζ, ζ] \ J )

∫
[−ζ,ζ]\J

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t) ≤ αε, ∀ε > 0.

As a result iii) implies ii).
Thus, we shall show that ii) implies iii). Assume that ii) holds. From the following
inequality ∫

[−ζ,ζ]\J
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t) ≥

∫
Sεζ

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t);

1

εη2([−ζ, ζ] \ J )

∫
[−ζ,ζ]\I

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t) ≥
η1(Sεζ )

η2([−ζ, ζ] \ J )
,

it follows that lim
ζ→+∞

η1(Sεζ )
η2([−ζ, ζ] \ J )

= 0. �

Definition 2.19. Let g ∈ SBC(R, L(Ω,B)) and let ζ ∈ R. The translate gζ of
g is defined by gζ(t) = g(t + ζ) for all t ∈ R. A subset D ⊆ SBC(R, L(Ω,B)) is
translation invariant, if for all g ∈ D implies gζ ∈ D for all ζ ∈ R.

Definition 2.20. Let η1, η2 ∈M.
We say that η1 and η2 are equivalent (η1 ∼ η2), if there exist constants α, β > 0
and a bounded interval J (possibly empty) such that αη1(S) ≤ η2(S) ≤ βη1(S)
for S ∈ N satisfying S ∩ J = ∅.

Theorem 2.21. Let η1, η
∗
1, η2, η

∗
2 ∈M. If η1 ∼ η∗1 and η2 ∼ η∗2, then

E(R, L(Ω,B), η1, η2,∞) = E(R, L(Ω,B), η∗1, η
∗
2,∞).

Proof. Given that η1 ∼ η∗1 and η2 ∼ η∗2, there exist some strictly positive con-
stants α1, α2, β1, β2 and a bounded interval J (eventually J = ∅) such that
α1η1(S) ≤ η∗1(S) ≤ β1η1(S) and α2η2(S) ≤ η∗2(S) ≤ β2η2(S) for each S ∈ N satis-

fies S∩J = ∅. We obtain
α1η1(Sεζ )

β2η2([−ζ, ζ] \ I)
≤

η∗1(Sεζ )
η∗2([−ζ, ζ] \ J )

≤
β1η1(Sεζ )

α2η2([−ζ, ζ] \ J )
,

it follows that

lim
ζ→+∞

α1η1

({
t ∈ [−ζ, ζ] \ J : sup

θ∈]−∞,t]
E‖g(θ)‖ > ε

})
β2η2([−ζ, ζ] \ J )

≤ lim
ζ→+∞

η∗1

({
t ∈ [−ζ, ζ] \ J : sup

θ∈]−∞,t]
E‖g(θ)‖ > ε

})
η∗2([−ζ, ζ] \ J )

;

≤ lim
ζ→+∞

β1η1

({
t ∈ [−ζ, ζ] \ J : sup

θ∈]−∞,t]
E‖g(θ)‖ > ε

})
α2η2([−ζ, ζ] \ J )

.



10 B. BALMA, M. KIEMA, V. KONANE

Then, it results that

lim
ζ→+∞

η1

(
Sεζ
)

η2([−ζ, ζ] \ J )
= lim

ζ→+∞

η∗1
(
Sεζ
)

η∗2([−ζ, ζ] \ J )
= 0.

Therefore E(R, L(Ω,B), η1, η2,∞) = E(R, L(Ω,B), η∗1, η
∗
2,∞). �

Let η1, η2 ∈M, we denote by cl(η1, η2) = {ω1, ω2 : η1 ∼ ω1; η2 ∼ ω2}.

Proposition 2.22. [6] Let η ∈ M. Then η satisfies (H2) if and only if the
measures η et ηζ are equivalent for all ζ ∈ R.

Proposition 2.23. [19] For all σ > 0, (H2) implies that

lim sup
ζ→+∞

η1([−ζ − σ, ζ + σ])

η2([−ζ, ζ])
<∞.

Theorem 2.24. Let η1, η2 ∈ M satify (H2). Then E(R, L(Ω,B), η1, η2,∞) is
translation invariant.

Proof. Assume that (H2) holds. The proof of this theorem is also inspired by
Theorem 3.1 in [6]. Let g ∈ E(R, L(Ω,B), η1, η2,∞) and b ∈ R.
Since η2(R) = +∞, there exists b0 > 0 such that η2([−ζ − |b|, ζ + |b|]) > 0 for
|b| > b0. We also denote by

Rb(ζ) =
1

η2,b([−ζ, ζ])

∫
[−ζ,ζ]

sup
θ∈]−∞,t]

E‖g(θ)‖dη1,b(t), ∀ζ > 0 and b ∈ R,

where η2,b is the positive measure defined by (2.4). Assumption (H2) being sat-
isfied, using Proposition 2.22, we deduce that η2 ∼ η2,b and η1 ∼ η1,b, using the
Theorem 2.21, we obtain

E(R, L(Ω,B), η1,b, η2,b,∞) = E(R, L(Ω,B), η1, η2,∞).

Consequently g ∈ E(R, L(Ω,B), η1,b, η2,b,∞), hence lim
ζ→+∞

Rb(ζ) = 0, ∀b ∈ R.

For all B ∈ N , we also denote by χB the characteric function of B. Using the
definition of the measure η1,b, we obtain∫

[−ζ,ζ]
χB(t)dη1,b(t) =

∫
[−ζ,ζ]

χB(t)dη1(t+ b) =

∫
[−ζ+b,ζ+b]

χB(t− b)dη1(t).

Given that the function t 7→ sup
θ∈]−∞,t]

E‖g(θ)‖ can be expressed as the pointwise

limit of an increasing sequence of linear combinations of functions, we deduce
that ∫

[−ζ,ζ]
sup

θ∈]−∞,t]
E‖g(θ)‖dη1,b(t) =

∫
[−ζ+b,ζ+b]

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t).
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Let b+ := max(b, 0) and b− := max(−b, 0).
Then [−ζ + b− |b|, ζ + b+ |b|] = [−ζ − 2b−, ζ + 2b+] and we obtain

Rb(ζ + |b|) =
1

η2,b([−ζ − |b|, ζ + |b|])

∫
[−ζ−|b|,ζ+|b|]

sup
θ∈]−∞,t]

E‖g(θ)‖dη1,b(t);

=
1

η2([−ζ + b− |b|, ζ + b+ |b|])

∫
[−ζ−|b|,ζ+|b|]

sup
θ∈]−∞,t]

E‖g(θ)‖dη1(t+ b);

=
1

η2([−ζ − 2b−, ζ + 2b+])

∫
[−ζ−2b−,ζ+2b+]

sup
θ∈]−∞,t−b]

E‖g(θ)‖dη1(t).

Then, we have

1

η2([−ζ, ζ])

∫
[−ζ,ζ]

sup
θ∈]−∞,t−b]

E‖g(θ)‖dη1(t) ≤ 1

η2([−ζ, ζ])

∫
[−ζ−2b−,ζ+2b+]

sup
θ∈]−∞,t−b]

E‖g(θ)‖dη1(t);

≤ η2([−ζ − 2b−, ζ + 2b+])

η2([−ζ, ζ])
×Rb(ζ + |b|).

Using the Proposition 2.23, it results that lim
ζ→+∞

1

ν([−ζ, ζ])

∫
[−ζ,ζ]

sup
θ∈]−∞,t]

E‖g(θ − b)‖dµ(t) = 0,

that is g−b ∈ E(R, L(Ω,B), η1, η2,∞). Therefore E(R, L(Ω,B), η1, η2,∞) is trans-
lation invariant. �

3. Mean (η1, η2)-pseudo-almost automorphic processes

In this part, we define mean (η1, η2)-pseudo-almost automorphic and their prop-
erties.

Definition 3.1. A continuous stochastic process f : R → L(Ω,B) is almost
automorphic process in mean sense if for every sequence of real numbers (sm)m∈N,
there exists a subsequence (sn)n∈N and a stochastic process g : R→ L(Ω,B) such
that

lim
n→∞

E‖f(t+ sn)− g(t)‖ = 0

for each t ∈ R and

lim
n→∞

E‖g(t− sn)− f(t)‖ = 0

for each t ∈ R.
Denote the space of all such stochastic processes by SAA(R, L(Ω,B)).

Lemma 3.2. [10] The space SAA(R, L(Ω,B)) of mean almost automorphic sto-
chastic processes equipped with the supremum norm ‖.‖∞, constitutes a Banach
space.

Definition 3.3. Let f : R → L(Ω,B) be a bounded continuous stochastic
process. f is mean compact almost automorphic process if for every sequence
(t′n)n ⊂ R, we can extract a subsequence (tn)n such that, for some stochastic
process h : R→ L(Ω,B), we have

lim
n→+∞

E ‖f (t+ tn)− h(t)‖ = 0 for all t ∈ R
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and
lim

n→+∞
E ‖h (t− tn)− f(t)‖ = 0 for all t ∈ R

uniformly on compact subsets of R. Such stochastic processes collectively consti-
tute the space denoted SAAc (R, L(Ω,B)).

From [4], AP (R,X) ⊂ AAc (R,X) ⊂ AA (R,X), thus we obtain the following
remark.

Remark 3.4. SAP (R, L(Ω,B)) ⊂ SAAc (R, L(Ω,B)) ⊂ SAA (R, L(Ω,B))

Corollary 3.5. SAAc (R, L(Ω,B)) equipped with the norm ‖ · ‖∞ is a Banach
space.

Definition 3.6. Let η1, η2 ∈M. A bounded continuous stochastic process
f : R → L(Ω,B) is (η1, η2)-pseudo-almost automorphic in mean, if it can be
decomposed as follows

f = g + h,

where g ∈ SAAc(R, L(Ω,B)) and h ∈ E(R, L(Ω,B), η1, η2).
We denote the space of all such stochastic processes by SPAAc(R, L(Ω,B), η1, η2).

Proposition 3.7. [12] Let η1, η2 ∈M satisfy (H3) and let f ∈ PAA(R;X, η1, η2)
be such that f = g+h, where g ∈ AA(R,X) and h ∈ E(R,X, η1, η2). Then the set
{g(t) : t ∈ R} is contained in the closure of the range of f , that is

{g(t) : t ∈ R} ⊂ {f(t) : t ∈ R}

Proposition 3.8. [23] Assume that (H3) holds. Then the decomposition of
(η1, η2)-pseudo-almost automorphic function in form f = g + h, where g ∈
SAA(R,X) and h ∈ E(R,X, η1, η2,∞) is unique.

Remark 3.9. For X = L(Ω,H), Proposition 3.7 and 3.8 are always holds.

Theorem 3.10. Let η1, η2 ∈ M. Assume that SPAA (R, L(Ω,B), η1, η2,∞) is
translation invariant. Then (SPAA(R, L(Ω,B), η1, η2,∞), ‖ · ‖∞) is a Banach
space.

Proof. Let η1, η2 ∈M and (fn) be a Cauchy sequence in SPAA(R, L(Ω,B), η1, η2,∞).
For each n, we decompose fn = gn + φn, where gn ∈ SAA (R, L(Ω,B)) and
φn ∈ E (R, L(Ω,B), η1, η2,∞). By Proposition 3.7 and Remark 3.9 , we have
‖gn − gm‖∞ ≤ ‖fn − fm‖∞, which implies that (gn) is a Cauchy sequence in the
Banach space (SAA (R, L(Ω,B)) ; ‖ · ‖∞). Since φn = fn − gn, then
‖φn − φm‖∞ ≤ ‖fn − fm‖∞ + ‖gn − gm‖∞. It follows that (φn) is also Cauchy
sequence in the Banach space (E (R, L(Ω,B), η1, η2,∞) , ‖ · ‖∞). By Lemma
3.2 and Proposition 2.17, there exist processes g ∈ SAA (R, L(Ω,B)) and φ ∈
E (R, L(Ω,B), η1, η2,∞) such that lim

n→+∞
gn = g and lim

n→+∞
φn = φ. Consequently

lim
n→+∞

fn = g+φ ∈ SPAA(R, L(Ω,B), η1, η2,∞), which proves that SPAA(R, L(Ω,B), η1, η2,∞)

is complete with respect to the supremum norm. �

Now, we study the composition properties of mean (η1, η2)-pseudo-almost auto-
morphic processes.
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Theorem 3.11. Let f : R × L(Ω,B) → L(Ω,B), (t, x) 7→ f(t, x). Suppose that
f is mean almost automorphic in t ∈ R for each x ∈ L(Ω,B) and satisfies the
following Lipschitz condition :

E‖f(t, x)− f(t, y)‖ 6 L.E‖x− y‖

for all x, y ∈ L(Ω,B) and for each t ∈ R, where L > 0 does not depend on t.
Then, for any mean almost automorphic process x : R → L(Ω,B), the process
F : R→ L(Ω,B) defined by F (t) := f(t, x(t)) is also mean almost automorphic.

Proof. The proof of this theorem is similar to the proof of theorem 2.6 in [16]. �

Lemma 3.12. . Assume (H3) holds and let g ∈ SBC (R;L(Ω,B).
Then g ∈ E (R;L(Ω,B), η1, η2,∞) if and only if for any ε > 0,

lim
ζ→+∞

η1

(
Kζ,ε(g)

)
η2([−ζ, ζ])

= 0

where

Kζ,ε(g) =

{
t ∈ [−ζ, ζ] : sup

θ∈]−∞,t]
E‖g(θ)‖ ≥ ε

}

Proof. On the one hand, suppose that g ∈ E (R;L(Ω,B), η1, η2,∞), it follows that

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t) =

1

η2([−ζ, ζ])

∫
Kζ,ε(g)

(
sup

θ∈]−∞,t]
E‖g(θ)‖

)
dη1(t)

+
1

η2([−ζ, ζ])

∫
[−ζ,ζ]\Kζ,ε(g)

(
sup

θ∈]−∞,t]
E‖g(θ)‖

)
dη1(t)

≥ 1

η2([−ζ, ζ])

∫
Kζ,ε(g)

(
sup

θ∈]−∞,t]
E‖g(θ)‖

)
dη1(t)

≥ εη1(Kζ,ε(g))

η2([−ζ, ζ])
.

Then

lim
ζ→+∞

η1

(
Kζ,ε(g)

)
η2([−ζ, ζ])

= 0.

On the other hand, Suppose that g ∈ SBC (R;L(Ω,B) such that,

lim
ζ→+∞

η1

(
Kζ,ε(g)

)
η2([−ζ, ζ])

= 0.



14 B. BALMA, M. KIEMA, V. KONANE

Since g ∈ SBC (R;L(Ω,B), for all t ∈ R, there exists a constant k0 > 0 such that
E‖g(t)‖ ≤ k0, then using (H3) , it follows that

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t) =

1

η2([−ζ, ζ])

∫
Kζ,ε(g)

(
sup

θ∈]−∞,t]
E‖g(θ)‖

)
dη1(t)

+
1

η2([−ζ, ζ])

∫
[−ζ,ζ]\Kζ,ε(g)

(
sup

θ∈]−∞,t]
E‖g(θ)‖

)
dη1(t);

≤ k0η1(Kζ,ε(g))

η2([−ζ, ζ])
+
εη1([−ζ, ζ])

η2([−ζ, ζ])
.

Which implies that

lim
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖g(θ)‖dη1(t) ≤ αε, ∀ε > 0.

Then g ∈ E (R;L(Ω,B), η1, η2,∞) . �

Theorem 3.13. Let η1, η2 ∈M,Ψ = Ψ1+Ψ2 ∈ SPAA (R× L(Ω,B);L(Ω,B), η1, η2,∞)
with Ψ1 ∈ SAA (R× L(Ω,B);L(Ω,B)), Ψ2 ∈ E (R× L(Ω,B);L(Ω,B), η1, η2,∞)
and h ∈ SPAA (R;L(Ω,B), η1, η2,∞). Assume:

i) Ψ1(t, x) is uniformly continuous on any bounded subset uniformly for t ∈
R.

ii) there exists a nonnegative function LΨ ∈ Lp(R), (1 ≤ p ≤ ∞) such that

E ‖Ψ (t, x1)−Ψ (t, x2)‖ ≤ LΨ(t)E ‖x1 − x2‖ , for all t ∈ R and for all x1, x2 ∈ L(Ω,B).

If

β = lim
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ

(
sup

θ∈]−∞,t]
LΨ(θ)

)
dη1(t) <∞

then the function t 7→ f(t, h(t)) belongs to SPAA (R;L(Ω,B), η1, η2,∞).

Proof. The proof of this theorem follows by the same reasoning as in Lemma 3.2
in [24]. Let h ∈ SPAA(R, L(Ω,B), η1, η2,∞), we can write h as h = h1 + h2,
where h1 ∈ SAA(R, L(Ω,B)) and h2 ∈ E(R, L(Ω,B), η1, η2,∞). Since Ψ ∈
SPAA(R, L(Ω,B), η1, η2,∞), then Ψ1+Ψ2, where Ψ1 ∈ SAA(R×L(Ω,B), L(Ω,B))
and Ψ2 ∈ E(R× L(Ω,B), L(Ω,B), η1, η2,∞). So, stochastic process Ψ can be de-
composed as follows
Ψ(t, h(t)) = Ψ1(t, h1(t)) + [Ψ(t, h(t)) − Ψ(t, h1(t))] + [Ψ(t, h1(t)) − Ψ1(t, h1(t)).
Since Ψ2(t, h1(t)) = Ψ(t, h1(t))−Ψ1(t, h1(t)), then

Ψ(t, h(t)) = Ψ1(t, h1(t)) + [Ψ(t, h(t))−Ψ(t, h1(t))] + Ψ2(t, h1(t)).

Using Theorem 3.11, we obtain t 7→ Ψ1(t, h1(t)) ∈ SAA(R, L(Ω,B)). Now, it re-
mains to show that the functions t 7→ [Ψ(t, h(t))−Ψ(t, h1(t))] and t 7→ Ψ2(t, h1(t))
belong to E(R, L(Ω,B), η1, η2,∞). The function t 7→ [Ψ(t, h(t)) − Ψ(t, h1(t))] is
bounded and continuous. Suppose that E‖Ψ(t, h(t))−Ψ(t, h1(t))‖ ≤ N0,∀t ∈ R.
Since t 7→ h(t) and t 7→ h1(t) are bounded, choose a bounded subset B ⊂ R such
that h(R), h1(R) ⊂ B. Under assumption (ii), for given ε > 0,E‖x1 − x2‖ ≤ ε,
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implies that E ‖Ψ (t, x1)−Ψ (t, x2)‖ ≤ εLΨ(t), for all t ∈ R.
For g ∈ E(R× L(Ω,B), L(Ω,B), η1, η2,∞), using Lemma 3.12, it follows that

lim
ζ→+∞

η1

(
Kζ,ε(g)

)
η2([−ζ, ζ])

= 0.

Consequently

1

η2([−ζ, ζ])

∫ ζ

−ζ

(
sup

θ∈]−∞,t]
E‖Ψ(θ, h(θ))−Ψ(θ, h1(θ))‖

)
dη1(t)

=
1

η2([−ζ, ζ])

∫
Kζ,ε(g)

(
sup

θ∈]−∞,t]
E‖Ψ(θ, h(θ))−Ψ(θ, h1(θ))‖

)
dη1(t)

+
1

η2([−ζ, ζ])

∫
[−ζ,ζ]\Kζ,ε(g)

(
sup

θ∈]−∞,t]
E‖Ψ(θ, h(θ))−Ψ(θ, h1(θ))‖

)
dη1(t);

≤ N0

η2([−ζ, ζ])

∫
Kζ,ε(g)

dη1(t) +
ε

η2([−ζ, ζ])

∫
[−ζ,ζ]\Kζ,ε(g)

(
sup

θ∈]−∞,t]
|LΨ(θ)|

)
η1(t);

≤ N0η1(Kζ,ε(g))

η2([−ζ, ζ])
+

ε

η2([−ζ, ζ])

∫
[−ζ,ζ]

(
sup

θ∈]−∞,t]
|LΨ(θ)|

)
dη1(t),

which implies that

lim
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ

(
sup

θ∈]−∞,t]
E‖Ψ(θ, h(θ))−Ψ(θ, h1(θ))‖

)
dη1(t) ≤ εβ, ∀ε > 0.

Then function t 7→ [Ψ(t, h(t)) − Ψ(t, h1(t))] belongs to E(R, L(Ω,B), η1, η2,∞).
To complete the proof, it is enough to prove that t 7→ Ψ2(t, h1(t)) belongs to
E(R, L(Ω,B), η1, η2,∞). Since Ψ2 is uniformly continuous on the compact set

K = {h1(t) : t ∈ R} with respect to the second variable x, it follows that for given
ε > 0, there exists δ > 0 such that , for all t ∈ R, ξ1, ξ2 ∈ K, one has

E‖ξ1 − ξ2‖ ≤ δ ⇒ E‖Ψ(t, ξ1(t))−Ψ(t, ξ2(t))‖ ≤ ε.

Therefore, there exists n(ε) and {zi}n(ε)
i=1 ⊂ K such that

K ⊂
n(ε)⋃
i=1

Bδ (zi, δ) .

Let t ∈ R and z ∈ K, there exists i0 ∈ {1, . . . , n(ε)} such that
E‖Ψ2(t, z)−Ψ2(t, zi0(t))‖ ≤ ε,
it results that

E‖Ψ2(t, h1(t))‖ ≤ E‖Ψ2(t, h1(t))−Ψ2(t, zi0(t))‖+ E‖Ψ2(t, zi0(t))‖

E‖Ψ2(t, h1(t))‖ ≤ ε+ E‖Ψ2(t, zi0(t))‖ ≤ ε+

n(ε)∑
i=1

E‖Ψ2(t, zi0(t))‖.
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It follows that

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖Ψ2(θ, h1(θ))‖dη1(t)

≤ εη1([−ζ, ζ])

η2([−ζ, ζ])
+

n(ε)∑
i=1

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖Ψ2(θ, zi(θ))‖dη1(t).

In fact

∀i ∈ {1, . . . , n(ε)},
n(ε)∑
i=1

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖Ψ2(θ, zi(θ))‖dη1(t) = 0,

then, using (H4) we deduce that

lim sup
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E‖Ψ2(θ, h1(θ))‖η1(t) ≤ εα, ∀ε > 0.

It results that

t 7→ Ψ2(t, h1(t)) ∈ E(R, L(Ω,B), η1, η2,∞).

�

4. Existence and uniqueness of solution

Proposition 4.1. [17] Suppose that {N(t) : t ≥ 0} inhomogeneous Poisson pro-
cess with intensity function {λ∗(t) : t ≥ 0}. Let h : R→ L(Ω,B), s 7→ h(s) be the
mean square integrability on 0 ≤ t0 ≤ t and FNt -predictable process such that

E
[∫ t

t0

‖h2(s)‖ds
]
<∞ and E[dN(s)] = λ∗(s)ds.

Then

E
[∥∥∥∥∫ t

t0

h(s)dN(s)

∥∥∥∥] ≤ ∫ t

t0

E[‖h(s)‖]λ∗(s)ds.

Assume the following (H5) : h is a bounded process.

Theorem 4.2. Let B be the phase space satisfying conditions (A1), (A2), (B), (C1), (H0), (H1), (E)
and (H5). Assume in addition that the family (V(t))t≥0 possesses a hyperbolic
structure. If g is bounded and continuous on R, then there exists a unique bounded
solution v of (1.1) on R given by

vt =

[
lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0g(s))ds+ lim

λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0g(s))ds

]
(0)

+

[
lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s))dN(s) + lim

λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0h(s))dN(s)

]
(0),

∀t ≥ 0 with D̃λ = λ
(
λI − ÃV

)−1

, ΓS and ΓU are the projections of B on the

stable and unstable subspaces.
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Proof. Let vt = w1(t) + w2(t), where

w1(t) = lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0g(s)(0))ds+ lim

λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0g(s)(0))ds

and

w2(t) = lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s)(0))dN(s)

+ lim
λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0h(s)(0))dN(s), ∀t ≥ 0.

Firstly, we are going to prove that vt exists.
On the one hand, we show the existence of w1(t). Let w1(t) = lim

λ→+∞
α(t), where

α(t) =

∫ t

−∞
VS(t− s)ΓSD̃λ(X0g(s)(0))ds+

∫ t

+∞
VU(t− s)ΓUD̃λ(X0g(s)(0))ds.

Using the triangular inequality and Bochner’s Theorem, we obtain

‖α(t)‖ ≤
∫ t

−∞
‖VS(t− s)ΓSD̃λ(X0g(s)(0))‖ds+

∫ +∞

t

‖VU(t− s)ΓUD̃λ(X0g(s)(0))‖ds.

By using the Propositions 2.8 and 2.13, it follows that

E‖α(t)‖ ≤MM0|ΓS|
∞∑
n=1

∫ t−n+1

t−n
e−ω(t−s)E‖g(s)‖ds+MM0|ΓU |

∞∑
n=1

∫ t+n

t+n−1

eω(t−s)E‖g(s)‖ds.

Function g being bounded on R, there exists a positive real β such that
E‖g(s)‖ ≤ β, for all s ∈ R. Hence

E‖α(t)‖ ≤ 1

ω
(eω − 1)βMM0(|ΓS|+ |ΓU |)

∞∑
n=1

e−ωn.

Since
∞∑
n=1

e−ωn <∞, we deduce that w1(t) exists and is bounded on R.

On the other hand, we will show that w2(t) exists.

First we show that lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s)(0))dN(s) exists.

Since {N(t) : t ≥ 0} is inhomogeneous Poisson process with intensity function
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{λ∗(t) : t ≥ 0}, by using the Propositions 2.8, 2.13 and 4.1, we obtain

E
∥∥∥∥∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s)(0))dN(s)

∥∥∥∥
≤MM0|ΓS|

[∫ t

−∞
e−ω(t−s)λ∗(s)E‖h(s)‖ds

]
≤MM0|ΓS|

[
∞∑
n=1

∫ t−n+1

t−n
e−ω(t−s) sup

s∈]−∞,t]
(λ∗(s))E‖h(s)‖ds

]

≤MM0|ΓS| sup
s∈]−∞,t]

(λ∗(s))
∞∑
n=1

∫ t−n+1

t−n
e−ω(t−s)E‖h(s)‖ds.

Using (H5), there exists positive constant C such that E‖h(s)‖ ≤ C, it follows
that

E
∥∥∥∥∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s)(0))dN(s)

∥∥∥∥ ≤ CMM0|ΓS| sup
s∈]−∞,t]

(λ∗(s))
∞∑
n=1

∫ t−n+1

t−n
e−ω(t−s)ds

≤ CMM0|ΓS| sup
s∈]−∞,t]

(λ∗(s))
1

ω
(eω − 1)

∞∑
n=1

e−ωn.

Since
∞∑
n=1

e−ωn <∞, then there exists positive constant c such that
∞∑
n=1

e−ωn ≤ c.

It results that

E
∥∥∥∥∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s)(0))dN(s)

∥∥∥∥ ≤ γ, (4.1)

where γ = CMM0|ΓS|
c

ω
(eω − 1) sup

s∈]−∞,t]
(λ∗(s)).

Let H1(n, s, t) = VS(t − s)ΓSD̃n(X0h(s)(0)), for n ∈ N and s ≤ t. For n large
enough and σ ≤ t, we have

E
∥∥∥∥∫ σ

−∞
H1(n, s, t)dN(s)

∥∥∥∥ ≤ CMM0|ΓS| sup
s∈]−∞,t]

(λ∗(s))
∞∑
n=1

∫ t−n+1

t−n
e−ω(t−s)ds ≤ γe−ω(t−σ),

where γ = CMM0|ΓS|
c

ω
(eω − 1) sup

s∈]−∞,t]
(λ∗(s)). Thus, it results

E
∥∥∥∥∫ t

−∞
H1(n, s, t)dN(s)−

∫ t

−∞
H1(m, s, t)dN(s)

∥∥∥∥
≤ E

∥∥∥∥∫ σ

−∞
H1(n, s, t)dN(s)

∥∥∥∥+ E
∥∥∥∥∫ σ

−∞
H1(m, s, t)dN(s)

∥∥∥∥
+ E

∥∥∥∥∫ t

σ

H1(n, s, t)dN(s)−
∫ t

σ

H1(m, s, t)dN(s)

∥∥∥∥
≤ 2γe−ω(t−σ) + E

∥∥∥∥∫ t

σ

H1(n, s, t)dN(s)−
∫ t

σ

H1(m, s, t)dN(s)

∥∥∥∥.
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It follows that

lim sup
n,m→+∞

E
∥∥∥∥∫ t

−∞
H1(n, s, t)dN(s)−

∫ t

−∞
H1(m, s, t)dN(s)

∥∥∥∥ ≤ 2γe−ω(t−σ). (4.2)

If σ → −∞, using inequality (4.2), we obtain

lim sup
n,m→+∞

E
∥∥∥∥∫ t

−∞
H1(n, s, t)dN(s)−

∫ t

−∞
H1(m, s, t)dN(s)

∥∥∥∥ = 0.

Therefore, we deduce that function

t 7→ lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s)(0))dN(s)

exists and is bounded on R. Similarly, we can show that function

t 7→ lim
λ→+∞

∫ t

−∞
VU(t− s)ΓUD̃λ(X0h(s)(0))dN(s)

is also well defined and bounded on R. Thus, vt exists and is bounded on R.
Finally, we will prove the uniqueness of vt.
since vt is a bounded solution on R of equation (1.1), suppose that there exists
another bounded solution ṽt on R of equation (1.1).
Let t ≥ σ, vt− ṽt = V(t−σ)(vσ− ṽσ) and |ΓS(vt− ṽt)| ≤M0e

−ω(t−σ)|ΓS(vσ− ṽσ)|.
Since vσ− ṽσ is bounded on R, when σ → −∞, we obtain ΓS(vt− ṽt) = 0. Hence
(vt − ṽt) ∈ S. Given that VU(t) is group, then for t ≤ σ, we have
vt − ṽt = VU(t − σ)(vσ − ṽσ). Therefore |vt − ṽt| ≤ M0e

ω(t−σ)|vσ − ṽσ|. When
σ → +∞, we obtain vt = ṽt, ∀t ∈ R. Hence the uniqueness of vt. �

Theorem 4.3. Assume that (H3) holds. Let η1, η2 ∈M and φ ∈ SPAAc(R, L(Ω,B), η1, η2,∞)
then the function t 7→ φt, belongs to SPAAc(C(]−∞, 0], L(Ω,B)), L(Ω,B), η1, η2,∞).

Proof. Let L > 0 and assume that φ = g + h, where g ∈ SAAc (R, L(Ω,B)) and
h ∈ E (R, L(Ω,B), η1, η2,∞). We have φt = gt + ht. Firstly, we show that
gt ∈ SAAc (R, L(Ω,B)). Let (sm)m∈N of real numbers, fix a subsequence (sn)n∈N
and w ∈ SBC (R, L(Ω,B)) such that g (s+ sn) −→ w(s) uniformly on compact
subsets of R. Let K ⊂ [−L;L]. For ε > 0 fix Nε,L ∈ N such that
E‖g (s+ sn) − w(s)‖ 6 ε for s ∈ [−L;L]. Whenever n > Nε,L. For t ∈ K and
n > Nε,L we have

E ‖gt+sn − wt‖ 6 sup
θ∈[−L;L]

E ‖g (θ + sn)− w(θ)‖

6 ε

then, gt+sn converges to wt uniformly in K. Similarly, we can show prove that
wt−sn converges to gt uniformly in K. Now, we show that ht ∈ E (R, L(Ω,B), η1, η2,∞),
we denote by

Rα =
1

η2,α([−ζ, ζ])

∫ ζ

−ζ

(
sup

θ∈]−∞,t]
E‖h(θ)‖

)
dη1,α(t)

where η2,α is the positive measure defined by (2.4). Assumption (H2) being
satisfied, using the
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Proposition 2.22, we deduce that η2 ∼ η2,α and η1 ∼ η1,α, using the Theorem
2.21, we obtain

E(R, L(Ω,B), η1,α, η2,α,∞) = E(R, L(Ω,B), η1, η2,∞).

Consequently h ∈ E(R, L(Ω,B), η1,α, η2,α,∞), hence lim
ζ→+∞

Rα(ζ) = 0, ∀α ∈ R.

Let

Q =
1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]t−r,t]
E‖h(θ)‖dη1(t),

for r > 0, it follows that

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]

(
sup

η∈]−∞,0]

E‖h(θ)‖

)
dη1(t)

≤ 1

η2([−ζ, ζ])

∫ ζ

−ζ

(
sup

θ∈]−∞,t−r]
E‖h(θ)‖+ sup

θ∈]t−r,t]
E‖h(θ)‖

)
dη1(t);

≤ 1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t−r]
E‖h(θ)‖dη1(t) +Q;

≤ 1

η2([−ζ, ζ])

∫ ζ+r

−ζ−r
sup

θ∈]−∞,t]
E‖h(θ)‖dη1(t+ r) +Q;

≤ η1([−ζ − r, ζ + r])

η2([−ζ, ζ])
×Rb(ζ + r) +Q,

using Proposition 2.23, we deduce that ht ∈ E (R, L(Ω,B), η1, η2,∞).
Then function t 7→ φt belongs to SPAA(C(]−∞, 0]), L(Ω,B), η1, η2,∞). �

Theorem 4.4. Let g, h ∈ SAAc(R, L(Ω,B)) and Γ be the mapping defined, for
t ∈ R by

Γ(g, h)(t)

=

[
lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0g(s)ds+ lim

λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0g(s))ds

+ lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s))dN(s) + lim

λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0h(s))dN(s)

]
(0).

Then Γ(g, h) ∈ SAAc(R, L(Ω,B)).

Proof. For given (sm)m∈N of real numbers, fix a subsequence (sn)n∈N and
g, h ∈ SBC (R, L(Ω,B)) such that f (t+ sn) converges to g(t) and g (t− sn)
converges to f(t) ,and also v (t+ sn) converges to h(t) and h (t− sn) converges
to v(t) uniformly on compact subsets of R. By using Propositions 2.8 and 2.13,
we get the following estimates

lim
λ→+∞

‖VS(t− s)ΓSD̃λ(X0g(s))(0)‖ ≤MM0|ΓS|e−ω(t−s)‖g(s)‖ (4.3)

lim
λ→+∞

‖VU(t− s)ΓUD̃λ(X0g(s))(0)‖ ≤MM0|ΓU |eω(t−s)‖g(s)‖ (4.4)
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lim
λ→+∞

∥∥∥VS(t− s)ΓSD̃λ(X0h(s))(0)
∥∥∥ ≤MM0|ΓS|e−ω(t−s)‖h(s)‖ (4.5)

and

lim
λ→+∞

∥∥∥VU(t− s)ΓUD̃λ(X0h(s))(0)
∥∥∥ ≤MM0|ΓU |eω(t−s)‖h(s)‖ (4.6)

It results that, if

z(t+ sn) =

[
lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0f(s+ sn)ds+ lim

λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0f(s+ sn))ds

+ lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0v(s+ sn))dN(s)

+ lim
λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0v(s+ sn))dN(s)

]
(0).

Then, by using (4.3) − (4.6) and the Lebesgue dominated convergence theorem,
we have z (t+ sn) that converges to w(t).

w(t) =

[
lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0g(s))ds+ lim

λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0g(s))ds

+ lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s))dN(s) + lim

λ→+∞

∫ t

+∞
VU(t− s)ΓUD̃λ(X0h(s))dN(s)

]
(0).

It remains to prove that the convergence is uniform on all compact subset of
R. Let K ⊂ R be an arbitrary compact and let ε > 0. We fix L > 0 and Nε ∈ N
such that K ⊂

[−L
2

; L
2

]
with,

∫ +∞

L
2

e−ωsds < ε

E ‖f (s+ sn)− g(s)‖ ≤ ε for n > Nε and s ∈ [−L,L] (4.7)

and

E ‖v (s+ sn)− h(s)‖ ≤ ε for n > Nε and s ∈ [−L,L]. (4.8)
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Then, for each t ∈ K, using Propositions 2.8, 2.13 and 4.1, we it results that

E‖z(t+ sn)− w(t)‖

≤MM0

[
|ΓS|

(∫ −L
−∞

E‖f(s+ sn)− g(s)‖e−ω(t−s)ds+

∫ t

−L
E‖f(s+ sn)− g(s)‖e−ω(t−s)ds

)
+ |ΓU |

∫ +∞

t

E‖f(s+ sn)− g(s)‖e−ω(s−t)ds

+ |ΓS|sup
s∈R

(λ∗(s))

(∫ −L
−∞

E‖v(s+ sn)− h(s)‖e−ω(t−s)ds+

∫ t

−L
E‖v(s+ sn)− h(s)‖e−ω(t−s)ds

)
+ |ΓU |sup

s∈R
(λ∗(s))

∫ +∞

t

E‖v(s+ sn)− h(s)‖e−ω(s−t)ds

]
.

By using (4.7) and (4.8), it follows that

E‖z(t+ sn)− w(t)‖

≤MM0

[
|ΓS|

(
ε

∫ −L
−∞

e−ω(t−s)ds+ ε

∫ t

−L
e−ω(t−s)ds

)
+ |ΓU |ε

∫ +∞

t

e−ω(s−t)ds

+ |ΓS|sup
s∈R

(λ∗(s))

(
ε

∫ −L
−∞

e−ω(t−s)ds+ ε

∫ t

−L
e−ω(t−s)ds

)
+ |ΓU |sup

s∈R
(λ∗(s))ε

∫ +∞

t

e−ω(s−t)ds

]
;

≤MM0

[
|ΓS|

(
ε

∫ +∞

t+L

e−ωsds+ ε

∫ t

−L
e−ω(t−s)ds

)
+ |ΓU |ε

∫ +∞

0

e−ωsds

+ |ΓS|sup
s∈R

(λ∗(s))

(
ε

∫ +∞

t+L

e−ωsds+ ε

∫ t

−L
e−ω(t−s)ds

)
+ |ΓU |sup

s∈R
(λ∗(s))ε

∫ +∞

0

e−ωsds

]
,

Since

∫ t

−L
e−ω(t−s)ds < +∞, there exists α ∈ R+ such that

∫ t

−L
e−ω(t−s)ds ≤ α,

we obtain

E‖z(t+ sn)− w(t)‖

≤MM0

[
|ΓS|

(
ε

∫ +∞

L
2

e−ωsds+ εα

)
+ |ΓU | ε

ω

+ |ΓS|sup
s∈R

(λ∗(s))

(
ε

∫ +∞

L
2

e−ωsds+ εα

)
+ |ΓU |sup

s∈R
(λ∗(s))

ε

ω

]
;

≤MM0

[
|ΓS|

(
(ε+ α)(1 + sup

s∈R
(λ∗(s))

)
+

1

ω
|ΓU |

(
1 + sup

s∈R
(λ∗(s))

)]
ε.

This shows that the convergence is uniform on K, since the last estimate is inde-
pendent of t ∈ K. Proceeding in the same way as before, one can similarly show
that z(t− sn) converges to w uniformly on compact subsets of R. This completes
the proof. �
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Theorem 4.5. Assume that (H5) holds. Let g, h ∈ E(R, L(Ω,B), η1, η2,∞) then
Γ(g, h) ∈ E(R, L(Ω,B), η1, η2,∞).

Proof. Assume that (H5) holds. Let t ∈ R, δ ∈]−∞, t] and g, h ∈ E(R, L(Ω,B), η1, η2,∞),
we have

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E ‖Γ(g, h)(δ)‖ dη1(t)

≤ MM0

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E
[
|ΓS|

∫ δ

−∞
eωs
(
‖g(s)‖+ sup

s∈R
(λ∗(s))‖h(s)‖

)
ds
]
dη1(t)

+
MM0

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E
[
|ΓU |

∫ +∞

δ

e−ωs
(
‖g(s)‖+ sup

s∈R
(λ∗(s))‖h(s)‖

)
ds
]
dη1(t);

≤ MM0

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E
[
|ΓS|

∫ t

−∞
eωs
(
‖g(s)‖+ sup

s∈R
(λ∗(s))‖h(s)‖

)
ds
]
dη1(t)

+
MM0

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E
[
|ΓU |

∫ +∞

t−r
e−ωs

(
‖g(s)‖+ sup

s∈R
(λ∗(s))‖h(s)‖

)
ds
]
dη1(t).

Using Fubini’s Theorem, we obtain

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E ‖Γ(g, h)(δ)‖ dη1(t)

≤MM0|ΓS|
∫ t

−∞
eωs
[ 1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E‖g(s)‖dη1(t)

+

sup
s∈R

(λ∗(s))

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E‖h(s)‖dη1(t)

]
ds

+MM0|ΓU |
∫ +∞

t−r
e−ωs

[ 1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E‖g(s)‖dη1(t)

+

sup
s∈R

(λ∗(s))

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E‖h(s)‖dη1(t)

]
ds.

Since g, h ∈ E(R, L(Ω,B), η1, η2,∞), we deduce that

lim
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

δ∈]−∞,t]
E ‖Γ(g, h)(δ)‖ dη1(t) = 0.

�

Proposition 4.6. Assume that (H5) holds.
Let g, h ∈ SPAAc(R, L(Ω,B), η1, η2,∞) then Γ(g, h) ∈ SPAAc(R, L(Ω,B), η1, η2,∞).

Proof. This Proposition is the consequence of Theorem 4.4 and Theorem 4.5. �

For the existence of mean (η1, η2)-pseudo-almost automorphic solution of infinite
class, we make the following assumption.
(H6) : g, h : R → L(Ω,B) are mean compact cl(η1, η2)-pseudo-almost automor-
phic of infinite class.
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Theorem 4.7. Assume that B satisfies (A1), (A2), (B) and (C1). Suppose that
(H0), (H1), (E), (H5) and (H6) hold. Then (1.1) has a unique mean compact
cl(η1, η2)-pseudo-almost automorphic solution of infinite class.

Proof. Using Theorem 4.2 and Proposition 4.6 , we obtain the desired result. �

Our next objective is to establish the existence of mean compact (η1, η2)-pseudo-
almost automorphic of infinite class for the following problem

dz(t) = [Az(t) + L(zt) + g(t, zt)]dt+ h(t, zt)dN(t), for t ∈ R, (4.9)

where g : R × B → L(Ω,B) and h : R × B → L(Ω,B) are two stochastic
continuous processes.
To our result, we formulate the following assumptions

(H7) : Let η1, η2 ∈M and g : R×B → L(Ω,B)

mean compact cl(η1, η2)-pseudo-almost automorphic process of infinite class

such that there exists a function Lg; such that E‖g(t, ϑ1)− g(t, ϑ2)‖ ≤ Lg(t)E‖ϑ1 − ϑ2‖,
: for all t ∈ R and ϑ1, ϑ2 ∈ B.

(H8) : Let η1, η2 ∈M and h : R×B → L(Ω,B)

mean compact cl(η1, η2)-pseudo-almost automorphic process of infinite class

such that there exists a function Lh; such that E‖h(t, ϑ1)− h(t, ϑ2)‖ ≤ Lh(t)E‖ϑ1 − ϑ2‖,
for all t ∈ R and ϑ1, ϑ2 ∈ B, where Lg, Lh ∈ Lp(R,R+), (1 ≤ p <∞),

(H9) : The unstable space U ≡ {0}.

Theorem 4.8. Assume that B satisfies (A1), (A2), (B); (C1); (E) and ; (H0), (H1)
and (H5)− (H9) hold. Then (4.9) has a unique mean compact cl(η1, η2)-pseudo-
almost automorphic solution of infinite class.

Proof. Let y ∈ SPAAc(R, L(Ω,B), η1, η2,∞) from Theorem 4.3, the function t 7→
yt belongs to SPAAc(C(]−∞, 0], L(Ω,B)), η1, η2,∞). Thus Theorem 3.13 implies
that function φ(.) := g(., y.) is in SPAAc(R, L(Ω,B, η1, η2,∞). Given that the
instable space U ≡ {0}, then ΓU = 0.
Consider the following operator

L : SPAAc(R, L(Ω,B), η1, η2,∞)→ SPAAc(R, L(Ω,B), η1, η2,∞)

defined for t ∈ R by

(Ly)(t) =

[
lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0(g(s, ys))ds

+ lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0(h(s, ys))dN(s)

]
(0).

From Theorem 4.2 and Proposition 4.6, it is now sufficient to show that the
operator L has a single fixed point in SPAAc(R, L(Ω,B), η1, η2,∞) . Since B is
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a uniform fading memory space, by the Lemma 2.10, we can choose the function
K constant and the function M such that M(t)→ 0 as t→ +∞. Let

C = max(sup
t∈R

M(t), sup
t∈R

K(t)) and k = max(Lg, Lh)

.
Step 1 : Lg, Lh ∈ L1(R,R+), (p = 1).
Let y1, y2 ∈ SPAAc(R, L(Ω,B), η1, η2,∞), we have

E‖(Ly1)(t)− (Ly2)(t)‖ ≤ E
[∥∥∥∥ lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0(g(s, y1s)− g(s, y2s))(0)ds

∥∥∥∥
+

∥∥∥∥ lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0(h(s, y1s)− h(s, y2s))(0)dN(s)

∥∥∥∥]
Hence

E‖(Ly1)(t)− (Ly2)(t)‖ ≤ E
[

lim
λ→+∞

∫ t

−∞
‖VS(t− s)ΓSD̃λ(X0(g(s, y1s)− g(s, y2s))(0)‖ds

+ lim
λ→+∞

∫ t

−∞
‖VS(t− s)ΓSD̃λ(X0(h(s, y1s)− h(s, y2s))(0)‖dN(s)

]
.

By using Proposition 2.8 and 2.13, it follows that

E‖(Ly1)(t)− (Ly2)(t)‖

≤MM0|ΓS|
∫ t

−∞
e−ω(t−s)E‖g(s, y1s)− g(s, y2s)‖ds;

+MM0|ΓS|
∫ t

−∞
e−ω(t−s)E‖h(s, y1s)− h(s, y2s)‖ sup

s∈]−∞,t]
λ∗(s)ds;

≤MM0|ΓS|
∫ t

−∞
e−ω(t−s)

(
Lg(s) + Lh(s)sup

s∈R
λ∗(s)

)
E‖y1s − y2s‖Bds;

≤MM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)∫ t

−∞
k(s)e−ω(t−s)

(
K(s) sup

0≤s≤t
E‖y1s − y2s‖+M(s)E‖y10 − y20‖B

)
ds;

≤MM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)∫ t

−∞
k(s)e−ω(t−s) (K(s) +M(s)) ds‖y1 − y2‖∞;

≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)∫ t

−∞
k(s)e−ω(t−s)ds‖y1 − y2‖∞;

≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)(∫ t

−∞
k(s)ds

)
‖y1 − y2‖∞,

then

E‖(Ly1)(t)− (Ly2)(t)‖ ≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)
|k|L1(R)‖y1 − y2‖∞,
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E‖(L2y1)(t)− (L2y2)(t)‖ ≤ E
[∥∥∥∥ lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0(g(s, (Ly1)s)− g(s, (Ly2)s)))(0)ds

∥∥∥∥
+

∥∥∥∥ lim
λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0(h(s, (Ly1)s)− h(s, (Ly2)s)))(0)dN(s)

∥∥∥∥];
≤
[
2CMM0|ΓS|

(
1 + sup

s∈R
λ∗(s)

)
|k|L1(R)

]2

‖y1 − y2‖∞.

By induction on n, we obtain the following inequality,

E‖(Lny1)(t)− (Lny2)(t)‖ ≤
[
2CMM0|ΓS|

(
1 + sup

s∈R
λ∗(s)

)
|k|L1(R)

]n
‖y1 − y2‖∞.

Consequently

‖(Lny1)− (Lny2)‖∞ ≤
[
2CMM0|ΓS|

(
1 + sup

s∈R
λ∗(s)

)
|k|L1(R)

]n
‖y1 − y2‖∞.

Let n0 be such that
[
2CMM0|ΓS|

(
1 + sup

s∈R
λ∗(s)

)
|k|L1(R)

]n0

< 1, by Banach’s

fixed point theorem, we deduce that L has a unique fixed point and this satisfies
the following integral equation

vt =

[
lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0g(s))ds+ lim

λ→+∞

∫ t

−∞
VS(t− s)ΓSD̃λ(X0h(s))dN(s)

]
(0).

Step 2 : Lg, Lh ∈ Lp(R,R+), (1 < p < +∞ and
1

p
+

1

q
= 1).

First, put

µ(t) =

∫ t

−∞
(k(s))pds

Then we define an equivalent norm over SPAAc(R,L(Ω,B), η1, η2,∞) as follows

‖g‖c = sup
t∈R

(
e−cµ(t)E‖g(t)‖

)
,

where c is a fixed positive number to be precised later. Using the Holder inequal-
ity, it follows that
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E‖(Ly1)(t)− (Ly2)(t)‖

≤MM0|ΓS|
∫ t

−∞
e−ω(t−s)

(
Lg(s) + Lh(s)sup

s∈R
λ∗(s)

)
E‖y1s − y2s‖Bds;

≤MM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)∫ t

−∞
k(s)e−ω(t−s)

(
K(s) sup

0≤z≤s
E‖y1z − y2z‖+M(s)E‖y10 − y20‖B

)
ds;

≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)∫ t

−∞
k(s)e−ω(t−s)ecµ(s) sup

s∈R

(
e−cµ(s)E‖y1s − y2s‖

)
ds;

≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)∫ t

−∞
e−ω(t−s)k(s)ecµ(s)ds‖y1 − y2‖c;

≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)(∫ t

−∞
e−qω(t−s)ds

) 1
q
(∫ t

−∞
kp(s)ecpµ(s)ds

) 1
p

‖y1 − y2‖c;

≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)
1

(ωq)
1
q

(∫ t

−∞
µ′(s)ecpµ(s)ds

) 1
p

‖y1 − y2‖c,

hence

e−cµ(t)E‖(Ly1)(t)−(Ly2)(t)‖ ≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)
1

(ωq)
1
q

× 1

(cp)1
p

‖y1−y2‖c.

Then

‖(Ly1)− (Ly2)‖c ≤ 2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)
1

(ωq)
1
q

× 1

(cp)1
p

‖y1 − y2‖c.

Fix c > 0 so large, then the function c 7→ 1

(pc)
1
p

converges to 0 when c converges

to +∞. It follows that for c > 0 so large enough, we have

2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

)
1

(ωq)
1
q

× 1

(cp)1
p

< 1.

Therefore L is strict contraction, we conclude that there is a cl(η1, η2)-unique
pseudo-almost automorphic integral solution to equation (4.9), which ends the
proof.

�

Corollary 4.9. Assume that B is uniform fading space and (A1), (A2), (B) and
(C1), (E) ; (H0), (H1) and (H5)− (H9) hold, g, h are Lipschitz continuous pro-
cesses with respect the second argument. If

k = max(Lip(g), Lip(h)) <
ω

2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

) ,
then equation (4.9) has unique mean cl(η1, η1)-pseudo-almost automorphic solu-
tion of infinite class , where Lip(g) and Lip(h) are respectively the Lipschitz
constants of g and h.
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Proof. Let us pose k = max(Lip(g), Lip(h)), it follows that

E‖(Ly1)(t)− (Ly2)(t)‖ ≤ 2
k

ω
CMM0|ΓS|

(
1 + sup

s∈R
λ∗(s)

)
‖y1 − y2‖∞.

Therefore L is strict contraction if

k <
ω

2CMM0|ΓS|
(

1 + sup
s∈R

λ∗(s)

) .
�

5. Application

To illustrate our results, we consider the following model

dv(t, x) =

[
∂2

∂x2
v(t, x) +

∫ 0

−∞
η(θ)v(t+ θ, x)dθ

+ sin

(
1

2 + cos(t) + cos(
√

2t)

)
+ arctan(t) +

∫ 0

−∞
eωθq(t, v(t+ θ, x))dθ

]
dt

+

[
sin

(
1

2 + cos(t) + cos(
√

3t)

)
+ cos(t) +

∫ 0

−∞
eωθq(t, v(t+ θ, x))dθ

]
dN(t),

−∞ ≤ θ ≤ 0, t ∈ R, x ∈ [0, π]

v(t, 0) = v(t, π) = 0 for t ∈ R.

(5.1)

where η :]−∞, 0]→ R define by η(θ) = e(γ+1)θ is continuous function,
q :]−∞, 0]×R→ R is Lipschitz continuous with respect to the second argument.
For example take q(θ, x) = θ2− sin(x

4
) for (θ, x) ∈]−∞, 0]×R and using the fact

that the sine is Lipschitz continous with Lipschitz constant 1, it follows that

E‖q(θ, x1)− q(θ, x1)‖ ≤ 1

4
E‖x1 − x2‖

which implies that q :]−∞, 0]×R→ R is Lipschitzian with respect to the second
argument. N(t) is a two-sided inhomogeneous Poisson process with intensity
function λ∗, defined on the filtered probability space (Ω,F , P, {FNt }t≥0) with
natural filtration FNt = σ{N(u) − N(v)|v, u ≤ t}. We consider B = Cγ, γ > 0
in example 2.1, to rewrite system (5.1) in the abstract form, we introduce B =
C0([0, π];R) of continuous functions from [0, π] to R+ equipped with the uniform
topology. Let A : D(A)→ C0([0, π];R) defined by{

D(A) = {y ∈ C0([0, π];R) ∩ C2([0, π];R), y′′ ∈ C0([0, π];R)}
Ay = y′′.

From [25] A satisfied the Hille-Yosida condition in C0([0, π];R). Moreover the part

A0 in D(A) is the generator of strongly continuous compact semigroup (T0(t))t≥0

on D(A). Then it follows that (H0) and (H1) are satisfied. We also define
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g : R×B → L(Ω, C0([0, π];R)), h : R×B → L(Ω, C0([0, π];R)) and
L : B → L(Ω, C0([0, π];R)) as follows

g(t, v)(x) = sin

(
1

2 + cos(t) + cos(
√

2t)

)
+ arctan(t) +

∫ 0

−∞
eωθq(t, v(t+ θ, x))dθ,

h(t, v)(x) = sin

(
1

2 + cos(t) + cos(
√

3t)

)
+ cos(t) +

∫ 0

−∞
eωθq(t, v(t+ θ, x))dθ,

L(v)(x) =

∫ 0

−∞
η(θ)v(t+ θ, x)dθ, x ∈ [0, π].

Let z(t) = v(t, x) be, we obtain the abstract form of equation (5.1)

dz(t) = [Az(t) + L(zt) + g(t, zt)]dt+ h(t, zt)dN(t), for t ∈ R.
Consider the measures η1 and η2 where its Radon-Nikodyn derivative are respec-
tively β1, β2 : R→ R defined by

β1(t) =

{
1, for t > 0
ent, for t ≤ 0 , n ∈ N∗ and β2(t) = |t| for all t ∈ R.

Then dη1(t) = β1(t)dt and dη2(t) = β2(t)dt where dt denotes the Lebesgue mea-

sure on R and η1(B) =

∫
B

β1(t)dt, η2(B) =

∫
B

β2(t)dt, for B ∈ B. We have

η1([−ζ, ζ]) =

∫ 0

−ζ
entdt+

∫ ζ

0

dt =
1− eζ

nζ2
+ ζ and η2([−ζ, ζ]) = 2

∫ ζ

0

tdt = ζ2.

Thus lim sup
ζ→+∞

η1([−ζ, ζ])

η2([−ζ, ζ])
= lim sup

ζ→+∞

(
1− e−nt

nζ
+

1

ζ

)
= 0 <∞, it results that (H2)

and (H4) are satisfied. From[13, 14, 9], both functions

t 7→ sin

(
1

2 + cos(t) + cos(
√

2t)

)
and t 7→ sin

(
1

2 + cos(t) + cos(
√

3t)

)
are almost automorphic functions.

For all t ∈ R, | arctan(t)| ≤ π

2
, we have

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E |arctan(θ)| dη1(t) ≤ π

2nζ2

(
1− e−nζ

)
→ 0 as ζ → +∞,

we deduce that

lim
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E |arctan(θ)| dη1(t) = 0. Then t 7→ arctan(t) is (η1, η2)-

ergodic of infinite class and for all t ∈ R, | cos(t)| ≤ 1, we have

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E |cos(θ)| dη1(t) ≤ η1([−ζ, ζ])

η2([−ζ, ζ])
→ 0 as ζ →∞,

we conclude that

lim
ζ→+∞

1

η2([−ζ, ζ])

∫ ζ

−ζ
sup

θ∈]−∞,t]
E |cos(θ)| dη1(t) = 0. Then t 7→ cos(t)

is (η1, η2)-ergodic of infinite class. consequently, g and h are uniformly mean
(η1, η2)-pseudo-almost automorphic of infinite class.
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For φ ∈ Cγ, φ ∈ C(]−∞; 0], L(Ω,B)) and lim
θ→−∞

eγθφ(θ) = x0 exists in L(Ω, C0([0, π];R)),

then there exists a constant β > 0 such that E‖eγθφ(θ)‖ ≤ β for θ ∈]−∞, 0].

E‖L(φ)(x)‖ = E
∥∥∥∥∫ 0

−∞
η(θ)φ(θ)(x)dθ

∥∥∥∥
≤
∫ 0

−∞
e(γ+1)θE

∥∥e−γθeγθφ(θ)(x)
∥∥ dθ

≤ β <∞
Moreover,

E‖L(φ)(x)‖ ≤
(∫ 0

−∞
eθdθ

)
sup
θ≤0

E
∥∥eγθφ(θ)(x)

∥∥
≤ ‖φ‖B

Then L is well defined and L is bounded linear operator from B to L(Ω, C0([0, π];R)).

E‖g(t, φ1)(x)− g(t, φ2)(x)‖ = E
∥∥∥∥∫ 0

−∞
eωθ [q(θ, φ1(θ)(x))− q(θ, φ2(θ)(x))]

∥∥∥∥ dθ
≤ 1

4

∫ 0

−∞
eωθe−γθeγθE‖φ1(θ)(x)− φ2(θ)(x)‖dθ

≤ 1

4

(∫ 0

−∞
e(ω−γ)θdθ

)
‖φ1 − φ2‖B

We conclude that g and h are continuous Lipschitzian functions and cl(η1, η2)-
pseudo-almost automorphic of infinite class.
Moreover, given that q is stochastically bounded, then

∀(t, x) ∈ R× [0, π], θ ∈]−∞, 0],∃β > 0,E ‖q(t, v(t+ θ, x))‖ ≤ β.

And, we obtain

E‖h(t, v)(x)‖ ≤ 1 +
π

2
+

∫ 0

−∞
E‖q(t, v(t+ θ, x))‖dθ ≤ 1 +

π

2
+ β,

this implies that (H5) is satisfied.

Proposition 5.1. [15] If

∫ 0

−∞
η(θ)dθ < 1, then the semigroup (V(t))t≥0 is hyper-

bolic and the instable space U ≡ {0}.

Observe that∫ 0

−∞
η(θ)dθ = lim

r→+∞

∫ 0

−r
η(θ)e(γ+1)θdθ = lim

r→+∞

[
1

γ + 1
e(γ+1)θ

]0

−r
=

1

γ + 1
< 1,

then (H8) holds. Then by using corollary 4.9 we deduce the following result.

Theorem 5.2. Under the above assumptions, the equation (5.1) has a unique
cl(η1, η2)-pseudo-almost automorphic solution v of infinite class.
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