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INFINITE-CLASS MEAN PSEUDO-ALMOST AUTOMORPHIC
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ABSTRACT. This paper introduces and studies the concept of mean (11;72)-
pseudo-almost automorphic solution of infinite class for stochastic processes
using the measure theory. We present many interesting results on spaces,
such as completeness and composition theorems. Our abstract results are then
applied to the study of the existence and uniqueness of mean almost-pseudo
automorphic solutions for the stochastic evolution equation. These results pro-
vide an effective framework for analyzing the existence and uniqueness of mean
(n1; m2)-pseudo-almost automorphic solutions of infinite class of stochastic evo-
lution equations, combining semigroup theory, fixed-point argument.
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1. INTRODUCTION

The study of pseudo-almost automorphic solutions plays a crucial role in the
qualitative analysis of recurrent dynamical systems. In many applied fields, par-
ticularly in physics, biology, engineering and finance, such systems are often sub-
ject to random perturbations, which naturally leads to the study of stochastic
evolution equations. Stochastic evolution differential equations arise in various
areas, notably in neuroscience, where Poisson processes are widely used [11, 22].
However, classical notions of almost periodicity are not sufficient to capture the
full complexity of these phenomena. This limitation motivates the development
of more general frameworks, especially those based on measure theory. In the
presence of Poisson noise, several challenges remain, including the proper defini-
tion of suitable functional spaces and the analysis of the existence and uniqueness
of mild solutions, which require appropriate analytical tools. In this article, we
investigate certain stochastic differential equations as well as pseudo-almost au-
tomorphic processes in a Banach space. The concept of almost automorphic pro-
cesses was first established by S. Bochner in 1927 [7] as a generalization of almost
periodic processes introduced by H. Bohr in 1925 [3]. We also study processes in
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the mean sense notably (n;;72)-ergodic and (n;72)-pseudo-almost automorphic
processes of infinite class . The notion of mean pseudo-almost automorphic pro-

cesses and has relevant applications in mathematical physics and statistics [5]. In
this paper, we study (1.1) in a Banach space B, defined
dy(t) = [Ay(t) + L(y:) + g(8)]dt + h(t)dN(2), (1.1)

where A : B — B with domain D(A) C B, is a linear operator satisfying the
Hille-Yosida condition; g, h: R — L(€2,B) are two stochastic processes and N (t)
is a two-sided inhomogeneous Poisson process with intensity function A*, defined
on the filtered probability space (2, F, P, {F }+>0) with natural filtration

FN = o{N(u) — NWw)|lv,u < t} and L :  — L(,B) is a bounded linear
operator, where Z denotes the phase space which is a space of functions mapping
| — 00;0] into X. For every ¢ > 0, the history function y, € % corresponding to a
stochastic process y defined by y,(0) = y(t + ) for 0 €] — 00;0]. L(€2,B) denotes
the space of all B-valued random variables y such that

Ellyll = / lylldP < oo.

Our work is based on the studies established on Poisson processes in [17, 22]
and on recent contributions concerning stochastic evolution differential equations
similar to (1.1). As an illustration, in [21] the authors established the existence
and uniqueness of mean cl(u, v)-pseudo-almost periodic solution of class r in a
Banch space. In [5], the authors studied the concept of p-mean almost periodicity
for stochastic processes and established the unique square-mean almost periodic
solution of an equation similar to problem (1.1).

Our work is divided as follows: in the second section, we provide the spectral
decomposition and study the mean (7;;72)-ergodic process of infinite class; in the
third section ; we establish mean (7;;72)-pseudo-almost automorphic processes of
infinite class and their properties; and the last section is devoted to an application.

2. SPECTRAL DECOMPOSITION AND MEAN (7, 72)-ERGODIC PROCESSES

In this paper, we consider the space (4, |.|#) is a normed linear space of functions
mapping | — oo; 0] into L(£2, B) and satisfying the following fundamental axioms.

(A;) : There exist a positive constant H and functions K(.), M(.) : RT — RT,
with K continuous and M locally bounded, such that for any ¢ € R and a > 0,
if v:] —o00,a] = L(2,B),v, € B, and v(.) is continuous on [o, 0 + al,
then for every t € [0,0 + a] the following conditions hold :
(i) v € A,
(27) |v(t)] < H|v¢|w, which is equivalent to |p(0)| < Hlp|z for every ¢ € A
(i7) Jvilp < K(t = 0) sup |v(s)| + M(t = 0)|vo]5

(Asg) : For the function v(.) in (A;),t+ v is a % — valued continuous function for t € [0, 0 + al,

(A3) : The space # is a Banach space.
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Now, we illustrate the concept of a normed linear space (4, |.|%) with the follow-
ing example

Example 2.1. 4 = ¢,y > 0 where
€, = {¢ € O(] — 00; 0], L(2,B)) : Jim e (0) exists in L(Q,B)} ,
with the following norm
lolly = Sup (Elles(0)]) -

We assume that :

(Cy) : Let (¢n)n>0 C A, if ¢, = 0in A as n — +o0, then sequence (., (0))n>0
converges to 0 in L(2,B). Consider C(] — oo; 0], L(£2,B)) the space of continuous
functions from | — oo; 0] to L(£2,B). Now, we suppose the following assumptions

(Ca): # C O] = 00;0], L(Q2,B));
(B) : There exists A\g € R such that, for all A € C with Re(\) > XAy and

py ¥yl
y € L(Q,B), ety € B and Ky = sup < 00,
Re(M\)>Xo,y€L(Q,B) \y[
y#0
where (e*y)(0) = ey for 6 €] — 00,0] and y € L(Q,B).
Here, we associate to (1.1), the following initial value problem
dvy = [Avy + L(vy) + g(t)] dt + h(t)dN(t) for t >0 2.1)
Vg = ¢ € %, ‘
where g, h : Rt — L(€,B) are two continuous stochastic processes.
Definition 2.2. A continuous function v :] — oo; +o00[— L(€2,B) is an integral

solution of (2.1), if the following conditions hold :

(1) /Otv(s)ds e D(A), fort >0 ;

(2) v(t) = ¢(0) + A/o v(s)ds +/O (L(vs) + g(s))ds —l—/o h(s)dN (s),
fort >0 ;

(3) vy = o.

Remark 2.3. [20] If D(A) = L(2,B), the integral solution coincides with the mild
solution.
From the closedness property of A, if v(t) is an integral solution of (2.1), then

v(t) € D(A) for all t > 0, in particular ¢(0) € D(A) .
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Now, we introduce part Ag of the operator A in D(A) which is defined by
D(Ag) = {y e D(A) : Ay € ID)(A)}
Ay = Ay for y € D(Ay).

We assume
(Hp) : A satisfies Hille-Yosida condition.

Proposition 2.4. [I] The part Ay of A generates a Cy-semigroup (To(t))e>o on
D(A).

Introduce &, of (2.1) which is defined by

PBa={peB: ¢0)eDA)}.
For t > 0, V(t) in A, is defined by V(t)p = us(., ) where u(., ) is the solution
of

d
Eut = AUt + L(ut) for ¢ Z 0

UOZQOE%.

(2.2)

Proposition 2.5. [3] Family (V(t)),s, is a Co-semigroup of bounded linear oper-
ators on Bu. Furthermore (V(t)),~, satisfies, allt > 0 and 0§ < 0, the following
translation property -

V(t+0)p) (0),Vt+6>0

e(t+0), Yt+6<0.

V(t)e) (0) = {

Theorem 2.6. [3] Let Ay defined on B4 by

{D(Aw = {4 €= 0,0:X) N Z; ¢ € Ba,0(0) € D(A) and (0) = Ap(0) + L(p) }
Ayvp = ¢ for ¢ € D(Ay),
then Ay, is the infinitesimal generator of the semigroup (V(t))i>o on Ba.

Let (Xo) the space defined by (Xo) = {Xoy : y € X} where function Xpy is
defined by

0 if 6 €] —00,0]

2.3
y if 6 =0. (23)

(Xoy)(0) = {

The space B4 ® (Xj) is a Banach space with following norm

|z + Xopllz = ||2lz + ||p|| for (z,p) € B4 x X and consider A the extension of
the operator Ay, defined on B4 ® (Xo) by

{D(ﬂw —{p e (- 0,01X): o € D(A) and ¢’ € D(A)}
Avo = ¢’ + Xo (Ap + L(p) — ') .

Lemma 2.7. [3] Suppose that # satisfies (A1), (Az), (B) and (C1)—(Cs). Then
Ay satisfies the Hille-Yosida condition on B4 @ (Xo).
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Let Coyo be the space of X-valued continuous function on | — 0o, 0] with compact
support. We assume that :

(D) : If (¢n)n>0 is a Cauchy sequence in % and converges compactly to ¢ on
| — 00;0], then ¢ € # and |¢p,, — ¢| — 0.

Proposition 2.8. [2] Suppose that B satisfies (A1), (As), (B) and (Cy) — (C3).
Assume that (Hy) holds. Then Ay satisfies the Hille-Yosida condition on B &
(Xo), there exists M > 0, w € R such that

@, +o0[C p(Ay) and (A — Ay)~"| < ~ for neNet A >0

M
(A—w)
Furthermore, the part .Zy on ]D(./Zy) = B, is exactly the operator ZV.

Let (So(t))i>0 be the strongly continuous semigroup defined on the subspace
By — {6 € B : 6(0) = 0} by
Gt+0), if t+6<0

So(t)p) (0) =

(Solt)e) (0) {Q if 40> 0.
Definition 2.9. Assume that the space # satisfies axioms (B) and (D), £ is
said to be a fading memory space, if for all ¢ € A,

|So(t)] = 0 as t — +o0 in H,.
Moreover, 4 is said to be a uniform fading memory space, if
|So(t)] = 0 as t — +o00.

Lemma 2.10. [18](p.190) If & is a uniform fading memory space, then the
function K may be taken as constant and the function M can be selected such
that M(t) — 0 as t — +oo.

Proposition 2.11. [18] If & is a fading memory space, then the Banach space
BC(]—0,0],X) of all bounded continuous X-valued functions on |—o0, 0] equipped

with the supremum norm is continuous embedding in AB. In particular B satisfies
(Cg), fO?“ Ao > 0.

Now, we assume the following hypothesis

(Hy) : Ty(t) is compact on D(A), for all ¢ > 0.

(E) : # is a uniform fading memory space.

Theorem 2.12. [3] Assume that A satisfies (A1), (As), (B), (C}) and (Hy), (H,), (E)
hold. Then (V(t))i>0 can be decomposed on HB4 as follows

V(L) = Vi(t) + Va(t) fort >0

where (V1(t)),>, is an exponentially stable semigroup on %4, which means that
there are constants cg > 0 and Ny > 0 such that

Vi(t)| < Noe || fort >0 and p € Ba
and (Va(t)),s¢ is compact fort > 0.

The result below concerns the spectral decomposition of % 4.
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Proposition 2.13. [3] Assume that (A;),(As),(C)) and (Hy),(H,),(E) hold.

Then the space B4 is decomposed as a direct sum
Br=SpU

of two V(t) invariant closed subspaces S and U such that restricted semigroup on
V is a group and there exist positive constant My and w such that

V()| < Moe || for t >0 and ¢ € S,
V(t)p| < Mpe**|p] for t <0 and ¢ € U,
where S and U are called the stable and unstable space respectively.

Let NV the Lebesgue o-field of R and by M the set of all positive measures 1 on
N satisfying n(R) = +oc and n([a,b]) < oo, for all a,b € R, (a < b). The space
(L(22,B), ||-|l) is a Banach space.

Definition 2.14. Let g : R — L(€2,B) a stochastic process.

1) If }:imEHg(t) —g(s)|l = 0 for all s € R, then g is continuous.
—s

2) If there exists C' € R* such that E|lg(¢)]| < C, Vt € R, then g is
bounded.

Denote SBC(R, L(92,B)), the space of all bounded and continuous processes.

We can see that the space SBC(R, L(€2,B)) with the following norm
lg|loc = supkEl|g(t)]| is a Banach space.
teR

Definition 2.15. Let 7,7, € M. A stochastic process g : R — L(£2,B) is mean
(m1;m2)-ergodic of infinite class if g € SBC(R, L(£2,B)) and satisfies

1 ¢
lim—/ sup E|lg(8)||dm(t) = 0.
(oo nQ([_C7CD —C 96]—00715] H ( >|| 1( )

We also denote by (R, L(€2,B), 11,12, 00), the space of all such processes.

For n1,m2 € M and a € R, we denote by 7, the positive measure on (R,N)
defined by

Mma(S)=m{a+b:b€S8}) for SeEN. (2.4)
From ny,n, € M, we formulate the following hypothesis
(Hy) : For all a € R, there exist § > 0 and a bounded interval J such that
M.a(S) < Bni(S) when S € N satisfies SN J = 0.
(H3) : For all a,b,c and 6 € R, such that 0 < a <b <¢, there exist dp >0 and oy >0
such that [0| > do = m(Ja+ 8,0+ 0[) > aemi([d, c + 6]).

(Hy) : Let n1,m2 € M such that lim supM =a < 00.

(—+o0 772([_7-7 T])

Remark 2.16. [19] Hypothesis (Hy) implies hypothesis (Hs).
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Proposition 2.17. Assume that (Hy) holds. Then E(R, L(§2,B),n1,m2,00) is a
Banach space with the norm ||, ||o-

Proof. We can see that E(R, L(Q2,B), 11,12, 00) is a vector subspace of SBC(R, L(2,B)).
To complete the proof, it is enough to prove that E(R, L(Q2,B), 11,12, 00) is closed
in SBC(R, L(£2,B)). Let (gn)nen be a sequence in E(R, L(Q2,B), ny, 12, 00) such
that lim g, = g uniformly in SBC(R, L(€2,B)). From n(R) = 400, it results

n—-+o0o

that 72([—(, ¢]) > 0 for ¢ sufficiently large. Ve > 0, 3Iny € N such that
Vn > ng, ||gn — 9]l < €. We have

1 ¢ 1 ¢
TG BN < ey [ s Elon0) = o0

1 ¢ . i
+ gy e Ela@lin)

1 ¢
< / g = gl ()

1 ¢
(¢ ) E| g (0) i (1),
TG /—cee?lli,ﬂ 19 (0) | dma (1)

It results that

1 ¢
limsup—/ sup E|g(@)|dn(t) < allgn — 9l
ctoo M2([—C,C]) Jo¢ be)—o0) 1g(0)|[dm(t) I |

< ag, Ve > 0.
Therefore g € E(R, L(2,B), n1, 72, 00). O

The result stated below characterizes mean (1, 72)-ergodic processes, including
the possibility that J = (.

Theorem 2.18. Assume that (Hy) holds. Let g € SBC(R, L(2,B)) a process.
Then the following assertions are equivalent :
Z) g e E(R7L(Q7B)anl7n2a OO) ;

1
# Ao, ne([=C N T) /[—c,c}\J (96]8112,75] ot >H> nh =0

m ({t e[ C\NT: sup E|g0)] > 5})
—0

0€]—o00,t]

iii) For any € > 0, Clim

—oc n2([=¢.¢I\ J)

Proof. First, we show that i) < ii).

We denote by S = 172(J), R = / sup E|g(0)||dni(t). S and R belong to R
J 0€]—o0,t]

because the interval J is bounded and the process g is stochastically continuous

and bounded on R. For ¢ > 0 such that J C [—(, (] and no([-(, ]\ J) > 0, we

have ny([—(, ¢]) < 400 and J C [=(, (]
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Hence 15([=¢, (J\ ) = ma2([=C, ¢]) = 12(T ). We have

1
n2([=¢, ¢I\ T) /[—c,cl\J be]—oo,t]

sup  K|[g(6)]|dn ()

1 [ ¢
e EGE / 2 Ellg@)ldm(®) - R],
_oml=) v
~ oS [mred /. @el_i,t}E"f’(e)”dm“)]
Lom=6d) o R
§=m(=¢.) " w=¢)

S

- <1 e s) - m([—lc,d) /Z oy

S

sup  E[|g(0)[|dn. (t)

R

* (“ 5 (¢

> A

By passing to the limit and using the fact that 72(R) = 400, we obtain

1
li Ellg(8)||dn(t) = 0.
¢rtoo (=G, N T) /[c,c]\Jee?an,t] lg(6)ldm )

We deduce that i) is equivalent to ii).
Now, we show that iii) = ii). Denote by S¢ and Rf, the following sets

8§={t6[—<,<]\J: sup Eug<9>u>e}; Rzz{te[—c,d\J:

0€]—o0,t]

sup Ejg(0)]| < 5}-

0€]—o0,t]
Assume iii), then
" m(SE)
im ——
(oo 12([=C, I\ 1)
We have [—(, (] \ J = S¢ URE, it follows that

[ sw Blg@)ln = [ sw Blo@)dn () +
[—¢,¢\T 0€]—o0,t] 85 0€]—o0,1]

For ( sufficiently large, we obtain

/ sup Ellg(0)[|dn (t) < [[gllecm(S¢) + em(Re)-
[—C.ONT f€]—o0.1]

= 0. (2.5)

/R S Ellg(0)]ldm ().

z 6]—00,t]

Hence

1

lim sup / sup Elg(0)||dn:(t)
cotoo M([=CCINT) Jie.opg o€]—o0t '

RE

+ elim sup M C)

1m su 771(346)
< ||9||oolcﬁ+oop772([_c, \NT) ctoe M[=C,CINT)

By using (2.5) and hypothesis (Hy), it follows that
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1
lim sup / sup E|g(0)]|dni(t) < ae, Ve>D0.
cvioo (=6, AN T) i oe—oes 1

As a result iii) implies ii).
Thus, we shall show that ii) implies iii). Assume that ii) holds. From the following
inequality

/ sup  Ellg(0) dm (1) > / sup Elg(6)lldm (2):
[—¢.¢] S,

—¢,C\T 0€]—00,t] gee]—oo,t]
1 / m(S¢)
sup E|g(0)[[dm(¢) > ,
=G AND) cquae® 9O ldmt) = ey 7
SE
it follows that Tim "0 ¢ 0

¢=+oo 1p([=C, ¢TI\ T)

Definition 2.19. Let ¢ € SBC(R, L(§2,B)) and let ¢ € R. The translate g; of
g is defined by g¢(t) = g(t + ¢) for all t € R. A subset ® C SBC(R, L(Q2,B)) is
translation invariant, if for all g € ® implies g. € © for all ¢ € R.

Definition 2.20. Let 7,1, € M.

We say that 7, and 7, are equivalent (7, ~ 1), if there exist constants «, 5 > 0
and a bounded interval J (possibly empty) such that an (S) < 72(S) < i (S)
for S € N satisfying SN J = 0.

Theorem 2.21. Let ny,nf,n2,m5 € M. If g1 ~ 0] and ny ~ 15, then
5(RaL(QyB),7J1aU27OO) - S(R7L(Q,B),T]T,T]§,OO)

Proof. Given that 1, ~ nj and 72 ~ 7;, there exist some strictly positive con-
stants aq, ag, 01, B2 and a bounded interval J (eventually J = )) such that
a1 (S) <0 (S) < Bimi(S) and aona(S) < 15(S) < PBona(S) for each S € N satis-
. 111 (SF) 7 (S¢) Bim (SF)
fies SNT = (). We obtain < < ,
Bamz([—C,CINT) — m3([=¢,¢IN\NT) — aane([—C, ]\ T)
it follows that

am ({t € [-¢,¢\NT : ;up t]EHg(9)II > 6})

CETOO 52772 -, C] \ j)
({t € [—¢.\T - e?up ﬂEng)H > 5})
= CEELO [—¢, ¢\ T) |

B ({ AN s Bl®)] > s})
< An (=GN T) '
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Then, it results that

. m (S¢) . i (S7)
oo (G, N T) oo 15[, (\ )
Therefore E(R, L(Q,B), n1,m2,00) = E(R, L(Q2, B), 0y, 15, 00). O

Let n1, 19 € M, we denote by cl(n1,12) = {wi,ws : 1 ~ wi; M2 ~ wa .

Proposition 2.22. [6] Let n € M. Then n satisfies (Hy) if and only if the
measures 1 et n¢ are equivalent for all ¢ € R.

Proposition 2.23. [19] For all o > 0, (Ha) implies that
m(=C—0,(+0])

lim sup < 00

¢—+oo 772([_C>C])

Theorem 2.24. Let ny,m2 € M satify (Hy). Then E(R, L(Q,B),n1,m2,00) is
translation invariant.

Proof. Assume that (Hy) holds. The proof of this theorem is also inspired by
Theorem 3.1 in [0]. Let g € E(R, L(2,B), n1, 12, 00) and b € R.

Since n2(R) = 400, there exists by > 0 such that ny([—¢ — |b|,{ + |b]]) > 0 for
|b| > by. We also denote by

1
Hp(() = ———~ Ellg(0)|d V(>0 and beR
O = T g ol MO0, %0 smi bR

where 72 is the positive measure defined by (2.4). Assumption (Hj) being sat-
isfied, using Proposition 2.22, we deduce that 7y ~ 72, and 7y ~ 7,3, using the
Theorem 2.21, we obtain

S(R’ L(Q7 B), M,bs 12,65 OO) = E(R7 L(Q7 B)? Ny M2, OO)

Consequently g € E(R, L(Q2,B), n14, 72, 00), hence ClirJlrn Hy(C) = 0, Vb € R.
—+00

For all B € N, we also denote by yp the characteric function of B. Using the
definition of the measure 7, ;, we obtain

B(t)dm s(t) = B(t)dm (t +0) = B(t — 0)dn (1)
[ w00 = [ s = [ =)

[—C+b,C+b]

Given that the function ¢t — sup E|/g(6)| can be expressed as the pointwise
f€]—oc0,t]

limit of an increasing sequence of linear combinations of functions, we deduce

that

[ sw Elg@ldna® = [ s Elg@)lan.
[ [~C+b,¢+b

—(,¢] 0€]—00,t] ] 9€]—oc,t]
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Let b* :=max(b,0) and b~ := max(—b, 0).

Then [—C+b—[b|,+ b+ |b]] = [-C —2b~,( + 2b"] and we obtain
1
F(C + b)) = / sup. Eg(0)]1dnu (1)
N2 ([=C — [b], ¢+ [0]]) [—¢—|b],¢+|b]] O€]—00,t] '

1 /
= sup K| g(0)ldm (t + b);
M2([=C+ b —[b],C+ b0+ [b]]) Ji—c_jpl.cp)) 0€)—o0. !

1

= sup Elg(0)|ldn(t).
n2([—¢ — 20—, + 2bt)) /[—C—Qb,(j+2b+] f€]—o0,t—b] lg(6)lldn.(2)

Then, we have

1 / 1
_ sup [El|lg(0 dntg—/ sup El|g(0)||dn.(t);
M2([=¢, ¢1) Ji—¢.¢] e]—o0,t—4) lg(6)lidm 2) M2([=C, €1) Ji—c—ab— c2v+] be]—c0,t—b] lg(6)lidm ()
ne([—¢ — 267, ¢+ 2b7])
< X Xp(C+ 10]).
ne([=C.¢]) e+ i
1
Using the Proposition 2.23, it results that lim —/ sup Elg(6 —b)||du(t) =0,
¢=too V([—C, C]) Ji=¢.¢] €] =0t
that is g_, € E(R, L(2,B), n1, 12, 00). Therefore E(R, L(2, B), n1,m2,00) is trans-
lation invariant. O

3. MEAN (7, 7)2)-PSEUDO-ALMOST AUTOMORPHIC PROCESSES

In this part, we define mean (n;, n2)-pseudo-almost automorphic and their prop-
erties.

Definition 3.1. A continuous stochastic process f : R — L(Q2,B) is almost
automorphic process in mean sense if for every sequence of real numbers (s, )men,
there exists a subsequence (s, )nen and a stochastic process g : R — L(Q,B) such
that

lim E||f(t+ s,) —g(t)]| =0

n—oo
for each t € R and

Tim Ellg(t - s,) - F(2)]| = 0

for each ¢t € R.
Denote the space of all such stochastic processes by SAA(R, L(Q2,B)).

Lemma 3.2. [10] The space SAA(R, L(Q2,B)) of mean almost automorphic sto-
chastic processes equipped with the supremum norm ||.||e, constitutes a Banach
space.

Definition 3.3. Let f : R — L(£,B) be a bounded continuous stochastic
process. f is mean compact almost automorphic process if for every sequence
(t,),, € R, we can extract a subsequence (t,), such that, for some stochastic
process h : R — L(£2,B), we have

lirf E|f(t+t,) —h(t)]|=0foralteR
n—-—+0o0



12 B. BALMA, M. KIEMA, V. KONANE

and

lim E|h(t—t,) — f(t)|=0foraltelR

n—+00
uniformly on compact subsets of R. Such stochastic processes collectively consti-
tute the space denoted SAA, (R, L(£2,B)).

From [1], AP (R,X) C AA.(R,X) C AA(R,X), thus we obtain the following

remark.
Remark 3.4. SAP (R, L(Q2,B)) € SAA, (R, L(22,B)) € SAA (R, L(2,B))

Corollary 3.5. SAA. (R, L(2,B)) equipped with the norm || - ||~ is a Banach
space.

Definition 3.6. Let 1,7, € M. A bounded continuous stochastic process
f R — L(Q,B) is (11, n2)-pseudo-almost automorphic in mean, if it can be
decomposed as follows
f=g9+h,
where g € SAA.(R, L(Q2,B)) and h € E(R, L(2,B), n1, 12).
We denote the space of all such stochastic processes by SPAA.(R, L(2,B), n1, n2).

Proposition 3.7. [12] Let ny,m2 € M satisfy (H3) and let f € PAA(R; X, n1,1m2)
be such that f = g+ h, where g € AA(R,X) and h € E(R,X,n1,12). Then the set
{g(t) : t € R} is contained in the closure of the range of f, that is

{g(t):te R} C {f(t) : t e R}
Proposition 3.8. [23] Assume that (Hj3) holds. Then the decomposition of

(n1,m2)-pseudo-almost automorphic function in form f = g+ h, where g €
SAAR,X) and h € E(R, X, n1,m2,00) is unique.

Remark 3.9. For X = L(Q, H), Proposition 3.7 and 3.8 are always holds.

Theorem 3.10. Let ny,m2 € M. Assume that SPAA (R, L(Q,B), ny,12,00) is
translation invariant. Then (SPAA(R, L(Q,B),n1,m2,00), ||  |l«) is a Banach
space.

Proof. Let n1,m € M and (f,,) be a Cauchy sequence in SPAA(R, L(2,B), 1, 12, 00).
For each n, we decompose f, = g, + ¢, where g, € SAA (R, L(£2,B)) and

on € E(R,L(,B),n1,m2,00). By Proposition 3.7 and Remark 3.9 , we have

|G — gmlloo < ||fn — finlloo, Which implies that (g,) is a Cauchy sequence in the

Banach space (SAA (R, L(2,B)) ;|| - ||«)- Since ¢, = fi, — gn, then

60 — dmlloo < || fn — finlloo + ||gn — gmlleo- It follows that (¢,,) is also Cauchy

sequence in the Banach space (£ (R, L(£2,B),n1,m2,00),]| - [[). By Lemma

3.2 and Proposition 2.17, there exist processes g € SAA (R, L(2,B)) and ¢ €

E (R, L(2,B),ny, 12, 00) such that n1—1>r—ﬁl-loo gn = g and nl—lgloo ¢n = ¢. Consequently

lim f, =g+¢ € SPAA(R, L(2,B),n1,n2, 00), which proves that SPAA(R, L(Q,B), n1, n2, 00)

n—-+o0o
is complete with respect to the supremum norm. O

Now, we study the composition properties of mean (1, 7;)-pseudo-almost auto-
morphic processes.
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Theorem 3.11. Let f : R x L(Q,B) — L(,B), (t,x) — f(t,z). Suppose that
f is mean almost automorphic in t € R for each x € L(2,B) and satisfies the
following Lipschitz condition :

Ellf(tz) = f(t.y)l < LE[z -yl

for all z,y € L(Q,B) and for each t € R, where L > 0 does not depend on t.
Then, for any mean almost automorphic process x : R — L(,B), the process
F:R — L(Q,B) defined by F(t) := f(t,x(t)) is also mean almost automorphic.

Proof. The proof of this theorem is similar to the proof of theorem 2.6 in [16]. O

Lemma 3.12. . Assume (H3) holds and let g € SBC (R; L(§2,B).
Then g € € (R; L(Q,B), n1,m2,00) if and only if for any € > 0,

m (K (g))

I _
N (T

where

K (g) = {t €[-¢¢): sup Efg(0)] = 8}

0€]—o0,t]

Proof. On the one hand, suppose that g € £ (R; L(2,B), 1, m2, 00), it follows that

1 ¢ 1
e Lo Bl = e | » (9;303¢]Eug<e>u) dm (1

1
L Ellg(8)| | d
(=) /[c,qvcw(g) (ee?i%ﬂ ot )H> i

1
" w0 /me(g) (ee?ug,t]E”g(‘mo dipi (1)

em (K9(g))
2 (=)

Then

- (K<(g))
(oo Ma([—¢, ¢])

On the other hand, Suppose that g € SBC' (R; L(£2, B) such that,

=0.

- (KS(9))

A G
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Since g € SBC (R; L(),B), for all t € R, there exists a constant ky > 0 such that
E|lg(t)]] < ko, then using (H3) , it follows that

1 ¢
T ol om0 = e | (ﬁlli,f”gw)”)dm(t)

1
(=) n2([—¢, ¢]) /[gg]\lgcs( )( ?up }EHQ(Q)H) dm (t);

kom(’C 5(9))+5771([ ¢,¢)
- (=G (=)

Which implies that

1 ¢
lim —/ sup Ellg(0)||dmn(t) < as, Ve >D0.
¢—400 7}2([‘@(]) ¢ 6e]—c0t] ”9( )H 7)1()

Then g€ & (R;L<97B)anlan27oo) : [

Theorem 3.13. Letny, e € M,V = U1+W, € SPAA (R x L(Q2,B); L(Q2,B), n1, 72, 00)
with 1 € SAA(R x L(Q,B); L(Q2,B)), ¥y € E(R x L(Q,B); L(Q,B), n1,1m2,00)
and h € SPAA (R; L(Q2,B), m1,m2,00). Assume:

1) Wy(t,x) is uniformly continuous on any bounded subset uniformly fort €
R.
ii) there ezists a nonnegative function Ly € LP(R), (1 < p < 00) such that

E||W(t,z1) — Y (t,z0)|| < Lo(t)E ||x1 — 22|, for allt € R and for all x1,x5 € L(2,B).
If

1 ¢
—lm—/ sup Lg(0) | dm(t) < oo
G N (v <ee]_£,ﬂ ! >> )
then the function t — f(t, h(t)) belongs to SPAA (R; L(2,B), n1,m2, 00).

Proof. The proof of this theorem follows by the same reasoning as in Lemma 3.2
in [21]. Let h € SPAA(R, L(£2,B),n1,12,00), we can write h as h = hy + ha,
where h; € SAA(R,L(2,B)) and hy € E(R, L(2,B),n1,1m2,00). Since ¥ €
SPAA(R, L(Q2,B),n1,m2,00), then ¥;+Wy, where ¥; € SAA(RXL(Q2,B), L(§2,B))
and Uy € E(R x L(Q,B), L(2,B),n1,12,00). So, stochastic process ¥ can be de-
composed as follows

(L A()) = Wit ha(8)) + [U(E () — W(t, hy(8)] + ({6 Re(8)) — Wy (£, B (1)
Since \Ijz(t, h1<t>) = \I/(t, hl(t)) - \Ifl(t, hl(t)), then

W(t, h(t)) = Wi(t, ha(8)) + [V (2 2(t) — W, ha(8)] + Walt, I (1)),
Using Theorem 3.11, we obtain t — W, (t, hy(t)) € SAA(R, L(Q2,B)). Now, it re-
mains to show that the functions t — [ (¢, h(t))—W(t, hi(t))] andt — Wo(t, hy(t))
belong to E(R, L(2,B),n1,m2,00). The function ¢t — [V (¢, h(t)) — VU(t, hy(t))] is
bounded and continuous. Suppose that E||U(¢, h(t)) — ¥(t, hi(t))| < No, Vt € R.
Since t — h(t) and t — hy(t) are bounded, choose a bounded subset B C R such
that A(R), hi(R) C B. Under assumption (ii), for given € > 0,E|lx; — 3| < ¢,
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implies that E [|U (t,21) — U (¢, 29)|| < eLy(t), for all t € R.
For g € E(R x L(Q,B), L(£2,B), n1,m2,00), using Lemma 3.12, it follows that

- (KS=(9))

S o)

Consequently

1 ¢
M/—c ( sup E||¥(6,h(0)) — U (0, hl(@)“) di (t)

0c]—o0,t]

T e (Qﬁf”“ﬂh(@)) (0. (6 ))II)dm(t)

1
* e <<mu<9;E£,ﬂE”‘I’<97h<9>> (6. b0 >>||)dm<t>,

N 3
A0 O 0 g o ) w0

< Nomi (K< (g)) n € / ( sup |L\y(0)|> dm (8),
—¢<]

772([_C7 C]) 772([_C7 C]) 0e]—o0,t]
which implies that

(oo 772([ C C —00,t]

Then function t — [U(¢, h(t)) — V(¢ hi(t))] belongs to E(R, L(2,B), n1, 12, 00).
To complete the proof, it is enough to prove that ¢ — Wy(¢, hi(t)) belongs to
E(R, L(Q,B), n1,m2,00). Since Wy is uniformly continuous on the compact set

K = {hi(t) : t € R} with respect to the second variable z, it follows that for given
€ > 0, there exists 6 > 0 such that , for all t € R, &;,& € K, one has

Bl — &fl < 0= E[[W(t,&(1) — V(&) <e.
Therefore, there exists n(c) and {z}1% C K such that

n(e)
K c | JBs(2.9).
i=1
Let t € R and z € K, there exists ig € {1,...,n(e)} such that
E|[Wa(t, 2) = Wat, 20 (1)) ]| < e,
it results that

El[Wa(t, ha ()] < EJ[Wo(t, ha(t)) — Walt, 2 (1)) + B V2, 2i (£))]
n(e)
E[|Wa(t, ha(6))]| < &+ E[[Wa(t, 20 (1)) < & + Y El[Wa(t, 20 (1))

=1

1 ¢
lim ])/ ( sup E|U(0,h(0)) — w0, hi(0 ))||> dm(t) <eB, Ve>D0.
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It follows that

¢
/ s BN (0, 4) e (1)

m([=¢,¢1) S oe)-
5771 —(,(]) /C
sup E||Wq(60, z;(0))||dn(t).
ml=c.d) Z .y [W2(6, 2:(0))|dna (¢)
In fact
7’1(6 C
Vied{l,..., / sup E||Wy(0, z(0))|dn(t) =0,
{ };772 S W2 (0, 2i(6))ldn. (t)

then, using (H4) we deduce that
1 ¢
limsup— s [ sup B|W0, 1 @) m(t) <ca, Ve >0,
¢(—+oo n2([—¢, ¢]) ¢ 0€]—00,t]

It results that
t— Wy(t, hy(t)) € E(R, L(,B), n1,n2, 00).

4. EXISTENCE AND UNIQUENESS OF SOLUTION

Proposition 4.1. [17] Suppose that {N(t) : t > 0} inhomogeneous Poisson pro-
cess with intensity function {\*(t) :t > 0}. Let h: R — L(Q,B),s — h(s) be the
mean square integrability on 0 <ty <t and F} -predictable process such that

E { /t: ||h2(s)\|ds] < o0 and E[dN(s)] = \*(s)ds.

e | < [ Emomrea

Assume the following (Hj) : h is a bounded process.

Theorem 4.2. Let A be the phase space satisfying conditions (A1), (Asz), (B),(C}), (Hy), (H;), (E)
and (Hs). Assume in addition that the family (V(t))i>0 possesses a hyperbolic

structure. If g is bounded and continuous on R, then there exists a unique bounded

solution v of (1.1) on R given by

Then .
/ h(s)dN (s)

to

t

A——+o00 — o0 +00

v, = [ lim / t VIt — )T Dy(Xog(s))ds + Jim / VU(t—s)FUE,\(XOg(s))ds] (0)

A——+00 oo A——+00 +o00

lim / t VS(t — )T Dy(Xoh(s))dN(s) + lim t VU(t—s)FUﬁA(XOh(s))dN(s)] (0),

. o\ -1
Yt > 0 with Dy = X ()\[ — Av) . 'Y and TV are the projections of % on the

stable and unstable subspaces.
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Proof. Let vy = wq(t) + wy(t), where

wy(t) = lim t Vs(t—s)FSZNDA(XOg(s)(O))ds—I— lim / t VY (t — s)LY Dy (Xog(s)(0))ds

A—rtoo o A—~400 +00

and

t

w(t) = lim [ VS(t — s)D5Dy(Xoh(s)(0))dN((s)
+ lim t VYU (t — s)LV Dy (Xoh(s)(0))dN(s), Vt > 0.

A—400 +00

Firstly, we are going to prove that v, exists.

On the one hand, we show the existence of wy(t). Let wy(t) = )\lim a(t), where
—+00

t

a(t) = / t VS(t — )T Dy (Xog(s)(0))ds + / VU (t — s)TY Dy (Xog(s)(0))ds.

—00 —+00

Using the triangular inequality and Bochner’s Theorem, we obtain

t _ +oo ~
(@) S/_ ||Vs<t_S)FSDA<X09(5)(O>)‘|dS+/t IVY(t = 5)TY DA(Xog(5)(0))]|ds.

By using the Propositions 2.8 and 2.13, it follows that

t—n+1
Ella(t)]| < MM0|PS|Z / S5 | g(s)||ds + M Mo FU|Z / 0| g(s) | ds.

t+n—1

Function g being bounded on R, there exists a positive real g such that
E|lg(s)|| < B, for all s € R. Hence

1 )
Ella(t)]| < ~(e* = 1)BM Mo(IT%| + [T7]) )Y e
n=1

Since i e~ " < 00, we deduce that wy(t) exists and is bounded on R.
On thg:olther hand, we will show that ws(t) exists.

First we show that /\l_igloo too V3(t — $)I5Dy(Xoh(s)(0))dN(s) exists.
Since {N(t) : t > 0} is inhomogeneous Poisson process with intensity function



18 B. BALMA, M. KIEMA, V. KONANE

{\*(t) : t > 0}, by using the Propositions 2.8, 2.13 and 4.1, we obtain

H/ VE(t = 5)D*Da(Xoh(5)(0))dN(5)

< MM,[TS| l /_ — ts))\*(s)IE||h(s)Hds}

< MM,|T%| [Z/ T e sup (,\*(s))EHh(s)HdS]

s€]—00,t]
t—n—+1
< MM,|T%| w (A (s Z / e~ IR h(s)]|ds.
s€]—o0

Using (Hj), there exists positive constant C such that E||h(s)|| < C, it follows
that

/ V3(t — $)I5Dy(Xoh(s)(0))dN(s)

—0o0

t—n+1
E < CMMo|D%| sup (M (s Z/

5€|—00, t]

< CMMy|T%| sup (A*(s));(e“’— 1)Ze—wn.

$E]—00,t]

[o.¢] (e.)
Since ) e™“™ < oo, then there exists positive constant ¢ such that > e < c.
n=1

n=1
It results that

H / VS(t — 5 D (Xoh(s) (0))AN(s) | <, (41)

where v = CMMO|FS|—(6°’ —1) sup (A*(s)).

w SE]—00,t]
Let Hy(n,s,t) = V3t — s)['¥*D,(Xoh(s)(0)), for n € N and s < t. For n large
enough and o < t, we have

t—n+1
< CMMO‘FS| sup )\* Z/ e w(t=5)qg < ,ye_w(t_g)’

s€]—o0, t]

E H /_ ; Hy(n, s, )dN(s)

where v = CMM0|FS]£(6°’ —1) sup (A*(s)). Thus, it results
w

SE|—00,t]

H/ Hi(n, s, t)dN (s / Hi(m, s, t)dN(s)

< IEH/ Hy(n, s,)dN(s)

+E H / Hy(m, s,t)dN(s)

/Hlnst)dN /Hlmst)dN()

< 2ye vt LK

/ Hi(n, s, t)dN(s) / Hi(m,s,t)dN(s)|.
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It follows that
/ Hi(n, s, t)dN(s) / Hi(m,s,t)dN(s)

If o0 — —o0, using inequality (4.2), we obtain

/ Hy(n, s,)dN(s) / Hy(m, s,)AN(s)

Therefore, we deduce that function
t

t— lim VS(t — $)I'° Dy(Xoh(s)(0))dN (s)

A—+o00

limsupE < 2ve~wlt=9)  (4.2)

n,m—-+oo

limsupE = 0.

n,m—-+oo

—00
exists and is bounded on R. Similarly, we can show that function
t

te Jim VY (t — s)DY Dy (Xoh(s)(0))dN (s)
is also well defined and bounded on R. Thus, v; exists and is bounded on R.
Finally, we will prove the uniqueness of v;.

since v; is a bounded solution on R of equation (1.1), suppose that there exists
another bounded solution v; on R of equation (1.1).

Lett > o, v, —0; = V(t—0)(vy — ) and |15 (v, — )| < Moe |19 (v, — T, ).
Since v, — v, is bounded on R, when o — —o00, we obtain Fs(vt — ;) = 0. Hence
(v; — ;) € S. Given that VY (t) is group, then for ¢t < o, we have

v, — 0 = VY (t — 0)(vy — Vy). Therefore |v, — 0] < Mye**="|v, — T,|. When
o — 400, we obtain v; = v;, Vt € R. Hence the uniqueness of v;. O

Theorem 4.3. Assume that (H3) holds. Letn;,ny € M and ¢ € SPAA(R, L(Q,B), n1,m2,00)
then the functiont — ¢y, belongs to SPAA.(C(]—o0,0], L(Q2,B)), L(Q,B), 1,12, 00).

Proof. Let L > 0 and assume that ¢ = g + h, where g € SAA. (R, L(2,B)) and
h e & (R,L(Q,B),m,n,00). We have ¢, = g, + hy. Firstly, we show that
gr € SAA. (R, L(2,B)). Let (s1n),,ey Of real numbers, fix a subsequence (sy,),,cy
and w € SBC (R, L(2,B)) such that ¢ (s + s,) — w(s) uniformly on compact
subsets of R. Let K C [-L; L]. For € > 0 fix N. 1 € N such that
Ellg(s+ sn) —w(s)|| < € for s € [-L; L]. Whenever n > N, . For t € K and
n = N, we have
Ellgess, —will < sup Ellg (6 + s,) —w(6)]
0e[—L;L)
<e
then, g:1s, converges to w; uniformly in K. Similarly, we can show prove that

wy_g, converges to g; uniformly in K. Now, we show that h; € € (R, L(€2, B), n1, 12, 00),
we denote by

1 ¢
Ho = 000D / < (agggﬂlauhwnr) B (1)

where 75, is the positive measure defined by (2.4). Assumption (Hs) being
satisfied, using the
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Proposition 2.22, we deduce that 1y ~ 1y, and 7, ~ 14, using the Theorem
2.21, we obtain
E(R, L(Q, B), Mo 12,0 OO) = E(Rv L(Q’ B)’ i, 72, OO)
Consequently h € E(R, L(Q2,B), 1.4, N2, 00), hence chrf Z,(() =0, YVa € R.
—+00
Let

L r E|1(6)]|d
o= nz([—C,C])/_CeeS]?_% I dm e),

for r > 0, it follows that

¢
;/_ sup < sup EHh(e)H) d771<t>

M2([—C, €]) J ¢ 0e)—s0,t] \ nel—oc.0]
1 /4
< — sup E|Rr(0)| + sup E|hr(O dny (t);
m2([=¢, ¢1) J—¢ <ee]—oo,t—r] 1@ oelt—r,1] | <)H> m{t)
1 /<
< —— sup  E|h(0)|dmn(t) + Q;
772([_C>C]) —(¢ 0€]—o0,t—T7] || ( )H 771()
L [ s B@)an ) + @
< —— sup E|RO)||dm(t+ 1)+ O;
7]2([_4.7 C]) —(—r 0€]—00,t] '
7]1<[_C - T7<+T])
< X RBp(C+1)+ Q,
(¢, <) e+
using Proposition 2.23, we deduce that h; € € (R, L(Q,B), n1, 12, 00).
Then function t — ¢; belongs to SPAA(C(] — o0,0]), L(Q2,B),n1,n2, 00). O

Theorem 4.4. Let g,h € SAA.(R, L(2,B)) and T be the mapping defined, for
teR by

I'(g,h)(t)
t . t .
= |,lim / Vs(t—s)FSD,\(XOg(s)ds—l—Alirf VY (t — s)I'Y Dy (Xog(s))ds
—+00 J_ o 7T J i

t t

+ lim V3(t — )T Dy (Xoh(s))dN(s) + lim VU (t — s)TY Dy (Xoh(s))dN(s) | (0).

A——+o00 oo A——+o00 +00

Then I'(g,h) € SAA.(R, L(Q2,B)).

Proof. For given (s,,),,cn Of real numbers, fix a subsequence (sy),, .y and

g,h € SBC(R,L(2,B)) such that f(t+s,) converges to g(t) and g (t — sy,)
converges to f(t) ,and also v (t + s,,) converges to h(t) and h (t — s,) converges
to v(t) uniformly on compact subsets of R. By using Propositions 2.8 and 2.13,
we get the following estimates

Jim V(= )P Dy(Xog()(O)] £ MM[T¥eIg(s)|  (43)
lim_ [Vt — 5)TY Da(Xog(s)) (0)] < MMIEY e g(s)|  (4.4)

A——+o00
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lim )VS (t — $)TS Dy (Xoh(s H < MMy|TS |~ ||n(s)| (4.5)
—+400
and
lim ‘VU )TV Dy (Xoh(s) H < MMo|TV [ || h(s)]| (4.6)
—400

It results that, if

t t
2(t+ sp) = [/\Eriloo/ VS(t — $)T'SDy(Xof (s + sn)ds + 1_15{100 VY (t — )TV Dy (Xof(s + sn))ds
—00 +o0

t

+ lim VS(t — )T Da(Xou(s + sn))dN(s)
A—rtoo
t

+ lim VU (t — )TV Dy(Xov(s + sn))dN(s)] (0).

A—400 +00

Then, by using (4.3) — (4.6) and the Lebesgue dominated convergence theorem,
we have z (t + s,,) that converges to w(t).

t

w(t) = [ lim /t V3(t — $)I5Dy(Xog(s))ds + hrf VU (t — )TV Dy(Xog(s))ds

A——+00 o +00

t t

+ lim VS(t — $)I'SDy(Xoh(s))dN(s) + lim VY (t — )TV Dy(Xoh(s))dN(s) | (0).

A—rtoo o A—+00 +oo

It remains to prove that the convergence is uniform on all compact subset of
R. Let K C R be an arbitrary compact and let ¢ > 0. We fix L > 0 and N, € N

such that K C [ ] with,
+oo
/ e Yds < ¢
L

2

273

E|f(s+sn) —g(s)]| <eforn>N.and s € [-L, L] (4.7)
and

Eljv(s+ s,) —h(s)| <eforn> N.and s € [-L, L]. (4.8)
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Then, for each t € K, using Propositions 2.8, 2.13 and 4.1, we it results that
Ellz(t + sn) —w(®)]

L ‘
SMMo[|rS| ([ Bt s) = g@le st [ IS5+ 5) = glo)e s )
- L

[e.e] —

+00
Y| / E||f(s + 51) — g(s)[|e*Cds
t

+ D% lsup(A*(s)) ( / EfJuls + s0) - A(s)leds + / Ellos + 5,) — h(8)||€_“’(t_s)ds>

seR o] —L

+o00
+MVlsup((s)) [ Bl + 5,) - h<s>||e-w<s-t>ds] .

seR
By using (4.7) and (4.8), it follows that
Ellz(t +5n) —w(®)]

_I ¢ oo
< MM, [|FS‘ <€/ e (=9 s + 8/ e_w(t_s)ds) + |FU’€/ e @t
—00 ~L t

—L t +o0
+ [T sup(A*(s)) (5/ e~ t=9ds 4 8/ e_“’(t_s)ds> + ]FU|sup(/\*(s))a/ e_“’(s_t)ds] ;
- t

seR o0 —-L seR

+o0 t +o00
< MM, | |19 (6/ e “ds + 8/ e‘“““”ds) + |FU|5/ e “%ds
t+L —-L 0

+o00 t +o0
+ [T |sup(A*(s)) (5/ e “ds + 5/ e_w(t_s)ds) + |FU|sup()\*(s))5/ e_wsds] ,
¢ 0

seR +L —L seR

t

t

Since / e =9 ds < 400, there exists & € Rt such that / et 9ds < a,
L —L

we obtain

Ellz(t + sn) — w(®)]

+oo
< MM, [|FS] (s/ e “*ds + 5a> - ]FU\E
L w

2

+ |I‘S|Sup()\*(5)) <€/L+oo w5 ds + 604) + ‘FU|Sup()\*(S))£] :

seR 5 seR

seR seR

< MM, [|r5| (e )1+ supx() ) + 2167 (1+supx°() ) ]

This shows that the convergence is uniform on K, since the last estimate is inde-
pendent of ¢ € K. Proceeding in the same way as before, one can similarly show
that z(t — s,) converges to w uniformly on compact subsets of R. This completes
the proof. O
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Theorem 4.5. Assume that (Hs) holds. Let g,h € E(R, L(Q2,B), 11,12, 00) then
F(ga h) € g(Ra L(Qv B)v M, 12, OO)
Proof. Assume that (Hs) holds. Lett € R, ¢ €]—oo,t] and g, h € E(R, L(2,B), 11, 19,

we have

¢
ﬁ / o B0, 1)0) ] dn (o)

< A s B[ e (Lot +sup I a0

—l—%/w:up E[| y/+°° (Hg H+s81€1£w(s))\|h(s)|y) ds}dnl(t);

<l [ s B[ e (laol s as e

+ (‘fﬂfq) /;esup E FU!/+OO (Hg H+i1€1£()\*(s))Hh(s)H) ds}dm(t).

Using Fubini’s Theorem, we obtain

¢
m / sup E |[T(g, h)(8)]| dns(t)

—¢ 6€]—00t]
<o) [ e[ [ s Blaolin
T % / i s )] dn (1)) ds
+ MM,|TY| /t ioo e [m /_ Z 6€]Sggt]E!!g(s)Hdm (t)
n % / i 3 EI(s) (1)) ds.

Since g, h € E(R, L(Q,B), 1,12, 00), we deduce that

I ! " s E|0(g. 1)) d
dm e Lo TG m®)ldn ) <o

0J
Proposition 4.6. Assume that (Hs) holds.

Letg7h € SPAAC(R, L(Q7IB>777177727OO) then F(g7h) € SPAAC(]Rv L(QJB)777177)27OO)'

Proof. This Proposition is the consequence of Theorem 4.4 and Theorem 4.5. [J

For the existence of mean (1, 72)-pseudo-almost automorphic solution of infinite
class, we make the following assumption.

(Hg) : g,h : R — L(Q,B) are mean compact cl(n;,nz)-pseudo-almost automor-
phic of infinite class.

00),
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Theorem 4.7. Assume that A satisfies (Ay), (As), (B) and (C}). Suppose that
(Hy), (Hy),(E),(Hs) and (Hg) hold. Then (1.1) has a unique mean compact
cl(m, n2)-pseudo-almost automorphic solution of infinite class.

Proof. Using Theorem 4.2 and Proposition 4.6 , we obtain the desired result. [J

Our next objective is to establish the existence of mean compact (1, 72)-pseudo-
almost automorphic of infinite class for the following problem

dz(t) = [Az(t) + L(z) + g(t, z¢)|dt + h(t, z)dN(t), for t € R, (4.9)

where g : Rx # — L(Q,B) and h : R x B — L(),B) are two stochastic
continuous processes.
To our result, we formulate the following assumptions

(H7) : Let my,m € M and ¢g:R x B — L(Q,B)

mean compact cl(ny, 12)-pseudo-almost automorphic process of infinite class

such that there exists a function Lg; such that E|g(t,01) — g(t,92)|| < L,(t)E||d1 — 2|,

: for all t € R and 94,1, € A.
(Hg) : Let my,m € M and h:R x # — L({,B)

mean compact cl(ny, 12)-pseudo-almost automorphic process of infinite class

such that there exists a function Ljy; such that E||h(t, 1) — h(t,0s)|| < Lp(t)E||F; — 2|,

for all ¢ € R and 91,92 € B, where L,, L, € L’ (R,R"), (1 < p < 00),
(Hy) : The unstable space U = {0}.

Theorem 4.8. Assume that B satisfies (A1), (A2), (B); (C1); (E) and ; (Hy), (H)
and (Hs) — (Hy) hold. Then (4.9) has a unique mean compact cl(ny, ns)-pseudo-
almost automorphic solution of infinite class.

Proof. Let y € SPAA.(R, L(Q2,B),n1,12,00) from Theorem 4.3, the function ¢
y: belongs to SPAA.(C(]—o00,0], L(2,B)), n1, 12, 00). Thus Theorem 3.13 implies
that function ¢(.) := ¢(.,y.) is in SPAA.(R, L(£2,B, 71, 12,00). Given that the
instable space U = {0}, then 'V = 0.

Consider the following operator

L:SPAA(R,L(2,B),n1,m2,00) = SPAA.(R, L(Q,B), n1, 12, 00)
defined for ¢t € R by

(Ly)(t) = [ lim / V(t — )19 DA(Xo(g(s, s))ds

A——+o00 oo

t

+ lim V3(t — $)T5D(Xo(h(s,ys))dN(s) | (0).

A——+o00 oo

From Theorem 4.2 and Proposition 4.6, it is now sufficient to show that the
operator £ has a single fixed point in SPAA.(R, L(2,B),n1,n2,00) . Since A is
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a uniform fading memory space, by the Lemma 2.10, we can choose the function
K constant and the function M such that M(¢) — 0 as t — 4o00. Let

C = max(supM (t),supK(t)) and k = max(L,, L)

teR teR

Step 1: L,, L, € LY(R,RT), (p=1).
Let y1,y2 € SPAA(R, L(Q,B), 1,12, 00), we have

lim / VI(t — )19 Dy (Xo(g(s, y1s) — 9(5,125))(0)ds

A——+o00 oo

EN(Ly2) (1) - (Lo)(1)]| < E|

lim / V3 (t — $)D5Da(Xo(h(s, y1s) — h(s, 1)) (0)dN (s)

A—400 oo

)

Hence

El|(Ly)(t) = (Ly2) ()] < E[ lim / [VS(t — )T Da(Xo(g(s, y1s) — 9(5,y25)) (0)]|ds

A——+00 o

+odim [ V(= 8T Da(Xo(h(s, yrs) — hls,420)) ()N (s) .

A—=rtoo o

By using Proposition 2.8 and 2.13, it follows that
El[(Ly2)(t) — (Ly2)(®)]]

t
< MMo!FS‘/ e IR g(s, yrs) — (5, yas) | ds;

t
+MM0|FS|/ e IR h(s, y1s) — h(s, )| sup N (s)ds;

s€]—00,t]

< M M,|I*| / t=s) (Lg(s) + Lh(s)sup/\*(s)> E|ly1s — y2s|| 2ds;

seR

< MM (1+supA ) / (s)ee= (K<s> sup Enyls—ygsn+M<s>E||ylo—y20||%) s
[e’e) OSSSt

seR

t
< MM|TS| (1+supx* ) [ e 0 6) + M) dsln = el

seR [e's)

seR

< 2C'M Mo|T%| (1+Sup)\* )/ k(s)e ™ ds|y; — yal|oo;

< 2C'M M,|T*| (1+supA* )( k(s ds>||y1 Y2/l 0o;

seR

then

E[[(£y) () — (Ly2) (8)]] < 20MMy|T¥] (1 ; Sgﬂgk*(S)) Kl llon = el
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lim /_ VE(t — )T Da(Xo(g(s, (Lyn)s) — g(s, (Lyn)s)))(0)ds

A——+o00

EI|(£%)(1) — (L) (0] <E|

+ || lim /_ V3(t — $)DDy(Xo(h(s, (Ly1)s) — h(s, (Ly2)s)))(0)dN (s)

A——+00

2
S |:2CMM0|FS| (]_ + SUIE)\*(S)) |k|L1(R):| ||y1 — y2||oo
S

E

By induction on n, we obtain the following inequality,
BN n)(0) ~ (w0 < 2OV (14 50p3() o] T — pelloe
se

Consequently

1)~ ()l < [2MAITS] (1509 (5) ) o] s = e

Let ny be such that [26’MM0|FS] (1 + sup)\*(s)) |k|L1(R)r0 < 1, by Banach’s
seR

fixed point theorem, we deduce that £ has a unique fixed point and this satisfies
the following integral equation

v = [AETOO / t VS(t—S)FSIN)A(Xog(s))d8+A1_i>rfoo t Vs(t—3>F51N)/\(X0h(3>>dN(s)] (0).

— 00 o0

1 1
Step 2 : L, L, € LP(R,RT),(1<p<+o0 and -+ -=1).

P q
First, put

mw:/ (k(s))Pds

—0o0

Then we define an equivalent norm over SPAA.(R, L(Q2,B),n;,n2,00) as follows

lglle = sup (e”*“E|g(1)]]) .
teR

where c is a fixed positive number to be precised later. Using the Holder inequal-
ity, it follows that
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El[(Ly0)(1) = (Ly2) (@)l

< M My|T? / t=s) (Lg(s) + Lh(s)sup)\*(s)> Elly1s — y2s|| 2ds;

seR

t
< M M,|T?| <1 + sup)\*(s)) / k(s)e w2 (K(S) sup Elly1z — yo.|| + M (s)Eljy1, — ygngg) ds

seER — 0<2z<s

t
/ k(s)e“ 0= sup (e~ #OE ||yy, — you ) ds

—00 seR

< 20'M My|T*| (1 + supA*(s)

seR

t
< 20 M Mo|T®] | 1 + supA*(s / e I E(5)e D ds||ly; — yalle:
seR

t 3 t 5
< 2C'M M,|T*| (1 + supA*(s ) (/ e_qw(t_s)ds) (/ k’p(S)@cW(s)dS) 1 — 12l
seR —00 —00

1
1 t b
< 20MM,|T%| [ 14 supA*(s . < / ,u/(s)eq”“(s)dS) ly1 — valle,
sER (wq)E —o0
hence
1 1
OE||(Ly1)(t)—(Ly2) (t)]| < 2CM Mo|T5)| (1 + SupX‘(S)) X 7 [[y1—yalle-
seR (wq)q (Cp)z_,
Then
. 1 1
1(Ly1) — (Lya)lle < 20M M|D?| (1 + supA (8)) T X Tl — yalle-
sER (wq)q (Cp);

Fix ¢ > 0 so large, then the function ¢ — ( )1 converges to 0 when ¢ converges
pc)P
to +o00. It follows that for ¢ > 0 so large enough, we have

1 1
2C' M M,|T%| (1 + sup)\*(s)) - X - <1
s€R (wq)e (cp);
Therefore £ is strict contraction, we conclude that there is a cl(n;, n2)-unique
pseudo-almost automorphic integral solution to equation (4.9), which ends the

proof.
O

Corollary 4.9. Assume that A is uniform fading space and (A1), (As), (B) and
(C), (E) ; (Hy), (H,) and (Hs) — (Hy) hold, g, h are Lipschitz continuous pro-
cesses with respect the second argument. If

k = max(Lip(q), Lip(h)) < -

2C' M My|T5| (1 + sup)\*(s))

seR

then equation (4.9) has unique mean cl(n1,m)-pseudo-almost automorphic solu-
tion of infinite class , where Lip(g) and Lip(h) are respectively the Lipschitz
constants of g and h.
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Proof. Let us pose k = max(Lip(g), Lip(h)), it follows that

BNC)(0) ~ (Lo O] < 25CMMAIES] (14 50x' () ) s = sl

Therefore L is strict contraction if

k< d

2C'M My|T5| <1 + sup)\*(s))

seR

5. APPLICATION
To illustrate our results, we consider the following model

(

—00

dv(t,x) = [aa—;v(t,:c) +/ n(@)v(t + 6, x)do

: 1 O
+ sin (2 o) 1 cos(ﬁt)) + arctan(t) + /_OO e“q(t,v(t+46, x))d&] dt

(5.1)
! (ﬁt)) + cos(t) + / Pt vt + 9,x))d0] dN(t),

+

sin

(2 + cos(t) + cos oo
—00<0<0,teR,xel0,7]

v(t,0) = v(t,m) =0 for t € R.

\

where 7 :] — 00,0] — R define by n() = e0*Y9 is continuous function,

q :]—00,0] xR — R is Lipschitz continuous with respect to the second argument.
For example take ¢(0, z) = 6* —sin(2) for (0, z) €] —o00,0] x R and using the fact
that the sine is Lipschitz continous with Lipschitz constant 1, it follows that

1
EHq(@,xl) - Q(anl)H < ZEH% - $2H

which implies that ¢ :] — 00, 0] x R — R is Lipschitzian with respect to the second
argument. N(t) is a two-sided inhomogeneous Poisson process with intensity
function \*, defined on the filtered probability space (Q,F, P, {F }i>0) with
natural filtration F}¥ = o{N(u) — N(v)|v,u < t}. We consider & = €,,7 > 0
in example 2.1, to rewrite system (5.1) in the abstract form, we introduce B =
Co([0, 7]; R) of continuous functions from [0, 7] to R* equipped with the uniform
topology. Let A : D(A) — Cy([0, 7]; R) defined by

D<A) = {y S CO([Ov 7T]7 R) N 02([07 ﬂ-LR)) y// € CO([Oa 7T], R)}
Ay =y".
From [25] A satisfied the Hille-Yosida condition in Cy([0, 7]; R). Moreover the part

Ap in D(A) is the generator of strongly continuous compact semigroup (75())s>0
on D(A). Then it follows that (Hy) and (H;) are satisfied. We also define
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g:Rx B — L(Q,Co([0,7];R)), h:Rx B — L(Q,Co([0,7];R)) and
L: % — L(Q,Cy([0,7];R)) as follows
0

! (\/525)) + arctan(t) +/ et vt +6,z))db,

2 + cos(t) + cos oo
= sin L cos ’ e? v T
h(t,v)(z) = (2 T cos(t) 1 cos(\/gt)) + cos(t) + /OO q(t,v(t+6,z))do,

L(v)(z) = / n(0)o(t + 0, 2)d6, z € [0, 7.

—0o0

ot 0)(a) =sin

Let z(t) = v(t, z) be, we obtain the abstract form of equation (5.1)
dz(t) = [Az(t) + L(z) + g(t, z)|dt + h(t, z;)dN(t), for t € R.

Consider the measures 1; and 7, where its Radon-Nikodyn derivative are respec-
tively 1, B2 : R — R defined by

1, for t >0
ﬁl(t)_{ e for t <0, neN*

Then dmy (t) = B1(t)dt and dne(t) = [2(t)dt where dt denotes the Lebesgue mea-
sure on R and n;(B) = / Ba(t)dt, no(B) = / Pa(t)dt, for B € B. We have
B B

and [(t) = |t| for all t € R.

0 ¢ _ ¢ ¢
ml=C.) = [ et [Car= s Cand (¢, =2 [ = ¢

—C n¢? 0
. m(=¢¢) _ . (1—6_’” 1) .
Thus lim sup————=% = lim sup + — ] =0 < o0, it results that (H
(oo 12([=C,¢]) (oo ng ¢ (Hy)
and (H,) are satisfied. From[13, 14, 9], both functions

t > sin (2 T eos(l) i cos(\/it)> and = sin (2 + cos(t) i— COS(\/§t))

are almost automorphic functions.
s
For all t € R, |arctan(t)| < 5 we have

1 /< -
_ sup E|arctan(0)|dn,(t) < 1—e™) =0 as ¢ — 400,
M2([=C:€1) J—¢ be)—o0rt | (6)] dm (1) 2n(? ( )
we deduce that

1
hm / sup ]E arctan 0 d?’] t :O ThentHarCtant iS M, 12)-
M TG o B larctan(@)dmi (1) (t) is (1, 72)

ergodic of infinite class and for all t € R, | cos(t)| < 1, we have

b ‘ su cos —771([—C>C]) as 00
e Lo EleosOldne) < Tt 0 as ¢ oo

we conclude that
1
lim —/ sup E|cos(#)|dn,(t) = 0. Then t — cos(t)
(—too 772([‘@ C]) —(¢ 0€]—00,t]
is (n1,m)-ergodic of infinite class. consequently, g and h are uniformly mean
(m1, m2)-pseudo-almost automorphic of infinite class.
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For ¢ € €., ¢ € C(]—00;0], L(2,B)) and Glim e $(0) = z¢ exists in L(2, Co([0, 7]; R)),
——00

then there exists a constant 3 > 0 such that E|le?¢(0)| < 3 for 6 €] — oo, 0].

/Ommmmumﬂ

— 00

lwuwumzﬁl

0
§/ e(lﬂ)eEHe_lgelegb(@)(x)H db

<P <0

Moreover,

Bl < ([ <o) supe | o(0) o)

< l¢ll=
Then L is well defined and L is bounded linear operator from % to L(€2, Cy([0, 7]; R)).

(/cWM@%WWW—ﬂQ%@@M‘

— 00

Ellg(t, ¢1)(x) — g(t, ¢2)(x)|| = E do

<1 [ e BL o O)(a) — oul6) (o)t

1 0
< 1 (/ e(w_l)gde) |1 — ¢2|l$

We conclude that g and h are continuous Lipschitzian functions and ¢l(ny, 72)-
pseudo-almost automorphic of infinite class.
Moreover, given that q is stochastically bounded, then

V(t,x) € R x [0,7],0 €] — 00,0],38 > 0,E ||q(t,v(t + 6, 2))|| < 5.
And, we obtain

Elh(t o))l <145+ [

—0o0

0
Ellg(t, v(t +0,0))[[d6 < 1+ 5 + 5,

this implies that (Hj) is satisfied.

0
Proposition 5.1. [17] [f/ n(0)do < 1, then the semigroup (V(t))i>o is hyper-
bolic and the instable spaceilo]oz {0}.

Observe that

r—+oo [_ r——+o0 _ o v+ 1

—00 T

’ ’ (y+1)0 1 (v+1)0 ° 1
0)do = 1 e\ df = i ——eV — <1
/ 'r]( ) m 17( )e 1m L 16 ] i <1,
then (Hg) holds. Then by using corollary 4.9 we deduce the following result.

Theorem 5.2. Under the above assumptions, the equation (5.1) has a unique
cl(m, n2)-pseudo-almost automorphic solution v of infinite class.

Acknowledgements



INFINITE-CLASS MEAN PSEUDO-ALMOST AUTOMORPHIC SOLUTIONS 31

The authors are grateful to the anonymous referees for their useful comments and
suggestions.

10.

11.

12.

13.

14.

15.

16.

17.

REFERENCES

. Mostafa Adimy, Abdelhai Elazzouzi, and Khalil Ezzinbi. Bohr-neugebauer type theorem

for some partial neutral functional differential equations. Nonlinear Anal., Theory Method
Appl., (66):1145-1160, 2007, DOL: 10.1016/j.na.2006.01.011.

. Mostafa Adimy, Khalil Ezzinbi, and Mostafa Laklach. Spectral decomposition for par-

tial neutral functional differential equations. Canadian Appl. Math. Quart., 9(1):1-34,
2001,DOI:10.1216/camq/1050519916.

Mostafa Adimy, Khalil Ezzinbi, and Aziz Ouhinou. Variation of constants formula and
almost periodic solutions for some partial functional differential equations with infinite
delay. Journal of mathematical analysis and applications, 317(2):668-689, 2006.

Fazia Bedouhene, Nouredine Challali, Omar Mellah, Paul Raynaud De Fitte, and Mannal
Smaali. Almost automorphy and various extensions for stochastic processes. Journal of
Mathematical Analysis and Applications, 429(2):1113-1152, 2015.

Paul H. Bezandry and Toka Diagana. Existence of almost periodic solutions to some sto-
chastic differential equations. Applicable Analysis, 86(7):819-827, 2007.

Joél Blot, Philippe Cieutat, and Khalil Ezzinbi. Measure theory and pseudo almost auto-
morphic functions: New developments and applications. Nonlinear Anal., Theory Methods
Appl., (75):2426-2447, 2012, DOI: 10.1016/j.na.2011.10.041.

Salomon Bochner. A new approach to almost periodicity. Proceedings of the National Acad-
emy of Sciences, 48(12):2039-2043, 1962.

Harald Bohr. Zur theorie der fast periodischen funktionen: I. eine verallgemeinerung der
theorie der fourierreihen. Acta Mathematica, 45(1):29-127, 1925.

Junfei Cao, Qigui Yang, and Zaitang Huang. Stepanov-like almost automorphic mild so-
lutions for semilinear fractional differential equations. Gulf Journal of Mathematics, 6(1),
2018.

Junfei Cao, Qigui Yang, and Zaitang Huang. Existence and exponential stability of almost
automorphic mild solutions for stochastic functional differential equations. Stochastics: An
International Journal of Probability and Stochastic Processes, 83(03):259-275, 2011.

Peter Dayan and Laurence F Abbott. Theoretical neuroscience: computational and mathe-
matical modeling of neural systems. MIT press, 2005.

Toka Diagana, Khalil Ezzinbi, and Mohsen Miraoui. Pseudo-almost periodic and pseudo-
almost automorphic solutions to some evolution equations involving theoretical measure
theory. Cubo (Temuco), 16(2):01-32, 2014.

Mamadou Abdoul Diop, Khalil Ezzinbi, and Mamadou Moustapha Mbaye. Measure theory
and S?-pseudo almost periodic and automorphic process: application to stochastic evolution
equations. Afrika Matematika, 26(5):779-812, 2015.

Mamadou Abdoul Diop, Khalil Ezzinbi, and Mamadou Moustapha Mbaye. Measure theory
and square-mean pseudo almost periodic and automorphic process: application to stochastic
evolution equations. Bulletin of the Malaysian Mathematical Sciences Society, 41:287-310,
2018.

Khalil Ezzinbi, Samir Fatajou, and Gaston Mandata N’Guérékata. C n-almost automor-
phic solutions for partial neutral functional differential equations. Applicable Analysis,
86(9):1127-1146, 2007.

Miaomiao Fu and Zhenxin Liu. Square-mean almost automorphic solutions for some
stochastic differential equations. Proceedings of the American Mathematical Society,
138(10):3689-3701, 2010.

Floyd B. Hanson. Applied stochastic processes and control for jump-diffusions: modeling,
analysis and computation. STAM, 2007.



32 B. BALMA, M. KIEMA, V. KONANE

18. Yoshiyuki Hino, Satoru Murakami, and Toshiki Naito. Functional differential equations with
infinite delay. Springer, 2006.

19. Philippe Cieutat Joél Blot and Khalil Ezzinbi. New approach for weighted pseudo-almost
periodic functions under the light of measure theory, basic results and applications. Appli-
cable Analysis, 92(3):493-526, 2013, DOI: 10.1080/00036811.2011.628941.

20. Ezzinbi Khalil and N’Guérékata Gaston Mandata. Almost automorphic solutions for some
partial functional differential equations. Journal of Mathematical Analysis and Applications,
328(1):344-358, 2007, DOT: 10.1016/j.jmaa.2006.05.036.

21. Victorien Fourtoua Konané and Bernard Balma. Mean (u, v)-pseudo almost periodic solu-
tions of class r under the angle of measure theory to some stochastic evolution equations.
Journal of Applied and Pure Mathematics, pages 1947, 2025.

22. Giinter Last and Mathew Penrose. Lectures on the Poisson process, volume 7. Cambridge
University Press, 2017.

23. Djendode Mbainadji, Kossadoum Ngarmadji, and Sylvain Koumla. Stepanov-like pseudo-
almost automorphic solutions of infinite class in the alpha-norm under the light of measure
theory. Nonautonomous Dynamical Systems, 11(1):20240003, 2024.

24. Liu, Xueliang and Cao, Junfei and Zhang, Zhi and Liu, Huazhu. Existence of weighted
pseudo almost periodic mild solutions for nonlocal semilinear evolution equations. Gulf
Journal of Mathematics,5(1),2017.

25. Djendode Mbaiandji and Issa Zabsonré. p-th mean pseudo almost automorphic solutions
of class r under the light of measure theory. Authorea Preprints,2023.

L DEPARTMENT OF MATHEMATICS, UNIVERSITY OF JOSEPH KI-ZERBO, OUAGADOUGOU,
BURKINA FASO.
Email address: balmabernard80Qgmail. com

2DEPARTMENT OF SCIENCES AND TECHNOLOGIESPOLYTECHNIC SCHOOL OF QOUAGADOUGOU,
OUAGADOUGOU, BURKINA FASO.
Email address: hamadkiema@gmail.com

3 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF JOSEPH KI-ZERBO, OUAGADOUGOU,
BURKINA FASO
Email address: konanevictorien@yahoo.fr



	1. Introduction
	2. Spectral decomposition and Mean (1,2)-ergodic processes
	3. Mean (1,2)-pseudo-almost automorphic processes
	4. Existence and uniqueness of solution
	5. Application
	References

