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SHARP THRESHOLD DYNAMICS FOR A STOCHASTIC SIRS
MODEL WITH GENERAL NONLINEAR INCIDENCE
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ABSTRACT. This paper studies the dynamics of a stochastic SIRS epidemic
model with a general nonlinear incidence rate. The model incorporates envi-
ronmental noise through white noise perturbations. We first establish basic
properties of the total population, including boundedness, recurrence, and the
existence of a stationary distribution. Then, under suitable hypotheses on the
incidence function, we derive conditions for disease extinction and persistence.
The theoretical results are illustrated by a corollary providing explicit lower
bounds for the time averages of the infected, recovered, and susceptible com-
partments. Numerical simulations are used to confirm the theoretical threshold
dynamics and demonstrate the practical applicability of the model.
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1. INTRODUCTION

Mathematical epidemic models have played a fundamental role in understand-
ing infectious disease transmission since the seminal work of Kermack and McK-
endrick [11]. Classical compartmental models, such as SIR and its variants, have
provided valuable insights into disease dynamics, control strategies, and thresh-
old phenomena [3, 41]. However, deterministic models often neglect environmental
variability and random fluctuations that significantly influence disease spread in
real populations. To address this limitation, stochastic epidemic models have
received considerable attention [2, 18]. Environmental factors such as climate
variability, demographic fluctuations, and human mobility can alter transmis-
sion dynamics and disease outcomes. Stochastic differential equations (SDEs),
particularly those driven by Brownian motion, offer a natural framework for in-
corporating such uncertainties into epidemiological models [10, 19, 20]. A key
component of epidemic modeling is the incidence function, which describes the
generation of new infections. While bilinear and standard incidence rates are
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widely used, more general nonlinear incidence functions have been proposed to
capture saturation effects, behavioral responses, and other complex transmission
mechanisms [1, 5, 17]. Such generalized incidence functions provide greater mod-
eling flexibility and encompass many commonly used transmission laws as special
cases. The SIRS framework is particularly suitable for diseases in which immu-
nity is temporary and recovered individuals may return to the susceptible class
[8]. Numerous stochastic SIRS models have been investigated, focusing on extinc-
tion, persistence, stability, and the effects of environmental noise [6, 13, 20, 22].
Despite substantial progress, the analysis of stochastic SIRS systems with general
incidence functions remains challenging, especially regarding threshold dynamics
that determine whether a disease dies out or persists. In stochastic settings, the
classical basic reproduction number often requires modification to account for
noise effects [7, 15, 21]. Motivated by these challenges, we consider a stochastic
SIRS epidemic model with a general incidence function f(S, I) and environmental
perturbations affecting all compartments. The main contributions of this work
are as follows:

(1) We establish fundamental properties of the model, including positivity,
boundedness, recurrence, and the existence of a stationary distribution
for the total population process.

(2) We derive a stochastic threshold criterion for disease extinction. When
the stochastic reproduction number R§ is below unity, the infected and
recovered populations converge exponentially to zero almost surely, while
the susceptible population converges to the disease-free stationary distri-
bution.

(3) We establish persistence in the mean results when R > 1, obtaining
explicit lower bounds for the long-term averages of the epidemiological
compartments.

Our analysis combines Ito’s formula, martingale techniques, and ergodic argu-
ments to characterize the impact of environmental noise on disease dynamics.
The obtained threshold parameter explicitly incorporates noise intensity and ex-
tends classical extinction and persistence results for SIRS models with general
incidence functions. The remainder of the paper is organized as follows. Section
2 introduces the model and assumptions. Section 3 establishes fundamental prop-
erties of the total population process. Sections 4 and 5 present the extinction and
persistence analyses, respectively. Numerical simulations are provided in Section
6, followed by concluding remarks in Section 7.

2. THE SIRS MODEL WITH GENERAL INCIDENCE RATE

Consider the stochastic SIRS model:
dS = (A—puS— f(S,I)+dR)dt + oS dB,
dl = (—(p+ NI+ f(S,I))dt+ ol dB, (2.1)
dR = (—(u+ )R+ X)dt + oRdB,

where S(t), I(t), and R(t) represent the numbers of susceptible, infected, and
recovered individuals at time ¢, respectively. The parameters are: A (recruitment
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rate), p (natural death rate), A (recovery rate), ¢ (rate of immunity loss), and
o (noise intensity). The function f(S, 1) is a general incidence rate, and B; is a
standard Brownian motion. Under the regularity assumptions on f(S, ) (in par-
ticular f € C*(R?)), classical stochastic differential equation theory guarantees
that system 2.1 admits a unique global positive solution for any initial condition

(5(0). 1(0). R(0)) € Y.
3. BASIC PROPERTIES OF THE TOTAL POPULATION

Theorem 3.1. Let N(t) be the total population in system (2.1) with initial value
(5(0),1(0), R(0)) € R3.. Then:
(i) For any q > 1 such that

1
,u—é(q—l)a2 > 0,

we have
A q
limsup E N%(t) < .
R E N < <M—%(q—1)02>
(11) N(t) is positive recurrent and admits a unique stationary density
b® b
* - —(a+1) = >0
v (x) T (a)x ew, x>0,
where

21+ o 2A
a= R b=—
o

and I'(+) is the Gamma function.

(iii)
]P<limian(t) > 0> = P(limsup N(t) < oo) = 1.
t—o0 t—o00
(iv)
1/ 1 [ 1 [
tlirgo— i S(u)dB(u) = tlirgo— i I(u)dB(u) = tlgglog i R(u)dB(u) = 0.

Proof. For (i)—(ii), see Lahrouz et al. [11].
(iii) Firstly, we show that
liminf N(¢t) >0 a.s.

t—00
The equation of N (t) is given by
dN = (A — uN)dt + oN dB.
By Itd’s formula applied to e'/N(t), we obtain

el B et B A 1 o2 g oet
d(N(f)> 0] et ( Nz TN T N(t)) dt N dB(t),

(A p+o’+1 it oet
~ (e ) v o
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< (u+o*+1)2 oet

— eldt — dB(t). 1
Where the elementary inequality _1/.\_2 + £ J“f“ < +Zj\+1)2 is used in the last
estimation (1), which gives by integration
et 1 (M+U2+ 1)2 t t O.G’U,
— < “du — dB(u). 3.1
RO E e R L U

Simplifying and taking expectation on both sides of (3.1) yields
2 2
L W S I/ i Vi)
N(t) N(0) 4A
1

Now, for m > =, define the stopping time
N(0)

1
T}n:inf{tzo:N(t) < —}
m
and the measurable set

0, = {w € 0 liminf N(t) = o} .

So,
1
mP(2;) =mE(1lg,) <E (N(Tﬁl)) <C
Hence C
< —.
P(Qy) < -
As m tends to oo gives
P(Q;) = 0.

Which completes the proof of the first part of (iii). Similarly, if we consider
2 =inf{t>0:N(t) >m}

and
Q= {w € Q:limsup N(t) = oo} .
t—o00
We obtain
mP(2) = mE(1lg,)
< E(N(r,))
< supE(N(t)) < oo (By using (i)).
>0

Then P(£) < <sup EN(t)) m~', which implies by letting m — oo, that
P(£2) = 0. -
(iv). Let < fot S(u) dB(u)> be the quadratic variation of the local martingale of
fot S(u) dB(u), we have
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</0t5(u)dB(u)> _ /OtSQ(u)du

< /0 " N2(u) du
< (sup NQ(“)) t,

t>0

where sup N?(u) < oo. a.s according to (iii). Hence, the law of large numbers
>0
for local martingales implies that

t

lim ! S(u)dB(u) = 0.

t—oo ¢ 0

Using the same reasoning, we obtain the remainder results. O

4. DISEASE EXTINCTION

Theorem 4.1. Suppose that the incidence rate f(S, 1) is C*(R2) and verifies the
hypothesis

(H1) f(S,0) = f(0,1) =0 for all S,I > 0.
(H2) I — @ is decreasing for all S > 0.
(H3) %(.,0) is increasing on (0,00).
(H4) 3—5(., 0) is integrable with respect to v*.
Let us define the epidemic threshold:
> 5L (@, 007 (d)

RS =L %
0 A+ A+ 30?

If R§ < 1, then:
(i) 1(t) tends to 0 exponentially with probability 1.
(i1) tlim R(t) =0 a.s.
—00
(111) S(t) converges weakly to the stationary distribution v*.

Proof. (i) By Itd’s formula we derive from the I-equation that

dlog[——(u+)\+%02)+f(ST’]>+0dB.
From (H1), one can deduce that
f(5.1) _of
< (5,0
<GS0
Hence
1, 0f
dlogl < —(u+)\+§0 )+a—y(5,0)+adB
1, 0Of
< —(u+)\+§a )+a_y<N’O>+JdB’ (4.1)
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where the last inequality follows from the fact that S < N and the monotonicity
of g—;(-, 0). Integrating (4.1) and dividing both sides by ¢ gives
log I(t) 1, 1/t of log 1(0) + B(t)
— < - A - - [ =—(N(u),0)d :
Skt gt 4y [ SN 0)du 2B
Using the large number theorem for the Brownian motion B(t) and the ergodicity
of N(t), yields that

(4.2)

im 20 _ g (4.3)

t—oo
and .

1 [tof =oaf )
i 5 [ v 0 - /0 (.0 (d) (4.4)
Combining (4.2), (4.3) and (4.4) gives
log I(t 1
lim sup og It <(p+A+ 502)(7%8 —-1)<0.
t—00

This completes the proof of (i).
(ii) Let € > 0. An application of Itd’s formula gives

de"R(t) = [Ne“I(t) — (n+ — €)e R(t)]dt + oe R(t)dB(t).
Then

CUR(t) = R(0)+ A /D T ()t — (p1+ 6 — €) /0 U R(w)du + o /0 U R(w)dB(u).
From (i), we have

> > 1.2 oo 9f *
/ e I(u)du < const/ ete” (wrx+io? =[5 G 0w (dx))udu < 00,
0 0

where € is chosen such that

1
0 < e < min (,u+6,,u+)\+—02— —(x,O)f(dx)).
2 o Oy

Therefore, using the nonnegative semi-martingale convergence theorem by Liptser
and Shiryayev [10], one can derive that

lim e"R(t) = X(w) < 00 a.s.

t—o00

Thereby, for almost all w € €2, and n > 0 there exists T'(w) > 0 such that
Vt>T(w) e"R(t) < X(w)+n.

Hence
log R(t) <—eqt log(X (w) + 1)
t t
and
|
lim sup og R(t) < —e€
t—o0

which implies, using the arbitrariness of ¢, that



STOCHASTIC SIRS MODEL 7

1 1 >
lim sup og (1) < —min <,u + o+ A+ =0 — 8_f(x’ O)V*(dl’)> i
t—o0 t 2 0 3y

(iii). From (i) and (ii), we have
N(t)—S(t)=1(t)+ R(t) = 0.

Moreover, since N(t) is a positive recurrent Feller diffusion with a unique invariant
measure v*, its law converges weakly to v* (see e.g. Khasminskii [12]). Therefore,
using Slutsky theorem, we obtain the convergence

S(t) 2y vf ast — oo

5. DISEASE PERSISTENCE

Theorem 5.1. Suppose that the incidence rate f(S,I) € C*(R%) and verifies the
conditions (Hy) — (Hy). If the condition

R >1
holds, then we have the following assertions :

1 t
lim inf ;/ I(u)du >0 a.s.
0

t—o00

That is, the disease is persistent in mean.

Proof. We know that

1 S(t), I(t
dlogI(t) = —(p+ A+ =0?) + M + odB
2 1(t)
Applying the mean value theorem on the function

(D__f@” if 1 >0,
I\ Ys,0) it =0,

(). (5.1)

So

[ —
1

1 dy

fSD) _0f o 2 V(S}’DL_C |

where 0 < CS,] < I.
Let w € {w € Q,0 < liminf N(¢) < limsup N(t) < oo} = . According to
Theorem 3.1 we have P(2') = 1. Hence,

V9V@@WJ@W

R [ER 52)

9 [f(S(t,w), I(tw)
where X;(w) = sup |+

1( ) t>g) ay |: I(taw)
assumption that f € C*(R2) and the fact that S(¢) and I(¢) are almost surely
bounded by N(t), which satisfies limsup,_,., N(t) < oo a.s. (as established in

H < o0 a.s. This follows from the
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Theorem 3.1).
Injecting (5.2) into (5.1) yields

dlogI(t,w) > —(p+A+ %UQ) + g—i(S(t,w),O) — Xq(w)I(t,w) + odB(t,w).
- OOO 83];@ 0)v*(dx) — (M—f—)\—i—%O'Q)-f-O'dB(t,w)
—/ 8—y(x,0)1/*(dx) + g—z(N(t,w),O)
of of w — Xy (w)I(t,w
G0 - FLiswwo| - xeree. 63

Another application of the mean value theorem gives

0 f
0xdy

of
dy

=—(N, 0)—(;—“;;(5 0)=(N-295)

(C&N,O).

Similarly as for X;(w), the fact that f € C*(R%) and S(t) is almost surely
bounded leads to

82
Stl>1£) a$ay (CS(t,W),N(tM)’O) = Xg(w) < o0 a.s.
So,
of of
ay( (t, ),0)—8—y(5(t, );0) < (N(t,w) — 5(t,w)) Xa(w)

which implies with (5.3) that

dogItw) = [ Z;’; (2,00 (dr) — (u+ A+ 30%) + 0dB(1)
- [ S oo+ w0
Xo(@)(N(t,) — S(t,0)) — Xa(@)T (1)
-/ gg (2,0 (dr) — (u+ A+ 50%) + 0dB(1)
" S w o + w0

—Xp(w)R(w) — (X1(w) + Xa(w))I(t,w),

where N(t,w) — S(t,w) = R(t,w) + I(t,w) is used.
Using the equation of R, one can write
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dlog I(t,w) — Wd]%(t,w) > / 8f(x 0)v*(dz) — (u+ A+ 307)

+9
— (a: 0)v*(dx) + %(N(t,w),())

)\XQ (LU)
+ +5ﬁ@@

+@_f@mm®w@@

It follows by integrating and dividing by ¢ that

log I(t,w) logl(0) Xs(w) (R(t,w)— R(0)
t t [+ o t
= of ‘ | o
> == (2, 0)v*(dw) — (1 + A+ 507)
0 8y
*0
f(x 0)v*(dx)
0 (5.4)
/ 3 N(u,w),0)du
AXo(w) ¢
— (Xl(w) + Xo(w) + . ) / I(u,w) du
o ¢ XQ(W)
— ?/0 <1 i R(u,w))dB(u,w).
Using the ergodicity of N(¢) and Theorem 3.1(iv), we obtain
, *of 1 [tof B
tll>r<l>1<><_ i ay(x ,0)v*(dz )—i—; i 8—y(N(u,w),0) du) =0,
and . )
. 1 X2 w
tllglo . (1 R R(u,w))dB(u,w) = 0.
Moreover, since lim sup N (t,w) < oo, we also have
t—o0
log I(t I(t N(t
lim sup log I{t,w) < lim sup It w) < lim sup Nt w) <sup (N(t,w)) x 0 =0,
t—00 t—00 t—00 t £>0
and . ~
lim sup (¢, w) < lim sup (t,w) =0.
t—00 t—o0 t
Taking lim sup on both sides of (5.4) and using the above limits yields
*0
0 f(x 0)v*(dz) — (p+ A+ 30?)

— Jo Oy

—(Xl(w) + Xo(w) + /\MX;(Q))> hminf%/otf(u,w) du.

-+ ) t—00
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Thus
I + A+ 10%) (R -1
liminf—/ I(u,w)du > (u 27)(Ro — 1) >0 as. (5.5)
et o Xy () + Xo(w) + 222
1 2 PN
This completes the proof of Theorem 5.1. O

Corollary 5.2. Let f(S,I) € C*(R%) and verifies the hypotheses (Hy) — (Hy).
Moreover, suppose that:
0 [f(S.1)
(H5) (S, 1) — B { 7
(H6) S — %(S, 0) is bounded above by My > 0.
If the condition

] s bounded by M; > 0.

R >1

holds, then we have the following estimates:
A B i
(1) hggf;/o I(u) du > €y,
T
(i1) hgg}lf;/o R(u)du > eg,

S e
(111) lltII_lﬂl)glf; i S(u)du > eg,

where
>0 1
/ —f(:v,O) v (dz) — (p+ X+ =0?)
_Jo Oy 2 A
€] = Wi > 0, €ER = +6€[>0,
My + My + A\—2 H
[0
p+ A+ 50°
€g= ————=—,

M
Proof. (i) By the definition of X;(w) and Xs(w) in the proof of the previous
theorem, and from hypotheses (H5) and (H6), we have

Xl(W) S Ml and XQ(U.)) S Mg.

Then, part (i) of the corollary follows from equation (5.5).
(ii) From the R-equation, one can write

1/0 Rlu)du = B = RO A )t/o J(U)du+%/0 R(u) dB(u).

t (n+0)t (w+6
From Theorem (3.1), we have
pin B0 = i [ A am =0
Thus,
liminfl/tR(u)du> liminfl/tf(u)du: A €1 = €R.
twoo T, T p+o tooo t ), T )
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(iii) From the equation of I,

1 S, 1
dlogI(t) = —<u+ A+ —02> + [(5,1) +odB(t)
2 I
1 0
< —<u + A+ —02> + a—f(s, 0) +odB(t),
where we used the fact that [ — ( 1) is decreasing.

By the mean value theorem applied to the function S — (S 0) (which is C* by
(H6)) and using 3 97 (0,0) = 0 (which follows from (H1)),

of of *f
oy oy 0xdy

where C' € (0,.5) and the last inequality uses S < N —1 (since R > 0). Therefore,

978,00 = “L(0,0)+ 5

(C,0) < MyS < My(N — 1),

1
dlog (1) < MyN — (M A+ —02) — Myl + o dB(t).

By integrating, using the ergodic behaviour of N (the term fo s)ds/t — N/ )
and the strong law for Brownian motion, we obtain after standard calculatlons

I A A+ 507
limsup—/[(u)dug——u
t—00 0 M My
Finally,
1 [ 1 [
lim inf;/ S(u)du > hm 1nf / N(u) du — lim sup;/ I(u) du
0 0

t—o00 t—o0

foo\p M,
= ¢eg>0.

A< pA A+ Lo )

This completes the proof of the corollary.

6. NUMERICAL SIMULATIONS

We present numerical experiments that confirm the theoretical threshold dy-
namics derived in Sections 4 and 5. The simulations illustrate the sharp di-
chotomy between disease extinction and persistence described by the stochastic
basic reproduction number R5. All computations are performed for the bilinear
incidence rate

f (S I ) = BS1,
which satisfies hypotheses (H1)—(H4) (and consequently (H5)-(H6) with M; =0
and My = (). System (2.1) is approximated by Milstein’s Higher Order method
[9]. With initial condition (Sy, Iy, Ry) = (20,2,0). Throughout the simulations
we use the step size At = 0.01 and a final time 7" = 50. The demographic and
disease-related parameters are fixed as follows:

A=5 u=02  A=05  §=01 oc=0.1.
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The transmission rate S will be chosen differently in the two scenarios to place
RS on either side of unity. For the extinction scenario we set 3 = 0.01. Using
the stationary distribution v* of the total population (Theorem 3.1) and the fact
that E,«[N] = A/p = 25, we obtain

o0 a (o.9]
—f(x,()) v*(dz) = B/ xv*(dz) = 0.01 x 25 = 0.25.
o Oy 0
The denominator is yt 4+ A + 502 = 0.2 + 0.5 4+ 0.005 = 0.705. Hence
0.25
s
= ——~0.354 1.
0 = 0705 0.3546 <

According to Theorem 4.1 the infected and recovered compartments should
vanish almost surely, while the susceptibles converge weakly to v*. Figure 1
displays the time evolution of I(¢) and R(t). Both compartments vanish, as
predicted by Theorem 4.1. The exponential decay is evident; the empirical decay
rate, estimated from the slope after the initial transient, is approximately —0.25,
consistent with the theoretical upper bound

log I(t)
t

lim sup
t—o00

< (p+ A+ 10%) (RS —1) = —0.455.

The numerical values of I(t) at selected times are recorded in Table 1. After a
small stochastic bump around ¢ = 3, the infected population becomes negligible
(below 1072) around ¢ = 30, in agreement with the exponential decay proved in
Theorem 4.1.

Extinction of the disease (R < 1)

— I(t)
— R()

Population
= N N
wv o wv
| !

=
o
L

o
wn

o
o

(I) lb 2‘0 3‘0 4‘0 5‘0
Time
FIGURE 1. Extinction of the disease for 8 = 0.01 (R§ ~ 0.35).

Both the infected population I(¢) and the recovered population
R(t) decay exponentially to zero.

To illustrate persistence we take § = 0.3. Then

“of s 15
—(z,0)v*(dz) = 0.3 x25="7.5 = ——~10.64 > 1.
| @0 () =03 %25 =75, R§ = g~ 1064>
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TABLE 1. Infected population /(t) in the extinction scenario f =
0.01 (Rj ~ 0.35). The recovered population R(t) exhibits a similar
exponential decay; both I and R become negligible around ¢ = 30.
Only a selection of times is shown.

lI@) ||t [ I@) || ¢ | It) ||t | I(t)
0/2.00 | 10]0.25][ 20| 0.01 |30 |0.00
2123012 0.10 || 22 | 0.015 || 40 | 0.00
41150 14 [ 0.11 | 24 | 0.016 || 50 | 0.00
610.90 || 16 | 0.12 || 26 | 0.005
810.30 || 18] 0.02 || 28 | 0.003

Figure 2 shows the trajectories of S(t), I(t) and R(t). The infected and recov-
ered compartments do not die out; they fluctuate around positive endemic values.
Long-time averages computed from the simulation yield

1/ 1 [
lim inf ;/ I(u)du ~ 2.8, lim inf n / R(u) du ~ 14.0,
0 0

t—o00 t—o00

t
lim inf %/ S(u)du =~ 23.2.
0

t—o0

These positive values confirm the persistence in mean established in Theorem 5.1.
Corollary 5.2 additionally provides deterministic lower bounds for these averages,
guaranteeing that they cannot approach zero. The empirical time averages are
fully consistent with the theoretical prediction of persistence. The simulations

Persistence of the disease (R > 1)

20.0 A — )
— R(bt)

17.5 4 S(t)

15.0 4

. WMM

0.0 A

n
[
N
(5]

Populatio

~
(%

40 50
Time

FIGURE 2. Persistence of the disease for f = 0.3 (R5 ~ 10.64).
All compartments persist; the infected and recovered populations
fluctuate around stable positive levels.

fully support the theoretical threshold theorem:

e when Rj < 1 the disease disappears exponentially fast and the recovered
population vanishes.
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e when RS > 1 the infection becomes endemic, with all compartments
persisting in mean and long-time averages strictly bounded away from
zZero.

In both regimes the total population N(t) fluctuates around the deterministic
equilibrium A/p = 25. The numerical results thus provide a solid confirmation of
the sharp analytic conditions derived in the paper and demonstrate the practical
relevance of the stochastic threshold R§.

7. D1SCcuUssSION AND CONCLUSION

We have analyzed a stochastic SIRS epidemic model with a general nonlinear
incidence rate, where all compartments are subject to white noise. The main
result is a sharp threshold theorem based on the quantity

o 9f %
s B0 v )
0 w4 A+ %02

Y

where v* is the stationary distribution of the total population N ().

e If RS < 1, the infected and recovered compartments vanish almost surely,
and the susceptible population converges weakly to the disease-free sta-
tionary distribution v* (Theorem 4.1).

o If RS > 1, the disease persists in mean, and we gave explicit positive
lower bounds for the time averages of S, I, and R (Theorem 5.1 and
Corollary 5.2).

These results extend the classical deterministic dichotomy to the stochastic set-
ting. The noise term 502 in the denominator makes extinction more likely
for larger noise intensities, reflecting that random fluctuations can break trans-
mission even when the deterministic reproduction number would predict en-
demicity. Numerical simulations for the bilinear incidence f(S,1) = BSI fully
confirm the theoretical predictions. Future work could relax the hypotheses
on f (e.g., non-monotone incidence), consider more realistic noise (Ornstein-
Uhlenbeck, telegraph noise), include additional compartments (exposed, vacci-
nated, spatial structure), or calibrate the model to real epidemic data. In con-
clusion, this work provides a rigorous mathematical framework for understanding
the interplay between nonlinear transmission, temporary immunity, and environ-
mental stochasticity in infectious disease dynamics.

ACKNOWLEDGMENTS

The authors are grateful to the anonymous reviewers for their valuable com-
ments and suggestions, which significantly improved the quality of this paper.

REFERENCES

1. Alexander, M. E., & Moghadas, S. M. (2004). Periodicity in an epidemic model with a
generalized non-linear incidence. Mathematical Biosciences, 189(1), 75-96. https://doi.
org/10.1016/j .mbs.2004.01.003

2. Allen, L. J. (2010). An introduction to stochastic processes with applications to biology.
CRC Press. https://doi.org/10.1201/b12537


https://doi.org/10.1016/j.mbs.2004.01.003
https://doi.org/10.1016/j.mbs.2004.01.003
https://doi.org/10.1201/b12537

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

STOCHASTIC SIRS MODEL 15

Anderson, R. M., & May, R. M. (1991). Infectious diseases of humans: dynamics and
control. Oxford University Press. https://doi.org/10.1093/0s0/9780198545996.001.
0001

Brauer, F., Castillo-Chavez, C., & Feng, Z. (2019). Mathematical models in epidemiology.
Springer. https://doi.org/10.1007/978-1-4939-9828-9_17

Capasso, V., & Serio, G. (1978). A generalization of the Kermack-McKendrick deterministic
epidemic model. Mathematical Biosciences, 42(1-2), 43-61. https://doi.org/10.1016/
0025-5564(78)90006-8

Din, A., Li, Y., & Yusuf, A. (2021). Delayed hepatitis B epidemic model with stochastic
analysis. Chaos, Solitons & Fractals, 146, 110839. https://doi.org/10.1016/j.chaos.
2021.110839

El Myr. A (2025).Threshold dynamics and impulsive treatment in stochastic NEET popu-
lation model. (2025). Gulf Journal of Mathematics, 19(2), 277-292. https://doi.org/10.
56947/gjom.v19i2.2743

Hethcote, H. W. (2000). The mathematics of infectious diseases. STAM Review, 42(4),
599-653. https://doi.org/10.1137/s0036144500371907

Higham, D. J. (2001). An algorithmic introduction to numerical simulation of stochas-
tic differential equations. SIAM Review, 43(3), 525-546. https://doi.org/10.1137/
s0036144500378302

Ji, C., Jiang, D., & Shi, N. (2011). Multigroup SIR epidemic model with stochastic
perturbation. Physica A: Statistical Mechanics and its Applications, 390(10), 1747-1762.
https://doi.org/10.1016/j.automatica.2011.09.044

Kermack, W. O., & McKendrick, A. G. (1927). A contribution to the mathematical theory
of epidemics. Proceedings of the Royal Society of London. Series A, 115(772), 700-721.
https://doi.org/10.1016/b978-0-12-802260-3.00004-3

Khasminskii, R. Z. (1980). Stochastic Stability of Differential Equations. Sijthoff & Noord-
hoff, Alphen aan den Rijn. https://doi.org/10.1007/978-94-009-9121~-7

Lahrouz, A., Omari, L., Kiouach, D., & Belmaati, A. (2012). Complete global stability for
an SIRS epidemic model with generalized non-linear incidence and vaccination. Applied
Mathematics and Computation, 218(11), 6519-6525. https://doi.org/10.1016/j.amc.
2011.12.024

Lahrouz, A.; & Omari, L. (2013). Extinction and stationary distribution of a stochastic
SIRS epidemic model with non-linear incidence. Statistics & Probability Letters, 83(4),
https://doi.org/10.1016/5.spl.2012.12.021

Lin, Y., Jiang, D., & Wang, S. (2014). Stationary distribution of a stochastic SIS epidemic
model with vaccination. Physica A: Statistical Mechanics and its Applications, 442, 172-185.
https://doi.org/10.1016/j.physa.2013.10.006

Liptser, R. S., and Shiryayev, A. N. (1977). Statistics of Random Processes I: General
Theory. Springer-Verlag, New York. https://doi.org/10.1007/978-1-4757-1665-8
Liu, W. M., Levin, S. A., & Iwasa, Y. (1986). Influence of nonlinear incidence rates upon the
behavior of SIRS epidemiological models. Journal of Mathematical Biology, 23(2), 187-204.
https://doi.org/10.1007/b£00276956

Mandal, M., Sarkar, R. R., & Sinha, S. (2011). Mathematical models of malaria-a review.
Malaria journal, 13(1), 1-19. https://doi.org/10.1186/1475-2875-10-202

Mao, X. (2008). Stochastic differential equations and applications. https://doi.org/10.
15633/9780857099402

Tornatore, E., Buccellato, S. M., & Vetro, P. (2005). Stability of a stochastic SIR system.
Physica A: Statistical Mechanics and its Applications, 354, 111-126. https://doi.org/10.
1016/j.physa.2005.02.057

van den Driessche, P., & Watmough, J. (2002). Reproduction numbers and sub-threshold
endemic equilibria for compartmental models of disease transmission. Mathematical Bio-
sciences, 180(1-2), 29-48. https://doi.org/10.1016/s0025-5564(02)00108-6


https://doi.org/10.1093/oso/9780198545996.001.0001
https://doi.org/10.1093/oso/9780198545996.001.0001
https://doi.org/10.1007/978-1-4939-9828-9_17
https://doi.org/10.1016/0025-5564(78)90006-8
https://doi.org/10.1016/0025-5564(78)90006-8
https://doi.org/10.1016/j.chaos.2021.110839
https://doi.org/10.1016/j.chaos.2021.110839
https://doi.org/10.56947/gjom.v19i2.2743
https://doi.org/10.56947/gjom.v19i2.2743
https://doi.org/10.1137/s0036144500371907
https://doi.org/10.1137/s0036144500378302
https://doi.org/10.1137/s0036144500378302
https://doi.org/10.1016/j.automatica.2011.09.044
https://doi.org/10.1016/b978-0-12-802260-3.00004-3
https://doi.org/10.1007/978-94-009-9121-7
https://doi.org/10.1016/j.amc.2011.12.024
https://doi.org/10.1016/j.amc.2011.12.024
https://doi.org/10.1016/j.spl.2012.12.021
https://doi.org/10.1016/j.physa.2013.10.006
https://doi.org/10.1007/978-1-4757-1665-8
https://doi.org/10.1007/bf00276956
https://doi.org/10.1186/1475-2875-10-202
https://doi.org/10.1533/9780857099402
https://doi.org/10.1533/9780857099402
https://doi.org/10.1016/j.physa.2005.02.057
https://doi.org/10.1016/j.physa.2005.02.057
https://doi.org/10.1016/s0025-5564(02)00108-6

16 ABDELAZIZ ASSADOUQ ET AL

22. Wang, J., Teng, Z., & Dai, B. (2023). Qualitative analysis of a reaction-diffusion SIRS
epidemic model with nonlinear incidence rate and partial immunity. Infectious Disease
Modelling, 8(3), 881-911. https://doi.org/10.1016/j.idm.2023.07.006

! LABORATORY OF MATHEMATICS AND APPLICATIONS, FSTT, ABDELMALEK ESSAADI
UNIVERSITY, TETOUAN, MOROCCO.
Email address: a.assadouq@yahoo.fr


https://doi.org/10.1016/j.idm.2023.07.006

	1. Introduction
	2. The SIRS model with general incidence rate
	3. Basic properties of the total population
	4. Disease Extinction
	5. Disease Persistence
	6. Numerical simulations
	7. Discussion and Conclusion
	Acknowledgments
	References

