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STATISTICAL CONVERGENCE OF SEQUENCES OF
SUBSPACES

FATIH NURAY*

ABSTRACT. In this study, we will give the definition of statistical convergence
of a sequences of subspaces of a k-dimensional inner product space and examine
some inclusion relations.

1. INTRODUCTION AND PRELIMINARIES

Let F be the field reals or complex numbers and X be a vector space over F.
An inner product on X is a function <,>: X x X — F' such that

(1) <ar+by,z>=a<z,z>4+b<y,z> fora,be Fand z,y,z € X

(2) <z,y>=<y,xz>forz,ye X

(3) <z, >>0forze X

(4) <z, >=0if and only if x = 0.
Recall that every real number x € R equals its complex conjugate. Hence for real
vector spaces the condition (2) becomes < x,y >=<y,z > for z,y € X.
A norm can be defined from an inner product via ||z|| = \/< z,2 > for all z € X.
Let X be a inner product space over F. Let V be a subspace of X and z € X.
An element vy € V is said to be a best approximation to x or nearest to x in
X, if ||z — wo|| < ||z — || for all v € V. Suppose V is finite dimensional and
{v1,vg, ..., v} is an orthonormal basis of V. Then

k
Vg = E < v,V; > V;
i=1

is the best approximation to v in V. Let (X <, >) be an inner product space. Let
V be a subspace of inner product space X and {vy, vy, ..., v} be an orthonormal
basis for V. The ortogonal projection P, from X onto the subspace V is defined
by
k
PVUZZ < U,v; > v;

=1
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for every u € X.
For example, let X = R?® and V = {(x1,79,0) : 71,75 € R} be the z,x5-plane
in R3. Choose an arbitrary point x = (z1, 23, z3) € R3. Ortogonal projection of
x onto V is Pyx = (x1,22,0). In order to show this, choose an arbitrary point
v = (v1,v9,v3) € V. Then z —v = (x1 — vy, 9 — v9,x3) and z — Pyx = (0,0, 23).
So

lz = vl = |21 = vi* + |22 — vo* + [2a]* > |23]* = [lo — Praf.

Thus Pyx is closer z than v, so Pyx is the ortogonal projection. If we take
{e1, e, €3} as the standart basis of R?, then above example tells us the ortogonal
projection of x = (z1,x2,73) = x1€1 + Toes + wzez onto V. = span{ei,es} is
Pyx = x161 + Toeg = (71,72,0). As a second example, let X = R? and V be
subspace of R? spanned by the vectors (1,1,1) and (1, —2,1). Then

T1+ To + T3

Pyr = f(171,1)+
= (

xy +l’3’$2’ T +9C3)_
2 2
(For more information on this topic, see [1],]9]).
Distance or gap between two subspaces U and V' of X is defined by
d(U, V) = sup{inf{|lu—v|:veV}:uelU,|ul|=1}
= sup{||u — Pyul| :u e U, |u|]| =1}

= sup |ju— Pyul.
wel, ||lu||=1

T —21}2 + 23

1,-2,1
6 (’ ’)

Given an inner product space (X, <, >) of dimension k or higher (may be infinite).
Let U,, and V be k-dimensional subspaces of X for every n € N. Throughout the
paper, it is supposed that U,, = span{u, ,us,, ..., ug, } and V = span{vy, vs, ..., vy }
be k-dimensional subspaces of X, where {uy, ,us,, ..., ux, } and {vy,vq, ..., vx} are
orthonormal for every n € N.

Convergence definition for sequence of subspaces was given in [10] as follows:
Let U, and V be k-dimensional subspaces of X for n = 1,2,3,.... A sequence
(Uy,) of subspaces of X is said to be convergent to the subspace V' if

lim sup |un, — Pyu,|| =0,
n—00 Up EUp,||un||=1

Also the authors of [10] proved the following theorem that gives a condition
equivalent to that in the definition of convergence.

Theorem 1.1. A sequence (Uy,) of subspaces is convergent to the subspace V' if
and only if

lim ||u;, — Pyu;, || =0
n—oo

for every i = 1,2, ...,k where

k
P\/Uin: E < Uj,, V5 > Vj.
j=1
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For example, consider a three-dimensional space X with orthonormal basis

vectors ey, ey, e3. U, be one-dimensional subspace spanned by the vector
, 1
e1 + —sinney + —cosnes.
n n

Then the sequence (U,,) converges to the subspace V', spanned by the vector e;.
If W,, is an one-dimensional subspace spanned by the vector

sinnes + cosnes

then the sequence (W,,) is not convergent.

In most convergence theories it is advantages to have a criterion that verify con-
vergence without using the value of the limit. For this goal we will introduce a
Cauchy convergence criterion.

Definition 1.2. Let U, be k-dimensional subspaces of X for n = 1,2,3,.... A
sequence (U,,) of subspaces of X is said to be Cauchy sequence if

sup | — Py, un|| <€
un €Un,||lun (=1

for every m,n > ng € N.

We can give another definition for Cauchy sequence equivalent to the Definition
1.1.

Definition 1.3. A sequence (U,,) of subspaces is convergent to the subspace V'
if and only if

[wi, — Pu,ui, |l <€
for every 1 = 1,2,...,k and m,n > ng € N.

2. STATISTICAL CONVERGENCE

In this section, we will give the definition of statistical convergence of a se-
quences of subspaces of a k-dimensional inner product space and examine some
inclusion relations.

Let A C N. Define

AN{1,2,3,... _ AN{1,2,3,...
é(A):llmll’lf‘ m{? 737 7m}’ andé(A):thup‘ m{, ,3, ,m}’

m—00 m m— oo m

We call § and 0 the lower and upper asymptotic densities, respectively. If §(A) =
0(A), the common value is referred as asymptotic density and denoted by §(A).
If (z,) is a sequence such that z, satisfies property P for all n except a set of
asymptotic density zero, then we say that z,, satisfies P for "almost all n 7, and
we abbreviate this by ”a.a. n.” A sequence (z,) of real or complex numbers is
said to be statistically convergent to the number a if for every € > 0,

d{k: |xr—al]>€})=0.

A statistically convergent sequence may be bounded or unbounded. For example,
define x;, = k if k is a square and x;, = 0 otherwise. Then

Hk<n: |z, —0|>e} < Vn,
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so st — limx, = 0.

The idea of statistical convergence was introduced by Steinhaus in [13] and Fast
in [0] and since then has been studied by other authors including [2],[3],[7],[5], [11]
and [13] and . Over the years and under different names, statistical convergence

has been discussed in the mathematical analysis.

Definition 2.1. A sequence (U,,) of subspaces is said to be statistically conver-
gent to the subspace V' if for every € > 0,

) 1
lim —
m—o0 M,

{ngm: sup lwn — Pyug| >6}‘ =0

un €U, [lun|=1

ie.,

sup |lun — Pyuy|| <€
un €Un,[|lun =1

a.a. 1.
In this case we write
st —limU, = V.
Another definition equivalent to this definition is given below:

Definition 2.2. A sequence (U,) of subspaces is said to be statistically conver-
gent to the subspace V' if for every e > 0,

1
lim —{n<m: |w, —Pyu;,l| >¢€} =0

m—oo 1M,
for every i = 1,2,3, ....
Theorem 2.3. Definition 2.1 and Definition 2.2 are equivalent.

Proof. Let

sup lun — Pyuy|| <€
un €Un,[|un =1

a.a. n. We can write

|lwi, — Pyu,|| < sup | — Pyug|| <€
U €U, ||un||=1

a.a. n for every i = 1,2, ..., k, u;, € U, with [Ju; || = 1.
Now, say Zle |7:| = K and suppose that
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a.a. n for every 1 = 1,2, ..., k.

sup Jun — Prun|
uneUn7||unH:1

= sup  |[(nua, +Yous, + o k) — Pr(nu, +v2us, + o kg, ) ||

un €Un, [lun|=1

k
sup Y ||y, — Py (yiu,)|

<
Un EUp,||un||=1 i1
k
= Z illlui, — Prug, || <€
i=1
a.a. n for every i = 1,2, ..., k. |

If (U,) is convergent to V then (U,) is statistically convergent to V', but the
opposite may not be true.

Example 2.4. Let X be three-dimensional space with orthonormal basis vectors

e1, €9, e3 and

U, = { span{sin nes + cosnes}, if n s square (2.1)

span{e; + = sinney + = cos nes}, otherwise.

Then the sequence (U,) is not convergent but statistically convergent to the
subspace V', spanned by the vector e;.

Theorem 2.5. If st —limU, =V and st —limU,, = S then V = §.
Proof. 1f possible let U # S. Choose ¢ = w > (0. Then

1
—kn<m: sup  ||Pyu, — Psuy,|| > €
m un €Un, [lun|=1
1 €
< —kn<m sup |tn, — Pyuy|| > =
m Un €U ||un | =1 2
1 €
+ —yn<m: sup ||un_PSun||>_
m Un €U |un | =1 2

which is impossible because the right side limit is equal to zero but not left side
limit as m — oo. 0

Definition 2.6. A sequence (U,,) of subspaces is said to be statistically Cauchy
if for every € > 0 there exists a number N(= N (€)) such that

) 1
lim —
m—oo M,

n<m: sup |un — Puyunll >e€p| =0
Un EUn,||un||=1
ie.,

sup lun — Puyunl|| <€
un €Un,||un =1
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Another definition equivalent to this definition can be given as:

Definition 2.7. A sequence (U,,) of subspaces is said to be statistically Cauchy
sequence if for every € > 0 there exists a number N(= N(€)) such that

1
lim —[{n<m: ||u, — Pyyu;,| > €} =0
o m
for every 1 = 1,2,3, ....

Theorem 2.8. If a sequence (U,) of subspaces is statistically convergent, then
(Uy) is a statistically Cauchy sequence.

Proof. Suppose that st —lim(U,,) =V and € > 0. Then

€
sup |lun, — Prugl|| < 3
UnEU'm”Un”:l
a.a. n, and if N is chosen such that
€
sup | Puyun — Prugl|| < 3
Un €U, ||un||=1
a.a. n. Then
sup |un — Puy |
Un €Un,[lun =1
< sup |, — Pyugl|| + sup | Puytn, — Py
Un€Un,|lun =1 Un €Un,[lun||=1
< E.€
— — =€
2 2
a.a. n. Hence (U,) is a statistically Cauchy sequence. O

Theorem 2.9. Let (U,) and (L,)be two sequences of subspaces. If (L) is a con-
vergent sequence such that U, = L, a.a. n, then (U,) is statistically convergent.

Proof. Suppose that U, = L,, a.a. n and L,, — V. From the inclusion

{n<m: sup |, — Pyuy| > €}
un €U, [lun|=1
g {ngm sSup Hun_PVunH 26}
Un €Un# L, ||un||=1
U {ngm : sup Hgn_PvgnH Z 6}7

énEan“KnH:l

for e > 0, we get

lim [{n <m: sup  ||un — Pyuy,| > €}
m=—00 Un €U, ||un||=1
< lim {n<m: sup |lun, — Pyugl|| > €}
m=oo Un €EUn#Ln,||lun||=1
+ lim [{n<m: sup ||, — Pyly]| > €} = 0.
mee bn €L, |[€n]|=1
Consequently we have st —lim U, = V. 0

Theorem 2.10. st —lim U, =V if and only if st —lim Zle < wy,,v; >2=1 for
every1=1,2,3,..., k.
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Proof. Since {vy, v, ..., v} is orthonormal basis, with an easy calculation we get

k
||Uin — PvuinHZ =1- Z < Uj, , Vj >2
j=1
for every ¢ = 1,2, 3, ..., k and hence
1
—Hrnsme u, = Prug, || > e}
1 k
- — n<m: |1—Zl<uin,vj>2\>62
i

So,we have if st — limU, = V if and only if st — lim 25:1 < w;,,v; >*=1 for
every i = 1,2,3,..., k.. [
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