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WEIBULL TAIL ESTIMATION VIA PEAK-OVER-THRESHOLD
UNDER DETERMINISTIC THRESHOLDS

NESRINE IDIOU1, MOHAMMED RIDHA KOUIDER2 and FATAH BENATIA3∗

Abstract. This paper investigates the estimation of the Weibull tail coef-
ficient within the framework of extreme value theory, using the Peak-Over-
Threshold approach with a deterministic threshold. Based on maximum likeli-
hood estimation, the methodology offers a unified treatment of the shape pa-
rameter and the finite right endpoint, while addressing a key challenge in mod-
eling bounded extremes. Theoretical properties such as existence, consistency,
and asymptotic normality of the estimators are established. Furthermore, a
new log-excess-based estimator for the Weibull tail coefficient is introduced.
The performance of the new estimators in small samples is illustrated through
simulations, and their effectiveness, robustness, and practical relevance are fur-
ther confirmed by real-data applications. This dual validation highlights both
their solid theoretical foundation and applied significance.
Keywords. Extreme value index, Weibull distribution, Maximum likelihood
estimation, Peak-Over-Threshold, Generalized Pareto distribution.
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1. Introduction

Assume that X1, X2, . . . , Xn are independent and identically distributed (i.i.d)
random variables with common distribution function F . We define the upper
bound of the support F as τF := sup{x : F (x) < 1} < ∞ . Furthermore, for
x > 0, the survival function associated with F is expressed as F (x) = 1− F (x),
and F (x) :=

∫ x

0
dF (y) is the distribution function. The empirical counterparts

based on the sample X1, X2, . . . , Xn are given by

Fn(x) :=
1

n

n∑
i=1

1{Xi≤x}, F n(x) :=
1

n

n∑
i=1

1{Xi>x}. (1)

Noted F (x) = 1 − F (x), which corresponds to the complementary cumulative
distribution function ofX. Within the framework of extreme value theory (EVT),
the tail behavior of F (x) is characterized by a parameter known as the extreme
value index, denoted by γ for the distribution ofX which controls how the survival
function decays.
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If γ > 0, then F is regarded as heavy-tailed. If γ < 0, then F vanishes above its
finite right endpoint τF <∞. If γ = 0, then F decreases to zero at an exponential
rate. Given that F has rank −1/γ and is frequently shifting at infinite levels, we
write F ∈ RV−1/γ. Therefore, for each x > 0,

lim
t→∞

F (tx)

F (t)
= x−1/γ. (2)

In this work, we assume that F is of Pareto type, where τF represents an
appropriate upper bound of the support of F and γ ∈ R. The distribution falls
into one of the following three cases:

Case 1: γ > 0. In this case, F (x) = x−1/γ ℓF (x), here ℓF is a function that
grows progressively at infinity.

Case 2: γ < 0. In this case, F (x) = (τF − x)−1/γ ℓF

(
1

τF−x

)
, where τF < ∞

the finite right endpoint.
Case 3: γ = 0. In this case, F (x) = e−x/σ, where σ denotes a positive

scale parameter. Finally, ℓF denotes a slowly varying function at infinity i.e.,

∀x > 0, lim
t→∞

ℓF (tx)

ℓF (t)
= 1. We apply maximum likelihood estimation (MLE) in

this work, considering that the entire sample is taken from an extreme value
distribution. As a representative example, we consider the Weibull distribution,
whose tails exhibit an exponentially fast decay. For γ < 0, the Weibull law admits
the following cumulative distribution function (cdf):

Gγ<0 (x) =

{
e−(−x)−1/γ

if x ≤ 0
1 if x > 0

(3)

In addition, F falls into the Weibull region of attraction precisely when

τF := sup{x ∈ R : F (x) < 1} <∞,

with the tail distribution fulfilling

F (τF − x) ∈ RV−1/γ, for γ < 0.

These conditions are firmly established in the classical literature, particularly
in Balkema & de Haan (1974)[1] and in the monograph of de Haan & Ferreira
(2006)[7] on extreme value theory, where they provide a rigorous characterization
in the Weibull attraction class.

The Weibull model is a prominent lifetime model, widely applied in medicine,
biology, and engineering sciences, and has been extensively studied over the past
three decades [5]. Among the various estimation procedures proposed for the
Weibull index, maximum likelihood estimation remains the most classical and
widely implemented, well known for its consistency and convergence. In this
study, we focus on the maximum likelihood estimator of the generalized Pareto
distribution (GPD) within the Peak-Over-Threshold framework, under a deter-
ministic threshold t and for γ ∈ [−1, 0). Take X1, X2, . . . , Xn to be i.i.d according
to F , and write X1,n < · · · < Xn,n for the sample arranged in increasing order,
known as the order statistics.
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In particular, the i-th order statistic satisfies Xi,n = Xj for some 1 ≤ j ≤ n.
The maximum likelihood estimation procedure builds upon the seminal contri-
butions of Balkema and de Haan [1] and Pickands [22], who demonstrated that
the limiting behavior of the exceedance distribution

Cj = Xj − t, conditional on Xj > t,

as the threshold t approaches τF , the exceedance distribution converges to the
GPD. The amount of absolute exceedances beyond the threshold t, denoted by k,
corresponds to the greatest values (Xn−k,n, . . . , Xn,n). Next, applying maximum
likelihood inside the GPD framework, the unidentified components γ and σ are
estimated by maximizing

ℓ(Cj; γ, σ) =
k∏

j=1

fγ,σ(Cj), (4)

where fγ,σ(x) =
1
σ

(
1 + γ

σ
x
)−1/γ−1

, denotes the density function of the GPD, and
Cj = Xj − t for 1 ≤ j ≤ k. The log-likelihood formula that corresponds to this is
provided by

log ℓ(Cj; γ, σ) =
k∑

j=1

[
log

(
1

σ

)
−
(
1

γ
+ 1

)
log
(
1 +

γ

σ
Cj

)]
. (5)

A scale parameter allowable range σ is given by σ > 0 when γ > 0, even
σ > −γCk,k when γ ≤ 0. In particular, if γ < −1, the MLE of the GPD
parameters does not exist. We confine attention to the parameter space, as our
goal is to derive the Weibull shape parameter A = {σ > −γCk,k;−1 ≤ γ < 0} .
Where Ck,k = max{Cj : 1 ≤ j ≤ k} denotes the largest exceedance. The
likelihood equations derived from (5) in terms of the exceedances Cj, for γ ̸= 0,
are expressed as 

1
k

n∑
j=1

(1− θCj)
−1 1Xj>t =

1
γ+1

1
k

n∑
j=1

log (1− θCj) 1Xj>t = γ,
(6)

with γ ≥ −1 and θ = − (γ/σ). In addition, Kouider et al. [14, 15] elaborated on
assessing the extreme value index through a GPD parameters [21]. Their analysis
of the profile log-likelihood function revealed that it admits two solutions, denoted
by
(
γ̂KIB, σ̂KIB

)
. Building on this result, we propose a procedure for estimating

γ̂KIB
t and σ̂KIB

t within the Peak-Over-Threshold framework, under a deterministic
threshold t, as follows:

We first obtain the underlying estimator θ̂KIB
t as the solution of the equation

ψ(θ) = 0, where

ψ(θ) =

(
1

k

n∑
j=1

log(1− θCj) 1{Xj>t} + 1

)
1

k

n∑
j=1

(1− θCj)
−1 1{Xj>t} − 1. (7)
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Once θ̂KIB
t is obtained, we compute the estimators γ̂KIB

t and σ̂KIB
t respectively

as

γ̂KIB
t =

1

k

n∑
j=1

log
(
1− θ̂KIB

t Cj

)
1{Xj>t}, (8)

and

σ̂KIB
t = − γ̂

KIB
t

θ̂KIB
t

.

The numerical aspects of solving these equations were investigated by Kouider
and Benatia (2023) [13], under the condition γ ≥ −1. In contrast, the following
system should be regarded as the empirical counterpart of equation (6), and is
expressed as 

1

k

n∑
j=1

(
1− (1− θCj)

−1) 1{Xj>t} =
γ̂KIB
t

γ̂KIB
t + 1

1

k

n∑
j=1

log(1− θCj) 1{Xj>t} = γ̂KIB
t .

(9)

We now define the auxiliary function

ψ̃(θ) =

(
1

k

n∑
j=1

log(1− θCj) 1{Xj>t} + 1

)
1

k

n∑
j=1

(
1− (1− θCj)

−1) 1{Xj>t}

+
1

k

n∑
j=1

log(1− θCj) 1{Xj>t}.

The estimator θ̂KIB
t is then obtained as the solution of ψ̃(θ) = 0.

We reformulate the system of maximum likelihood equations in terms of the
empirical survival function F n(x) in the analysis that follows. This representa-
tion provides a natural framework for deriving an explicit expression of the EVI
estimator γ̂KIB

t . It further enables the application of the mathematical technique
introduced by Beirlant et al. [2], valid for γ̂ ∈ [−1, 0), originally developed in the
context of censored data and here adapted to complete data, thereby extending
its applicability.

The rest of the article is organized as outlined below. The second part presents
a new Weibull tail coefficient estimator, introduced under a deterministic thresh-
old, together with its existence, consistency, and asymptotic properties. Next,
the approximate normality of the KIB estimators is rigorously demonstrated in
Section 3. A controlled simulation analysis and a proposal to the real world data
of Chin et al. (2006)[20], with a focus on the estimation of the Weibull tail co-
efficient, are carried out in Section 4 to illustrate the efficacy of the suggested
methodology. Concluding remarks are provided in Section 5. The appendix in
Section 6 presents a lemma that underpins the approximate normalization proof,
reinforcing the theoretical basis of the findings.



WEIBULL TAIL ESTIMATION VIA PEAK-OVER-THRESHOLD 5

2. Existence, consistency, and asymptotic properties of KIB
estimators

The asymptotic properties of the MLE have been extensively studied in the
literature. Since no closed-form expression exists to distinguish it from other
estimation methods, the MLE is defined implicitly as an ensemble of problems’s
resolution (6). Its theoretical properties must therefore be established through
alternative approaches.

Drees et al. [9] proved the asymptotic normality of any solution to (6) for the
Weibull index (or equivalently, the shape parameter of the Weibull distribution)
under the follow-up setting, provided that −1

2
< γ < 0, the threshold is chosen

as t = Xn−k,n. In contrast, Chen and Zhou [25] established the validity of the
estimator for −1 < γ < 0 subject to the domain of attraction assumption (first-
order), without requiring the second-degree assumption, again with t = Xn−k,n.

More recently, Kouider et al. [14, 15] demonstrated that the KIB estimators
coincide with the MLE of the GPD parameters obtained when the entire sample
is considered, and that they exhibit reduced bias compared to the estimators of
Drees et al. [9] for the Weibull index with t = Xn−k,n. Furthermore, Kouider et
al. [14] have shown that when the threshold is random, the approximate normal
behavior, associated with the KIB estimators depends upon the GPD parameters,
i.e., t = Xn−k,n. This conclusion is consistent with the framework developed by
de Haan and Ferreira [7]. Recall that the Weibull index is the central focus of this
study when −1 ≤ γ < 0. Our objective is to establish the existence, consistency,
and approximate normality of the estimator under a deterministic threshold t.
To this end, we adapt the two systems of equations (6) and (9) as follows. We
define the functions

φ1(x) = 1− (1− θx)−1 , φ2(x) = log (1− θx) , (10)

with θ = −γ/σ. Then, for s = 1, 2, we obtain

n

k

∫ τF

t

φs(x− t) dFn(x) =
1

k

n∑
j=1

φs(Xj − t)1{Xj>t},

where Fn is the empirical distribution defined in (1). Consequently,

n

k

∫ τF

t

φs(x− t) dFn(x) = −n
k

∫ τF

t

φs(x− t) dF n(x),

provided that F n represents the empirical survival law given in (1). Integration
by parts yields

−n
k

∫ τF

t

φs(x−t) dF n(x) = −n
k

(
F n(τF )φs(τF−t)−F n(t)φs(0)−

∫ τF

t

F n(x) dφs(x−t)
)
.

Since F n(τF ) → 0 as t→ τF , and noting that φ1(0) = 0, φ2(0) = 0, we deduce

n

k

∫ τF

t

φs(x−t) dFn(x) =
1

k

n∑
j=1

φs(Xj−t)1{Xj>t} =

∫ τF

t

F n(x) dφs(x−t), s = 1, 2.

(11)
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By definition, k denotes the number of exceedances above the threshold t.
It follows that k is distributed according to a binomial law k ∼ B

(
n, F (t)

)
.

Furthermore, using the rule of large numbers, we arrive at F n(t) =
k
n

P−→ F (t), as
t→ τF . Substituting this relation into (9), the system can be rewritten as

1
Fn(t)

τF∫
t

F n (x) dφ1 (x− t) =
γ̂KIB
t

γ̂KIB
t +1

1
Fn(t)

τF∫
t

F n (x) dφ2 (x− t) = γ̂KIB
t

(12)

For convenience under (12), we set
1

F (t)

τF∫
t

F (x) dφ1 (x− t) = γ
γ+1

1
F (t)

τF∫
t

F (x) dφ2 (x− t) = γ

It is also possible to recover the system of equations (6). Indeed, we have

1

k

n∑
j=1

(1− θCj)
−1 1{Xj>t} = − 1

F n(t)

∫ τF

t

φ3(x− t) dF n(x),

if φ3 (x− t) = (1− θ (x− t))−1. Hence, the system of equations (6) admits the
representation 

−1
Fn(t)

τF∫
t

φ3 (x− t) dF n (x) =
1

γ̂KIB
t +1

1
Fn(t)

τF∫
t

F n (x) dφ2 (x− t) = γ̂KIB
t

Therefore, for convenience, we set
−1
F (t)

τF∫
t

φ3 (x− t) dF (x) = 1
γ+1

1
F (t)

τF∫
t

F (x) dφ2 (x− t) = γ

Until we consider the second empirical maximum likelihood equation in (12),
we have

1

F n(t)

∫ τF

t

F n(x) dφ2(x− t) = γ̂KIB
t .

For convenience, we set

1

F (t)

∫ τF

t

F (x) dφ2(x− t) = γ,

as stated in Lemma (6.1). Recall that if the convergence

lim
t→τF

F (t+ σx)

F (t)
= (1 + γx)−1/γ
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holds for some σ > 0, with σ = γ(t − τF ) for γ < 0, consult for instance [7],
Theorem 1.2.5, p. 21. Hence, in the sequel, we shall suppose that σ = γ(t− τF ),
and

σ̂KIB
t = γ̂KIB

t (t− τ̂F ).

Now, we present a procedure for estimating γ̂KIB
t and σ̂KIB

t with the aim of
estimating the Weibull index through maximum likelihood. The procedure can
be outlined as follows:

We identify θ̂KIB
t as the unique solution to the equation ψt(θ) = 0, where

ψt (θ) =

(
1

F n (t)

∫ τF

t

F n (x) dφ2 (x− t) + 1

)
−1

F n (t)

∫ τF

t

φ3 (x− t) dF n (x)− 1.

(13)

Once θ̂KIB
t is obtained, we compute γ̂KIB

t as

γ̂KIB
t =

1

F n (t)

∫ τF

t

F n (x) dφ2 (x− t) . (14)

For −1 ≤ γ̂KIB
t < 0, we then compute (τ̂F )

KIB
t as

(τ̂F )
KIB
t = t+

1

θ̂KIB
t

, (15)

and finally obtain σ̂KIB
t through

σ̂KIB
t = γ̂KIB

t

(
t− (τ̂F )

KIB
t

)
. (16)

Here, φ2 (x− t) = log (1− θ (x− t)) and φ3 (x− t) = (1− θ (x− t))−1.

Recall that in this paper we aim to establish the approximate normal behavior
for all three Weibull distribution parameters. The KIB estimator in (14) corre-
sponds to the tail value and depends on the maximum likelihood estimation of the
GPD parameters under the Peak-Over-Threshold model when the threshold t is
deterministic. In addition, the KIB estimator for the upper bound of the support
of F is given in (15), while the estimator of the scale parameter is presented in
(16).

3. Main results

In addition, we prove the approximate normal behavior of these three KIB
estimators of the Weibull distribution parameters in Theorems (3.1), (3.2), and
(3.3), respectively.

Theorem 3.1. Suppose F is a distribution function with upper bound τF < ∞.
Assuming for −1 ≤ γ < 0, the slowly varying function ℓF is normalized. Set
σ = γ(t − τF ) and let t → τF . Then, the KIB estimator γ̂KIB

t defined in (14)
satisfies the following asymptotic normality:

√
k
(
γ̂KIB
t − γ

)
−−−→
k→∞

N
(
0, γ2

)
, (17)
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where γ is the tail index given by γ = 1
F (t)

∫ τF
t
F (x) dφ2(x− t), where θ = −γ/σ,

we have φ2(x− t) = log
(
1− θ(x− t)

)
.

Prior to the proof of Theorem (3.1), we briefly mention the related work of
Beirlant et al. [2], who studied the Peak-Over-Threshold model under random
censoring. Our analysis, however, is conducted in the uncensored setting, where

H(x) = F (x), γ = γ1, τH = τF .

This allows the asymptotic normality to be extended naturally to the uncensored
case for −1/2 < γ < 0, with H(t) = F (t), Hn(t) = F n(t).

Proof. Based on (14), where k
nF (t)

P−→ 1 as t → τF , we obtain the following

decomposition:

√
k
(
γ̂KIB
t − γ

)
=

√
n

F (t)

 τF∫
t

F n (x) dφ2 (x− t)−
τF∫
t

F (x) dφ2 (x− t)


−
√

n

F (t)

(
F n (t)− F (t)

) 1

F (t)

τF∫
t

F (x) dφ2 (x− t)

By applying inequality (39) from Lemma (6.1), this expression reduces to

√
k
(
γ̂KIB
t − γ

)
=

√
n

F (t)

 τF∫
t

F n (x) dφ2 (x− t)−
τF∫
t

F (x) dφ2 (x− t)


−γ
√

n

F (t)

(
F n (t)− F (t)

)
Following the framework of Beirlant et al. [2], and in the absence of censoring,

we obtain:

√
n

F (t)

 (
F n (t)− F (t)

)
τF∫
t

F n (x) dφ2 (x− t)−
τF∫
t

F (x) dφ2 (x− t)

→ N

(
0,

1 γ
γ 2γ2

)
By the continuous mapping theorem and linearity of the limiting distribution, we
get √

k
(
γ̂KIB
t − γ

)
−−−→
k→∞

N
(
0, γ2

)
. (17)

This completes the proof. □

Theorem 3.2.
Assuming the same conditions of Theorem (3.1), and for −1 ≤ γ < 0, we

obtain
√
k

(
v̂KIB
t

θ
− 1

)
→ N

(
0, θ2 (γ + 1)2

)
, (18)

as k → ∞, where θ̂KIB
t denotes the solution of ψt(θ) = 0. Moreover, we have
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√
k
(
ψt

(
θ̂KIB
t

)
− ψt (θ)

)
→ N

(
0, γ2 (γ + 1)2

)
(19)

where ψt is defined in (13).

Proof.
We first establish the asymptotic behavior stated in (18) as k → ∞. To this

end, write

1− θ̂KIB
t Cj = (1− θCj)

1−

(
θ̂KIB
t − θ

)
Cj

1− θCj


By straightforward algebra, we obtain

1

k

n∑
j=1

log
(
1− θ̂KIB

t Cj

)
1{Xj>t} =

1

k

n∑
j=1

log(1− θCj) 1{Xj>t}

+
1

k

n∑
j=1

log

(
1− (θ̂KIB

t − θ)Cj

1− θCj

)
1{Xj>t}. (20)

From inequality (8), it follows

√
k
(
γ̂KIB
t − γ

)
=

1√
k

n∑
j=1

log

(
1− (θ̂KIB

t − θ)Cj

1− θCj

)
1{Xj>t}. (21)

By a first-order Taylor expansion around θ∗, we obtain the following approxi-

mation, with negligible remainder terms Op

(
θ − θ̂KIB

t

)
.

θKIB
t log

(
1− (θ̂KIB

t − θ)Cj

1− θCj

)
≈ (θ − θ̂KIB

t )Cj

1− θ̂KIB
t Cj

+Op

(
θ − θ̂KIB

t

)
. (22)

Then,

θKIB
t

n∑
j=1

log

(
1− (θ̂KIB

t − θ)Cj

1− θCj

)
1{Xj>t} = (θ−θ̂KIB

t )
n∑

j=1

(
Cj

1− θ̂KIB
t Cj

+Op(1)

)
1{Xj>t}.

Therefore, since θ̂KIB
t

P−→ θ as t→ τF , we obtain

1√
k

n∑
j=1

log

(
1− (θ̂KIB

t − θ)Cj

1− θCj

)
1{Xj>t} =

θ̂KIB
t − θ

θ2
· 1√

k

n∑
j=1

(
1− 1

1− θCj

)
1{Xj>t}

−Op

(√
k(θ̂KIB

t − θ)
)
, (24)

By substituting (24) into (21), we obtain

√
k
(
γ̂KIB
t − γ

)
=

√
k (θ̂KIB

t − θ)

θ2

(
1

k

n∑
j=1

(
1− 1

1− θCj

)
1{Xj>t} −Op(1)

)
.
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Moreover, we have

1

k

n∑
j=1

(
1− 1

1− θCj

)
1{Xj>t} =

1

F n(t)

∫ τF

t

F n(x) dφ1(x− t).

As t→ τF and under Lemma (6.1), relation (21) becomes

√
k
(
γ̂KIB
t − γ

)
=

γ

γ + 1
·
√
k (θ̂KIB

t − θ)

θ2
. (25)

Furthermore, as k → ∞, we have

√
k

(
θ̂KIB
t

θ
− 1

)
D−→ N

(
0, θ2(γ + 1)2

)
,

We now aim to prove relation (19) as k → ∞, under the condition that

ψt

(
θ̂KIB
t

)
= 0, where ψt is defined in (13). To justify the limit in (19), we

use a first-order Taylor expansion of ψt around θ. We have

ψt(θ̂
KIB
t )− ψt(θ) = ψ′

t(θ) (θ̂
KIB
t − θ) + o(θ̂KIB

t − θ).

Since
√
k(θ̂KIB

t − θ)
D−→ N(0, θ2(γ + 1)2) , and ψ′

t(θ) →
γ

1+γ
as t → τF , it follows

that√
k
(
ψt(θ̂

KIB
t )−ψt(θ)

) D−→ N(0, γ2(1 + γ)2) . We rewrite the function ψt in (13)
as

ψt(θ) =

(
1

F (t)

∫ τF

t

F (x) dφ2(x− t) + 1

)
−1

F (t)

∫ τF

t

φ3(x− t) dF (x)− 1, (26)

By Lemma 6.1, we have ψt(θ)
P−→ 0 as t → τF for −1 ≤ γ < 0. Under (11), we

obtain

1

F n(t)

∫ τF

t

F n(x) dφ2(x− t)− 1

F (t)

∫ τF

t

F (x) dφ2(x− t)

=
θ̂KIB
t − θ

θ2
· 1

F n(t)

∫ τF

t

F n(x) dφ1(x− t)−Op

(
θ̂KIB
t − θ

)
.

This expression may be rewritten as(
−1

F n(t)

∫ τF

t

φ3(x− t) dF n(x)

)−1
[(

1

F n(t)

∫ τF

t

F n(x) dφ2(x− t) + 1

)
(

−1

F n(t)

∫ τF

t

φ3(x− t) dF n(x)

)
− 1−

((
1

F (t)

∫ τF

t

F (x) dφ2(x− t) + 1

)
(

−1

F n(t)

∫ τF

t

φ3(x− t) dF n(x)

)
− 1

]

=
θ̂KIB
t − θ

θ2
· 1

F n(t)

∫ τF

t

F n(x) dφ1(x− t)−Op

(
θ̂KIB
t − θ

)
.
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As θ̂KIB
t → θ, and for convenience, we obtain

−1

F n(t)

∫ τF

t

φ3(x− t) dF n(x)
P−→ −1

F (t)

∫ τF

t

φ3(x− t) dF (x).

Using (13) together with (26), we obtain(
−1

F (t)

∫ τF

t

φ3(x− t) dF (x)

)−1√
k
[
ψt(θ)− ψt(θ̂

KIB
t )

]
=

√
k (θ̂KIB

t − θ)

θ2
· 1

F (t)

∫ τF

t

F (x) dφ1(x− t).

and by Lemma (6.1), we obtain

−1

F (t)

∫ τF

t

φ3(x− t) dF (x)
P−→ 1

1 + γ
,

1

F (t)

∫ τF

t

F (x) dφ1(x− t)
P−→ γ

1 + γ
.

Finally, as k → ∞, we have
√
k
[
ψt(θ)− ψt(θ̂

KIB
t )

]
D−→ N

(
0, γ2(1 + γ)2

)
.

□

Theorem 3.3.
In following Theorem (3.1), for −1 ≤ γ < 0, as k → ∞, we achieve

√
k
(
(τ̂F )

KIB
t − τF

)
D−→ N

(
0, (γ + 1)2

)
,

where τF < ∞ denotes the upper bound of the support of F , and (τ̂F )
KIB
t is

defined in (15).
Moreover, for −1 ≤ γ < 0 and as k → ∞, we have

√
k

 γ̂KIB
t − γ
σ̂KIB
t

σ
− 1

 D−→ N(0, Σ) ,

with σ = γ(t− τF ), where

Σ =

(
γ2 γ

(
θ(γ + 1) + 1

)
γ
(
θ(γ + 1) + 1

) (
θ(γ + 1) + 1

)2) ,
and σ̂KIB

t is given in (16).

Proof.
Inasmuch as (τ̂F )

KIB
t represents (15) and τF = t + 1

θ
with θ = − γ

σ
, it follows

that

(τ̂F )
KIB
t − τF =

θ(
θ̂KIB
t

)2
 θ̂KIB

t

θ
−

(
θ̂KIB
t

)2
θ2

 . (27)
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Then, since θ̂KIB
t

P−→ θ and by (18), as k → ∞ we obtain
√
k
(
(τ̂F )

KIB
t − τF

)
D−→ N

(
0, (γ + 1)2

)
.

In addition, we have

σ̂KIB
t

σ
− 1 =

1

γ

(
γ̂KIB
t − γ

)
− γ̂KIB

t

σ

(
(τ̂F )

KIB
t − τF

)
.

Under (27) and (25), since θ̂KIB
t

P−→ θ and γ̂KIB
t

P−→ γ, for σ = γ(t − τF ),
accordingly, we have

√
k

(
σ̂KIB
t

σ
− 1

)
=

(
θ(γ + 1) + 1

γ

)√
k
(
γ̂KIB
t − γ

)
.

As k → ∞, and under (17), we conclude that

√
k

(
σ̂KIB
t

σ
− 1

)
D−→ N

(
0, (θ(γ + 1) + 1)2

)
.

In particular, we obtain

Cov

(√
k

(
σ̂KIB
t

σ
− 1

)
,
√
k
(
γ̂KIB
t − γ

))
=

(
θ(γ + 1) + 1

γ

)
Var
(√

k
(
γ̂KIB
t − γ

))
.

In the asymptotic framework k → ∞, and under assumption (17), we establish
that

Cov

(√
k

(
σ̂KIB
t

σ
− 1

)
,
√
k
(
γ̂KIB
t − γ

))
= γ

(
θ(γ + 1) + 1

)
.

The Cramér–Wold device is adopted to perform joint approximate normal be-
havior. Let (a, b) ∈ R2 \ {(0, 0)}. Consider the linear combination

a
√
k
(
γ̂KIB
t − γ

)
+ b

√
k

(
σ̂KIB
t

σ
− 1

)
.

Using the relations derived above, this combination can be stated as a simple
linear function of

√
k(γ̂KIB

t − γ) and
√
k(τ̂KIB

F − τF ), both of which converge
in distribution to normal random variables. Consequently, the linear combi-
nation converges to a normal distribution with variance (a, b) Σ (a, b)⊤. By the
Cramér–Wold device, we therefore conclude that

√
k

 γ̂KIB
t − γ
σ̂KIB
t

σ
− 1

 D−→ N(0,Σ).

□

4. Simulation Studies: Applications

In what follows, we demonstrate the effectiveness of the proposed approach
through both a controlled simulation study and an application to real-world data.
Our focus is on estimating the Weibull tail-coefficient, a key parameter for char-
acterizing the extrema behavior of relevant datasets.
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4.1. Simulation study based on the Weibull distribution.
The Weibull distribution, characterized by progressively changing and non-

constant and varying hazard functions, is widely used in reliability analysis and
insurance modeling of material losses. Only the upper tail of the sample contains
the relevant information for estimating the Weibull tail-coefficient. Several ad
hoc estimation methods have been proposed, most of which rely on the inverse
cumulative distribution function. As explained in Section (1) we present a new
estimator for the Weibull tail-coefficient in this part that focuses on the MLE for
the GPD parameters according to the peaks-over-threshold process. A logarith-
mic reciprocal of the extrema part of the distribution is the Weibull tail-coefficient
α > 0.

F (x) = exp(−H(x)) , with H(x) = − log
(
F (x)

)
, (28)

where H ∈ RV1/α is regularly varying and satisfies (2). Accordingly, H takes the
form

H(x) = x1/αℓ(x), as x→ +∞, α > 0, (29)

where ℓ is a progressively varied function, i.e. lim
t→+∞

ℓ(tx)

ℓ(x)
= 1.

We address the estimation of α > 0 defined by (28) using the MLE of the
GPD parameters described in Section (1). Consider the sequence X1,n, . . . , Xn,n

denotes the sample quantiles obtained by arranging the i.i.d. variablesX1, . . . , Xn

in increasing order, drawn from F .
Let k represent the count of exceedances over the threshold t, associated with

the top order statistics (Xn−k,n, . . . , Xn,n). In the approximate zone, k = kn is
selected as a linker pattern satisfying kn grows unbounded, whereas its proportion
relative to n shrinks to zero. From [7], Lemma 3.4.1, the asymptotic tail of
(Xn−k,n, . . . , Xn,n) is expressed as

F t(x) =
F (x)

F (t)
, Ft(x) =

F (x)− F (t)

1− F (t)
, (30)

with F t(x) = 1− Ft(x) for x > t. Substituting (30) into (28) yields

H(x) = − log
(
F t(x)F (t)

)
.

According to Balkema and de Haan [1] (1974), F t(x) ≃ F γ,σ(x), where Fγ,σ is
the cdf of the GPD with shape parameter γ and scale parameter σ, expressed as

Fγ,σ(x) = (1− θx)−1/γ , γ ̸= 0, θ = −γ
σ
.

With (29), H contains a parametric component x1/α depending only on α > 0
and a nonparametric part ℓ. Thus, we may take H(x) = x1/α. Then (28) becomes

x1/α = − log
(
F γ,θ(x)F (t)

)
.

Taking logarithms on both sides gives

1

α
log x = log

(
− log

(
F γ,θ(x)F (t)

))
. (33)
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For F n(t)
P−→ k/n as t→ τF , and using the estimators θ̂KIB

t and γ̂KIB
t defined in

(7) and (8) via the Peak-Over-Threshold-MLE procedure, we define the Weibull
tail-coefficient estimator as

α̂KIB
t =

1
k

∑k
j=1 logCj

1
k

∑k
j=1 log

(
1

γ̂KIB
t

log
(
1− θ̂KIB

t Cj

)
− log

(
k
n

)) , (34)

where Cj = Xj − t for 1 ≤ j ≤ k. Using Jensen’s inequality and (8), we
approximate

1

k

k∑
j=1

log

(
1

γ̂KIB
t

log
(
1− θ̂KIB

t Cj

)
− log

(
k
n

))
≃ log

(
1− log

(
k
n

))
.

Thus,

α̂KIB =
1

Tn

(
1

k

k∑
j=1

logCj

)
, Tn = log

(
1− log

(
k
n

))
, (35)

with 1 ≤ k ≤ n − 1 and Cj = Xj − t for Xj > t. If instead Cj = Xj/t
with t = Xn−k,n, then α̂KIB in (35) is closely related to the Hill Pareto-type
index estimator. Applying the Weibull tail coefficient estimator to small samples
involves specialized estimators tailored to the upper tail, as standard MLE can be
unstable. Techniques such as log-excesses improve accuracy by minimizing bias
in finite samples, and α̂KIB in (35) is based on the log-spacings between the k
upper order statistics. It is approximated by the estimator of the expected value
of the log-spacings, E(logCj). For very small datasets, we can use techniques
such as Blom’s approximation [3], which calculates the expected value of order
log-spacings for n < 21 from a normal distribution. Ultimately, in the simulation
section, we aim to determine the number k that provides the best estimator of
the Weibull tail coefficient. Therefore, a simulation analysis is performed using

F (x) = 1− exp
(
−x1/α

)
, α > 0, (36)

where α is the Weibull tail coefficient. Therefore, we generate an experiment of
dimension n = 15 following F given in (36) with parameter α = 2, using the R
Core Team software, specifically:

(1) Generate a selection at random of size n = 15 using the uniform distribu-
tion pi = runif(15).()

(2) Define the complementary values qi = 1− pi.
(3) Generate random samples of size n = 15 via the distribution function (36)

by an inverted method, using the quantiles xqi = (− log qi)
α .

To properly estimate α̂KIB, the Weibull tail-coefficient index defined in (35), it
is crucial to determine a suitable value over k. A selection of k directly influences
the accuracy of the estimator. The following table reports the estimates of α̂KIB

obtained for different levels of k, highlighting the sensitivity of the estimator to
this parameter.

We can clearly see from the table that for k = 3, we find α̂KIB = 2 which is its
true value. We also notice that if (n/4) ≤ k ≤ (3n/4) we find that α̂KIB given in
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Table 1. Fifteen data points from (36) with α = 2

0.000279 0.00913 0.0468 0.117 0.231

0.365 0.550 0.742 1.08 2.92

3.26 4.41 7.06 14.1 16.7

Table 2. Estimates of the Weibull tail-coefficient for k = 1, 2, . . . , 14

k 1 2 3 4 5 6 7

α̂KIB 0.724 1.910 2.000 1.914 1.563 2.484 2.299

k 8 9 10 11 12 13 14

α̂KIB 2.097 2.076 2.026 2.055 1.893 1.285 −2.233

(35) takes values close to the true parameter, and this was consistently observed
across several simulation runs.

4.2. Real data application. Numerous types of observed component and sys-
tem failures have been effectively modeled using Weibull distributions, which
are among the most widely known lifetime distributions. Failure statistics are
typically divided into two categories: censored and complete. The real val-
ues obtained for every finding in the collection of data are known for complete
data, while for censored data, some or all of the observations true values are
unknown. Since we focus in this work with full data we will present an ap-
plied example based on real data that Chin et al [20] (2006), provided after
conducting 50 failed tests. The data is presented in the table (3). Chin et
al [20] (2006), have shown in their work that these data are unlikely to fol-
low the Weibull distribution with two parameters. Then, by applying the MLE
procedure to estimating the GPD parameter that discussed in section(2) which
we mentioned at the beginning of this work. And with threshold t = 0, we
obtain the estimator of the Weibull index is γ̂KIB = −0.4248901 with the es-
timator of the scale parameter is σ̂KIB = 43.95602 and (τ̂F )

KIB
t = 103. The

following is the PP-plot, (Fn

(
(i− 0.5)/n;Fγ̂KIB ,σ̂KIB (Xi)

)
, and the QQ-plot,

(F−1
n ((i− 0.5)/n;Xi,n), where i = 1, . . . , n and n = 50 which related to the

data shown in the table(3).

PP-plot-and-QQ-plot-eps-converted-to.pdf

Figure 1. PP-plot and QQ-plot related to 50 data for failure
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Table 3. Dataset of 50 failure times

0.12 0.43 0.92 1.14 1.24 1.61 1.93 2.38 4.51 5.09

6.79 7.64 8.45 11.90 11.94 13.01 13.25 14.32 17.47 18.10

18.66 19.23 24.39 25.01 26.41 26.80 27.75 29.69 29.84 31.65

32.64 35.00 40.70 42.34 43.05 43.40 44.36 45.40 48.14 49.10

49.44 51.17 58.62 60.29 72.13 72.22 72.25 72.29 85.20 89.52

5. Comments and conclusions

In this work, we focused on the extreme value index estimator for Weibull’s
approximation normal distribution, in the case where −1 ≤ γ < 0.

In addition, we proposed a procedure based on the MLE approach for deter-
mining the endpoint τF and the GPD parameters via the Peaks-Over-Threshold
approach when −1 ≤ γ < 0. These estimators, denoted by γ̂KIB

t , (τ̂F )
KIB
t , and

σ̂KIB
t , were studied under conditions (14), (15), and (16), respectively. Further-

more, we established their asymptotic normality when the threshold t is deter-
ministic, using similar mathematical techniques to those employed by Beirlant et
al. [2] (2010) in the context of censored data, and we adapted these results to the
uncensored case for γ ∈ [−1, 0[.

We also introduced a new estimator of the Weibull tail-coefficient, defined in
(35), which depends on using the MLE approach to determine the GPD values
under the Peak-Over-Threshold model. This contribution provides a novel per-
spective on the estimation of Weibull distribution parameters. Therefore, this
study represents a first step toward further research on the evaluation of Weibull
distribution coefficients in reliability and failure data analysis.

Acknowledgement. The author gratefully acknowledges the anonymous re-
viewers for their careful reading and insightful suggestions, which have signifi-
cantly contributed to improving the quality and clarity of this manuscript.
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6. Appendix

Building on the work of Beirlant et al. [2] and adapting it to complete data, we
observe that the the consistency of the KIB estimator was originally established
only for −1

2
< γ < 0. Our results extend this scope to −1 ≤ γ < 0, ensuring

both existence and consistency of the estimator in this broader setting.
Although we did not obtain sufficient information on the approximate distribu-

tion behavior of the MLE under the Peak-Over-Threshold framework when the
threshold t is deterministic and −1 ≤ γ ≤ −1

2
, the method can nevertheless be

applied to establish strong convergence. This, in turn, supports the asymptotic
normality of the KIB estimator in the interval −1 ≤ γ ≤ −1

2
.

Lemma 6.1.
Take τF as the right boundary of the backing of F and let −1 ≤ γ < 0. If

t→ τF , then
1

F (t)

∫ τF

t

F (x) dφ1(x− t) ∼ γ

1 + γ
, (37)

−1

F (t)

∫ τF

t

φ3(x− t) dF (x) ∼ 1

1 + γ
, (38)

and
1

F n(t)

∫ τF

t

F n(x) dφ2(x− t) ∼ γ. (39)

Here, the functions are defined as

φi(x− t) =


1− (1− θ(x− t))−1 , i = 1,

log(1− θ(x− t)) , i = 2,

(1− θ(x− t))−1 , i = 3.

with θ = −γ/σ and σ = −γ(τF − t).

Proof. We first prove the relation (37). As a result, given

1

F (t)

∫ τF

t

F (x) dφ1(x− t) =

∫ τF

t

F (x)

F (t)
d

(
1−

(
1 +

γ

σ
(x− t)

)−1
)
.
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By using the relation σ = −γ(τF − t) and by applying the decomposition rule
for integrals

1

F (t)

τF∫
t

F (x) dφ1 (x− t) = −
τF∫
t

(
1− τF − t

τF − x

)
dF (x)

F (t)
+
F (τF )

F (t)

Recall that if γ < 0, then F (τF ) = 0. Moreover, for γ < 0 we get

dF (x) = F (x)

 1

γ (τF − x)
+
ℓ
′
F

(
1

(τF−x)

)
ℓF

(
1

(τF−x)

) ( 1

(τF − x)

)2
 dx

Given that progressively changing function ℓF is normalized and that x→ τF , we
derive

F (x) (τF − x)−2 ℓ
′

F

(
1

(τF − x)

)(
ℓF

(
1

(τF − x)

))−1

→ 0

Now, since

dF (x)

F (t)
=

1

γ(τF − x)
· F (x)
F (t)

dx, (46)

we can substitute this expression into the integral obtained previously. This
representation highlights the dependence on γ and the distance to the endpoint
τF , which will be crucial in establishing the asymptotic equivalence in (37). By

changing variables
τF − t

τF − x
= y, we obtain

1

F (t)

∫ τF

t

F (x) dφ1(x− t) = −
∫ τF

t

(
1− τF − t

τF − x

)
dF (x)

F (t)

= −1

γ

∫ ∞

1

y1/γ−1(1− γ) dy

=
γ

1 + γ
.

Secondly, we prove the relation (38). We define

1

k

n∑
j=1

(
1

1− θCj

)
1Xj>t =

−1

F n (t)

τF∫
t

φ3 (x− t) dF n (x)

Since F n
P−→ F , for convenience we can set

−1

F n(t)

∫ τF

t

φ3(x− t) dF n(x)
P−→ −1

F (t)

∫ τF

t

φ3(x− t) dF (x).

Here, φ3(x− t) = (1− θ(x− t))−1 and, noting that φ3(0) = 1, we obtain

−1

F (t)

τF∫
t

φ3 (x− t) dF (x) = 1 +
1

F (t)

τF∫
t

F (x) dφ3 (x− t)
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Since dφ3 (x− t) = −dφ1 (x− t) and as t→ τF , we get that

−1

F (t)

τF∫
t

φ3 (x− t) dF (x) ∼ 1

γ + 1

Next, we apply the same technical computations to verify the relation (39). Then,

1

F (t)

∫ τF

t

F (x) dφ2(x− t) =
1

F (t)

∫ τF

t

F (x) d log
(
1 +

γ

σ
(x− t)

)

= −
∫ ∞

1

F
(
τF − τF−t

y

)
F (t)

y−1 dy,

where

lim
t→τF

F
(
τF − τF−t

y

)
F (t)

= y1/γ =⇒ 1

F (t)

∫ τF

t

F (x) dφ2(x− t) = γ.
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