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ABSTRACT. We establish existence results for solutions of singular elliptic
Dirichlet problems involving logarithmic singularities, measure data, and solution-
dependent operators. By employing fixed-point methods, truncation tech-
niques, and uniform estimates, we prove the existence of solutions in the clas-
sical Sobolev space for both bounded and unbounded domains.

Keywords. Existence theory, logarithmic singularity, measure data, nonlin-
ear elliptic equations, unbounded domain.

2020 Mathematics Subject Classification. Primary 35J60; 35J75; Secondary
35R06

1. INTRODUCTION

The study of elliptic partial differential equations with singular nonlinearities
has attracted considerable attention in recent decades due to their mathemati-
cal richness and their applications in various physical contexts, including chemi-
cal reaction kinetics, non-Newtonian fluid mechanics, population dynamics, and
semiconductor theory. Among these, problems featuring a singularity of the form
1/[u” In*(1 + u)] present particular analytical challenges because the logarithmic
factor modifies the blow-up rate near zero compared to pure power singularities.
This paper is devoted to the analysis of the nonlinear Dirichlet problem

I

—di ) 7v =—— 1 Q7

iv (a(z, u, Vu)) (T ) in .
u >0 in €, (1.1)
u=>0 on 0,

where Q@ € RY (N > 2) is an open set (bounded or unbounded), p is a
nonnegative function or measure belonging to the dual Sobolev space W= (),
and v,\ > 0 are positive parameters. The operator a :  x R x RY — R¥Y
is assumed to be a Carathéodory function satisfying standard Leray-Lions type
conditions: coercivity, monotonicity with respect to the gradient variable, and
appropriate growth bounds.
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The literature on singular elliptic equations began with the classical model

—Au = % in €,
u
u >0 in €, (1.2)
u=>0 on 0f,
where v > 0 and f > 0. Pioneering works by Crandall, Rabinowitz and
Tartar [8], Lazer and McKenna [12], and Stuart [I8] established fundamental

existence, uniqueness and regularity properties. For smooth data f, they proved
the existence of a unique classical solution u € C?(Q) N C(€2), while also showing
that u ¢ C'(Q) in general and that v € H}(Q) if and only if v < 3. Later
developments extended the theory to more general operators and less regular
data. In particular, Boccardo and Orsina [5] studied semilinear equations with
singular nonlinearities and L! or measure data, proving existence of solutions
in W, (). The framework of renormalized solutions, introduced by Dal Maso,
Murat, Orsina and Prignet [9] and further developed by Murat and Porretta
[15], provided a robust setting for elliptic equations with general measure data.
De Cave [10], De Cave, Durastanti and Oliva [I1], and Oliva and Petitta [10]
investigated singular nonlinearities within this framework. Moreover, some recent
results on singular elliptic equations can be found in [1, 2, 3, 4].

More recently, Chipot [6] considered problems of the form

(Au,v) = (u, H(u)v), u€ Wol’p(Q),
where A is a monotone operator defined by a Carathéodory function a(x, Vu)
and H is a singular function satisfying certain conditions. However, Chipot’s
work assumes that a does not depend on u, and treats [ as a general singular
function, not specifically the logarithmic type considered here. Chipot and De
Cave [7] later developed new techniques for certain classes of singular elliptic
equations, but still under the assumption that a = a(z, Vu).

The present work distinguishes itself from previous literature by simultane-
ously addressing three challenging features that, to our knowledge, have not
been treated together before. First, we consider the logarithmic singularity
h(u) = 1/[u” In*(1 4+ u)], which exhibits a weaker blow-up at v = 0 than the
pure power 1/u” but introduces new analytical difficulties due to the logarithmic
factor. Second, we allow the operator to depend on wu itself through a(z,u, Vu),
making the problem fully nonlinear and preventing direct application of earlier
results that assume a = a(z, Vu). Third, we permit u to be a general nonnegative
element of W~17(Q2), which includes measures and functions in negative Sobolev
spaces. Additionally, we treat both bounded and unbounded domains, provided
suitable Sobolev embeddings hold.

Our main results establish the existence of solutions to (1.1) under various
settings. In Section 3, we consider the case where h is bounded and Lipschitz,
which serves as a model for the fixed-point method. In Section 4, we address the
logarithmic singularity on bounded domains via a careful truncation procedure.
In Section 5, we extend the results to unbounded domains using an exhaustion
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argument. Section 6 provides concrete examples, including the p-Laplacian with
logarithmic singularity, illustrating the applicability of our abstract theory. The
work not only generalizes earlier results by Chipot [6] and others, but also pro-
vides a unified existence theory for singular elliptic problems with logarithmic
nonlinearities, paving the way for further studies on regularity, uniqueness, criti-
cal exponents, and parabolic counterparts.

The proofs combine tools from monotone operator theory (Browder—Minty the-
orem), Schauder’s fixed-point theorem, truncation techniques, compensated com-
pactness via the Minty trick, and refined Sobolev embeddings. A key technical
innovation is the use of the transformation ®(s) = [ h(t)dt, which converts
the singular problem into a nonsingular one, enabling uniform WP estimates
independent of truncation parameters.

The paper is organized as follows. Section 2 introduces the mathematical
assumptions, notation, and functional framework. Section 3 establishes prelim-
inary results and a priori estimates for regularized problems. Section 4 treats
the case where h is bounded and Lipschitz, serving as a blueprint for the fixed-
point methodology. Section 5 addresses the logarithmic singularity on bounded
domains. Section 6 extends results to unbounded domains. Section 7 provides
concrete applications with the p-Laplacian.

2. MATHEMATICAL ASSUMPTIONS AND NOTATION

Throughout this paper, Q@ C RY (N > 2) is an open set (bounded or un-
bounded). For p > 1, we denote p’ = p/(p — 1) the conjugate exponent. The
space WyP(Q2) is the closure of C2°(Q) in the norm ||ul|w1o = ([, |Vu[Pdz)'/?,
and W=7 (Q) is its dual.

The operator A : WyP(Q) — W=7 (Q) is defined by

(Au,v) = / a(z,u, Vu) - Vodr  Yu,v € WyP(Q), (2.1)
0

where a : 2 x R x RY — RY is a Carathéodory function (measurable in z for all
(t,€), continuous in (¢, §) for almost all x) satisfying the following conditions for
some constants «, 3 > 0 and function ¢ € L¥'(Q)

a(z,t,€)-€>alélP ae z€Q, VEtER, V&€ RY, (2.2)
(a(z,t,&) —a(z,t,&)) - (E—&)>0 ae x€Q, VtER, VL eRY, (2.3)
la(z,t,8)] < B(C(x) + [t + [€P7Y) ae z€Q, VEtER, VEeRY. (2.4)
For stronger convergence results, we sometimes assume enhanced monotonicity

Itp>2: (a(x,t,§) —alz,t,§)) - (€= &) 2 bl¢ = €7, (2.5)

/ ) 5_5/2
fl<p<2: (a(x,t,&) —alx,t, &) (£=¢) prW7

for some b, > 0, almost all z € Q, and all t € R, £, € RY.

(2.6)
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We assume that the function ¢ in (2.4) belongs to LP (Q) N L)' (Q) when
p < N, and to L (Q) N L9(Q) for some ¢ > 1 when p > N, to ensure the needed
integrability properties.

The singular nonlinearity of primary interest is

hu) = — 1

- 450, A>0. 2.7
w In*M(1 + u) 7 27)

We denote by p* the Sobolev conjugate exponent: p* = Np/(N —p) if p < N,
while if p > N, p* can be taken as any finite exponent for which the Sobolev
embedding holds. The notation — denotes weak convergence, — strong conver-
gence, and — weak-* convergence.

3. PRELIMINARY RESULTS AND A PRIORI ESTIMATES

Throughout this section, we assume €2 is bounded and that either
2N

N+2

Condition (3.1) ensures the continuous embedding W, ?(Q) — L2(Q), which is

crucial for our approximation scheme. Indeed, when p > 2N/(N + 2), we have
p* > 2, so by Sobolev embedding W, ?(Q) — L*(Q).

N=1 or p>

(3.1)

Given £ > 0 and /i € W, ?(Q), consider the regularized problem

{ Ue € W()LP(Q)?

cAu, +u. = i in WH(Q). (3:2)

Proposition 3.1. Under assumptions (2.2)~(2.4) and (3.1), for each ¢ > 0 there
exists a unique solution u. to (3.2). Moreover, as e — 0, we have
u. — fiin Wy (Q), Au. — A in WH(Q). (3.3)
If additionally Aji > 0 in the sense of distributions (i.e., (Af,¢) > 0 for all
p»eCx(Q), p >0), then Au. > 0 and u. < i almost everywhere in Q.
Proof. Step 1: Existence and uniqueness for fixed ¢. Consider the operator
T. : Wy P(Q) — W5 (Q) defined by T-(u) = e Au + u. We verify its properties
(1) Monotonicity: For any u,v € W, (Q),
(T.(u) — To(v),u — v) = e(Au — Av,u — v) + |[u — v||72 > |lu — v||7: >0,
by (2.3) and the embedding W, ?(Q) — L*(Q).
(2) Hemicontinuity: For fixed u, v, w € W, (), the map t — (T (u + tv), w)
is continuous on R by the Carathéodory condition on a.
(3) Coercivity: Using (2.2),
(Te(w),u) _ eal|Vullz, + |Jullz.
Jullwir — [l

4) Boundedness: By (2.4), for any bounded set B C W, ?(Q), T.(B) is
0
bounded in W1 (Q).

— 00 as ||uljwie = o0.
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By the Browder-Minty theorem [13], there exists a unique u. € W, (Q) such
that To(ue) = fi.
Take v = u. — [i as test function in (3.2)

e(Aug,u. — f1) + /(ua — )%dz = 0. (3.4)
Q

Thus e(Auc, u. — fi) = —|lu- — i3, <0.
Using (2.2) and (2.4), we estimate

oze/ |Vu|Pdx < 5/ a(x,u., Vue) - Vuedx
Q Q
= 5/ a(r,u., Vu.) - Vide — ||u. — fi|72

Q
<e [ BC(x) + Juf7t + [V [P7H| Vil da.
Q

Applying Holder’s inequality with exponents p and p/
ae|| Ve, < B (Kl IV Al + lluellza IVl + Vel [V il o)
<ef (01 + C2||Vua||§;1) ;

where C1 = ||C||.» IVillze + C||Vil}, (using Poincaré’s inequality ||ue||r <
C||Vuel||zr) and Cy = B||Vji||». Dividing by € > 0

|| Vu|f, < B (Cr+ G| Ve[, -
By Young’s inequality ab < %+l;i,/ with a = || Vau||?," and b = 8Cy/a, we obtain
IVue L, <C,

where C' depends on «, 3, (, ft but not on €.

Since {u.} is bounded in W, ”(Q), by reflexivity (p > 1) there exists a subse-
quence (still denoted u.) and u € W,”(Q) such that u. — u in Wy?(Q). From
(3.2)

U — fi = —cAu. — 0 in WH(Q),
since {Au.} is bounded in W~='*(Q) by (2.4) and the boundedness of {u.}.
By uniqueness of the weak limit in W~ (Q) (which contains W,"(Q) via the
embedding Wy (Q) < L*(Q) < W17 (Q) under (3.1)), we have u = ji. The
entire sequence converges weakly to i by uniqueness of the limit.

Since { Au.} is bounded in W~1#'(Q), extract a subsequence such that Au, — y
in W=1%(Q) for some x. From (3.4)

N 1 N
(A, e = i) = == lue = 3 < 0.

Taking limsup as € — 0

limsup(Auz, u.) < (x, 1.

e—0
By monotonicity (2.3), for any v € W, (Q)
(Au. — Avyu. —v) >0 = (Au,u.) > (Aue,v) + (Av,ue — ).
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Taking limsup and using the weak convergences
O ) 2 () + (Av, i =) o € We(Q).

Rearranging: (x — Av, i — v) > 0 for all v € W, ().
Apply Minty’s trick: for any w € Wy?(Q) and t > 0, take v = i — tw

<X_A(ﬂ_tw)>tw> >0 = <X_A(la_tw)’w> > 0.

Let ¢ — 0". By hemicontinuity (implied by Carathéodory conditions), A(ji —
tw) — Afi in W= (Q), so

(x — Aj,w) >0 Yw e W,*(Q).

Replacing w by —w gives (x — Afi,w) = 0 for all w, hence y = Aji. The entire
sequence converges weakly to Afi.
Assume Aji > 0. Test (3.2) with (u. — i)™ = max(u. — 1,0)

EM%A%—ﬂV%+LW%—MWWx=mi%—ﬂﬁ)

But (i1, (u. — p1)*) = [, fi(u. — f1)"dz < 0 since i > 0 and (u. — )™ > 0 only
where u. > fi. Thus

aAw%w—ﬂV%ﬁLW%—mﬂMwéQ

By monotonicity, (Au, (ue — 1)) > (Af, (ue — 1)T) > 0 (since A > 0). There-
fore

(LW%—Mﬂ%xé—dAwmw—ﬂﬁ>§Q

so (ue — )T =0 a.e., ie., u. < fi a.e. Then from (3.2), cAu. = 1 —u. > 0, so
Au, > 0. O

Proposition 3.2. Assume, in addition to (2.2)—(2.4), the strengthened mono-
tonicity conditions (2.5) or (2.6). Then the convergences in (3.3) are strong

u. — fiin WyP(Q), Au. — A i WH(Q).
Proof. We provide the proof for p > 2. The case 1 < p < 2 is similar with
appropriate modifications (see [0] for details).
From (2.5) with £ = Vu,, ¢ =V, and t = u,
bp/ |Vu. — VilPde < /(a(w,ua, Vu.) — a(z,us, Vi) - (Vu. — Vii)dz.
Q Q
Adding and subtracting a(z, i, Vi)

b,V — Vil?, < / (a2, e, Vi) — a(, i, VA)) - (Ve — Vii)da
Q
- /(a(m,ua, Vi) —alx,p, Vi) - (Vu. — Vi)de
Q

= (Au. — Afi,u. — 1) — /(a(:z;, ue, Vir) — a(z, 1, Viv) - (Vu. — Vi)dz.
0
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From (3.2)

. . 1 . . .
(Aue = Aft,ue = iy = = |lue = o7 = (Ajs, ue — ).

Thus

. 1 . . .
prvua - VIUJHI[)/P < _g”ua - M||%2 — (Aft, ue — 1) — I,

where I. = [, (a(z,u., Vir) — a(z, i1, Vi) - (Vue — Vii)dz.

Since u. — fi in Wy ?(Q) and u. — i in LP(Q) by compact embedding, and
by the growth condition (2.4), |a(z, u., Vi) — a(z, i, Vii)| < Blue — P~ — 0 in
LP'(Q), we have I, — 0. Also (A, u. — f1) — 0. Therefore

limsup [|Vu. — Va7, <0,

e—0

s0 1. — fi in WyP(Q). The convergence Au. — Aji in W=7 (Q) then follows
from the continuity of A on bounded sets. OJ

Remark 3.3. If we assume strict monotonicity in the sense that
(a(z,t,6) —alz,t,&) - (E—€)>0 ae z€Q, VtER, V¢4 cRY, (3.5)

then the operator A is strictly monotone. Consequently, for any f € W=7 (Q),
there exists a unique u € W,"(Q) solving

(Au,v) = (f,v) Vv e W,"(Q). (3.6)

3.1. Continuity of the Solution Map. Assume (3.5) holds. Define T : W% (Q) —
W, (Q) as the solution operator to (3.6), i.e., T(f) = u where u solves (Au,v) =
(f,v) for all v € WP ().

Lemma 3.4. The operator T : W= (Q) — W, (Q) is continuous when W=7 (Q)
15 equipped with the strong topology and I/VO1 P(Q) with the weak topology.

Proof. Let f, — f strongly in W= (Q). Set u, = T(f,), v = T(f). Test the

equations for u, and v with u,, —u
(Au, — Au,upy, —u) = (fr — frun, — u)
< | fa = fllw—ro lun — ullwro.

By strict monotonicity (3.5) and the inequality (a(x,t,§&) —a(x,t,£')) - (£ —¢&') >
al¢ = &'|P (which follows from (2.2) and (2.3) via standard arguments)

allV(un = ulzr < o = Fllw-ro lun — wllwrs.

Thus ||V (u, — u)|[%" < 2 fu = fllw-10r = 0, 50 w,, — u in WyP(R), hence also
weakly. O
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4. CASE OF BOUNDED DOMAINS WITH BOUNDED NONLINEARITIES

In this section, we assume 2 is bounded, p > 2N/(N + 2) (so that (3.1)
holds), and a satisfies (2.2)—(2.4) along with strict monotonicity (3.5) and the
strengthened conditions (2.5) or (2.6). We also assume the integrability conditions
on ¢ stated after (2.4).

Given p € W=(Q), let 2 be the unique solution to
(Afi,v) = (u,v) Yo € WP (Q). (4.1)
Such [i exists by Remark 3.3.

Lemma 4.1. Let h : R — R be a bounded Lipschitz continuous function satisfying

|h(s)| < M Vs €R, |h(s) —h(t)] < L|s —t| Vs, t € R. (4.2)
If additionally (sh(s)) € L>®(R), then the function ®(s) = sh(s) is Lipschitz
continuous with constant Cp, = ||(sh(s))’||ze-

Proof. Since @ is differentiable almost everywhere with bounded derivative, it is
Lipschitz by the mean value theorem. O

Theorem 4.2. Let h : R — R be a bounded Lipschitz continuous function satis-
fying (4.2) and such that (sh(s)) € L>®(R), i.e., the derivative of s — sh(s) is
essentially bounded. Then there exists at least one solution u € Wol’p(Q) to

(Au,v) = (Af, h(u)v) Yo € WyP(Q) N L=(Q). (4.3)
Proof. Step 1: Approximation scheme. For each n € N, let i, be the solution
to
1 /
—Afiy + f1, = i in WHP(Q), (4.4)
n
which exists and is unique by Proposition 3.1. By Proposition 3.2, we have
fin = 1 in WQP(Q),  Af, — A in WH(Q). (4.5)

Moreover, from (4.4), Afi, = n(ji — jin) € WyP(Q). Under the integrability
conditions on ¢, we have A, € L(Q2) for an appropriate exponent ¢ (see Remark
below).

Remark 4.3. When p < N, by Sobolev embedding W, () < LP" (), we have
Afi, € L7 (). For p > N, WyP(Q) — L™(Q) for all 7 < 0o, so we can take any
r > p' to ensure Af, € L"(2).

For the fixed-point setup. We define the operator T, : L"(Q2) — L"(f2) as
follows, where r will be chosen appropriately. For w € L"(Q), let T,,(w) = u
where u solves

(Au,v) = /QA,&n h(w)yvdz Yo € WP (Q). (4.6)

We need to verify that the right-hand side defines an element of W~"# (). Con-
sider two cases
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For p < N. Then p* = Np/(N —p) > p. Since A, € L* () and h is bounded,
Afinh(w) € LP (). Note that p* > (p*)' is equivalent to p > 2N/(N + 2), which
holds. For any v € W,"(Q)

/ Afiph(w)v dx
Q

by Holder and Sobolev inequalities. Here we take r = p*.

For p > N. Then W, ?(Q) — L4(Q) for all ¢ < co. Choose r > p’ and note
that by the integrability conditions, Af,, € L"(Q2) with r satisfying 1/r+1/p’ <1
(possible since r can be taken large). Then

/ Afiph(w)v dz
Q

by Holder with exponents 1/p" = 1/r + 1/s where s is chosen appropriately.
In both cases, the right-hand side of (4.6) defines a bounded linear functional

on Wy?(Q), so u = T,,(w) exists and is unique by strict monotonicity.
A priori bounds for 7,,. Take v = u in (4.6)

(Au,u) = / Afiph(w)u dz.
By (2.2): of|Vul/¥, < (Au,u). Thus "
al[VullL, < [[Afmh(w)l| pory [[ull o < CllAfin| 1o
Using Sobolev inequality ||ul|;,+ < C||Vul|r»
al[Vullf, < CllAfinl| o
so [ Vullz," < Sl Afnll o [|hlloo. Hence

< [[Afnh(w)]| ooy

[0ll e < Cll A1

hlsc [V v,

< [[Afmh(w)l| [0l o < CllAfin|Lr[[Plloo [V 0] 22,

Plloo l[utll o - (4.7)

Mol Vull o,

1

p—1
hm).

Therefore T,, maps L"(Q2) into the ball Bg, = {v € L"(Q) : ||v||r < C'C,} for
some constant C’ (by Sobolev embedding W,”(Q) < L"(Q) for appropriate 7).

Step 2: Compactness and continuity of 7). The image 7,(L"(2)) is
bounded in W,(€), hence relatively compact in L"(€) by the compact Sobolev
embedding W, ?(Q) << L™(Q) for r < p*.

For continuity: let wy — w in L"(€2). Then up to a subsequence, w, — w a.e.
By dominated convergence (since h is bounded and continuous, and | Afi,h(wy)| <
| Afin || oo (o | Al oo locally), we have Aji,h(wy) — Af,h(w) in LE'(Q) (or LP ()
if p> N). Thus the right-hand sides of (4.6) converge in W~'*'(Q). By Lemma
3.4, Tp(wg) — Tp(w) in WyP(Q). But by compactness, a subsequence converges
strongly in L"(Q2), and the limit must be T,,(w) by uniqueness. Hence the entire
sequence T, (wy) — T, (w) in L"(£2).

Step 3: Existence of approximate solutions u,. By Schauder’s fixed-
point theorem applied to 7,, : Bg, — Bpg,, there exists u,, € Bpg, such that
T (up) = up, i.e.

Coan
Vel < Cui= (il

(Att, v) = (Afin, h(un)v) Yo € WP (Q). (4.8)
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We search now uniform estimates for {u,}. Take v = u,, in (4.8)
a||Vuullfe < (Aup, un) = (Aftn, h(u,)u,).

Write h(up,)tu, = (sh(s))|s=u,. By Lemma 4.1, the function s — sh(s) is Lipschitz
with constant C',. Then

(Afin, h(un)uy) = / a(z, fin, Vi) - V(°h(u,)u,)dx

Q
< BEC(@) + [fl"™ + [V [P~V (h(un)un) | da

<GB [ () + il (V| Vil
Q
By Holder and Young inequalities
|| Vunllzo < C (1€l + InllTe’ + [ Vitnll7") [V o

Since {1, } is bounded in W, ?(Q) by (4.5), we obtain || Vuy,||z» < C independently
of n.

We now pass to the limit. Extract a subsequence with u, — u in Wy"(Q)
and u, — v a.e. Fix v € W, P(Q) N L®(Q) and k > 0. Consider (v — up)x =
max(min(v — u,, k), —k). Test (4.8) with (v — u,)y

/ a(z, up, Vuy,) - V(v — up)pde = / a(z, fin, Vi) - V(h(u,) (v — up)g)dz.
Q Q

By monotonicity of a in &

/Qa(:v,v, Vo) - V(v — uy)pdr > / a(x, fin, Vi) - V(h(up)(v — uy))de.

Q
As n — oo, (v —up)p — (v—u) in WyP(Q). For the right-hand side,
V (h(un) (v —1n)k) = h(un) V(0 — )k + A (u,) (v —up, )k Vu,. Since h is Lipschitz,
|W (u,)| < L, and |(v — uy,)k| < k, the second term is bounded in LP(Q2). Also
h(u,) — h(u) a.e. and boundedly. Thus V(h(u,)(v — u,)r) — V(h(u)(v — u)g)
in LP(2). Moreover, a(z, fin, Vji,) — a(x, i, Vi) in L” () by Proposition 3.2.
Passing to the limit

/Qa(a:, v, Vo) - V(v — u)pdx > / a(z, i, Vir) - V(h(u)(v — u)g)dz.

Q
Let & — 0o to obtain

/Qa(x, v, Vv) - V(v —u)dx > / a(x, 1, Vi) - V(h(u)(v —u))d.

0
Take v = u + tw with w € WyP(Q) N L=(Q), t > 0
t/ a(z,u+tw,V(u+tw)) - Vwdz > t/ a(z, 1, Vi) - V(h(u)w)dz.
Q Q

Divide by ¢ and let ¢t — 07. By hemicontinuity

/Qa(x, u, Vu) - Vwdxr > / a(z, 1, Vir) - V(h(u)w)dz.

Q
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Replacing w by —w gives equality, so u satisfies (4.3). OJ

Theorem 4.4. Under the assumptions of Theorem 4.2, if additionally p > 0
(i.e., {p, @) >0 for all p € C=(Q), ¢ > 0) and h(s) > 0 for all s <0, then any
solution u of (4.3) satisfies u > 0 almost everywhere in €.

Proof. Let u be a solution. For k > 0, test (4.3) with v = u~ A k = min(u—, k),
where u~ = max(—u,0). Note that v € WyP(2) N L®(Q).

Observe that h(u)(u™ Ak) = 0 on {u > 0}, and on {u < 0}, we have u~ =
—u > 0, so h(u) = h(—u~) > 0 by the assumption h(s) > 0 for s < 0. Thus
h(u)(u~™ A k) > 0 everywhere.

From (4.3)

(Au,u™ Nk) = (A, h(uw)(u™ Ak)) = (u, h(u)(u™ A k)) >0,
since i > 0 and h(u)(u™ A k) > 0.
Now compute (Au,u™ A k)

(Au,u™ Nk) = / a(z,u,Vu) - V(u~ Ak)dx.

On {u > 0}, u= Ak =0, so the integral vanishes. On {u < 0}, Vu = —Vu~, and
V(u™ ANk) = Xqu-<kyVu~. Thus

(Au,u™ Nk) = / a(z,—u",—Vu") - Vu dz.

{0<u— <k}
By (2.2)
a(z,—u",—Vu")-Vu = —a(z,—u",—Vu ) (=Vu") < —a|Vu |’

Hence

0 < (Au,u” ANEk) < —04/ |Vu~™ [Pde = —a||V(u™ AK)|},.
{0<u—<k}
Therefore ||V(u~ A k)|l = 0 for all £ > 0, so u= Ak =0 a.e. Letting k — oo
gives u~ =0 a.e., i.e., u > 0. ]

5. LOGARITHMIC SINGULARITIES ON BOUNDED DOMAINS

We consider the logarithmic singularity

B(u) = ——

=== ;A >0,
w In*(1 + u) !

on a bounded domain Q C R, with p > ]3—12 Let € W= (Q) be a nonnega-

tive measure, and let i € W,?(€) denote the unique solution of

(Afi,v) = (u,v) Yo € WP (Q).
Theorem 5.1. Assume Q is bounded, p > 2N/(N +2), and yp € W= (Q) is a
nonnegative bounded measure. Let a satisfy (2.2)—(2.4), (3.5), and (2.5) or (2.6).
Then there exists u € Wol’p(ﬂ), u > 0 almost everywhere, such that

(u) = {4

v

m> Vv e CHQ). (5.1)
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Proof. The proof is carried out in several steps.

Step 1: The transformation ®. Define the function ® : (0,00) — (0, 00) by

O(s) = /0 h(t) dt = /0 & (5.2)

tInM1+t)

Then @ is strictly increasing and C*! on (0, 00), with ®'(s) = h(s) > 0. We denote
by ¥ = &1 its inverse, defined on the range of ®.

Step 2: Approximation. For each n € N, define the truncation
hy(s) = min{h(s),n}, s >0,

extended by h,(s) =n for s < 0. Then h, is bounded and Lipschitz continuous
on R.
By Theorems 4.2 and 4.4, there exists u, € Wy (), u, > 0, such that

(Aup,v) = (Afl, hy(un)v) Yo € WyP(Q) N L=(Q). (5.3)
Step 3: Change of variables. Set
U = P(uy).
Since @ is increasing and ®(0) = 0, we have v, > 0. Moreover,
Vo, = h(u,)Vu, a.e. in Q.
Lemma 5.2. The sequence {v,} is bounded in Wy ().
Proof. Take v = vy, in (5.3). Then

/ a(z, up, Vuy,) - Vo, de = (A, by (un)vy).
Q
Using Vv, = h(u,)Vu, and the coercivity condition (2.2), we obtain

/a(x,un,Vun)-andx:/a(x,un,Vun)-(h(un)Vun) dr > a/h(un)|Vun|pdx.
Q Q Q

Hence,
a / () [VanPd < (AR, T (1))
Since hy,(uy,) is boundgd and v, = ®(u,,), we estimate
(A, b (o) < ALy 107 [V (i ()0 ) | -
Using the chain rule,
YV (hn(un)vn) = bl ()0 Vg, + by () Vo,
Since h,, is bounded and Lipschitz, both terms are controlled, and we obtain
IV (R (1 )vi) |20 < Cl V0] 1.

Consequently,
[Vl [r < C,
which proves the claim. O
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Step 4: Compactness. From Lemma 5.2, there exist a subsequence (still de-
noted v,) and v € W, ?(Q) such that
v, — v in WyP(Q), v, — v a.e. in Q.
Define
u=U(v).
Then, up to a subsequence, u,, — u almost everywhere in €.

Step 5: Positivity of the limit.

Lemma 5.3. The limit function v satisfies v > 0 almost everywhere in Q). Con-
sequently, uw = VU (v) satisfies u > 0 a.e. in Q.

Proof. From (5.3) and the fact that h,(u,) > 0, we have
—div(a(x, Uy, Vuy,)) = Afthy(u,) >0

in the sense of distributions. Thus u,, is a supersolution.
By the weak Harnack inequality for monotone operators (see [6], Theorem 2.1),
for any w CC €2, there exists ¢, > 0 such that

up(z) > ¢, >0 forae. x€uw,
for all sufficiently large n. Passing to the limit, we obtain
u(z) > ¢, >0 ae. inw.
Since ® is strictly increasing and ®(0) = 0, it follows that
v==>(u) > P(c,) >0 ae. inw.
As w is arbitrary, v > 0 a.e. in ). O
Step 6: Passage to the limit. Let ¢ € C}(Q2). From (5.3),

Q Q
Since u,, = u a.e. in  and u, > ¢, > 0 locally, we have
hn(u,) — h(u) a.e. in
and the convergence is locally bounded. Moreover,
V(hn(un)e) = V(h(u)p) in LP(Q).

Using the monotonicity of a and a standard Minty argument, we pass to the

limit and obtain
/ a(z,u,Vu) - Vodr = / a(z, i, Vi) - V(h(u)p) dz Ve € CL(Q).
Q Q
This is exactly (5.1), completing the proof. O

Remark 5.4. When fooo h(t) dt = oo, one may use a double truncation argument
by introducing ®y(s) = [, min{h(t), M} dt and passing to the limits successively.
See [7] for details.

Remark 5.5. The transformation method used here is classical for handling sin-
gular nonlinearities and avoids the need for Lipschitz majorants (see [0, 10]).
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6. EXTENSION TO UNBOUNDED DOMAINS

We now consider the case where €2 is unbounded. For clarity, we first present
the result for bounded nonlinearities, then indicate how to handle logarithmic
singularities.

Theorem 6.1. Let Q C RY be an unbounded open set, p > 2N/(N +2), p €
W=1(Q) a positive measure (i.e., 1 > 0 and p # 0). Assume a satisfies (2.2)—
(2.4), (3.5), and (2.5) or (2.6). Let h : R — R be nonincreasing, bounded,
Lipschitz continuous, with (sh(s)) € L>®(R) and h(s) >0 for all s < 0. Let f1 be
defined as in (4.1). Then there exists u € W,*(R), u > 0, solving

(Au,v) = (Afi, h(u)v) Yo € WyP(Q) N Le(Q). (6.1)

Proof. For £ >0, let B, = {x € RY : [z] < £} and define Q; = QN By, Define
e € W=Y(Qy) by (g, ¢) = (p, @) for ¢ € WyP(€), where ¢ is the extension
by zero to ). This defines a bounded linear functional on VVO1 () with norm

el < [lpell-
Since €, is bounded, by Theorem 4.2 and 4.4 (applied with ), there exists

uy € Wol’p(Qg), up > 0, solving
(Aug,v) = (Afig, h(ug)v) Vv € WyP(Q) N L=(Qy), (6.2)

where f1, € W, P(Q) solves (Afig, v) = (g, v) for all v € W, P(€Q). We extend uy
and [i, by zero outside €.
Take v = ug Ak (k> 0) in (6.2)

(Aug,ug N k) = (Afig, h(ug)(ug A k)).
Since h is nonincreasing and g > 0, we have
h(Ug)(Ug A k) < h(Ug N k) <Ug A k)

Thus
o[ (e A )0 < (A, e A K) (e A ).

Let Cj, be the Lipschitz constant of s — sh(s). Then
|V(h(’lw VAN k’)(Ug A k))| S C}JV(UK VAN k’)|

Hence
a[V(uwe AR) |70 ) < Crll Alellw 10 o) IV (e AR o),

where [| Ajielly-1 @) = el < [l Therefore
_ Ch
[V (e A k’)”ip(lﬂ) < ;“MH

Letting k — oo gives

Chy \7"
Vuduer < (Zht)™ =

independent of /.
Since {u,} is bounded in W,*(€2), there exists a subsequence /,, — oo and
u € Wy ?(Q) such that ug,, — u in Wy *(Q) and u,, — uin L2 ().
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Fix v € Wol’p(Q) N L>(2) with compact support. For large m, suppv C Q,,.
Test (6.2) with (v — g, )k

/G(%uzm,vuem)'V(U—Uzm)kdfﬂ:/@($7ﬂem,vﬂzm)'V(h(uem)(v—uem)k)dx-
0

Q

By monotonicity

/ a(z,v,Vv) - V(v —uy, pdr > / a(x, fue,,, Vi, ) - V(h(ug, ) (v — ug,, i)dz.
Q Q

As m — oo, using arguments similar to the proof of Theorem 4.2 and noting
that fi,, — fi in WyP(Q) (since gy, — p in W17 (Q) and the solution map is
continuous), we obtain

/ a(xz,v, Vo) - V(v — u)pdr > / a(z, i, Vir) - V(h(u)(v — u)g)dz.
Q Q

Letting k& — oo and then taking v = u + tw for w € WyP(Q) N L=(Q) with
compact support, we derive (6.1) for such w. A density argument extends it to
all v € W, P(Q) N L®(Q). O

Remark 6.2. Theorem 6.1 extends to the logarithmic singularity A(u) = 1/[u” In* (14
u)] by combining the truncation method of Theorem 5.1 with the domain approx-
imation of Theorem 6.1.

7. APPLICATIONS AND EXAMPLES

7.1. The p-Laplacian with Logarithmic Singularity. A primary example
covered by our theory is the p-Laplacian operator. Let Q C RY be bounded,
p>2N/(N +2), and p € W~'#(Q) a nonnegative bounded measure. Consider

Au = — div(b(z)|Vul[P2Vu),
where b € L*() satisfies 0 < by < b(z) < by almost everywhere. Define
a(z,t,€) = b(x) €[72€. Then

(1) Coercivity (2.2): a(z,t,€) - & = b(x)|EP > byl
(2) Monotonicity (2.3): For p > 2, (al, 1,€) —a(z, 1,€) - (E—€) > ¢ ~ €,

for 1 <p <2, (a(x,t,&) —a(x,t,&)) - (£—&) > cp#,“)gp
(3) Growth (2.4): |a(x,t,€)] = b(x)[£P~F < by|€]PL.

Thus all assumptions of Theorem 5.1 are satisfied. Consequently, the problem
we WP (Q), u>0,

/ b(x)|Vu|P~>Vu - Vodr = <,u, Vv € CH(Q),
Q

)
w In*(1 + u)

admits at least one solution for any v, A > 0.
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7.2. Operators with u-Dependence. More general examples include operators
of the form

a(x,u, Vu) = (14 |u|™)|Vul[f~2Vu,
with m > 0. Such operators satisfy our hypotheses provided m < p —1 to ensure
the growth condition (2.4). The dependence on u introduces nonlinearities that
are not covered by previous works focusing on a(x, Vu).

7.3. Anisotropic Operators. Another class of examples is given by anisotropic
operators

N
a(x,u, Vu) = Z |0julPi~20ue;,
i=1

with p; > 1. Under appropriate conditions on the p;, our results can be adapted
to such operators as well.

8. CONCLUSION

In this paper, we have established a comprehensive existence theory for non-
linear elliptic problems with logarithmic singularities of the form

. H .
—div (a(z,u,Vu)) = ———— in (),
(al ) w In*(1 + u)
with Dirichlet boundary conditions, where Q@ C RY may be bounded or un-
bounded, p is a nonnegative measure in W="(Q), and v, A > 0.

Our main results are as follows

(1) For bounded Lipschitz nonlinearities, we proved existence via Schauder’s
fixed-point theorem and monotone operator methods (Theorem 4.2).

(2) For the logarithmic singularity on bounded domains, we constructed so-
lutions through a truncation argument and uniform W1'? estimates (The-
orem 5.1).

(3) For unbounded domains, we used an exhaustion procedure and weak com-
pactness to extend the existence result (Theorem 6.1).

The principal novelty of our work lies in simultaneously handling logarithmic
singularities, u-dependent diffusion operators a(x,u, Vu), general measure data,
and both bounded and unbounded domains. This extends previous works where
a was independent of u, singularities were purely algebraic, or domains were
restricted to bounded sets. Our framework applies to important examples such as
the p-Laplacian with logarithmic source terms, and provides a solid mathematical
foundation for further studies of singular elliptic problems arising in physical and
applied contexts.
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