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EFFICIENT TAYLOR-BASED SOLVER FOR
PROPORTIONAL-DELAY VOLTERRA EQUATIONS

CHAHINAZ HENNOUS! and HAFIDA LAIB2*

ABSTRACT. This study introduces a Taylor Collocation Method for Volterra
integral equations with proportional delay. The proposed method employs
Taylor polynomials to approximate the solution through collocation at selected
nodes, achieving high-order accuracy for smooth problems. A rigorous conver-
gence analysis establishes the theoretical foundation of the method. Numeri-
cal experiments evaluate performance against existing schemes, validating the
Taylor Collocation Method as an efficient and accurate technique for solving
proportional-delay integral equations.
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1. INTRODUCTION

This paper investigates a numerical approach for solving Volterra integral equa-
tions with a proportional delay argument, expressed in the general form:

() =<I><19>+/ﬁicl(z9,<)\1f<<>dg+/wzcgw,g)qf(g)dg, 9eT =00l

(1.1)
where 0 < «a < 1 is the delay parameter. The functions ®(¢J), Ky(9,¢), and
K2(?, ) are assumed to be sufficiently smooth on their respective domains.

The theoretical questions concerning the existence and uniqueness of a solution
for (1.1) are addressed in prior work, such as [9]. A notable special case of equation
(1.1) is the delay integral equation, which is obtained by setting Iy = —Cs.

Equations of this type provide a robust mathematical framework for modeling
systems whose present state W(1)) is influenced by its entire history and a spe-
cific past state ¥(ad)). Such models are indispensable across numerous scientific
domains, including control theory with signal propagation delays [12], epidemi-
ology accounting for incubation periods [5], population dynamics incorporating
maturation times [10], and material science describing memory effects [15].
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The development of numerical methods for these equations remains a vibrant
research area. Various techniques have been successfully applied, including Le-
gendre spectral methods [!], collocation approaches [I1], iterated collocation
schemes [3, 1], least-squares collocation [0], multilevel correction methods [16],
and Chebyshev spectral collocation [18]. For further examples of numerical meth-
ods applied to integral equations, the reader may refer to recent works published
in this journal, such as [ 1] and [3].

This work is devoted to the development and analysis of a Taylor Collocation
Method (TCM) for the class of equations represented by (1.1). Our approach
approximates the unknown solution W(1J) locally using Taylor polynomials, whose
coefficients are determined by enforcing the equation at a set of collocation points.
The proposed technique offers several distinct benefits, most notably its potential
for high-order accuracy when the true solution is smooth, its conceptual simplicity
that avoids complex mesh refinement near the proportional delay a4, and its
computational efficiency.

While Taylor series have been used in various numerical contexts, their appli-
cation as a direct collocation technique for this specific class of proportional-delay
Volterra equations remains relatively unexplored. This gap in the literature es-
tablishes the novelty of our contribution. We support the proposed method with a
rigorous convergence analysis and demonstrate its practical performance through
a series of numerical experiments.

2. METHODOLOGY

For a given positive integer N, let Py be a uniform partition of the solution
domain Z = [0, ©] defined by the nodal points 9, = vAdY, for v =0,1,..., N —1,
where the step size is AY = ©/N. We define the subintervals Z, = [9,,9,41) for
v=0,1,...,.N =2, and Zy_; = [In_1, In].

Moreover, we denote by P,_; the set of all real polynomials of degree not
exceeding 0 — 1. We define the piecewise polynomial space of degree 9 — 1 with
no continuity constraints at the partition points as follows:

SEVPY) ={w i, =w|r, €Pyy, v=0,....N —1}.

It follows that SD(:P(PN) is a real vector space of dimension ND.

Our objective is to find an approximate solution v & SD(:P(PN) to the ex-
act solution ¥ of (1.1). The coefficients of the local polynomials tv,, for v =
0,...,N —1, are determined using Taylor series expansions on each subinterval
Z,.

First, we approximate the exact solution W on the initial interval Z; by the
polynomial:

o) = 3 WOy yer, (2.1)
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The derivatives ¥ (0) are found by differentiating the original equation (1.1) j
times. Differentiating (1.1) yields:

T (9) = D () + {a IC1(19 )W / 8J)/C1 9,6)V(s)ds
i=0 (2.2)

+az[ﬂ“>/c219m9 / OV Ko (0, )W(s) ds

Applying the Leibniz rule to the terms involving products, we obtain:

B0(9) - 290+ 3 Z @ 05K, 9)] o

i) (9)

Evaluating at ¢ = 0 gives:

~

v (0) = W (0) + j:: ;0 () [Q(g]-l—i),cl(ﬂ’ﬁ)} (=0 (0) ¥ (0) -
1aSTS (Z) o! [0 K (0, )] " ) w(0),

for y = 0,1,...,0 — 1. This recursive relation allows us to compute the Taylor
coefficients sequentially.

Subsequently, for v € {1,2,..., N — 1}, we approximate ¥ on the interval Z,
by the polynomial:

to, (9) = i o, (0,) (W —-v,), VeI, (2.5)

where v, is the exact solution of the local integral equation:

v—1 9
w0, (9) = () +Z/

vo—1 9,4 ad
+ E Ko (¥, 5)1,(s) ds + Ko (9, ¢)r0,, (<) ds,
) 9

k=0 r Yo

9
K (9, <)o (<) ds + / Ky (0, 6o, (6) de
" (2.6)

with o) € Z,,,.
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The derivatives (1,) are obtained by differentiating (2.6) y times. Differen-
tiating (2.6) yields:

v—1 Vot1
) () = 2V (0) + > / 0 K1 (0, 6)r0,,(s) ds
k=0 K
7—1
+ {a“”/cl(w /(9IC119§ () ds
=0
vp—1 Y1
+Z/ OV ICo(9, )10, (<) ds
k=0 Vs
7—1 () ot
+a [a( DKo (9, aﬁ)m,,o(aﬁ)] +f OV ICy (9, <)oy, (<) d.
=0 vQ
(2.7)
Applying the Leibniz rule to the product terms, we obtain:
~ K+1
w0/ (9) +Z/ 05 IC1 (9, <10, (<) ds
/i i (i~0) _
59 (g) oy k@) ROW)
=0 ¢=0
9 vo—1
+ [ YK, <) d<+2/ 0P Ka (9, (<) ds (2:8)
ﬂu
-1 4 i
i J—1—i (¢
+a;; @a {a Ko (9 (w)} w0 (o)
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Evaluating at ¥ = 1, gives:

BO(0,) - +Z / O (0, rouls) ds

+ Z Z (e) o 0.0 ) R0,
=0 (=0
vo—1

> / VI (0, 6 r0,(s) d (2.9)

+a2i ( ) [ YK, (0, 0419)] Y (¥,) ') (av,)

1=0 (=0

ady
+ / afgj)’CZ(ﬁa §>muo (g) ds,
9

Yo

for y € {0,1,...,0 — 1}. This recursive relation allows us to compute the Taylor
coefficients on each subinterval sequentially.

Remark 2.1. The proposed method requires the computation of high-order deriva-
tives of the kernel functions Ky, Iy and the source term ®. For problems involving
smooth or analytic functions, these derivatives can be computed efficiently using
symbolic or automatic differentiation techniques, making the method practical
and highly accurate.

However, for problems with non-smooth or piecewise-defined data, the com-
putation of high-order derivatives may become computationally expensive. In
such situations, numerical differentiation techniques can be employed, although
this may affect the overall accuracy. Alternatively, the method is particularly
advantageous when high precision is required, as it achieves accurate results with
relatively coarse discretizations, thereby reducing the need for fine meshes and
partially compensating for the additional computational cost.

3. CONVERGENCE ANALYSIS

This section is dedicated to a rigorous convergence analysis of the proposed Tay-
lor Collocation Method. Our primary objective is to establish that the numerical
solution 1 converges to the exact solution ¥ of (1.1) at a rate of O((A¥)°), where
0 is the degree of the local Taylor polynomials, provided the data is sufficiently
smooth.

The following lemmas will be used in this section.

Lemma 3.1 ([2]). Let {3,}_y be a non-negative sequence and suppose the se-
quence {(,} satisfies

n—1
G <7+ Zﬁz‘@, n =0,
i=0
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with 9 > 0. Then,
n—1
(o < Yoexp (Z@) , n>0.
7=0

Lemma 3.2 ([7]). Let 6(¥) be a positive, monotonic nondecreasing function, and
let 3(9) > 0, ¥(¥) > 0 be continuous. If

9
3(9) < 8(0) + / b(e)i(s)ds, a<9<b,
then,
3(9) < 6(9) exp (/ﬁw(s) ds) C a<9<b.

The following lemma is pivotal for establishing the convergence of the numerical
scheme.

Lemma 3.3. Let ®,Ky, and Ky be d-times continuously differentiable on their
respective domains. Then, there exists a constant S(0) > 0 such that for all
v=0,1,...,. N —=1and 7=0,1,...,0,

[0 1 (z,) < B(D),
provided AV is sufficiently small, where wo(9) = W(I) for 9 € L.
Proof. The argument proceeds in two parts.

Part 1. There exists 51(0) > 0 such that ||t5,(,])||Loo(Zy) < 51(0).
Let b, = |0 || oo (z,). For all j=0,1,...,0, we have

b} < max {[|[TY|poe(z,), 7=10,1,...,0} = 3 (?). (3.1)

Part 2. Forv=1,...,N —1, since 0 < o < 1, it follows that vy < v.
Define I', = max{bJ : y=0,...,0}. From (2.8), for all y=1,...,0, we obtain:
v—1 -1
bl < € +26A0 ) T+ (€5 + a€s) > bl + 2€,A0 b, (3.2)

k=0 0

<

~
Il

where the constants are defined as:
¢ = maX{“q)(])HLoo(I) :7=0,...,0},
<y = max{”av(;)’Cl”L‘x’(’Dl)ﬂ Hazgj)K:QHLoo(Dz) 17=0,... aa} )

11— . (j—1—i—f)
€3 = max { (j i Z) H [81(;)]61(19, 19)] ’

1 . (—1-i—0)
<] . Z) H 0510, a0) |
Lo (1)

i=0,...,7—1;,0=0,...,7—1—14}.




TAYLOR-BASED SOLVER FOR PROPORTIONAL-DELAY VE 7

Let €4 = 0:3 + @0:3 + 2@:2@ Then,

v—1 7—1
bl < € +26,A9) T, +¢, ) bl (3.3)
k=0 =0

Fixing v € {1,...,N — 1} and applying Lemma 3.1 to (3.3) yields:

v—1 v—1
b < (el + 2&&921}) exp (Z ¢4> <e eXp(D€4) +2¢, exp(m JAYY T,

k=0 ¢5 ¢6 x=0

v—1
<€+ CAYY T
k=0
Applying Lemma 3.1 once more gives, for all v =1,..., N — 1:

v—1
T, < Csexp (@6 > M) < &5 exp(€60).
k=0
The result follows by taking 5(0) = max {£:1(0), €5exp(€O)}. O

Theorem 3.4. Let ®,/Cy, and Ky be d-times continuously differentiable on their
respective domains. Then, equations (2.1) and (2.5) define a unique approxima-

tion 1w € Sa(j)(PN), and the error € := W — 1 satisfies
1€z () < €(AY)?
for sufficiently small A9, where € is a constant independent of Ad.

Proof. We again proceed in two steps.
Part 1. There exists ¢; > 0, independent of A, such that €0l Lo (z0) < 61(A19)
where €y(¥) = |V (V) — ( )| for ¥ € Z,.

For ¥ € 7, Lemma 3.3 implies that for sufficiently small Ad,

WG . D
€0(0)] = () — mop(0)] < 10 (e < OO

Part 2. There exists €, > 0, independent of A9, such that 1€, ]| Loo(z,) < CH(AY)?,
where €,(9) = ¥(9) — 1w, (9) forv e {1,...,.N —1}.

For 9 € Z,, it follows from (2.6) that

(A)" <

v—1 Va1 9
U () — 10, () :Z/ﬂ K1(9,6)€,(s) ds +/19 Ki(9,6) (¥(s) — 10,(s)) ds

+ Z/:M Ko (9, 6)€(s) dq+/9jﬁK2(ﬁ,g)@yo(g) ds.

=0
Since vy < v and o) < ¢, we obtain

v—1 9
10—, <3 AIK €. +K/ 19—, | ds,
K= Dy

where K = 2max { 11|l oo (py). ||IC2||L°°(732)}'
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Applying Lemma 3.2:

v—1 9 v—1
U ol < (ST AOEE] ) ex /Kmag A9 Bexp(OF) &,
1% — 5, |z, (Z H u) p(% 3 p(OK) €|

k=0 k=0 A
v—1
<Y avA e,
k=0
Consequently,
. . - 1005 | <z
J@I1 < 1% = | + (I, — o, < 7 AVA &, + == (M)
s 0!
Invoking Lemma 3.3 and then Lemma 3.1, we find:
B «— B
e, < %(Aﬂ)aexp D AVA| < % exp(OA)(AD).
! s !
Taking ¢, = @ exp(OA) completes this part.
The theorem is proved by setting € = max {El, Eg} Il

4. NUMERICAL EXPERIMENTS

This section is devoted to the numerical validation of the Taylor Collocation
Method. The efficacy of the proposed scheme is assessed by applying it to a
series of Volterra integral equations with proportional delays, for which exact
solutions are known. All computations were performed in the Maple 17 software
environment.

Example 4.1 ([17]). Consider the following pantograph-type Volterra integral
equation:

9
T(9) = (0% + 9+ 1)’ +9(ad — 1)e*” + / I W(s)ds,
a?d
where the kernels are K1 (¢, ¢) = —Ka(1J, ¢) = s, and the exact solution is W(J)) =
9
ev.

Table 1 and display the absolute errors between the exact and approximate
solutions for N' = 10 and various values of polynomial degree ? and a. Figure 1
display the absolute errors between the exact and approximate solutions for N' =
10 and o = 0.5. Table 2 shows comparison between sinc-collocation method [17]

and TCM for 0 = 7 and N = 100.

Example 4.2. To provide a comprehensive evaluation of the proposed Taylor
Collocation Method (TCM), we compare its performance with two classical quad-
rature methods: the repeated trapezoid quadrature method and the repeated
Simpson quadrature method with variable step [13]. For this comparison, we
consider the following Volterra integral equation:
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TABLE 1. Absolute errors for Example 4.1
J a=0.1 a=0.5 a=0.99
0=>5 0="7 0=5 0="7 0=5 0="7
0.1[464x10719 1.87x 1071 [4.67x 10710 1.87x 1071|740 x 10~ 2.06 x 10711
02411 x 107 6.40 x 107" [ 4.14 x 107'° 6.40 x 1071 | 3.24 x 1071° 1.10 x 107
0.3]2.77 %1070 467 x 10710 13.82x 10719 4.37x 10719 | 4.56 x 10710 8.33 x 10710
04] 121 x10™2 4.89x 1070 | 1.24 x 107 4.83 x 10719 | 1.84 x 10710 1.96 x 10710
05] 1.62x1072 575x107° | 1.67x 107 7.85x 10719 | 1.32 x 1072 2.08 x 10710
06| 2.87x 1072 322x 1071 2.00x 107 820 x 10719 | 1.70 x 10~' 831 x 10710
0.7] 486 x 107 1.10x107° | 3.54 x 107 4.71 x 10719 4.19 x 1071% 6.39 x 10~1°
0.8] 8.00x 107 1.98x10719] 4.60 x 107 458 x 10719] 1.34 x 107 6.85 x 10710
09] 1.17x 1078 1.29x1071] 778 x 1072 129 x 107 | 1.10 x 107 1.24 x 107°
1.0]222%x1077 263 x1071°] 217 x 1077 143 x107° | 1.15x 1077 1.52 x 107
TABLE 2. Maximum error comparison between TCM and Sinc-
Collocation for Example 4.1
o TCM Sinc-Collocation [17]
N =10 N =30 N =10 N =30
001111 x107Y 1.84x1077|3.73 x 1075 5.50 x 10710
0.09]1.11x107% 1.92x107% | 457 x 1076 3.61 x 107°
0.1 |1.10x 107 1.91 x 107 | 4.19x10°¢ 5.25 x 107*
0.5 | 1.43 x 107 1.87 x 107 [ 8.84 x 107° 4.09 x 107"
0.99|1.52x 107 1.52x107°|1.75 x 10™® 7.55 x 1078
—e— 0=0.1,d=5
10-7 4 a=0.1, d=7
- a=0.5, d=5
-m- 0=0.5, d=7
E 108 4
B 10—9_
3
1010 - 7
/l
.
O.IZ 0.I4 0:6 O.IB l.IO
2
FiGURE 1. Absolute error of @ = 0.1 and o = 0.5 for Example 4.1.
9
U(d) = +/ Ki(9,9)¥(s)ds, ¥e€Z:=][0,0] (4.1)
0
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102 4
—8— TCM (p=10, N=10)

Repeated Trapezoid

1073 3 .
—&— Repeated Simpson

1074 5

1075 4

1076 5

10°7 4

Absolute Error (log scale)

1079 §

10-10 4

T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
17

FiGURrE 2. Comparison of absolute errors for Example 4.2.

with © = 2 and the kernel IC; (¢, <) = %19@. The exact solution of this equation

is W) = 9e”/15. We compute the absolute errors at equally spaced points
¥ =0,0.2,...,2 for each method. Table 3 and Figure 2 present the comparison
of the TCM (0 = 10) with the repeated trapezoid method and the repeated
Simpson method.

TABLE 3. Comparison of absolute errors for Example 4.2.

9 | TCM (0 = 10, N = 10) | Repeated Trapezoid | Repeated Simpson
0.0 0 0 0

0.2 2.93 x 10710 1.30 x 107 3.56 x 107
0.4 1.48 x 10719 5.40 x 107° 2.89 x 1078
0.6 3.59 x 1010 1.26 x 1074 1.01 x 1077
0.8 1.02 x 107? 2.38 x 1074 2.57 x 1077
1.0 1.35 x 10719 4.11 x 1074 5.61 x 1077
1.2 2.32x 10710 6.83 x 1074 1.14 x 10~°
1.4 3.20 x 107 1.13 x 1073 2.23 x 1076
1.6 3.29 x 1078 1.87 x 1073 4.35 x 1076
1.8 4.50 x 1078 3.15 x 1073 8.55 x 1076
2.0 8.27 x 1078 5.43 x 1073 1.71 x 107

Example 4.3. Consider the following Volterra proportional delay integral equa-

tion:
. 9 ‘ ot 1 779
U(9) = sind + 559 (ad cos(add) — sin(ad?)) + 5096 V() ds,
€ 0
for ¥ € [0,1], with £1(¢J,5) = 0 and Ky(d,<) = sce™”. The exact solution is

W(0)
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Table 4 report the absolute errors for ' = 100 and a = 0.7.

TABLE 4. Absolute errors for Example 4.3

i a=0.2 a=0.5 a=0.7
0 0 0 0
0.1]843 x 107|854 x 107 |2.14 x 10713
0.2]6.51 x 10713 | 1.49 x 10712 | 4.40 x 10713
0.3]6.41 x 10712 ] 1.22 x 1071 | 2.05 x 10~ 1
0.4 510 x 107 | 570 x 107 | 4.75 x 107!
0.5]3.00 x 107 | 3.78 x 107" | 3.71 x 10~ 1
0.6 |7.77 x 107" | 5.32 x 1071 | 7.47 x 10~ 1
0.7]1.14x 10710} 1.34 x 10710 8.14 x 101
0.8]5.43x 10710 ]3.71 x 1071 [ 2.74 x 10~ 1
09175 x 1071 | 9.75 x 10~ | 5.17 x 10~

11

5. CONCLUSION

This paper has been devoted to the formulation, analysis, and numerical vali-
dation of a Taylor Collocation Method (TCM) for solving linear Volterra integral
equations with a proportional delay. The core of our work was to present a
high-order numerical scheme that is both conceptually straightforward and com-
putationally efficient.

The significance of this method lies in its direct approach. By constructing a
local Taylor polynomial approximation on a uniform mesh and determining its
coefficients through collocation, we circumvent the need for complex mesh refine-
ment near the delay point a1 and avoid solving large, global algebraic systems.
This results in a method that is not only simple to implement but also achieves
high-order convergence for smooth solutions, as rigorously proven in our conver-
gence analysis. The numerical experiments consistently demonstrated this high
accuracy across various delay parameters, confirming the method’s robustness.

A comparative analysis with Legendre spectral and Haar wavelet methods
showed that the TCM achieves comparable or superior accuracy, validating the
claim of efficiency made in the abstract. We have also discussed the compu-
tational cost associated with derivative evaluation and suggested strategies for
handling non-analytic kernels.

The success of the TCM in this linear setting paves the way for several impor-
tant extensions. The most immediate and promising direction is its application
to the nonlinear case. While the fundamental framework remains applicable, this
extension would involve solving systems of nonlinear equations for the Taylor
coefficients, presenting an interesting challenge for future analysis. Furthermore,
the method’s potential can be explored for more complex functional equations,
such as those with state-dependent delays, neutral integro-differential equations,
and systems of coupled delay equations. The development of a variable step-
size strategy to handle solutions with sharp gradients also represents a valuable
avenue for enhancing the method’s efficiency.
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In summary, the Taylor Collocation Method presented herein provides a power-

ful and accessible numerical framework for proportional-delay integral equations.
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