Gulf Journal of Mathematics ISSN: 2309-4966
Vol 22, Tssue 2 (2026) 1-18 https://doi.org/10.56947 /gjom.v22i2.4211

A NOVEL APPROACH TO SOLVING THE TIME-FRACTIONAL
FITZHUGH-NAGUMO MODEL

MOHAMED ADIL JABBAR!* and SHAHEED N. HUSEEN?

ABSTRACT. The main goal of the study is to look at the fractional model of
the Fitzhugh-Nagumo model using a reliable and precise numerical method
that combines Adomian decomposition with the Shehu transform. Adomian
decomposition is used to reduce nonlinear terms. Both the convergence and
analysis of errors in the suggested method are described. Graphical illustra-
tions of numerical results show the efficiency of the suggested technique. The
Caputo derivative is used since it facilitates the incorporation of conventional
starting and boundary conditions in the problem formulation. Our study has
numerous implications in various areas of engineering and science and could
be considered an alternative to existing methodologies. The results also show
that the approach is valid and has the potential to be an effective way to arrive
at approximate solutions to the Fitzhugh-Nagumo model.
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1. INTRODUCTION

Recently, the Fitzhugh-Nagumo model has attracted considerable interest from
scientists and mathematicians because of its essential significance in mathemat-
ical physics. This equation is applicable in various domains, including flame
propagation, exponential population growth, neuroscience, branching Brownian
movement mechanisms, automatic reactions, and reactor theory [1, 2, 3].
Several researchers have focused on the utility and importance of fractional-order
integrals and derivatives in mathematical modeling throughout various scientific
and engineering fields [1, 20]. Researchers have consistently studied this field
due to its importance in scientific applications, and they describe the Fitzhugh-
Nagumo model for time fractional order with the formula [9].
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%—wv)%‘fﬁﬂ(w(wxw,T>—v><1—so<v(,1?§,

where D? = % is fractional derivative in Caputo sense, ¢(V, 7) is the function
of space V and time 7 , v is an arbitrary constant and A\(7), @(7), ((7) are real

value function in 7. In this article we study the classic Fitzhugh-Nagumo model
for A(7) = ({(7) =1 and w(7) = 0.

Dlp(V,7) = A(7)

2
Diov,r) = LAVT v n) (o, m) -1V, 7). 0 € (0.1],7 > 0,V € 0
(1.2)
With the initial condition
p(V,0) = @o(V), (1.3)
If v = —1 The Equation (1.2) goes to nonlinear fractional well-known Newell-
Whitehead
82
Diov,r) = PAVT 4 o e 7) + 11— eV 7). r > 0V e (1)

The Equation (1.2) given fractional nonlinear Fitzhugh-Nagumo equation (FNE)
ifv=11[7, 18],

(V)
oV?
And if v = 0, that given Fisher’s equation of fractional derivative order

2
Dip(V,7) = %;}277) + 2V, 1) (1 — oV, 7)), 7 >0,V €. (1.6)
Recently, various numerical and analytical methods have been employed to tackle
classical and fractional (FNE) equations to obtain their analytic and semi-analytic
solutions. These methods include the homotopy analysis method [0], the iter-
ative method combined with power series and the Mohand transform [7], the
conformable fractional method paired with the Adomian decomposition method
and the Sumudu transform [3], the q-homotopy method in conjunction with the
Laplace transform [J], and the residual power and new iteration methods along-
side the Laplace transform [10], among others.

This research proposes a combined approach utilizing the Shehu transform and
the Adomian decomposition method to examine the fractional model of the
Fitzhugh-Nagumo model. The Adomian decomposition method [11, 12] is a
significant technique used to solve differential equations introduced by George
Adomian; however, it is difficult to handle the fractional order components. Here
comes the role of the Shehu transform to decompose the fractional order, which
can be considered a powerful tool for addressing distinct nonlinear problems and
has already shown efficacy in resolving numerous linear and nonlinear differential

Dip(V,7) = + oWV, )V, 1) — 1)(1 —p(V, 7)), 7 >0,V € Q. (1.5)
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equations. The Adomian decomposition method, when integrated with the Shehu
transform, yields a more efficient and straightforward approach for addressing nu-
merous nonlinear problems in science, relative to alternative mathematical tech-
niques. One of the primary benefits of employing the suggested method is that
typically only some terms are enough for getting a sufficiently precise solution.
The following parts of the article are structured as follows: In section 2 We
introduced some preliminary concepts and the definition of fractional calculus
and the Shehu transform. In Section 3, we will discuss the treatment using
the Shehu transform Adomain decomposition method (STADM). In section 4
we study some theorems that give existence and uniqueness of the solution for
the present method. In Section 5, we provide an example of the time-fractional
Fitzhugh-Nagumo model. In section 6, we discuss the results. Finally, in the
section 7, our conclusion is given.

2. FUNDAMENTAL PRELIMINARY

This part provides essential concepts and basic knowledge to fractional calculus
and the Shehu transform, that is utilized later in this article, for more information
see [11]

Definition 2.1. The left Caputo derivative of the continuous function F : [0, 7] —
R of order 6 > 0 has been defined with

s s [T — "I FM(€)dE forn—1<6<n
D]—"(T)_{ Mg Jo (7~ o <0

S
where the I'(.) is the well-known Euler Gamma function.

Definition 2.2. The relation between the fractional integral Riemann-Liouville
and Caputo derivative to the function
F(7) has been defined with

n—1
D F(r Fom o+ —, 7> 0.
m=0
Definition 2.3. [13] The function Q(7) of exponential order is defined over the

set function,

U= {Q(T), AN, vy, v1 > 0,|Q(7)| < Nexp (|Z—|) Jif 7€ (—1)7 x [0,00)},

the shehu integral transform defined by
st

S[Q(T)] = F(s,v) = / exp (—;) Q(r)dr, 7 > 0. (2.1)
0
Shehu transform inverse denoted by S71,

SF(s,v)] = Q(7),for 7 > 0.

equivalent to,
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o) = s UF (s ) = == [ Leap (2L (25, 0)lds

B U omi i v P\% ’ '
Theorem 2.4. [13] The shehu transform for Caputo fractional derivative D2o(V, T)
given by

5 n! §—i—1 al
s
Do = ( ) —1<6< N.

S[Drp(V.7)] = — Z p(V,0),n—1<6<nne

(2.2)

Proposition 2.5. [13] Some properties for Shehu transform
(1) Property of Linearity, Let two function uF(r) and NH(T) € A, then
(WF (1) + AH(1)) € A
S[pF (1)+AH(T)] = pS[F(7)][+AS[H(T)], where p, X are nonzero constant.
(2) S[1] =
(3) Slr] =&
(4) S [ | = ()" 0=0,12,.

T(0+1)
3. SHEHU ADOMAIN DECOMPOSITION METHOD

This portion of the research demonstrates the implementation of the Adomian
decomposition technique in conjunction with the Shehu transform.
Let’s assume that the PDE has a fractional order ¢ € (0, 1] of time,

Dip(V,7) + K(p(V, 7)) + A (p(V, 7)) =4V, 7), (3.1)

subject to the initial condition

e(V,0) = ¢o(V), (3.2)

where D} = 8‘9—; the fractional derivative in Caputo sense, K and .4 are linear
and nonlinear operators, respectively. ¢ is source function in V and 7, now let
we apply the Shehu transform for Equation (3.1) we get,

S[Dyp(V, 1) + K(p(V, 7)) + A (p(V,7))] = S[F(V, 7)], (3.3)
By using the Equation (2.2)

—_

0 n—-

=Sl )= (=

v

)(5 c—=1 9° (V 0) 5[%(]),7-)—/C(QO(V,T))_JV(QO(V’T))]

ore

Il
o

C:

(3.4)

In this stage, Shehu transform converts a fractional derivative to a formula for

algebra, utilizing the provided initial condition, we are capable of rewriting Equa-
tion (3.4)

=5 8le(v.7)]

(5) e.0) + 88 V.7) ~ K(o(v. 7)) — A (o0, )], (35)
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slev 1] = (£) e,0)+ (1) S0, 7) - KoV, 7)) — A 0V, 7)), (36)

Based with the linearity property exhibited by Shehu transform, the Equation
(3.6) transforms into

(%

slew, 1] = (£) e, 0+ (%) s @, 7] (%) S Wlev, 7)) + A oV, 1)
(3.7)
Utilize the S~ for the Equation (3.7) to derive

o) = o057 | (4) sl -5 | () stev. )+ el

s

(3.8)
To decompose that nonlinear term in Equation (3.8) construct a series solution
using the suggested technique, ADM is applied. The ADM shows a solution as
an infinite series of linear terms as

eV, 7) =) em(V,7), (3.9)

while the nonlinear terms in the ADM can be expanded in terms of the Adomian
polynomial in the following way

N (eW,7) = Am(0, 01, Pm), (3.10)

m=0

where,

1 d" N
Am(@()a(;plaagpm) = %dﬁ_m [JV <Zﬁjg0]>] ,m:0,1,2, (311)
! s 50

Using the Equation (3.9) and Equation (3.10) that we get in Equation (3.8)

i omV,7) = o(V,0)+S7* {(g)ds 9 (V, 7')]] ~ St [(g)(SS [IC (i gom(V,T)> + i A (9) ]

(3.12)
To get the part solutions of the presented technique, we equate the terms on each
side of Equation (3.12), resulting in the next relation

wlver) = o,0+ 57| () s )

S

,05
(V1) = 57! [—8 K(om(V, 7)) + Amw} om0 (3.13)

50
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After obtaining to the approximate solution of the component, we get the general
solution in the following format as

oV, 1) = Z om(V,7) = 0oV, 7) + o1(V,7) + 02V, 7) + ... (3.14)

Finding the infinite component of the solution is difficult; therefore, after (M )™
truncations, the iteration formula for (STADM) is as detailed below

eV, 1) = om(V,7), (3.15)

as M — oo we can obtain an accurately approximate solution of Equation (3.3).

4. CONVERGENCE ANALYSIS

We study an appropriate scenario that ensures the FN model unique solution,
we give the error analysis of the proposed technique.

Theorem 4.1. Suppose that E = (C[Z],|.]]) be Banach space with the norm
lo(T)|| = mazx|g0(7')| for all continuous function on Z = [0,T]. F:E - E is a
TE

nonlinear mapping, then the result of (3.12) is unique for STADM as 0 < & < 1,
7.(5
where ® = (p1o + 1) (m)

Proof. The solution of the nonlinear PDE of fractional order (3.3) by STADM
given by,

5
Qom—i-l(V? T) = gom(V, T)_S_l %S [K((ﬂm(V, T)) + N(QOmO}? T)) - g(V7 T)] ,m =0
(4.1)
Suppose that IC,.#" are Lipschitzian with [K(¢) — K(¢*)| < ol — ¢*| and

| A () — A (") < 1 |e — ¢*|, where pg, p; are Lipschitz constant and ¢ :=
oV, 1), 9" := ¢*(V, 1) two different function
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IFp - Pl < max |57 [ 58 0m) — Kl + o) — # (630

V0 v°
< ma (571 [ S8 om) = KUl + 87 |58 14 o) = A (0]
v v’
TEL S S
e
< max(uo + ) |57 |58l - 71|
v

= max (o + fi1) :|90 —¢ls™ LSSMH

TET

— mmax(o + 1) || — ¢ =
R A LR TP

790
< (no+m) lle = [r(é + 1>}

=@ lp— ¢’
For 0 < @ < 1, by the Definition of contraction [15, 16] and By the well-known

Banach Fixed Point Theorem [15, 16], hence the solution of Equation (4.1) is
unique.

O

Theorem 4.2. Let we consider {p,}™, sequence in E = (C[Z],|.]]), if @m is
Cauchy sequence Yn € N, Then the result of (4.1) is convergent

Proof. Suppose that ¢, = > " ©;(V, T), to prove that ¢, Cauchy sequence in
the Banach space E = (C[Z], |||

lm = @ull = max| > o
t=n—+1
v “
< max St 55 Z (K(pi-1) + </V(90¢—1))” ‘
L Li=n+1
7 _05 s
= max St 53 Z (K(p:) +=/V(<Pz>)”|
L Li=n+1
vo
< 1113;( St 53 [(K(om-1) = K(pn-1) + A (Pm-1) — W(@nl))]} '

vo vo
< (i + ) (87 |55 1Koms) = Kl +87 |58 14 (omot) = H ()
7_5
o+1
=@ [|om-1 — pn1ll

= (o4 1) | gy | Vo = ol
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Let m =n + 1, then

lnt1 = @nll < P lln — @nal < ..o < D" |01 — 0|, (4.2)
we obtain,

lom = @nll < [lnt1 — @nll + l[@ns2 = Cnsall + -+ [|om — @m-1l|
<(P" 4+ D" L+ D) [lr — o]

1_@7717“
<P [ ——M— .
<o (225 ) (43)

For @ € (0,1) we obtain that 1 — &~ " < 1, hence we get

n

Because ||¢1]| < oo and ||¢m — ¢n|| = 0, as n — oo, hence ¢, is Cauchy sequence
in E. 0J

Theorem 4.3. The maximum absolute error of the predicted approximation gen-
erated via STADM is

n

<
=71_

o max [l

90<V7 T) - Z (,Ok(V, T)

Proof. From Theorem 4.2 we reached to the Equation (4.4)

1-0
as m — 00, hence p,, — ¢(V, 7) the we obtain

lom = @all < ——zmax flonll (45)

n

- <
oV, 7) = pall < 7

That’s obviously the maximum absolute error of the predicted approximation
generated via STADM is

max [ | (4.6)

n

<
=71

7 max ol

SOO}? T) - Z ka(Vv 7-)

5. UTILIZING THE STADM
Example 5.1. Consider the Fitzhugh-Nagumo model is give by

PV, 7)
Dip(V,7) = o

Subject to the initial condition

— "WV + L+ )" (V,7) — eV, 7),0 € (0,1] (5.1)
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p(V,0)= 3 + 5t h(\m’> (5.2)

Utilizing the Shehu transform for both side for the Equation (5.1)

% — (V) + (L +7)e*(V.7) - ’YSD(V,T)} (5.3)

By using the property of Shehu transform and the initial value (5.2)

S[Dlp(V,7)] = S{

Sle(V,7)] = %—F; tanh <\/_V> +S8 [# — WV, 1)+ 1+ 7)YV, 1) — vo(V, T)}

(5.4)
Following that, we utilize the S~!

oV, 1) = %—F% tanh (@) +87t [%S {82%(—;}2’7—) —*V, 1)+ (1 +7)*(V,7) — ’ng(V,T)H

Let us assume that,

p(V,7) Zgom,go V1) =D Anl(p), WV, 1) =) Bu()
m=0
Where,

Ao(p) = ¢ and Bo(p) = ¢}
Ai(p) = 3ppp1 and By () = 2¢0¢1
As () = 3popt + 3pgp2 and By(p) = ¢f + 20002

And so on, in such a manner that

wo(V,7) = % + %tanh <€V>
oivm) =57 [ 58 [FAT hif) + 1+ )Be) = (v 7|

patvm) =57 |58 [FET i) + 1+ Bt = 07|

[ [ 92 - % 0 o0
pun(V.7) =57 | s [Z T D) S hle) + (149 Y Bule) =7 wm(Vﬁ)”
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After that, we get the terms

(1—2y)7° sech%%)
8T(6+1)
(1 —29)%7% csch? \%) I'(1+6) sinh* (%)
2T+ 1)T(1 +20)

(Pl(vv T) =

<)02()/7 7_) =

and so forth; The exact solution of FN model give by § = 1 give by [, 9, 17]

1 V2V + (1 = 29)7
= an
2 2 4

0.6¢
9,7 4
02

1000 v T 4000

Approximate Solution (6=1,y=1) Approximate Solution (6=1,¥=2) Approximate Solution (6=1,y=3)

27775
oo ey
Vo
457 7

77

Exact Solution (y=-1) Exact Solution (y=1) Exact Solution (y=2) Exact Solution (y=3)

FIGURE 1. Surface of ¢go(V, ) for different values of v and exact solution of
example 5.1

¢ [
— =1
0.65-
— 6=0.8
09l
— 6=0.6
0.60 - — 6=0.4
s S = qmmms Exact solution
521 0.55|
070 —— 6=0.9
— 0=0.7 0.50
— 6=0.5
st L. mmess Exact solution
02 0.4 0.6 08 o Y 02 0.4 056 08 10
FIGURE 2. @9(V,T) of STADM for dif- FIGURE 3. ¢9(V,7) of STADM for dif-
ferent values of § with the exact solution ferent values of § with the exact solution

at (1 = 0.5, = —1) of example 5.1. at (1 =0.09,7 = 1) of example 5.1.

v
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(4 [4
0.65+

— =1
6=0.85
— 52065

i — 0=0.45
0.50 -
------ Exact solution

0.60 -

0.55F

0.50 -

045} 0457

0.40
0.40

0.35

035}

----- Exact solution

0.30

012 0‘.4 016 0.‘8 1.0 v 0‘.2 014 0‘.6 0.8 1.‘0 v
FIGURE 4. @9(V,T) of STADM for dif- FIGURE 5. ¢g9(V,7) of STADM for dif-
ferent values of § with the exact solution ferent values of § with the exact solution
at (7 =0.25,y = 2) of example 5.1. at (7 =0.065,7 = 3) of example 5.1.
TABLE 1. Comparison of absolute error for 5 and ¢g at (6 =1, v = —1).
) T Exact ¥5 (Vv T) ‘@5 - @El‘act| ¥9 (V’ T) |()09 — @E;cact‘

0.5549547652 0.5549547667 1.5308E — 09 0.5549547652 1.1324F — 14
0.5916306922 0.5916308118 1.1960E — 07 0.5916306922 1.3354E — 11
0.6925636417 0.6925816773 1.8036L — 05 0.6925636728 3.1119F — 08
0.7779143639 0.7781877593 2.7340EF — 03 0.7779164261 2.0621E — 06
0.8448772677 0.8464789821 1.6017E — 03 0.8449062326 2.8965E — 05
0.8625219231 0.8640167507 1.4948F — 03 0.8625390447 1.7122F — 05
0.8943906844 0.8997808826 5.3902E — 03 0.8945282884 1.3760E — 04

Lo~
o000 0o
S 00 00 O = N =
ARG N NNt

P
OO0 oK

TABLE 2. Comparison of absolute error for p5 and ¢g at (6 =1, v =1).

B

Exact %2} (V7 T) ‘905 - (pE:J:act| P9 (V7 T) |909 - QOEzact‘

0.5051774845 0.5051774845 1.4584E — 12 0.5051774845 0.0000E — 00
0.4926781929 0.4926781930 8.2902F — 11 0.4926781929 1.6653E — 16
0.5030329714 0.5030329880 1.6605E — 08 0.5030329714 1.5434F — 11
0.5133851488 0.5133854445 2.9571E — 07 0.5133851488 5.9824F — 10
0.5237258551 0.5237279301 2.0751E — 06 0.5237258557 6.3013E — 10
0.5588253353 0.5588276285 2.2932E — 06 0.5588253358 5.0934EF — 10
0.5340462594 0.5340549344 8.6740L — 06 0.5340462642 4.8331EF — 09

PO
© L Now

A~ N S S
S e v el
O 00 00 O =~ DN
= O = —

TaBLE 3. Comparison of absolute error for p5 and ¢g at (6 =1, v = 2).

Exact Y5 (V, T) ‘305 - @Emact| (PQ(Va 7_) |909 - @E:cact‘

=

0.4801880479 0.4801880487 8.2508E — 10 0.4801880479 7.7716E — 15
0.4429274929 0.4429275228 2.9871E — 08 0.4429274929 6.0539EF — 12
0.4042306498 0.4042390590 8.4092F — 06 0.4042306706 2.0890F — 08
0.3666892150 0.3668493599 1.6015E — 04 0.3666909968 1.7817E — 06
0.3306990077 0.3318769198 1.1779E — 03 0.3307343917 3.5384E — 05
0.3627139983 0.3641857275 1.4717E — 03 0.3627468256 3.2827E — 05
0.2965869386 0.3017591132 5.1722E — 03 0.2968921461 3.0521E — 04

s s s
PO
© LN otw
N v
SRR S
S N N N N N N
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TaBLE 4. Comparison of absolute error for 5 and ¢g at (6§ =1, v = 3).

(V’ T) Exact ¥s (Vv T) ‘@5 _ @Eﬂcact| ¥9 (V’ T) |§09 — @E;cact‘
(0.1,0.1) 0.4552973514 0.4552973639 1.2562F — 08 0.4552973514 1.0798F — 12
(0.1,0.2) 0.3942960477 0.3942960397 7.9994F — 09 0.3942960483 5.8468F — 10
(0.3,0.4) 0.3126266418 0.3127268557 1.0021E — 04 0.3126293199 2.6781F — 06
(0.5,0.6) 0.2411387227 0.2433015888 2.1629FE — 03 0.2413796338 2.4091FE — 04
(0.7,0.8) 0.1816772209 0.1984191783 1.6742E — 02 0.1866661440 4.9889F — 03
(0.9,0.8) 0.2036551989 0.2281296429 2.4474E — 02 0.2088767790 5.2216E — 03
(0.9,1.0) 0.1342835412 0.2102283160 7.5945F —02 0.1796222827 4.5339F — 02

TABLE 5. Comparison of ¢4 by STADM with LRPSM and NIM [9] at (y =
1,6 =1).

1%

FEzxact

90402’ T)

|(,04 - @Eamct|

LRPSM][]

NIM [J]

0.1

0.4
0.8
1.2
1.6
2.0

0.55794910166
0.62613832216
0.68965954745
0.74675331628
0.79644365864

0.55794910221
0.62613832245
0.68965954745
0.74675331607
0.79644365833

9.5138F — 10
2.9382E — 10
2.3213F — 12
2.1220F — 10
3.0606E — 10

9.2474F — 07
1.4633E — 06
1.5086E — 06
1.1810F — 06
6.7895E — 06

3.8083E — 05
7.3756E — 05
1.0003E — 04
1.1467E — 04
1.1803EF — 04

0.01

0.4
0.8
1.2
1.6
2.0

0.56901725701
0.63661111955
0.69920776181
0.75516853061
0.80364187214

0.56901725701
0.63661111955
0.69920776181
0.75516853061
0.80364187214

5.4401F — 15
2.7756FE — 15
0.0000E — 00
2.3315E — 15
3.1086E — 15

9.5102E — 10
1.4719F — 09
1.5046E — 09
1.1705E — 09
6.6967E — 10

4.0262E — 07
7.5457F — 07
1.0108E — 06
1.1507E — 06
1.1789E — 06

TABLE 6. Comparison of ¢4 by STADM with LRPSM and NIM [9] at (y =
—0.2,6 =1).

1%

Fzxact

904(]/7 T)

|804 - @Eamct|

LRPSM][]

NIM ]

0.1

0.4
0.8
1.2
1.6
2.0

0.58730675913
0.65377749489
0.71474210866
0.76876856030
0.81520817101

0.58730675624
0.65377749342
0.71474210874
0.76876856150
0.81520817267

2.8885E — 09
1.4669E — 09
8.7631L — 11
1.1984EF — 09
1.6583E — 09

2.5396E — 06
4.8255F — 06
6.4549F — 06
7.2005E — 06
7.1429E — 06

8.5904F — 05
1.5325E — 04
2.0133F — 04
2.2662FE — 04
2.3044F — 04

0.01

0.4
0.8
1.2
1.6
2.0

0.57195762591
0.63938259175
0.70172550816
0.75738039953
0.80552859421

0.57195762591
0.63938259175
0.70172550816
0.75738039953
0.80552859421

2.9199F — 14
1.5321F — 14
3.3307E — 16
1.1546F — 14
1.65642F — 14

2.3629EF — 09
4.6273E — 09
6.2686E — 09
7.0502E — 09
7.0379E — 09

8.0042F — 07
1.4877E — 06
1.9866E — 06
2.2572E — 06
2.3097E — 06

TABLE 7. Comparison of ¢3 of STADM and HPTT |

lJat (v =-1,6 =1).

vV T Ezxact w3(V, 1) los — YEazct| HPTT [17]
0.1  0.5549547652 0.5549542387 5.2657E — 07 1.4000F — 04
01 0.2 0.5916306922 0.5916198578 1.0834F — 05 1.1000E — 03
’ 0.3 0.6273139316 0.6272473955 6.6536F — 05 3.7000E — 03
0.4 0.6616622737 0.6614170824 2.4519F — 04 &.7000E — 03
0.01 0.5390257991 0.5390257990 7.5042F — 11 1.4000E — 07
02 0.02 0.5427507035 0.5427507023 1.2248FE — 09 1.1070E — 06
’ 0.03 0.5464708338 0.5464708275 6.3223F — 09 3.7338E — 06
0.04 0.5501857817 0.5501857612 2.0365F — 08 3.8354F — 06
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Example 5.2. Consider the Fitzhugh-Nagumo model for v = 2 [7],

PV, 1)

1)
DTSO(V7 T) o oV?

OV, 7) — 30V, 7) +20(V,7) =0, where 0 < 6 < 1,
(5.6)

Subject to the initial condition

V2v
e 2 + 2eV2V
e(V,0) = —5 (5.7)
ez 4 ev2V 41

Analogous to example 5.1, we obtain the terms

(V1) = 370 sinh (\%)
I'(é6+1) (200sh < ) + 1)
Vo) = 9720 (sinh <7§> — sinh \/_V )

20(20 + 1) (2 cosh ( 2) + 1)3

and so forth; The exact solution of model (5.6-5.7) when ¢ = 1 give by [5, 19],

% + 2eV2V

V,7)= 5.8
) T F eV 4] .

— 6=1
6=0.75
— 6=0.50

— 6=0.30
13 amamn Exact solution

14+

1.2+

111

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 Loy
0.2 0.4 0.6 0.8 1.0

FIGURE 6. ©10(V,7) of STADM for different values of § with the exact solution
at 7 = 0.002 of example 5.2.
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TABLE 8. Comparison of absolute error for 5 and 19 at § = 1 of example

5.2.
vV, 7) Exact es(V, 7) |5 — PBact| P10V, 7T) l¢10 — PEwact]
(0.1 0.2) 1.051547159 1.051547187 2.8121FE — 08 1.051547159 1.7986F — 13
(0.3,0.4) 1.164786587 1.164791633 5.0462F — 06 1.164786586 1.1008E — 09
(0.5,0.6) 1.285023894 1.285108520 8.4626FE — 05 1.285023745 1.4956F — 07
(0.7,0.8) 1.404066882 1.404614550 5.4767E — 04 1.404062623 4.2585E — 06
(0.9,1.0) 1.514939492 1.516958450 2.0190F — 03 1.514891660 4.7831E — 05

2§
P10(v,7)

Approximate Solution(6=1)

Exact Solution

FIGURE 7. Surface of ¢19(V, 7) for different values of § and exact solution of
example 5.2

TABLE 9. Comparison of p3 by STADM with MRPSM and MTIM [5] at (7 =
0.01,0 = 1) of example 5.2.

1%

Ezact

¥3 (Va T)

|903 — @Exact‘

MRPSM [)]

MTIM [7]

1.0
1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
1.9
2.0

1.43779716825
1.47423277252
1.50892956321
1.54186265966
1.57302724534
1.60243629244
1.63011814399
1.65611406409
1.68047584725
1.70326355740
1.72454344688

1.43779716808
1.47423277235
1.50892956304
1.54186265948
1.57302724516
1.60243629226
1.63011814381
1.65611406392
1.68047584709
1.70326355725
1.72454344673

1.6236E — 10
1.7151F — 10
1.7829EF — 10
1.8255E — 10
1.8423EF — 10
1.8332EF - 10
1.7994F — 10
1.7425E — 10
1.6648E — 10
1.5692EF — 10
1.4590F — 10

1.5163F — 08
1.4171EF — 08
1.2737E — 08
1.0917E — 08
8.7748E — 08
6.3809E — 08
3.8081E — 08
1.1284EF — 08
1.5895E — 08
4.2829EF — 08
6.8963E — 08

1.1133F — 10
3.7760E — 09
7.9676F — 09
1.2299F — 08
1.6617E — 08
2.0791E — 08
2.4708E — 08
2.8286E — 08
3.1465F — 08
3.4208E — 08
3.6498E — 08

Example 5.3. Consider the Fitzhugh-Nagumo model for v = 3 [7],
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92
DoV, 7) — % OV, 7) — 40*(V,7) + 30V, 7) =0, where 0 < 6 < 1,
(5.9)

Subject to the initial condition
v 3vV2V
2 +3e 2

eV,0) = — - 5.10
Vo= +ei 11 (510

Analogous to example 5.1, we obtain the terms

3V 3
4(6\/5+e¢5+1) I'20+1)

and so forth; The exact solution of model (5.9-5.10) when § = 1 give by [5, 19]

V2V _ 5T 3v2V &
ez 2 +3e 2 °
(‘D(V’ T> ~ Vv 3\/\2 3T (5'11)

e 2 "2 4e 2 T2 41

— 6=1
6=0.8
— 6=0.6
— 6=04
----- Exact solution

24+

22¢

20¢

1.8}

16+

141

0.2 0.4 0.6 0.8 1.0 v

FIGURE 8. @g(V,7) of STADM for different values of § with the exact solution
at 7 = 0.001 of example 5.3.

VIV ( vay (256 sinh (%) n 27) _ 140) n 25) _ 25)
v
25 +
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TABLE 10. Comparison of absolute error for ¢4 and g at 6 = 1 of example

5.3.
V. 7) Ezact ea(V,7) |4 — PEBzact| @s(V,T) s — PEvact|
(0.01,0.02) 1.367076809 1.367076807 2.6369E — 09 1.367076809 1.1102E — 15
(0.03,0.04) 1.413376982 1.413376893 8.8953E — 08 1.413376982 2.3981F — 13
(0.05,0.06) 1.461094160 1.461093453 7.0711E —07 1.461094160 9.4449F — 12
(0.07,0.08) 1.510052444 1.510049346 3.0978E — 06 1.510052443 1.2751E — 10
(0.09,0.10) 1.560061373 1.560051612 9.7608E — 06 1.560061372 9.5202FE — 10

Ps(v,7)

Approximate Solution (5=1)

Exact Solution

FIGURE 9. Surface of pg(V,7) for different values of ¢ and exact solution of
example 5.3

TABLE 11. Comparison of ¢4 by STADM with MRPSM and MTIM [5] at
(1 =0.01,6 = 1) of example 5.3.

V

FEzact

9040)’ T)

|904 - @Ezact‘

MRPSM T[]

MTIM [7]

1.0
1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
1.9
2.0

2.39228351940
2.46690911161
2.53414536028
2.59424397939
2.64758826193
2.69465010524
2.73595251671
2.77203895460
2.80344974475
2.83070507185
2.85429363268

2.39228351951
2.46690911173
2.53414536041
2.59424397953
2.64758826205
2.69465010534
2.73595251680
2.77203895467
2.80344974480
2.83070507188
2.85429363270

1.0931E — 10
1.2894F — 10
1.3704F — 10
1.3489EF — 10
1.2479E — 10
1.0937E — 10
9.1158F — 11
7.2255F — 11
5.4193F — 11
3.7959F — 11
2.4074F — 11

1.5994EF — 07
7.1111E — 08
2.7531E — 07
4.4469E — 07
5.7586E — 07
6.6919F — 07
7.2771E — 07
7.5607E — 07
7.5964F — 07
7.4386F — 07
7.1380F — 07

1.6082EF — 06
1.7230E — 06
1.7712E — 06
1.7629EF — 06
1.7104E — 06
1.6259EF — 06
1.5204F — 06
1.4029F — 06
1.2807F — 06
1.1591F — 06
1.0414E — 06
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6. DISCUSSIONS AND RESULT

The STADM formulation is tested upon the Fitzhugh-Nagumo model with the
Caputo fractional derivative. In figures 1-9 we present the response of the ob-
tained solution by STADM for different values of ¢ illustrated in both 2D and
3D plots. These plots provide a graphical comparison of the different orders of
approximation solutions derived from STADM alongside their exact solutions. In
tables 1-11, we present comparisons in the form of absolute errors for the numer-
ical solutions obtained from STADM, HPTT [17], LRPSM [9], NIM [9], MRPSM
[5], MTIM [5] and the exact solution. We note that absolute error is largely
dropped when modifying the solution by taking further terms; tables 1-4, 8, and
10 explain this fact.

7. CONCLUSION

In this paper, we have used a combined form of the Adomian decomposition
method and the Shehu transform (STADM) to obtain a numerical solution to
the Fitzhugh-Nagumo model in the context of the Caputo operator. Our find-
ings demonstrate the suggested method is effective for generating approximate
solutions. Additionally, STADM can be considered an efficient and accurate im-
provement of the existing numerical approaches, and it may be used to explore
highly nonlinear partial differential equations that arise in various areas of math-
ematics.

REFERENCES

1. Ghose, P., & Pinotsis, D. A. (2025). The FitzHugh-Nagumo equations and quantum noise.
Computational and Structural Biotechnology Journal, 30, 12-20, https://doi.org/10.
1016/j.csbj.2025.02.023

2. Nguessap, E. L. F., Roque, A. C.,& Ferreira, F. F. (2026). Modulation of neuronal firing
modes by electric fields in a thermosensitive FitzZHugh-Nagumo model. Nonlinear Dynamics,
114(1), 27, https://doi.org/10.1007/s11071-025-11906-6

3. Cebridn-Lacasa, D., Parra-Rivas, P., Ruiz-Reynés, D., &Gelens, L. (2024).Six decades of
the FitzHugh—Nagumo model: A guide through its spatio-temporal dynamics and influence
across disciplines. Physics Reports, 1096, 1-39, https://doi.org/10.1016/j.physrep.
2024.09.014

4. Abdeljawad, T., Sher, M., Shah, K., Sarwar, M., Amacha, 1., Alqudah, M., &Al-Jaser, A.
(2024). Analysis of a class of fractal hybrid fractional differential equation with applica-
tion to a biological model. Scientific Reports, 14(1), 18937, https://doi.org/10.1038/
s41598-024-67158-8

5. Almusawa, M. Y., Aldawsari, K.,& Mshary, N. (2025). Exploring fractional dynamics in the
FitzHugh-Nagumo model with the Caputo operator. Boundary Value Problems, 2025(1),
127, https://doi.org/10.1186/s13661-025-02115-6

6. Abbasbandy, S. (2008). Soliton solutions for the Fitzhugh-Nagumo equation with the ho-
motopy analysis method. Applied Mathematical Modelling, 32(12), 2706-2714, https:
//doi.org/10.1016/j.apm.2007.09.019

7. Alfageih, S., Misirli, E. (2021). On convergence analysis and analytical solutions of the con-
formable fractional FitzHugh-nagumo model using the conformable sumudu decomposition
method. Symmetry, 13(2), 243, https://doi.org/10.3390/sym13020243


https://doi.org/10.1016/j.csbj.2025.02.023
https://doi.org/10.1016/j.csbj.2025.02.023
https://doi.org/10.1007/s11071-025-11906-6
https://doi.org/10.1016/j.physrep.2024.09.014
https://doi.org/10.1016/j.physrep.2024.09.014
https://doi.org/10.1038/s41598-024-67158-8
https://doi.org/10.1038/s41598-024-67158-8
https://doi.org/10.1186/s13661-025-02115-6
https://doi.org/10.1016/j.apm.2007.09.019
https://doi.org/10.1016/j.apm.2007.09.019
https://doi.org/10.3390/sym13020243

18

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

M. A. JABBAR, S. N. HUSEEN

Kumar, D., Singh, J., & Baleanu, D. (2018). A new numerical algorithm for fractional
Fitzhugh-Nagumo equation arising in transmission of nerve impulses. Nonlinear Dynamics,
91(1), 307-317, https://doi.org/10.1007/s11071-017-3870-x

Alshehry, A. S. (2023). A Comparative Analysis of Laplace Residual Power Series and a
New Iteration Method for Fitzhugh-Nagumo Equation in the Caputo Operator Framework.
Fractal and Fractional, 7(12), 867, https://doi.org/10.3390/fractalfract7120867
Adewale Adedokun, K., Oyedunsi Olayiwola, M., Adedapo Alaje, 1., Olarewaju Yunus,
A., Olalekan Oladapo, A.,& Oyeleye Kareem, K. (2025). A Caputo fractional-order model
of tuberculosis incorporating enlightenment and therapy using the Laplace-Adomian de-
composition method. International Journal of Modelling and Simulation, 45(6), 2097-2111,
https://doi.org/10.1080/02286203.2024.2315361

Masood, S., Hajira, Khan, H., Shah, R., Mustafa, S., Khan, Q., Singh, G. (2022). A New
Modified Technique of Adomian Decomposition Method for Fractional Diffusion Equations
with Initial-Boundary Conditions. Journal of Function Spaces, 2022(1), 6890517, https:
//doi.org/10.1155/2022/6890517

Sebaq, M. S., Qamlo, A. H., & Bahaa, G. M. (2025). Numerical solutions for frac-
tional optimal control problems of coupled diffusion systems via Laplace Adomian Decom-
position Method. Boundary Value Problems, 2025(1), 131, https://doi.org/10.1186/
s13661-025-02108-5

Maitama, S.,& Zhao, W. (2019). New integral transform: Shehu transform a generalization
of Sumudu and Laplace transform for solving differential equations, 17 (2), 167-190, https:
//doi.org/10.28924/2291-8639-17-2019-167

Kilbas, A. A., Srivastava, H. M., Trujillo, J. J. (2006).Theory and applications of fractional
differential equations (Vol. 204). elsevier, https://doi.org/10.1016/S0304-0208(06)
80001-0

Bekela, A. S., Belachew, M. T., & Wole, G. A. (2020). A numerical method using Laplace-
like transform and variational theory for solving time-fractional nonlinear partial differential
equations with proportional delay. Advances in Difference Equations, 2020(1), 586, https:
//doi.org/10.1186/s13662-020-03048-3

Bekela, A. S., Deresse, A. T. (2025). An Efficient Numerical Method for Nonlinear Time
Fractional Hyperbolic Partial Differential Equations Based on Fractional Shehu Transform
Iterative Method. Journal of Applied Mathematics, 2025(1), 7007124, https://doi.org/
10.1155/jama/7007124

Prakash, A., & Kaur, H. (2019). A reliable numerical algorithm for a fractional model of
Fitzhugh-Nagumo equation arising in the transmission of nerve impulses. Nonlinear Engi-
neering, 8(1), 719-727, https://doi.org/10.1515/nleng-2018-0057

Alam, M., Haq, S., Ali, I., Ebadi, M. J., & Salahshour, S. (2023). Radial basis functions ap-
proximation method for time-fractional fitzhugh-nagumo equation. Fractal and Fractional,
7(12), 882, https://doi.org/10.3390/fractalfract7120882

Nourazar, S. S., Soori, M., & Nazari-Golshan, A. (2015). On the homotopy perturbation
method for the exact solution of Fitzhugh-Nagumo equation. International Journal of Math-
ematics & Computation, 27(1), 32-43, https://doi.org/10.5281/zenodo.49995
Kumar, M. (2023). Solutions of fractional foam drainage and Zakharov-Kuznetsov equations
using a new algorithm. Gulf Journal of Mathematics, 14(1), 99-113, https://doi.org/10.
56947/gjom.v14il.884

'DEPARTMENT OF MATHEMATICS, COLLEGE OF COMPUTER SCIENCE AND MATHEMATICS,

UNIVERSITY OF THI-QAR, THI-QAR, IRAQ.

Email address: mohamed.adil@utq.edu.iq

2 DEPARTMENT OF MATHEMATICS, COLLEGE OF COMPUTER SCIENCE AND MATHEMATICS,

UNIVERSITY OF THI-QAR, THI-QAR, IRAQ.

Email address: shaheedhuseen®@utq.edu.iq


https://doi.org/10.1007/s11071-017-3870-x
https://doi.org/10.3390/fractalfract7120867
https://doi.org/10.1080/02286203.2024.2315361
https://doi.org/10.1155/2022/6890517
https://doi.org/10.1155/2022/6890517
https://doi.org/10.1186/s13661-025-02108-5
https://doi.org/10.1186/s13661-025-02108-5
https://doi.org/10.28924/2291-8639-17-2019-167
https://doi.org/10.28924/2291-8639-17-2019-167
https://doi.org/10.1016/S0304-0208(06)80001-0
https://doi.org/10.1016/S0304-0208(06)80001-0
https://doi.org/10.1186/s13662-020-03048-3
https://doi.org/10.1186/s13662-020-03048-3
https://doi.org/10.1155/jama/7007124
https://doi.org/10.1155/jama/7007124
https://doi.org/10.1515/nleng-2018-0057
https://doi.org/10.3390/fractalfract7120882
https://doi.org/10.5281/zenodo.49995
https://doi.org/10.56947/gjom.v14i1.884
https://doi.org/10.56947/gjom.v14i1.884

	1. Introduction
	2. Fundamental Preliminary
	3. Shehu Adomain Decomposition Method
	4. Convergence analysis 
	5. Utilizing the STADM
	6. Discussions and Result
	7. Conclusion
	References

