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THE CLASSICAL CONTINUOUS OPTIMAL CONTROL OF
COUPLED FOURTH ORDER LINEAR PARABOLIC
EQUATIONS
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ABSTRACT. In this study, the finite element method based on piecewise cubic
Hermite basis functions is employed to establish the existence and uniqueness
of a coupled state vector solution for a system of fourth-order linear parabolic
partial differential equations with Neumann boundary conditions. An exis-
tence theorem for a continuous classical optimal control vector associated with
fourth-order linear parabolic partial differential equations is formulated and
proved under appropriate conditions. The study also investigates the existence
and uniqueness of the solution to the corresponding adjoint system associated
with the state vector for a given classical coupled optimal control. Finally, the
Fréchet derivative of the quadratic cost functional is derived to establish the
necessary optimality condition for the control problem.
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1. INTRODUCTION

Optimal control problems have attracted considerable attention due to their wide
range of applications in real-life systems, including physics [12], robotics [11],
medicine [7], and many other scientific fields. From a mathematical perspective,
these problems are typically modeled by either ordinary differential equations
(ODEs) or partial differential equations (PDEs), depending on the nature of the
modeled phenomenon. Many researchers have studied optimal control problems
associated with second- or fourth- order elliptic [2, (], parabolic [1, 9], and hy-
perbolic [1, 3, 5, 10] PDEs. Furthermore, optimal control problems involving
systems of coupled fourth order PDEs of elliptic type have been investigated
[5], the present work is devoted to the theoretical analysis and study of the
continuous classical coupled optimal control problem (CCLCPOCP) associated
with fourth-order linear parabolic equations. The finite element (FE) method
combined with piecewise cubic Hermite functions is employed to establish the
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existence and uniqueness of the state vector solution when the continuous control
vector is specified. An existence theorem for a continuous classical coupled op-
timal control (CCLCPOC) vector is formulated and proved. The paper further
investigates the existence and uniqueness of the solution to the coupled adjoint
equations associated with the coupled state vector, assuming the availability of a
classical optimal control vector. Furthermore, the Fréchet (FR) derivative of the
quadratic cost functional (QCF) is formulated to provide the necessary optimality
condition of the proposed control problem.

2. SYSTEM DESCRIPTION
Consider the CCLCPOCP represented by the QCF

= A K
JWV) =Y =Yals + 1 2= Zalls)+ FU WA N5 + 1 Wa lls] (1)
subject to
Y + A2Y + AY +Y — BZ = F(X,1) + Wi(X,t) in § 2)
Z+ A2Z 4 AZ+ Z 4+ BY = G(X,t) + Wa(X, 1) in S (3)
With the Neumann boundary conditions
)%
o = Oon 9S (4)
8?—”}/ =0on 0S (5)
07z
a—n =0on 0S8 (6)
éa?—qf =0on 08 (7)
And the initial conditions
Y(X,0) = YX) on D (8)
Z2(X,0) = 2°(X) on 4D 9)

Where D is a bounded Lipschitz domain in R? having boundary dD,B € L*°(D), S
0,7] x D,T < 00,85 = [0,T] x 9D, X = (X1,X5) € D,I = [0,7] and

=(V,Z2)=(Y(X,t),Z(X,t) € (H*(S))? is thicoupled state vector relating
to the classical coupled control (CLCPC) vector W = (W, W) € (L?*(S))?, ad-

ditionally A\, K > 0, (Y, Z4) represents the desired data, and F,G € L?*(S) are
given functions. The set of admissible control is

Vo C(L2(8))2 = W = (Wi (X 1), Wa(X 1)) € (L2(S))? : (Wi(X, 1), Wa(T, 1)) €

=V, x V5 ae. in S} where \7$ 1S a convex set.
The CCLCPOCP is to minimize the QCF subject to W/ € 7,1.
Let @ = Qi % Qo
5 {7 : ¢ = (q, ) € (HX(D))?, % =0, %% =0on dD}
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The weak formulation (WF) of ((2)-(9)) is achieved by employing the Green’s
theorem for equations (2) and (3), then for (Y, 2) € (H?*(D))?, we get

<Yy, > +(AY, Aq) + (VY, Vg + (Y, q1) = (BZ, ¢1) = (Fy 1) + (W, 1) (10
< Zyq2 > HAZ, Ag) +(VZ, Vo) +(Z,q2) +(BY, @2) = (G, q2) + (W2, g2) (11
(X)) = (Y (0), 1) (12
(2°X). @) = (2(0), ) (13

To determine the solution of (10)-(13), the Galerkin FE method is employed by
selecting an approximating subspace (), (which possesses a finite dimension) of

6. Consequently (10)-(13) are transformed in the discrete WF;
Find (Y,,, Z,) € Q, x @, such that

)
)
)
)

< Yo, q1 > HAY,, Aq) +(VY,, V) + (Yo, 1) = (BZy, q1) = (F+Wi,q1) (14)
< Ity @2 > H(AZy, Aq2) + (V20 Vo) +(Zn, 2) + (BYn, q2) = (G+Wa,q2) (15)
(YO(X) a1) = (Ya(0). 1) (16)
(22X, 42) = (Za(0), ) (17)

3. SOLUTION OF THE PROBLEM

Theorem 3.1. For each specified CLCPC vector guarantees that the WF pos-
sesses a unique solution (Y, Z) with (Y, Z) € (L*(I,Q))? and (Y;, Z;) € (L*(1,Q*))%.
Proof. Let 6 6 beﬁ the set of continuous piecewise cubic Hermite polyno-
mlals in D Let \IJ a_n>d U be a finite Hermite basis of a defined by
{\Ill, .. \111, \112, ooy Ugtthen (Y, Zn);s approximated by

n —
(Vo Z) = S5 (50 W5(X), Z5(0) W ,(X) =
(s g (W35 (X )+ 307y 3y (W15 (X), Sy oy (6) W ()45 3,(6)0ay(X)
Where d;;(t) and e;;(t) are functions of ¢, VI = 1, 2. Substituting the approxima-

tion solution (Y, Z,) in (14)-(17) with ¢ = (q1,¢) € an, then the obtained
system transformed into an equivalent system of ODEs which has a unique solu-
tion.

KD\ (t) + KyD:(t) — K3Dy(t) = By (18)

H\Dj(t) + HzDs(1) — mm@ B (19)

K1D;(0) = B? (20)

H,Dy(0) = BY (21)

Where K1, Ky, K3, Hy, Hy and Hj are stiffness matrices with Dy (t) = [dy1, . . ., d1n,
€11, .-, en)land Dy(t) = [day, ..., don, €01, ..., e2,]7, and the matrices of (18)-

(21) are defined as follows

A A .. - . = =
K, = {Az% AQ} A1(% j) (‘1113‘,\1/11‘),/12(%]) = (‘I’lj,‘l’lz‘),A?,(%]) = (‘1’13'7‘1/1@‘)

Ky = L‘é A5] Ay(i,j) = (AW, AW y) + (AW, AWy) + (W, W), As(i, j) =
(AW, AW )+ (VW VO 3) (W15, Wy), A6, 5) = (AW, AWy)+(V T, V) +
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= = A, A . = o

(‘I’u,‘I’u), Ks = {As; Aﬂ A7(Z ]) (B‘I’2j,‘I’u),As(%J) = (B‘I’2j,‘I’u),A9(@;J) =
- = B ) . =

(BVy;,Vy;), By = {Bij’ Bi(i) = (F, %) + (Wi, Wy,), Bia(i) = (F, V) +

] Bar(i) = (F.Ws) + (Wa, Wsi), Baoli) = (G, ) +

_ C - .
(Wa, W), Hy = [Cz% ], Ci(2,7) = (Wa;, W), Ca(1,7) = (Wa;, We;), C5(1,5) =
C
(\Ifzg, ‘Ifm) Hy = {Célr } , Oy A‘I’zg, AWy;) + (A‘I/2j, AWsy;) + (‘I’Qj, Uy,;),

C5(Z j) (A\IIQJ,A\IIQZ + (v\PQJ,V\IIQZ) (\112]',\112@),06(7, j) (A\Ifgj,A\IIQZ') +
Cc. C . o

(VWy;, VUy) + (Uy;, Uy;), Hy = [Os; C’j Cr(i,7) = (BUy4,Uy),Cs(i,5) =
_ o - BO .

(B\I’lj,‘yzi),cg(ld) = (B‘Ijlj,‘l’m), B? = lBo} B?l() = (Y;O;‘I’u), 312(2)0 =

_ BO ] _
(v0.), B = | ] B0 = (20, %a), B () = (20, )
To prove || Y3 |[212(py2 is bounded.

Since (Y, Z°) € (L*(D))?, then there exist {¢} } and {¢3 } in 571 such that
@ — Y% and ¢3 — Z° strong convergence in L?(D), then according to the
projection theorem and (16)-(17), one gets

0 — T, strong convergence in L?(D) and || Y9 ||(z2(p)2< d.
NOW to demonstrate that || 1, ||2 = (IxL2(D)? | X, 2 (L2(sy2 and | ?n | (2(1xQ))2

are bounded, putting ¢; =Y, and q2 = Zyp in (14)- (15) integrating both sides of
the obtained equations over 0 <t < T and then adding the resulting equations,

we obtain
T T
/ < ?nta?n > dH—/ | ?n ||%H2(D))2 dt
0 . 0 (22)
/KF+w; )+ (G + Wy, Z,)dt
0

Applying Lemma (1.2) [13] to the first term of (22), and noting that the second
term is positive, we conclude that

0o W< K oYl + WAVl + 102+ Wol|Z dX dt
Which gives that

T T
A Ereope< N F NG+ I WG+ I GG+ I W2 5+ [ 21 Ya D
+2 || Zn [[Bldt
Since || F' [|3< pu, || G I3< p2, || Wi [|E< wy for I = 1,2., and | ?n | (z2(py)2 is
bounded, then we get

| o iz < N +2 71| T e dt, with N = (py + pa + wy + ws + d)
By utilizing Bellman-Gronwall 1nequa11ty [10], we have

| o 2oy < Ne?T = &2, where || T |l ze(xzeoy< d and | To lz2s), < d
Now, repeating the previous argument in (22) but evaluating it at ¢ = T |
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obtain
| ¥(T) T) [P = | Tal0) Iaope + i Il T s <l oo 12 + 1 W1 I3
+Hp2||s+uw2||s+|| o ey

Since || ?n(T) 1722(py)2 18 positive, then

r w1 twa+2d =
Consider a sequence {@,} C @, where for each (¢1,¢2) € 6, there is an asso-

ciated sequence {711} ,¥n such that 7n — 7 strong convergence in and
n — ¢ strong convergence in (L%*(D))2. Then (14)-(17) yield a unique solu-
tion (Y, Z,). By setting ¢ = q1,, and g2 = o, Vn in (14)-(17), we get

< Ynta qin > +(AYn7 AQIn) + (VYTM VChn) + (Y’m an) - (BZna q1n)

= (F+ Wi, qn) (23)

< Znty Gon > HAZ,, Agon) + (VZ0, Vaon) + (Zn, gon) + (BYy, Gon) (24)
= (G + Wa, q2n)

(YO(X), q1n) = (Ya(0), 1) (25)

(Z2(X), 42n) = (Za(0), G20) (26)

Since || ?n 1722 1%y and || ?n 17,2(sy)2 are bounded, by using Alaoglu theo-

rem, there exists {1 ,}, such that Y, — Y weak convergence in (L*(S))? and

» — Y weak convergence in(L*(I x Q)).
Multiplying equations (23) and (25) by ¢;(t) € C'(I) and equations (24) and (26)
by (»(t) € CY(I), and subsequently integrating both sides w.r.t () over [0, T, fol-
lowed by integrating by parts to the first terms of each resulting equation, one
obtains

_/ (an Q1n)Ci (t)dt + / [(AY;M A(hn) + (VYn, vqln) + (Ym QIn>_
0 0 (27)

(BZn, q1n)]Ci(t)dt = /0 [(F, q1n) + (W1, qun)] G (8)dt + (Y, q1n )€1 (0)

- / (s @) Co(8)dE + / (AZn, Agon) + (V20 Vaton) + (Zs )+
0 0 (28)

(BY,, qon)Ca()dt / (G on) + (W, )G + (20, o) o 0)

Since ¢, — ¢ strong convergence in (L2(D))2, then we get
qn¢; — @ strong convergence in L?(S),Vl = 1,2 then ¢,(; — ¢ strong

convergence in L*(I X Q),Vl = 1,2 and ? — ? weak convergence in(L?(I x

Q))?, we get
The left hand side of (27) converges to

/0 (Y, 00)C,(8) + [(AY, Aq) + (VY. V) + (V,a) — (BZ.a)lGu(®ldt (29)
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and the left hand side of (28) converges to
T
| 2060 +1(82.80) + (VZ.V0) + (Z.a) + (BY.0)G0ld (30)
0

(Y, 41n)¢1(0) converges to(Y*, ¢1)¢i(0) (31)
(Z3: 420)C2(0) converges to(Z”,¢2)¢(0) (32)

Since ¢, — q; weak convergence in L?(D),Vl = 1,2, we get

/O[(Faqln)+(leq1n)]€1(t)dt converges tO/O [(Fyq1) + (W, q)]G ()t (33)

/0 (G, g2n) + (W2, gan)]Co(t)di converges to /O (G, q2) + (Wa, q2)]Ga(t)dt (34)

From the above convergences, we get
T T
- [ G+ [ IAY.80) + (VY. Va) + (Vaau)-
0 0

(BZ, q1)]Gi(t)dt = /0 [(Fyqu) + (W, @) (8)dt + (Y0, q1)¢1(0)

- / (Z, ) Co(t)dt + / (AZ,Ag) + (VZ,Vas) + (Z.go) +
0 0 (36)

(BY, 42))Galt)dt = / (G, a) + (W, @2)]Ca(8)dt + (2, 2)Co(0)

Now, take (;,((0) = (7)) =0,V = 1,2 in (35) and (36), then applying integra-
tion by parts to the first terms of (35) and (36), we get

/T <Y, q > G(t)dt + /T[(AYa Aq) + (VY. Vaq1) + (Y, qin)—
0 0 (37)

(BZ, q1)]c (t)dt = / (Foa) + (We, q)lG (0)de

/T < Zy,qp > Go(t)dt + /TKAZa Ag) +(VZ,NVq) + (Z,q2)+
0 0 (38)

(BY. @G0 = [ [(G.a) + (Wa (b
Hence (Y, Z) is a solution vector of ((10)-(11)).

Also, take (;, with (;(0) # 0 and ((T) = 0,V¥l = 1,2, by applying integration by
parts to the first terms of (37) and(38), we obtain

- / (V.a)C(6)dt + / (AY, Ag) + (VY. V@) + (Y i)~
0 0 (39)

(BZ, )]G (t)dt = /O [(F, q1) + (Wh, )]G (8)dt + (Y/(0), ¢1)¢(0)
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and

- / (Z, )Gt + / (AZ,Aqy) + (VZ, Vo) + (Z, o)+
0 0 (40)

(BY, q2)]C2(t)dt = /0 (G, q2) + (W2, @2)]C2(t)dt + (Z(0), 42)¢2(0)

Subtracting (39)-(40) from (35)-(36) respectively, we get (12)-(13).

To demonstrate the strong convergence for (Y, Z) in (L*(I x Q))?:

By putting ¢; = Y and ¢o = Z in (10) and (11) respectively, adding the two
obtained equations. Subsequently by setting ¢; = Y,, and ¢» = Z, in (14) and
(15) respectively and adding the two obtained equations then integrating over
0<t<T toget

/T[< Y, T > +B(F, ¥)dt = /T(F, YY)+ (WL Y) + (G, Z) + (W, Z)dt (41)

0

where B(T, T) = (AY, AY)+(VY, VY )+ (Y, Y)+(AZ, AZ)+(VZ,VZ)+(Z, Z)

is a bilinear form. And

/ e B T > +B(T, Tt

. (42)
_ /0 (FYa) + (Wi, Ya) + (G, Z,) + (Wa, Z,)]dt

where B(E o, Fr) = (AY, AYo) (VYo VYo )+ (Yo V) - (AZ, AZn)+(V Zoy ¥ Z) +
(Zn; Zn)
Applying lemma(1.2) [13] to the first terms of (41) and (42), we get

3 17T s =5 1 O sy + [ BF T

; (43)
= [0V + W) +(6.2) + (Wa, 2))i
3 1) sy =5 1 i) oy + | BCE P
; (4)
:/O (F,Y) + (W1, Ya) + (G, Z0) + (Wa, Zo)]dt
5 1 0T) =TT oy — | Tal0) = X 0) lazoy
(45)

+/TB(?n—?,?n—?)dt:L1+L2+L3

Where L; = % || ? T LQ%D) || ?n( || L2 D))Q + fO (?n,?n)dt
Lo = SR (T, T (D) ~ (Fo0) T (0) 4 J7 <?n (1)t
Ly = Y[(F(T ,?n T) = (1)) = (F(0), ¥ (0) = T(O))] + [T BOY (1), Tolt) —
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?(t))dt, since

?n — ?2 strong convergence in(L*(D))*  (45a)

and?n(T) — ?(T) strong convergence in(L*(D))*  (45b)

then(?(T), X (T) — T(T)) — 0, with(T (0), Fn(0) — T(0)) — 0 (45¢)

| X (T) = F(T) lzzope—> 0, with || F0(0) = F(0) flgemye—s 0 (45d)
And since?n 5 T weak convergence in (L2(I x Q))? , then

/O CBR ). Tu(t) - ()t — 0 (45¢)

Since ?n converges weakly to T in (L?(S))? then

The right hand side of (44) — /T[(F, Y)+(W,Y)+ (G, Z)+ (W, Z)]dt
’ (45f)
Hence (45) gives
| o= T Nzmye= 7 BOEa(t) = T(t), T olt) — T(£))dt —> 0, then ', —

0 in(L2(1 x Q))?
Let ? (Y, Z) and ? (Y1, Z1) be two solutions of (10) and (11), subtracting
the obtamed equatlons from the other, and then putting ¢y =Y — Y] and ¢ =
Z — Zy, we get

<(Y-Y),Y -Yi>+BY -Y,Y -Y,) - (BY -Y1),Z—- 7)) =0 (46)
< (Z—Z)Z -2 >+B(Z - 21,2~ Z) —(B(Z—Z),Y —Yi) =0 (47)
Adding (46) and (47), then applying lemma (1.2) [13] to the first term, we obtain

T
1
31T = Tillwwp+ [ 51T =Tileempd=0 @)

The second term of (48) is positive, Integrating (48) over [0, 7] w.r.t. (t), we get
|| ? — ?1 ||(L2(D))2§ 0 implies || ? — ?1 ||(L2(D))2: 0 (49)
Integrating (4% over [0,7, with using the initial conditions and (49), we get
T% H ? 1 H(H2 D) dt = O 1mphes f() 5 ? — ?1 H(L2(I><Q))2 dt = O
thenY = 1

4. EXISTENCE OF A CCLCPOC

Theorem 4.1. If ? cmd? + (5? represent the pair_0>f state vectors that corre-
sponding to the pair of control vectors W and W + W in (L*(D))? respectively,
WWH5|MMMMW<WHWWWwHW?HH)KWHWWHB
and [ 07 {|(z2(rx@p>< || OW (225
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Proof. According to theorem 3.1, since (Yw,, Zw,) is a solution of ((10)-(13)), let
(Y, Zyw,) be a solution of ((10)-(13)) corresponding to (Wy, Wy) € (L*(S))?, we
have

<Y,q > +(AY7AC]1) + (VY, Vaq) + (Yaéh) - (BZ,%) = (F + Wl,(h)

(VOX), q1) = (V(0), )

(2°(X), ) = (Z(0), ) (53

Subtracting ((10)-(13)) from ((50)-(53)) respectively, and setting Y = Y —
Y, 0Z =7 — Z oWy, = W, — W; and Wy = Wy — W5 in the above resulting

equations, we obtain

< OYy, q1 > +(ASY, Aqr) + (V6Y, Vi) + (6Y,q1) — (BOZ, q1)

(50)

< Zi,qa > +HAZ,Aq) + (VZ, V) + (Z,q2) + (BY ,q2) = (G + Wy, q2)  (51)
(52)

)

54
—(Frowng) Y
<0Zy,q2 > +(ASZ, Ago) + (V0Z,Vq2) + (67, ¢2) + (BGY, g2) (55)
= (G + (5W27 q2)
(0Y(0),q1) =0 (56)
(62(0),q2) = (57)
By substituting 0Y = ¢; and §Z = ¢, in (

54) and (55) respectively, adding the
resultl %equauons and using Lemma (1.2)[13], we have

LN 8T [y + 16T Pagpyye= (0W1,0Y) + (0W3,62)

Since || 67 ||? (H2(D))2 1S positive, and integrating over [0, 7] w.r.t. (¢), then apply-
ing Cauchy-Schwarz inequality [3], it follows that

b | 5%| p< 2y [pllsWalloY| + (6W|62])d X dt

2L T e 2 7 16T [y
By applying the Bellman- Gronwall inequality, it follows that

|6 ||(L2 RS 2elo I 5W I? (L2(s)2» then 167 [ (L2(0))2 = m? || 5W 17 (L2(S))2
where m = 2e”, =>[| 6 [|(z2(py2< m || W [|(12(s))2, and

107 |l(zoerxr2pyyz< m || 6W || L2(5))2

since || 6 [[22(5y2 < Tm” | SW 172252 then

16T Nlr2esy2< mu || OW || (r2(sy)2, mi = Tm? smce

74187 T Piacoe +2J7 | 5T P 2 10 s +2 16T sy
<mi | 5W || 2:>|| 0 ” 2(IxQ) )2< mi || oW ||2L2 ())2> With mi = 1+m’
then || 07 || L2(IXQ))2S my || OW || (r2(s)) O

Theorem 4.2. The operator W — ?W is continuous from (L*(S))? into
(L2(I x Q))? or (L>=(I x L*(D)))2.
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Proof. By using the inequality of theorem 4.1 and smce T and ? are two solutlon
vectors tth> corresponding to W and W Wlth (5? T ? and (5W W W
one has || T — ¥ (oo (1xL2(Dy))2 < M || W W | (z2(s))2

Thus, the above operator is Lipschitz continuous from (L?(S))? into (L>(I x

L*(D)))?. Moreover, by applying theorem 4.1 we get that the above operator is
Lipschitz continuous from (L?(S))? into(L*(I x Q))?2. O

Lemma 4.3. [6] The QCF which is defined by (1) is weakly lower semicontinuous.

Theorem 4.4. Consider the QCF (1), if J(W/) is coercive, then the there exists
a CCLCPOC.

Proof. Since J (W/) is coercive and J (I?/) > 0, there exists a minimizing {I/_I}k} €
7(1, VEk such that
—> - = .

limg—ood (W) = inf JW), W € 7@ with || Wy |lz2¢s))2< d, according to
Alaoglu theorem there exists {I?/k} such that W — W weak convergence in
(L*(S))*,k — oo by using theorem 3.1 we have a unique Solutlon %k, then
there exists a sequence {?k} that corresponding to the control {Wk} such that
[ ?k llz2rx@n2l Yk llzeo(rxz2(pyyz and || T ||(z2¢s))2 are bounded, then we get

r — Y weak convergence in (L*(I x Q))?, YT, — Y weak convergence in
(L*>°(I x L*(D)))? and Y}, —> T weak convergence in (L*(S))?(by Alaoglu the-
orem).
To find that the norm || ?k ||(2L2(IXQ*))218 bounded, let (10) and (11) be expressed
as

<Yir,q1 >= —(AY, Aq) — (VYi,Var) — Y, 1) + (BZy, 1) + (F + Wm%))

58

< Zktv qs >= _(AZk‘v A(&) - (VZk;, VQQ) - (Zka q2) - (BYk:a (]2) + (G + W2k7 q?)
(59)

Adding (58) and (59), integrating both sides of the resulting equation over 0 <
t < T, taking the absolute value and then applying Cauchy-Schwarz inequality,
we obta$

S e @ > |dE <[ AY: |l Aqy s + | VY5 sl Vau [l + 1 Y sl @ Dl

e ll Zi sl av ls + | F llsll @ lls + 1| Wik sl au [ls + | AZk [[s]] Aga [Is +

I VZ sl Vao [ls + 1| Zi [lsll a2 I[s +e | Ye [[sll a2 [ls + | G llsll g2 [Is +

| War [Isl g2 [[ s, since

i <l Ta e - 1 Ze ls<I Tz | A [s<] AT e

| VY lls<Il VT [[z2(s)2, | AZk [|s<]| AY, lz2gspz: | VY [[s<II VT k [lz2s))2,
I que <l Tk Niz2esyes H Agie Is<Il ATk w2y | Vaw 1< VT || L2(s))2

| W [[s<II Wi llz2spz | Tr llzesn2<I| Tr lz2axq)2s

ATy (l2esp2<Il Tk || 2=z || VY% lrzsp2<Il Tw l2axqye, V1 = 1,2,

then

) < T, T > dt] < [6]] Vi l2axqe +2€ || Y llz2axqye +L1 + La + 2d]
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- 7 | [T < e, T >t =
H 7 H(L2(IXQ))2§ ( (C) +L) H 7 H(L2([xQ))2, = _{0 II(L::IXQ)); < K, then

|| ?k ||(L2(I><Q))2§ K
Since Y is a solution of ((2)-(9)), we have
< Yi, 1 > HAY, Aqr) + (VY3 V) + (Y, 1) — (BZy, ¢1)

= (F + Wi, q1) (60)

< Zt, @2 > +(AZy, Age) + (VZk, Vo) + (Zk, q2) + (BYk, q2)
- (G + WZkv q2)
Let (i (t),¢2(t) € C0,T) such that ¢;(T) = ((T) = 0, multiplying (60) and (61)

by (1(T) and (»(t) respectively, integrating both sides over 0 < ¢ < T" and then
integrating by parts to the first terms of the resulting equations, we get

(61)

- / (Vi )G ()t + / (A, Aqy) + (VY5 Vay) + (Yo, 1)

T (62)
(BZk, q1)]C1(t)dt = /0 [(F,q1) + (Wik, @1)]Gi (B)dt + (Yi(0), ¢1)¢1(0)
~ [(GeaGd+ (825w + (V2 Ta) + (Z )+

’ r (63)

(BY%, q2)]Ca(t)dt = / (G, q2) + (War, g2)]C2(t)dt + (Z1(0), 2)¢2(0)

0

Since ?k 5 T weak convergence in (L?(S))? and ?k 5 T weak convergence
in (L*(I x Q))?, then we get the following convergence:

— [ (Ve a) G (®)dt + [ [(AYi, Aq) + (VY V) + (Y, 1) — (BZy, q)]G (8)dt

converges to

/O [—(Y.a)Gi(8)dt + [(AY, Aq) + (VY. Var) + (Yiar) — (BZ, )]G (1)]dt
(64a)

and — f0T<Zk7 Q2)Cé(t)dt+foT[(AZk, Aq2) +(VZi, Vo) +(Zi, 42) — (BYy, q2)|Ca () dt
converges to

(64b)

Since (Y%(0), Zx(0)) is bounded in (L?(D))?* and according to the projection the-
orem, we have

(Y%(0),q1)¢1(0) converges to (Y(0),q1)¢1(0) (65a)

(Zk(0), g2)C2(0) converges to(Z(0), g2)¢2(0) (65b)



12 E. AL-RAWDANEE, J. AL-HAWASY

And since I?/k W weak convergence in (L*(S))?, then

/0 [(F,q1) + (Wik, q1)]¢i(t)dt converges tO/O [(F,q1) + (W, q1)]¢i(t)dt  (66a)

/0 (G, q2) + (Wag, q2)]Ca(t)dt converges to/o (G, q2) + (Wa, q2)]Ca(t)dt (66Db)
By using ((64a)-(64b)), ((65a)-(65b)) and ((66a)-(66b)), we get

- [+ [ (AY. M) +(9Y.Va) + (Va)-

0 T 0 (67a)

(BZ,q1)|Gi(t)dt = /0 [(F,qu) + (W1, q0)]G(#)dt + (Y(0), ¢1)¢1(0)

- / (Z,q2)C(t)dt + / (AZ, Agy) + (VZ.Va0) + (Z, o)+
0 0 (67b)

T
(BY, ¢2)]C2(t)dt = /0 (G, a2) + (W2, g2)]¢2(t)dt + (Z(0), 42)¢2(0)

Now, take (1(t),((t) € C[0.T],¢1(0) = ((T) = 0, and (2(0) = ((T) = 0 and

applying integration by parts to the first terms of (67a) and (67b), we obtain

T T
/ <Y,q > Cl(t)dt+/ [(AY, Aq) + (VY, V1) + (Y, q1n)—
0 0

- (68a)
(BZ.q))C,(t)dt = /0 (Fyq0) + (W, q)) G (0)de
and
/ < Zi, q2 >C2(t)dt+/ (AZ,Aqe) + (VZ,NVq) + (Z, q2)+
0 0 . (68b)

(BY, @2)]Ga(1)dt = / (G o) + (W, @) Go(0)de

0
Then < Yi, ¢1 > +(AY, Aqi) + (VY. V1) + (Y, q1) — (BZ,q1) = (F,q1) + (W1, q1)
and< Z;, qo > +(AZ, Aqz) + (VZ,Vq2) + (Z,q2) + (BY, g2) = (G, g2) + (W2, go)
Also, take ¢1(1), Go(t) € C10, T, (T) = Go(T) = 0, and G;(0) # 0,65(0) # 0 and
using integration by parts to the first terms of (68a) and (68b), we obtain

- / (V.)€ (B)dt + / (AY, Agy) + (VY. V) + (Y o)~
’ ro (69a)
(BZ,q1)]Gi(t)dt = /0 [(F,q1) + (Wi, qu)]G(t)dt + (Y(0),¢1)¢i(0)

and
- / (Z,q2)Go(t)dt + / (AZ,Ags) + (VZ, Vo) + (Z,a2) +
" s (69b)
(BY, ga)|Galt)dt = / (G 42) + (Wa, 2))Ga(8)dt + (Z(0), g2)Ca(0)
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By subtractlng 69d (69Dh)) from ((67a)-(67b)) respectlvely, we have

(Y ,Q1)C1 %Q , and (27, g2 C% ),42)¢2(0),
then Y? = Yo 70 = %O

Since by lemma 4.3 and Wk — W weak k convergence in (L*(D))?

J(W/) < limy_, o inf J(Wk) = limy 00 J(Wk) = inf J(I?/)

J(I?/) <inf J(I?/) = min J(W/).Hence W is a CCLCPOC O

5. NECESSARY CONDITION (NEC) OF OPTIMALITY

Theorem 5.1. The QCF is given in equation (1) and the coupled adjoint equa-
tions corresponding to (2)-(9) are derived by

—Py+A?P+ AP+ P — BP, =AY —Y,) in S (70)
—Py + APy + APy + Py + BPy = \NZ — Zg) in S (71)
Pr=0o0ondS (72)
%Z L —00nos (73)
P, =0 on dS (74)
%[:; =0 on dS (75)
For ﬁ Pl, Py), then the FR derivative of the QCF is obtained by
(VI(W),60) = (1_3> 4 KW, 6W), (Wi, W) €
Proof. The WF of (70)-(75) is given by
— < Pu,qt > +(AP, Aq) + (VP V) + (PrLa) — (BPs, q) (76)
=AY = Yo, q1)
— < Poy,qp > (AP, Ag) + (VP, Vo) + (P2, q2) + (BP1, q2) (77)
=MNZ = Zi, ¢2)

The existence of a unique solution for (76) and (77) can be established using the
method outlined in theorem 3.1.
By substituting ¢; = P; and ¢; = P» in (54) and (55) respectively, we obtain

(

< 6Y;, P > +(ASY, APy) + (V8Y, V) + (8Y, P) — (B6Z, Py) -
= (F,P)+ (6Wh, P)
< 674, Py > +(A6Z,APy) + (V6Z,V Py) + (62, Py) + (BSY, Py)
= (G, B) + (W2, P)
Also, by setting ¢; = dY and ¢ = §Z in (76) and (77) respectively, to get
— < P, 6Y > +(AP,, ASY) + (VP,V6Y) + (P,,0Y) — (BPy,Y) 50
=AY — Yy, 6Y)
— < Py, 67 > +(APy, ASZ) + (V Py, V6 Z) + (Py, 62) + (BP,,67)
)

—\NZ — 24,67 (81)
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By integrating both sides of ((78)-(81)) over 0 < ¢ < T applying integrating by
parts to the first terms of each resulting equations, subsequently subtracting each
of these resulting equations from its corresponding original equation ((78)-(81)),
and finally adding the two resulting equations, we obtain

(OWh, Py) + (0Wo, Py) =AY = Yy, 0Y) + NZ — Z4,07) (82)
Since
= = —
J(W+5W) —J<W> = (6‘11,P1) ((5W2,P2)+(KW1,(5W1)
F AT [Pragsyye +5 1 67 (2252 Or

|
¢

= =57 = —
SV 4+ 30) — JG) = (B 4 KT 0) + 3 15T [y +5 167 ey
By using the second 1nequahty of theorem 4.1, we get N
2
A8 [P pagsye= ca(6W) | (5W lz2gsyz, with e,(6W) = 8 || 6W ||z2s) and

— —
5 1 OW [[22(s)2= €2(6W) | 5T Jlzacs

Then we obtaln

I 4 SW) —J ( (P + KW, W) + 6(5W) | 6W |l(z2(s)2, Where €(8W) =
61(5W) + 62(5W) and 6(5‘?/) — 0, as || sW ll(z2(sy2— 0

From the FR derivative, We obtaln

(VI(W),6W) = (P + KW, W), (W, Ws) € V. 0
Theorem 5.2. The CCLCPOC of the above problem is ? + KW/ = 0 with
= W/ and P = P

Proof. it W is an CCLCPOC of the problem, then
— = 9 — . . }3 —
J(W) = min J(W), ‘V’W € (L (S)) ie., VJ(W)_)z 0 implies P + KW =0
Then the NEC is (B + KW 5W) >0, VST = W — W, then
(B + KT W) > 73+KW W),V € (12(S))? 0

6. CONCLUSION

The finite element method based on piecewise cubic Hermite basis functions is
applied to establish the existence and uniqueness of the state vector solution for
the coupled fourth-order linear parabolic equations with a fixed control vector.
The existence of an associated coupled optimal control vector is established rig-
orously.In addition, the existence and uniqueness of the adjoint system solution
is also demonstrated. The Fréchet derivative of the quadratic cost functional is
provided. Finally, yielding the necessary optimality condition.

Acknowledgement. The authors would like to express their gratitude to
the referee for the helpful remarks and recommendations that contributed to
improving this work.
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