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THE CLASSICAL CONTINUOUS OPTIMAL CONTROL OF
COUPLED FOURTH ORDER LINEAR PARABOLIC

EQUATIONS
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Abstract. In this study, the finite element method based on piecewise cubic
Hermite basis functions is employed to establish the existence and uniqueness
of a coupled state vector solution for a system of fourth-order linear parabolic
partial differential equations with Neumann boundary conditions. An exis-
tence theorem for a continuous classical optimal control vector associated with
fourth-order linear parabolic partial differential equations is formulated and
proved under appropriate conditions. The study also investigates the existence
and uniqueness of the solution to the corresponding adjoint system associated
with the state vector for a given classical coupled optimal control. Finally, the
Fréchet derivative of the quadratic cost functional is derived to establish the
necessary optimality condition for the control problem.
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1. Introduction

Optimal control problems have attracted considerable attention due to their wide
range of applications in real-life systems, including physics [12], robotics [11],
medicine [7], and many other scientific fields. From a mathematical perspective,
these problems are typically modeled by either ordinary differential equations
(ODEs) or partial differential equations (PDEs), depending on the nature of the
modeled phenomenon. Many researchers have studied optimal control problems
associated with second- or fourth- order elliptic [2, 6], parabolic [4, 9], and hy-
perbolic [1, 3, 5, 10] PDEs. Furthermore, optimal control problems involving
systems of coupled fourth order PDEs of elliptic type have been investigated
[5], the present work is devoted to the theoretical analysis and study of the
continuous classical coupled optimal control problem (CCLCPOCP) associated
with fourth-order linear parabolic equations. The finite element (FE) method
combined with piecewise cubic Hermite functions is employed to establish the
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existence and uniqueness of the state vector solution when the continuous control
vector is specified. An existence theorem for a continuous classical coupled op-
timal control (CCLCPOC) vector is formulated and proved. The paper further
investigates the existence and uniqueness of the solution to the coupled adjoint
equations associated with the coupled state vector, assuming the availability of a
classical optimal control vector. Furthermore, the Fréchet (FR) derivative of the
quadratic cost functional (QCF) is formulated to provide the necessary optimality
condition of the proposed control problem.

2. System Description

Consider the CCLCPOCP represented by the QCF

J(
−→
W ) =

λ

2
[∥ Y − Yd ∥2S + ∥ Z − Zd ∥2S] +

K

2
[∥ W1 ∥2S + ∥ W2 ∥2S] (1)

subject to

Yt +∆2Y +∆Y + Y −BZ = F (
−→
X, t) +W1(

−→
X, t) in S (2)

Zt +∆2Z +∆Z + Z +BY = G(
−→
X, t) +W2(

−→
X, t) in S (3)

With the Neumann boundary conditions

∂Y

∂n
= 0 on ∂S (4)

∂∆Y

∂n
= 0 on ∂S (5)

∂Z

∂n
= 0 on ∂S (6)

∂∆Z

∂n
= 0 on ∂S (7)

And the initial conditions

Y (
−→
X, 0) = Y 0(

−→
X ) on ∂D (8)

Z(
−→
X, 0) = Z0(

−→
X ) on ∂D (9)

WhereD is a bounded Lipschitz domain in R2 having boundary ∂D,B ∈ L∞(D), S =

[0, T ] × D,T < ∞, ∂S = [0, T ] × ∂D,
−→
X = (X1, X2) ∈ D, I = [0, T ] and

−→
Υ = (Y, Z) = (Y (

−→
X, t), Z(

−→
X, t)) ∈ (H4(S))2 is the coupled state vector relating

to the classical coupled control (CLCPC) vector
−→
W = (W1,W2) ∈ (L2(S))2, ad-

ditionally λ,K > 0, (Yd, Zd) represents the desired data, and F,G ∈ L2(S) are
given functions. The set of admissible control is−→
V a ⊂ (L2(S))2 = {

−→
W = (W1(

−→
X, t),W2(

−→
X, t)) ∈ (L2(S))2 : (W1(

−→
X, t),W2(

−→x , t)) ∈
−→
V = V1 × V2 a.e. in S} where

−→
V is a convex set.

The CCLCPOCP is to minimize the QCF subject to
−→
W ∈

−→
V a.

Let
−→
Q = Q1 ×Q2,−→

Q = {−→q : −→q = (q1, q2) ∈ (H2(D))2, ∂q1
∂n

= 0, ∂q2
∂n

= 0 on ∂D}
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The weak formulation (WF) of ((2)-(9)) is achieved by employing the Green’s
theorem for equations (2) and (3), then for (Y, Z) ∈ (H2(D))2, we get

< Yt, q1 > +(∆Y,∆q1)+ (∇Y,∇q1)+ (Y, q1)− (BZ, q1) = (F, q1)+ (W1, q1) (10)

< Zt, q2 > +(∆Z,∆q2)+(∇Z,∇q2)+(Z, q2)+(BY, q2) = (G, q2)+(W2, q2) (11)

(Y 0(
−→
X ), q1) = (Y (0), q1) (12)

(Z0(
−→
X ), q2) = (Z(0), q2) (13)

To determine the solution of (10)-(13), the Galerkin FE method is employed by

selecting an approximating subspace
−→
Qn (which possesses a finite dimension) of

−→
Q . Consequently (10)-(13) are transformed in the discrete WF;
Find (Yn, Zn) ∈ Qn ×Qn such that

< Ynt, q1 > +(∆Yn,∆q1)+(∇Yn,∇q1)+(Yn, q1)− (BZn, q1) = (F +W1, q1) (14)

< Znt, q2 > +(∆Zn,∆q2)+(∇Zn,∇q2)+(Zn, q2)+(BYn, q2) = (G+W2, q2) (15)

(Y 0
n (
−→
X ), q1) = (Yn(0), q1) (16)

(Z0
n(
−→
X ), q2) = (Zn(0), q2) (17)

3. Solution of the Problem

Theorem 3.1. For each specified CLCPC vector guarantees that the WF pos-
sesses a unique solution (Y, Z) with (Y, Z) ∈ (L2(I,Q))2 and (Yt, Zt) ∈ (L2(I,Q∗))2.

Proof. Let
−→
Qn ⊂

−→
Q be the set of continuous piecewise cubic Hermite polyno-

mials in D. Let
−→
Ψ and

−→̄
Ψ be a finite Hermite basis of

−→
Qn defined by

{
−→
Ψ 1, ...,

−→
Ψ 1,

−→̄
Ψ 2, ...,

−→̄
Ψ 2}then (Yn, Zn) is approximated by

(Yn, Zn) =
∑n

j=1(
−→
d j(t)

−→
Ψ j(

−→
X ),−→e j(t)

−→̄
Ψ j(

−→
X )) =

(
∑n

j=1 d1j(t)Ψ1j(
−→
X )+

∑n
j=1 e1j(t)Ψ̄1j(

−→
X ),

∑n
j=1 d2j(t)Ψ2j(

−→
X )+

∑n
j=1 e2j(t)Ψ̄2j(

−→
X ))

Where dlj(t) and elj(t) are functions of t, ∀l = 1, 2. Substituting the approxima-

tion solution (Yn, Zn) in (14)-(17) with −→q = (q1, q2) ∈
−→
Qn, then the obtained

system transformed into an equivalent system of ODEs which has a unique solu-
tion.

K1D
′

1(t) +K2D1(t)−K3D2(t) = B1 (18)

H1D
′

2(t) +H2D2(t)−H3D1(t) = B2 (19)

K1D1(0) = B0
1 (20)

H1D2(0) = B0
2 (21)

WhereK1, K2, K3, H1, H2 andH3 are stiffness matrices withD1(t) = [d11, . . . , d1n,
e11, . . . , e1n]

Tand D2(t) = [d21, . . . , d2n, e21, . . . , e2n]
T , and the matrices of (18)-

(21) are defined as follows

K1 =

[
A1 A2

AT
2 A3

]
, A1(i, j) = (Ψ1j,Ψ1i), A2(i, j) = (Ψ̄1j,Ψ1i), A3(i, j) = (Ψ̄1j, Ψ̄1i)

K2 =

[
A4 A5

AT
5 A6

]
, A4(i, j) = (∆Ψ1j,∆Ψ1i) + (∆Ψ1j,∆Ψ1i) + (Ψ1j,Ψ1i), A5(i, j) =

(∆Ψ̄1j,∆Ψ1i)+(∇Ψ̄1j,∇Ψ1i)+(Ψ̄1j,Ψ1i), A6(i, j) = (∆Ψ̄1j,∆Ψ̄1i)+(∇Ψ̄1j,∇Ψ̄1i)+
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(Ψ̄1j, Ψ̄1i),K3 =

[
A7 A8

AT
8 A9

]
, A7(i, j) = (BΨ2j,Ψ1i), A8(i, j) = (BΨ̄2j,Ψ1i), A9(i, j) =

(BΨ̄2j, Ψ̄1i), B1 =

[
B11

B12

]
, B11(i) = (F,Ψ1i) + (W1,Ψ1i), B12(i) = (F, Ψ̄1i) +

(W1, Ψ̄1i), B2 =

[
B21

B22

]
, B21(i) = (F,Ψ2i) + (W2,Ψ2i), B22(i) = (G, Ψ̄2i) +

(W2, Ψ̄2i), H1 =

[
C1 C2

CT
2 C3

]
, C1(i, j) = (Ψ2j,Ψ2i), C2(i, j) = (Ψ̄2j,Ψ2i), C3(i, j) =

(Ψ̄2j, Ψ̄2i), H2 =

[
C4 C5

CT
5 C6

]
, C4(i, j) = (∆Ψ2j,∆Ψ2i)+ (∆Ψ2j,∆Ψ2i)+ (Ψ2j,Ψ2i),

C5(i, j) = (∆Ψ̄2j,∆Ψ2i) + (∇Ψ̄2j,∇Ψ2i) + (Ψ̄2j,Ψ2i), C6(i, j) = (∆Ψ̄2j,∆Ψ̄2i) +

(∇Ψ̄2j,∇Ψ̄2i) + (Ψ̄2j, Ψ̄2i), H3 =

[
C7 C8

CT
8 C9

]
,C7(i, j) = (BΨ1j,Ψ2i), C8(i, j) =

(BΨ̄1j,Ψ2i), C9(i, j) = (BΨ̄1j, Ψ̄2i), B
0
1 =

[
B0

11

B0
12

]
, B0

11(i) = (Y 0
i ,Ψ1i), B12(i)

0 =

(Y 0
i , Ψ̄1i), B

0
2 =

[
B0

21

B0
22

]
, B21(i)

0 = (Z0
i ,Ψ2i), B

0
22(i) = (Z0

i , Ψ̄2i).

To prove ∥
−→
Υ 0

n ∥2(L2(D))2 is bounded.

Since (Y 0, Z0) ∈ (L2(D))2, then there exist {q01n} and {q02n} in
−→
Qn such that

q01n −→ Y 0 and q02n −→ Z0 strong convergence in L2(D), then according to the
projection theorem and (16)-(17), one gets
−→
Υ 0

n −→
−→
Υn strong convergence in L2(D) and ∥

−→
Υ 0

n ∥(L2(D))2≤ d.

Now, to demonstrate that ∥
−→
Υn ∥2(L∞(I×L2(D)))2 , ∥

−→
Υn ∥2(L2(S))2 and ∥

−→
Υn ∥(L2(I×Q))2

are bounded, putting q1 = Yn and q2 = Zn in (14)-(15) , integrating both sides of
the obtained equations over 0 ≤ t ≤ T and then adding the resulting equations,
we obtain ∫ T

0

<
−→
Υnt,

−→
Υn > dt+

∫ T

0

∥
−→
Υn ∥2(H2(D))2 dt

=

∫ n

0

[(F +W1, Yn) + (G+W2, Zn)]dt

(22)

Applying Lemma (1.2) [13] to the first term of (22), and noting that the second
term is positive, we conclude that∫ T

0
d
dt
∥
−→
Υn ∥(L2(D)2≤

∫ T

0

∫
D
[|FYn|+ |W1||Yn|+ |GZn|+ |W2||Zn|]d

−→
Xdt

Which gives that∫ T

0
d
dt

∥
−→
Υn ∥2(L2(D))2≤ [∥ F ∥2S + ∥ W1 ∥2S + ∥ G ∥2S + ∥ W2 ∥2S +

∫ T

0
[2 ∥ Yn ∥2D

+2 ∥ Zn ∥2D]dt
Since ∥ F ∥2S≤ ρ1, ∥ G ∥2S≤ ρ2, ∥ Wl ∥2S≤ ωl for l = 1, 2., and ∥

−→
Υn ∥(L2(D))2 is

bounded, then we get

∥
−→
Υn ∥(L2(D)2≤ N + 2

∫ T

0
∥
−→
Υn ∥(L2(D)2 dt, with N = (ρ1 + ρ2 + ω1 + ω2 + d)

By utilizing Bellman-Gronwall inequality [10], we have

∥
−→
Υn ∥(L2(D))2≤ Ne2T = d2, where ∥

−→
Υn ∥(L∞(I×L2(D))2≤ d and ∥

−→
Υn ∥(L2(S))2≤ d

Now, repeating the previous argument in (22) but evaluating it at t = T ,we
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obtain
∥
−→
Υn(T ) ∥2(L2(D))2 − ∥

−→
Υn(0) ∥2(L2(D))2 +

∫ T

0
∥
−→
Υn ∥2(H2(D))2≤∥ ρ1 ∥2S + ∥ W1 ∥2S

+ ∥ ρ2 ∥2S + ∥ W2 ∥2S + ∥
−→
Υn ∥2(L2(S))2

Since ∥
−→
Υn(T ) ∥2(L2(D))2 is positive, then

∥
−→
Υn(T ) ∥2(L2(D))2=

∫ T

0
∥
−→
Υn ∥2(H2(D))2≤

(ρ1+ρ2+ω1+ω2+2d
2

= C̄

Consider a sequence {
−→
Qn} ⊂

−→
Q , where for each (q1, q2) ∈

−→
Q , there is an asso-

ciated sequence {−→q n} ,∀n such that −→q n −→ −→q strong convergence in
−→
S and

−→q n −→ −→q strong convergence in (L2(D))2. Then (14)-(17) yield a unique solu-
tion (Yn, Zn). By setting q1 = q1n and q2 = q2n, ∀n in (14)-(17), we get

< Ynt, q1n > +(∆Yn,∆q1n) + (∇Yn,∇q1n) + (Yn, q1n)− (BZn, q1n)

= (F +W1, q1n)
(23)

< Znt, q2n > +(∆Zn,∆q2n) + (∇Zn,∇q2n) + (Zn, q2n) + (BYn, q2n)

= (G+W2, q2n)
(24)

(Y 0
n (
−→
X ), q1n) = (Yn(0), q1n) (25)

(Z0
n(
−→
X ), q2n) = (Zn(0), q2n) (26)

Since ∥
−→
Υn ∥2(L2(I×Q))2 and ∥

−→
Υn ∥2(L2(S))2 are bounded, by using Alaoglu theo-

rem, there exists {
−→
Υn}, such that

−→
Υn −→

−→
Υ weak convergence in (L2(S))2 and

−→
Υn −→

−→
Υ weak convergence in(L2(I ×Q))2.

Multiplying equations (23) and (25) by ζ1(t) ∈ C1(I) and equations (24) and (26)
by ζ2(t) ∈ C1(I), and subsequently integrating both sides w.r.t (t) over [0, T ], fol-
lowed by integrating by parts to the first terms of each resulting equation, one
obtains

−
∫ T

0

(Yn, q1n)ζ
′

1(t)dt+

∫ T

0

[(∆Yn,∆q1n) + (∇Yn,∇q1n) + (Yn, q1n)−

(BZn, q1n)]ζ1(t)dt =

∫ T

0

[(F, q1n) + (W1, q1n)]ζ1(t)dt+ (Y 0
n , q1n)ζ1(0)

(27)

−
∫ T

0

(Zn, q2n)ζ
′

2(t)dt+

∫ T

0

[(∆Zn,∆q2n) + (∇Zn,∇q2n) + (Zn, q2n)+

(BYn, q2n)]ζ2(t)dt =

∫ T

0

[(G, q2n) + (W2, q2n)]ζ2(t)dt+ (Z0
n, q2n)ζ2(0)

(28)

Since −→q n −→ −→q strong convergence in (L2(D))2, then we get
qlnζ

′

l −→ qlζ
′

l strong convergence in L2(S), ∀l = 1, 2 then qlnζ
′

l −→ qlζ
′

l strong

convergence in L2(I × Q), ∀l = 1, 2 and
−→
Υn −→

−→
Υ weak convergence in(L2(I ×

Q))2, we get
The left hand side of (27) converges to∫ T

0

[(Y, q1)ζ
′

1(t) + [(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1)− (BZ, q1)]ζ1(t)]dt (29)
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and the left hand side of (28) converges to∫ T

0

[(Z, q2)ζ
′

2(t) + [(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2) + (BY, q2)]ζ2(t)]dt (30)

(Y 0
n , q1n)ζ1(0) converges to(Y 0, q1)ζ1(0) (31)

(Z0
n, q2n)ζ2(0) converges to(Z0, q2)ζ2(0) (32)

Since qln −→ ql weak convergence in L2(D), ∀l = 1, 2, we get∫ T

0

[(F, q1n) + (W1, q1n)]ζ1(t)dt converges to

∫ T

0

[(F, q1) + (W1, q1)]ζ1(t)dt (33)

∫ T

0

[(G, q2n) + (W2, q2n)]ζ2(t)dt converges to

∫ T

0

[(G, q2) + (W2, q2)]ζ2(t)dt (34)

From the above convergences, we get

−
∫ T

0

(Y, q1)ζ
′

1(t)dt+

∫ T

0

[(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1n)−

(BZ, q1)]ζ1(t)dt =

∫ T

0

[(F, q1) + (W1, q1)]ζ1(t)dt+ (Y 0, q1)ζ1(0)

(35)

−
∫ T

0

(Z, q2)ζ
′

2(t)dt+

∫ T

0

[(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2)+

(BY, q2)]ζ2(t)dt =

∫ T

0

[(G, q2) + (W2, q2)]ζ2(t)dt+ (Z0, q2)ζ2(0)

(36)

Now, take ζl, ζl(0) = ζl(T ) = 0,∀l = 1, 2 in (35) and (36), then applying integra-
tion by parts to the first terms of (35) and (36), we get∫ T

0

< Yt, q1 > ζ1(t)dt+

∫ T

0

[(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1n)−

(BZ, q1)]ζ1(t)dt =

∫ T

0

[(F, q1) + (W1, q1)]ζ1(t)dt

(37)

∫ T

0

< Zt, q2 > ζ2(t)dt+

∫ T

0

[(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2)+

(BY, q2)]ζ2(t)dt =

∫ T

0

[(G, q2) + (W2, q2)]ζ2(t)dt

(38)

Hence (Y, Z) is a solution vector of ((10)-(11)).
Also, take ζl, with ζl(0) ̸= 0 and ζl(T ) = 0, ∀l = 1, 2 , by applying integration by
parts to the first terms of (37) and(38), we obtain

−
∫ T

0

(Y, q1)ζ
′

1(t)dt+

∫ T

0

[(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1n)−

(BZ, q1)]ζ1(t)dt =

∫ T

0

[(F, q1) + (W1, q1)]ζ1(t)dt+ (Y (0), q1)ζ1(0)

(39)
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and

−
∫ T

0

(Z, q2)ζ
′

2(t)dt+

∫ T

0

[(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2)+

(BY, q2)]ζ2(t)dt =

∫ T

0

[(G, q2) + (W2, q2)]ζ2(t)dt+ (Z(0), q2)ζ2(0)

(40)

Subtracting (39)-(40) from (35)-(36) respectively, we get (12)-(13).
To demonstrate the strong convergence for (Y, Z) in (L2(I ×Q))2:
By putting q1 = Y and q2 = Z in (10) and (11) respectively, adding the two
obtained equations. Subsequently by setting q1 = Yn and q2 = Zn in (14) and
(15) respectively and adding the two obtained equations then integrating over
0 ≤ t ≤ T to get∫ T

0

[<
−→
Υ t,

−→
Υ > +B(

−→
Υ ,

−→
Υ)]dt =

∫ T

0

(F, Y )+ (W1, Y )+ (G,Z)+ (W2, Z)dt (41)

where B(
−→
Υ ,

−→
Υ) = (∆Y,∆Y )+(∇Y,∇Y )+(Y, Y )+(∆Z,∆Z)+(∇Z,∇Z)+(Z,Z)

is a bilinear form. And ∫ T

0

[<
−→
Υnt,

−→
Υn > +B(

−→
Υn,

−→
Υn)]dt

=

∫ T

0

[(F, Yn) + (W1, Yn) + (G,Zn) + (W2, Zn)]dt

(42)

where B(
−→
Υn,

−→
Υn) = (∆Yn,∆Yn)+(∇Yn,∇Yn)+(Yn, Yn)+(∆Z,∆Zn)+(∇Zn,∇Zn)+

(Zn, Zn)
Applying lemma(1.2) [13] to the first terms of (41) and (42), we get

1

2
∥
−→
Υ(T ) ∥(L2(D))2 −

1

2
∥
−→
Υ(0) ∥(L2(D))2 +

∫ T

0

B(
−→
Υ ,

−→
Υ)dt

=

∫ T

0

[(F, Y ) + (W1, Y ) + (G,Z) + (W2, Z)]dt

(43)

1

2
∥
−→
Υn(T ) ∥(L2(D))2 −

1

2
∥
−→
Υn(0) ∥(L2(D))2 +

∫ T

0

B(
−→
Υn,

−→
Υn)dt

=

∫ T

0

[(F, Yn) + (W1, Yn) + (G,Zn) + (W2, Zn)]dt

(44)

1

2
∥
−→
Υn(T )−

−→
Υ(T ) ∥(L2(D))2 −

1

2
∥
−→
Υn(0)−

−→
Υ(0) ∥(L2(D))2

+

∫ T

0

B(
−→
Υn −

−→
Υ ,

−→
Υn −

−→
Υ)dt = L1 + L2 + L3

(45)

Where L1 =
1
2
[∥

−→
Υn(T ) ∥(L2(D))2 − ∥

−→
Υn(0) ∥(L2(D))2 ] +

∫ T

0
B(

−→
Υn,

−→
Υn)dt

L2 =
1
2
[(
−→
Υn(T ),

−→
Υ(T ))− (

−→
Υn(0),

−→
Υ(0))] +

∫ T

0
B(

−→
Υn(t),

−→
Υ(t))dt

L3 =
1
2
[(
−→
Υ(T ),

−→
Υn(T )−

−→
Υ(T ))− (

−→
Υ(0),

−→
Υn(0)−

−→
Υ(0))] +

∫ T

0
B(

−→
Υ(t),

−→
Υn(t)−
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−→
Υ(t))dt, since

−→
Υn −→

−→
Υ 0

n strong convergence in(L2(D))2 (45a)

and
−→
Υn(T ) −→

−→
Υ(T ) strong convergence in(L2(D))2 (45b)

then(
−→
Υ(T ),

−→
Υn(T )−

−→
Υ(T )) −→ 0,with(

−→
Υ(0),

−→
Υn(0)−

−→
Υ(0)) −→ 0 (45c)

∥
−→
Υn(T )−

−→
Υ(T ) ∥(L2(D))2−→ 0,with ∥

−→
Υn(0)−

−→
Υ(0) ∥(L2(D))2−→ 0 (45d)

And since
−→
Υn −→

−→
Υ weak convergence in (L2(I ×Q))2 , then∫ T

0

B(
−→
Υ(t),

−→
Υn(t)−

−→
Υ(t))dt −→ 0 (45e)

Since
−→
Υn converges weakly to

−→
Υ in (L2(S))2 then

The right hand side of (44) −→
∫ T

0

[(F, Y ) + (W1, Y ) + (G,Z) + (W2, Z)]dt

(45f)

Hence (45) gives

∥
−→
Υn −

−→
Υ ∥(L2(D))2=

∫ T

0
B(

−→
Υn(t) −

−→
Υ(t),

−→
Υn(t) −

−→
Υ(t))dt −→ 0, then

−→
Υn −→

−→
Υ 0

n in(L2(I ×Q))2

Let
−→
Υ = (Y, Z) and

−→
Υ 1 = (Y1, Z1) be two solutions of (10) and (11), subtracting

the obtained equations from the other, and then putting q1 = Y − Y1 and q2 =
Z − Z1, we get

< (Y − Y1)t, Y − Y1 > +B(Y − Y1, Y − Y1)− (B(Y − Y1), Z − Z1) = 0 (46)

< (Z − Z1)t, Z − Z1 > +B(Z − Z1, Z − Z1)− (B(Z − Z1), Y − Y1) = 0 (47)

Adding (46) and (47), then applying lemma (1.2) [13] to the first term, we obtain

1

2

d

dt
∥
−→
Υ −

−→
Υ 1 ∥(L2(D))2 +

∫ T

0

1

2
∥
−→
Υ −

−→
Υ 1 ∥(H2(D))2 dt = 0 (48)

The second term of (48) is positive, Integrating (48) over [0, T ] w.r.t. (t), we get

∥
−→
Υ −

−→
Υ 1 ∥(L2(D))2≤ 0 implies ∥

−→
Υ −

−→
Υ 1 ∥(L2(D))2= 0 (49)

Integrating (48) over [0, T ], with using the initial conditions and (49), we get∫ T

0
1
2
∥
−→
Υ −

−→
Υ 1 ∥(H2(D))2 dt = 0 implies

∫ T

0
1
2
∥
−→
Υ −

−→
Υ 1 ∥(L2(I×Q))2 dt = 0

then
−→
Υ =

−→
Υ 1 □

4. Existence of a CCLCPOC

Theorem 4.1. If
−→
Υ and

−→
Υ + δ

−→
Υ represent the pair of state vectors that corre-

sponding to the pair of control vectors
−→
W and

−→
W + δ

−→
W in (L2(D))2 respectively,

then ∥ δ
−→
Υ ∥(L∞(I×L2(D))2≤ m ∥ δ

−→
W ∥(L2(S))2,∥ δ

−→
Υ ∥(L2(S))2≤ m1 ∥ δ

−→
W ∥(L2(S))2,

and ∥ δ
−→
Υ ∥(L2(I×Q))2≤ m̄1 ∥ δ

−→
W ∥(L2(S))2
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Proof. According to theorem 3.1, since (YW1 , ZW2) is a solution of ((10)-(13)), let
(ȲW̄1

, Z̄W̄2
) be a solution of ((10)-(13)) corresponding to (W̄1, W̄1) ∈ (L2(S))2, we

have

< Ȳt, q1 > +(∆Ȳ ,∆q1) + (∇Ȳ ,∇q1) + (Ȳ , q1)− (BZ̄, q1) = (F + W̄1, q1) (50)

< Z̄t, q2 > +(∆Z̄,∆q2) + (∇Z̄,∇q2) + (Z̄, q2) + (BȲ , q2) = (G+ W̄2, q2) (51)

(Ȳ 0(
−→
X ), q1) = (Ȳ (0), q1) (52)

(Z̄0(
−→
X ), q2) = (Z̄(0), q2) (53)

Subtracting ((10)-(13)) from ((50)-(53)) respectively, and setting δY = Ȳ −
Y, δZ = Z̄ − Z, δW1 = W̄1 − W1 and δW2 = W̄2 − W2 in the above resulting
equations, we obtain

< δYt, q1 > +(∆δY,∆q1) + (∇δY,∇q1) + (δY, q1)− (BδZ, q1)

= (F + δW1, q1)
(54)

< δZt, q2 > +(∆δZ,∆q2) + (∇δZ,∇q2) + (δZ, q2) + (BδY, q2)

= (G+ δW2, q2)
(55)

(δY (0), q1) = 0 (56)

(δZ(0), q2) = 0 (57)

By substituting δY = q1 and δZ = q2 in (54) and (55) respectively, adding the
resulting equations and using Lemma (1.2)[13], we have
1
2

d
dt
∥ δ

−→
Υ ∥2(L2(D))2 + ∥ δ

−→
Υ ∥2(H2(D))2= (δW1, δY ) + (δW2, δZ)

Since ∥ δ
−→
Υ ∥2(H2(D))2 is positive, and integrating over [0, T ] w.r.t. (t), then apply-

ing Cauchy-Schwarz inequality [8], it follows that∫ T

0
d
dt
∥ δ

−→
Υ ∥2(L2(D))2≤ 2

∫ T

0

∫
D
[|δW1||δY |+ |δW2||δZ|]d

−→
Xdt

≤ 2
∫ T

0
∥ δ

−→
W ∥2(L2(D))2 +2

∫ T

0
∥ δ

−→
Υ ∥2(L2(D))2

By applying the Bellman-Gronwall inequality, it follows that

∥ δ
−→
Υ ∥2(L2(D))2≤ 2e

∫ T
0 dt ∥ δ

−→
W ∥2(L2(S))2 , then ∥ δ

−→
Υ ∥2(L2(D))2≤ m2 ∥ δ

−→
W ∥2(L2(S))2 ,

where m = 2eT , =⇒∥ δ
−→
Υ ∥(L2(D))2≤ m ∥ δ

−→
W ∥(L2(S))2 , and

∥ δ
−→
Υ ∥(L∞(I×L2(D)))2≤ m ∥ δ

−→
W ∥(L2(S))2 ,

since ∥ δ
−→
Υ ∥2(L2(S)))2≤ Tm2 ∥ δ

−→
W ∥2(L2(S))2 , then

∥ δ
−→
Υ ∥(L2(S))2≤ m1 ∥ δ

−→
W ∥(L2(S))2 , m

2
1 = Tm2, since∫ T

0
d
dt
∥ δ

−→
Υ ∥2(L2(D))2 +2

∫ T

0
∥ δ

−→
Υ ∥2(H2(D))2≤ 2 ∥ δ

−→
W ∥2(L2(S))2 +2 ∥ δ

−→
Υ ∥2(L2(S))2

≤ m2
1 ∥ δ

−→
W ∥2(L2(S))2=⇒∥ δ

−→
Υ ∥2(L2(I×Q))2≤ m̄2

1 ∥ δ
−→
W ∥2(L2(S))2 , with m̄2

1 = 1 +m2,

then ∥ δ
−→
Υ ∥(L2(I×Q))2≤ m̄1 ∥ δ

−→
W ∥(L2(S))2 □

Theorem 4.2. The operator
−→
W −→

−→
Υ−→

W
is continuous from (L2(S))2 into

(L2(I ×Q))2 or (L∞(I × L2(D)))2.
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Proof. By using the inequality of theorem 4.1 and since
−→̄
Υand

−→
Υ are two solution

vectors that corresponding to
−→̄
W and

−→
W with δ

−→
Υ =

−→̄
Υ −

−→
Υ and δ

−→
W =

−→̄
W −

−→
W

one has ∥
−→̄
Υ −

−→
Υ ∥(L∞(I×L2(D)))2≤ m ∥

−→̄
W −

−→
W ∥(L2(S))2

Thus, the above operator is Lipschitz continuous from (L2(S))2 into (L∞(I ×
L2(D)))2. Moreover, by applying theorem 4.1 we get that the above operator is
Lipschitz continuous from (L2(S))2 into(L2(I ×Q))2. □

Lemma 4.3. [6] The QCF which is defined by (1) is weakly lower semicontinuous.

Theorem 4.4. Consider the QCF (1), if J(
−→
W ) is coercive, then the there exists

a CCLCPOC.

Proof. Since J(
−→
W ) is coercive and J(

−→
W ) ≥ 0, there exists a minimizing {

−→
W k} ∈

−→
V a, ∀k such that

limk→∞J(
−→
W k) = inf J(

−→̄
W ),

−→̄
W ∈

−→
V a with ∥

−→
W k ∥(L2(S))2≤ d, according to

Alaoglu theorem there exists {
−→
W k} such that

−→
W k −→

−→
W weak convergence in

(L2(S))2, k → ∞ by using theorem 3.1 we have a unique solution
−→
Υ k, then

there exists a sequence {
−→
Υ k} that corresponding to the control {

−→
W k} such that

∥
−→
Υ k ∥(L2(I×Q))2 ,∥

−→
Υ k ∥(L∞(I×L2(D)))2 and ∥

−→
Υ k ∥(L2(S))2 are bounded, then we get

−→
Υ k −→

−→
Υ weak convergence in (L2(I × Q))2,

−→
Υ k −→

−→
Υ weak convergence in

(L∞(I ×L2(D)))2 and
−→
Υ k −→

−→
Υ weak convergence in (L2(S))2(by Alaoglu the-

orem).

To find that the norm ∥
−→
Υ k ∥2(L2(I×Q∗))2 is bounded, let (10) and (11) be expressed

as

< Ykt, q1 >= −(∆Yk,∆q1)− (∇Yk,∇q1)− (Yk, q1) + (BZk, q1) + (F +W1k, q1)
(58)

< Zkt, q2 >= −(∆Zk,∆q2)− (∇Zk,∇q2)− (Zk, q2)− (BYk, q2) + (G+W2k, q2)
(59)

Adding (58) and (59), integrating both sides of the resulting equation over 0 ≤
t ≤ T , taking the absolute value and then applying Cauchy-Schwarz inequality,
we obtain∫ T

0
| <

−→
Υ kt,

−→q > |dt ≤∥ ∆Yk ∥s∥ ∆q1 ∥s + ∥ ∇Yk ∥s∥ ∇q1 ∥s + ∥ Yk ∥s∥ q1 ∥s
+ϵ ∥ Zk ∥s∥ q1 ∥s + ∥ F ∥s∥ q1 ∥s + ∥ W1k ∥s∥ q1 ∥s + ∥ ∆Zk ∥s∥ ∆q2 ∥s +
∥ ∇Zk ∥s∥ ∇q2 ∥s + ∥ Zk ∥s∥ q2 ∥s +ϵ ∥ Yk ∥s∥ q2 ∥s + ∥ G ∥s∥ q2 ∥s +
∥ W2k ∥s∥ q2 ∥s, since
∥ Yk ∥S≤∥

−→
Υ k ∥(L2(S))2 , ∥ Zk ∥S≤∥

−→
Υ k ∥(L2(S))2 , ∥ ∆Yk ∥S≤∥ ∆

−→
Υ k ∥(L2(S))2 ,

∥ ∇Yk ∥S≤∥ ∇
−→
Υ k ∥(L2(S))2 , ∥ ∆Zk ∥S≤∥ ∆

−→
Υ k ∥(L2(S))2 , ∥ ∇Yk ∥S≤∥ ∇

−→
Υ k ∥(L2(S))2 ,

∥ qlk ∥S≤∥ −→q k ∥(L2(S))2 ,∥ ∆qlk ∥S≤∥ ∆−→q k ∥(L2(S))2 , ∥ ∇qlk ∥S≤∥ ∇−→q k ∥(L2(S))2 ,

∥ Wlk ∥S≤∥
−→
W k ∥(L2(S))2 , ∥

−→
Υ k ∥(L2(S))2≤∥

−→
Υ k ∥(L2(I×Q))2 ,

∥ ∆
−→
Υ k ∥(L2(S))2≤∥

−→
Υ k ∥(L2(I×Q))2 , ∥ ∇

−→
Υ k ∥(L2(S))2≤∥

−→
Υ k ∥(L2(I×Q))2 , ∀l = 1, 2,

then
|
∫ T

0
<

−→
Υ kt,

−→q > dt| ≤ [6 ∥ Yk ∥(L2(I×Q))2 +2ϵ ∥ Yk ∥(L2(I×Q))2 +L̄1 + L̄2 + 2d]
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∥ −→q ∥(L2(I×Q))2≤ (K̄(C) + L̄) ∥ −→q ∥(L2(I×Q))2 , =⇒ |
∫ T
0 <

−→
Υkt,

−→q >dt|
∥−→q ∥(L2(I×Q))2

≤ ¯̄K, then

∥
−→
Υ k ∥(L2(I×Q))2≤ ¯̄K.

Since
−→
Υ k is a solution of ((2)-(9)), we have

< Ykt, q1 > +(∆Yk,∆q1) + (∇Yk,∇q1) + (Yk, q1)− (BZk, q1)

= (F +W1k, q1)
(60)

< Zkt, q2 > +(∆Zk,∆q2) + (∇Zk,∇q2) + (Zk, q2) + (BYk, q2)

= (G+W2k, q2)
(61)

Let ζ1(t), ζ2(t) ∈ C1[0, T ] such that ζ1(T ) = ζ2(T ) = 0, multiplying (60) and (61)
by ζ1(T ) and ζ2(t) respectively, integrating both sides over 0 ≤ t ≤ T and then
integrating by parts to the first terms of the resulting equations, we get

−
∫ T

0

(Yk, q1)ζ
′

1(t)dt+

∫ T

0

[(∆Yk,∆q1) + (∇Yk,∇q1) + (Yk, q1)−

(BZk, q1)]ζ1(t)dt =

∫ T

0

[(F, q1) + (W1k, q1)]ζ1(t)dt+ (Yk(0), q1)ζ1(0)

(62)

−
∫ T

0

(Zk, q2)ζ
′

2(t)dt+

∫ T

0

[(∆Zk,∆q2) + (∇Zk,∇q2) + (Zk, q2)+

(BYk, q2)]ζ2(t)dt =

∫ T

0

[(G, q2) + (W2k, q2)]ζ2(t)dt+ (Zk(0), q2)ζ2(0)

(63)

Since
−→
Υ k −→

−→
Υ weak convergence in (L2(S))2 and

−→
Υ k −→

−→
Υ weak convergence

in (L2(I ×Q))2, then we get the following convergence:

−
∫ T

0
(Yk, q1)ζ

′
1(t)dt+

∫ T

0
[(∆Yk,∆q1) + (∇Yk,∇q1) + (Yk, q1)− (BZk, q1)]ζ1(t)dt

converges to∫ T

0

[−(Y, q1)ζ
′

1(t)dt+ [(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1)− (BZ, q1)]ζ1(t)]dt

(64a)

and −
∫ T

0
(Zk, q2)ζ

′
2(t)dt+

∫ T

0
[(∆Zk,∆q2)+(∇Zk,∇q2)+(Zk, q2)−(BYk, q2)]ζ2(t)dt

converges to

−
∫ T

0

(Z, q2)ζ
′

2(t)dt+

∫ T

0

[(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2) + (BY, q2)]ζ2(t)dt

(64b)

Since (Yk(0), Zk(0)) is bounded in (L2(D))2 and according to the projection the-
orem, we have

(Yk(0), q1)ζ1(0) converges to (Y (0), q1)ζ1(0) (65a)

(Zk(0), q2)ζ2(0) converges to(Z(0), q2)ζ2(0) (65b)
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And since
−→
W k −→

−→
W weak convergence in (L2(S))2, then∫ T

0

[(F, q1) + (W1k, q1)]ζ1(t)dt converges to

∫ T

0

[(F, q1) + (W1, q1)]ζ1(t)dt (66a)

∫ T

0

[(G, q2) + (W2k, q2)]ζ2(t)dt converges to

∫ T

0

[(G, q2) + (W2, q2)]ζ2(t)dt (66b)

By using ((64a)-(64b)), ((65a)-(65b)) and ((66a)-(66b)), we get

−
∫ T

0

(Y, q1)ζ
′

1(t)dt+

∫ T

0

[(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1)−

(BZ, q1)]ζ1(t)dt =

∫ T

0

[(F, q1) + (W1, q1)]ζ1(t)dt+ (Y (0), q1)ζ1(0)

(67a)

−
∫ T

0

(Z, q2)ζ
′

2(t)dt+

∫ T

0

[(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2)+

(BY, q2)]ζ2(t)dt =

∫ T

0

[(G, q2) + (W2, q2)]ζ2(t)dt+ (Z(0), q2)ζ2(0)

(67b)

Now, take ζ1(t), ζ2(t) ∈ C[0.T ], ζ1(0) = ζ1(T ) = 0, and ζ2(0) = ζ2(T ) = 0 and
applying integration by parts to the first terms of (67a) and (67b), we obtain∫ T

0

< Yt, q1 > ζ1(t)dt+

∫ T

0

[(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1n)−

(BZ, q1)]ζ1(t)dt =

∫ T

0

[(F, q1) + (W1, q1)]ζ1(t)dt

(68a)

and ∫ T

0

< Zt, q2 > ζ2(t)dt+

∫ T

0

[(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2)+

(BY, q2)]ζ2(t)dt =

∫ T

0

[(G, q2) + (W2, q2)]ζ2(t)dt

(68b)

Then < Yt, q1 > +(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1)− (BZ, q1) = (F, q1) + (W1, q1)
and< Zt, q2 > +(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2) + (BY, q2) = (G, q2) + (W2, q2)
Also, take ζ1(t), ζ2(t) ∈ C1[0, T ], ζ1(T ) = ζ2(T ) = 0, and ζ1(0) ̸= 0, ζ2(0) ̸= 0 and
using integration by parts to the first terms of (68a) and (68b), we obtain

−
∫ T

0

(Y, q1)ζ
′

1(t)dt+

∫ T

0

[(∆Y,∆q1) + (∇Y,∇q1) + (Y, q1n)−

(BZ, q1)]ζ1(t)dt =

∫ T

0

[(F, q1) + (W1, q1)]ζ1(t)dt+ (Y (0), q1)ζ1(0)

(69a)

and

−
∫ T

0

(Z, q2)ζ
′

2(t)dt+

∫ T

0

[(∆Z,∆q2) + (∇Z,∇q2) + (Z, q2)+

(BY, q2)]ζ2(t)dt =

∫ T

0

[(G, q2) + (W2, q2)]ζ2(t)dt+ (Z(0), q2)ζ2(0)

(69b)
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By subtracting ((69a)-(69b)) from ((67a)-(67b)) respectively, we have
(Y 0, q1)ζ1(0) = (Y (0), q1)ζ1(0), and (Z0, q2)ζ2(0) = (Z(0), q2)ζ2(0),

then Y 0 = Y (0) = Y 0(
−→
X ), Z0 = Z(0) = Z0(

−→
X )

Since by lemma 4.3 and
−→
W k −→

−→
W weak convergence in (L2(D))2

J(
−→
W ) ≤ limk→∞ inf J(

−→
W k) = limk→∞ J(

−→
W k) = inf J(

−→̄
W )

J(
−→
W ) ≤ inf J(

−→̄
W ) = min J(

−→
W ).Hence

−→
W is a CCLCPOC □

5. Necessary condition (NEC) of optimality

Theorem 5.1. The QCF is given in equation (1) and the coupled adjoint equa-
tions corresponding to (2)-(9) are derived by

−P1t +∆2P1 +∆P1 + P1 −BP2 = λ(Y − Yd) in S (70)

−P2t +∆2P2 +∆P2 + P2 +BP1 = λ(Z − Zd) in S (71)

P1 = 0 on ∂S (72)

∂P1

∂n
= 0 on ∂S (73)

P2 = 0 on ∂S (74)

∂P2

∂n
= 0 on ∂S (75)

For
−→
P = (P1, P2), then the FR derivative of the QCF is obtained by

(∇J(
−→
W ), δ

−→
W ) = (

−→
P +K

−→
W, δ

−→
W ), (W1,W2) ∈

−→
V a

Proof. The WF of (70)-(75) is given by

− < P1t, q1 > +(∆P1,∆q1) + (∇P1,∇q1) + (P1, q1)− (BP2, q1)

= λ(Y − Yd, q1)
(76)

− < P2t, q2 > +(∆P2,∆q2) + (∇P2,∇q2) + (P2, q2) + (BP1, q2)

= λ(Z − Zd, q2)
(77)

The existence of a unique solution for (76) and (77) can be established using the
method outlined in theorem 3.1.
By substituting q1 = P1 and q2 = P2 in (54) and (55) respectively, we obtain

< δYt, P1 > +(∆δY,∆P1) + (∇δY,∇P1) + (δY, P1)− (BδZ, P1)

= (F, P1) + (δW1, P1)
(78)

< δZt, P2 > +(∆δZ,∆P2) + (∇δZ,∇P2) + (δZ, P2) + (BδY, P2)

= (G,P2) + (δW2, P2)
(79)

Also, by setting q1 = δY and q2 = δZ in (76) and (77) respectively, to get

− < P1t, δY > +(∆P1,∆δY ) + (∇P1,∇δY ) + (P1, δY )− (BP2, δY )

= λ(Y − Yd, δY )
(80)

− < P2t, δZ > +(∆P2,∆δZ) + (∇P2,∇δZ) + (P2, δZ) + (BP1, δZ)

= λ(Z − Zd, δZ)
(81)
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By integrating both sides of ((78)-(81)) over 0 ≤ t ≤ T applying integrating by
parts to the first terms of each resulting equations, subsequently subtracting each
of these resulting equations from its corresponding original equation ((78)-(81)),
and finally adding the two resulting equations, we obtain

(δW1, P1) + (δW2, P2) = λ(Y − Yd, δY ) + λ(Z − Zd, δZ) (82)

Since
J(

−→
W + δ

−→
W )− J(

−→
W ) = (δW1, P1) + (δW2, P2) + (KW1, δW1)

+ λ
2
∥ δ

−→
Υ ∥2(L2(S))2 +

K
2
∥ δ

−→
W ∥2(L2(S))2 Or

J(
−→
W + δ

−→
W )− J(

−→
W ) = (

−→
P +K

−→
W, δ

−→
W ) + λ

2
∥ δ

−→
Υ ∥2(L2(S))2 +

K
2
∥ δ

−→
W ∥2(L2(S))2

By using the second inequality of theorem 4.1, we get
λ
2
∥ δ

−→
Υ ∥2(L2(S))2= ϵ1(δ

−→
W ) ∥ δ

−→
W ∥(L2(S))2 , with ϵ1(δ

−→
W ) =

m2
1

2
∥ δ

−→
W ∥(L2(S))2 and

K
2
∥ δ

−→
W ∥2(L2(S))2= ϵ2(δ

−→
W ) ∥ δ

−→
W ∥(L2(S))2

Then we obtain
J(

−→
W + δ

−→
W )− J(

−→
W ) = (

−→
P +K

−→
W, δ

−→
W ) + ϵ̄(δ

−→
W ) ∥ δ

−→
W ∥(L2(S))2 , where ϵ̄(δ

−→
W ) =

ϵ1(δ
−→
W ) + ϵ2(δ

−→
W ), and ϵ̄(δ

−→
W ) −→ 0, as ∥ δ

−→
W ∥(L2(S))2−→ 0

From the FR derivative, we obtain

(∇J(
−→
W ), δ

−→
W ) = (

−→
P +K

−→
W, δ

−→
W ), (W1,W2) ∈

−→
V a □

Theorem 5.2. The CCLCPOC of the above problem is
−→
P + K

−→
W = 0 with−→

Υ =
−→
Υ−→

W
and

−→
P =

−→
P −→

W

Proof. if
−→
W is an CCLCPOC of the problem, then

J(
−→
W ) = min J(

−→̄
W ), ∀

−→̄
W ∈ (L2(S))2 i.e., ∇J(

−→
W ) = 0 implies

−→
P +K

−→
W = 0

Then the NEC is (
−→
P +K

−→
W, δ

−→
W ) ≥ 0,∀δ

−→
W =

−→̄
W −

−→
W , then

(
−→
P +K

−→
W,

−→̄
W ) ≥ (

−→
P +K

−→
W,

−→
W ), ∀

−→̄
W ∈ (L2(S))2 □

6. Conclusion

The finite element method based on piecewise cubic Hermite basis functions is
applied to establish the existence and uniqueness of the state vector solution for
the coupled fourth-order linear parabolic equations with a fixed control vector.
The existence of an associated coupled optimal control vector is established rig-
orously.In addition, the existence and uniqueness of the adjoint system solution
is also demonstrated. The Fréchet derivative of the quadratic cost functional is
provided. Finally, yielding the necessary optimality condition.

Acknowledgement. The authors would like to express their gratitude to
the referee for the helpful remarks and recommendations that contributed to
improving this work.

References

1. Al-Hawasy, J. A. (2019) The continuous classical boundary optimal control of couple nonlin-
ear hyperbolic boundary value problem with equality and inequality constraints, Baghdad
Science Journal, 16(4),1064–1074. https://doi.org/10.21123/bsj.2019.16.4(Suppl.).
1064

https://doi.org/10.21123/bsj.2019.16.4(Suppl.).1064
https://doi.org/10.21123/bsj.2019.16.4(Suppl.).1064


OPTIMIZATION PROBLEM OF COUPLED FOURTH ORDER LINEAR PARABOLIC EQUATIONS15

2. Al-Hawasy, J. A., & Al-Ajeeli, N. A. (2021). The continuous classical boundary optimal
control of triple nonlinear elliptic partial differential equations with state constraints. Iraqi
Journal of Science, 62(9), 3020–3030. https://doi.org/10.24996/ijs.2022.63.9.18

3. Al-Hawasy, J. A., & Al-Rawdanee, E. H. (2020). Numerical Solutions for the Optimal
Control Governing by Variable Coefficients Nonlinear Hyperbolic Boundary Value Problem
Using the Gradient Projection, Gradient and FrankWolfe Methods. Iraqi Journal of Science,
special issue, 161-169. https://doi.org/10.24996/ijs.2020.SI.1.21

4. Al-Hawasy, j. A., Kadhem, G. M., & Naeif, A. (2020). Necessary conditions for optimal
boundary-control of couple linear parabolic partial differential equations. Iop Conference
Series Materials Science and Engineering Open source preview, 871(1), 012045. https:
//doi.org/10.24996/ijs.2021.62.12.24

5. Al-Rawdanee, E. H.,& Al-Hawasy, J. A. (2019). Mixed Methods for Solving Classical Op-
timal Control Governing by Nonlinear Hyperbolic Boundary Value Problem. First In-
ternational Conference Computer and Applied Sciences (CAS),IEEE, 125-130. https:

//doi.org/10.1109/CAS47993.2019.9075615

6. Al-Rawdanee, E. H. (2025).The Continuous Classical Optimal Control for a Couple Fourth
Order Linear Elliptic Equations. Jordan Journal of Mathematics and Statistics,18 (1), 27-
34. https://jjms.yu.edu.jo/index.php/jjms/article/view/662

7. Babrhou, Y., Fatima Cherkaoui, El Boukari, B., Hilal, K., & Kajouni, A. (2025). Analysis
and optimal control of a fractional-order SEAIR epidemic model with two-strains. Gulf
Journal of Mathematics, 19(1), 251-284. https://doi.org/10.56947/gjom.v19i1.2561

8. Hirsch, F., & Lacombe, G. (1999) Elements of functional analysis. Springer, New
York.https://doi.org/10.1007/978-1-4612-1444-1

9. Ouedraogo, E., Guel, B., & Tao, S. (2025). Optimal Control Approaches for a Fourth-
Order Parabolic Operator: Least-Regrets Strategies. Journal of Mathematics Research,
17(2). https://doi.org/10.5539/jmr.v17n2p35

10. Qin, Y. (2008). Nonlinear parabolic-hyperbolic coupled systems and their attractor.
Springer, London.https://doi.org/10.1007/978-3-7643-8814-0

11. Reshitko M.,& Usov, A. (2022),Neural network methods for optimal control prob-
lems. Computer Research Modeling, 14(3), 539-557. https://doi.org/10.20537/

2076-7633-2022-14-3-539-557

12. Rigatos G.,& Abbaszadeh M.(2021). Nonlinear optimal control for multi-Dof robotic ma-
nipulators with flexible joints. Optimal Control Application and Methods,42 (6), 1708-1733.
https://doi.org/10.1002/oca.2756

13. Temam, R. (1984). Navier-Stokes Equations:Theory and Numerical Analysis. AMS Chelsea
Publishing. https://doi.org/10.1090/chel/343

1 Department of Mathematics, College of Education, Mustansiriyah Univer-
sity,Baghdad, Iraq.

Email address: dr.eman-hussain@uomustansiriyah.edu.iq

2 Department of Mathematics, College of Science, Mustansiriyah Univer-
sity,Baghdad, Iraq.

Email address: jhawassy17@uomustansiriyah.edu.iq

https://doi.org/10.24996/ijs.2022.63.9.18
https://doi.org/10.24996/ijs.2020.SI.1.21
https://doi.org/10.24996/ijs.2021.62.12.24
https://doi.org/10.24996/ijs.2021.62.12.24
https://doi.org/10.1109/CAS47993.2019.9075615
https://doi.org/10.1109/CAS47993.2019.9075615
https://jjms.yu.edu.jo/index.php/jjms/article/view/662
https://doi.org/10.56947/gjom.v19i1.2561
https://doi.org/10.1007/978-1-4612-1444-1
https://doi.org/10.5539/jmr.v17n2p35
https://doi.org/10.1007/978-3-7643-8814-0
https://doi.org/10.20537/2076-7633-2022-14-3-539-557
https://doi.org/10.20537/2076-7633-2022-14-3-539-557
https://doi.org/10.1002/oca.2756
https://doi.org/10.1090/chel/343

	1. Introduction
	2. System Description
	3. Solution of the Problem
	4. Existence of a CCLCPOC
	5. Necessary condition (NEC) of optimality
	6. Conclusion
	References

