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ABSTRACT. The main aim of this research work is first to establish the idea of
integral type theta-contractions and then establish certain novel fuzzy fixed-
point theorems for fuzzy mappings. The framework of b-metric spaces is used
for this purpose. The results are demonstrated with adequate illustrations.
Furthermore, an example is provided to justify the requirements of the proven
results. Lastly, to reinforce the validity of our results, an application is pro-
vided that authenticates the existence of a solution to stochastic Volterra in-
tegral equations by employing the axioms of the theorem. These new findings
will open the door for more study in this field and are unique in the literature
on b-metric spaces.
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1. INTRODUCTION

In mathematics, a fixed point (FP) is a value that does not change un-
der a given transformation. Fixed point theory has evolved into a rich and
multifaceted field comprising principles and methods from topology, analysis,
algebra, geometry, as well as discrete and computational mathematics. Met-
ric fixed point theory originates with the concept of Picard successive approx-
imations for establishing the existence and uniqueness of solutions to nonlin-
ear initial value problems, optimization problems, and dynamic system stability
studies. The Polish mathematician Stefan Banach [12] is credited with plac-
ing the underlying ideas into an abstract framework suitable for broad applica-
tions well beyond the scope of elementary differential and integral equations, see
[3, 11, 17, 18,22, 23, 24, 25, 26, 27, 28, 31, 32]. Another development is fixed
points for set-valued operators developed towards the mid-20th century with the
celebrated extensions of the Brouwer and Lefschetz theorems by Kakutani and
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Eilenberg-Montgomery, respectively. The Banach contraction principle was later
extended to multi-valued contractions by Nadler [21].

The notion of a b-metric space (BMS) is initially proposed by Bakhtin [13] in
1989. Czerwick [15] used this idea to establish a generalization of Banach con-
traction principle in such spaces by weakening the triangular property of metric
spaces. In 1965, L. A. Zadeh [7] introduced fuzzy sets in his ground breaking
work, which served as the basis for the fuzzy set (FS) theory. One of the most
significant advances in fuzzy set theory is the discovery of the fuzzy equivalents
of Banach contraction principle. Nadler’s result [21] on a metric space for multi-
valued mappings (MMs) is equivalent to Heilpern’s FP theorem [16] for fuzzy
mappings (F.Ms). Recent research on fuzzy mappings on BMS by Batul et
al. [2] can be seen for better understanding in this regard.

Branciari [] established a few FP results for mappings that meet integral-type
contractive criteria. Branciari introduced a self-mapping S on U that meets the
following condition:

5(S(c1),S(c2)) G(c1,c2)
/ A(Q)d(s) < A / A (9)d(c),
0 0

where A : [0,00) — [0,00) is Lebesgue integrable and summable on each com-
t

pact subset of [0, 00) and / A (5)d(s) > 0 for each t > 0 with a metric space
0
(U,5), A € (0,1), and ¢y, ¢y € U.

This research is focused on the concept of fuzzy ©-type generalized almost con-
traction mappings (Feo GAC). The main objective is to use Fo GAC in order to
generalize the result of Kanwal et al. [30].

2. PRELIMINARIES

Definition 2.1. Let = be the class of functions A : [0, 00) — [0, 00) so that:

(i): A is a Lebesgue integrable function and summable on each compact subset
of [0, 00);
t
(i): / A (€)d(s) > 0 for cach t > 0.
0
(iii): A is non-increasing on [0, c0).

Definition 2.2. [20] A mapping A is called an FM mapping if A maps U into
F (U).
For a number ar € (0, 1], an alpha-level set of a fuzzy set F is defined as

[Fo, :{c cU:F(c) > ap}, if ap € (0,1],
Flo ={c € U F(e) >0},
where A means the closure of the set A.

Definition 2.3. [(] Let (U, ;) be a complete BMS and R, I" be the pair of F Ms.
Let oy and argy € (0,1]. Then, f € U is said to be a common a— fuzzy FP if
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f e [R(f)] N[I(f)] where [R(f)] and [I'(f)]

are the alpha-level sets

QR(f) ap(f) QR(£) ap(f)
of fuzzy sets R(f) and I'(f), respectively.
Recently, Samet et al. [29] introduced a new type of contractions, which is

called the ©-contractions and established some new FP results.

Definition 2.4. Consider a mapping © : (0,00) — (1, 00) so that:

(A1): © is nondecreasing;

(05): for any sequence {a,} C (0,00), lim ©(a,) =1 if and only if lim «, = 0%;
n—oo

Oa) -1
(f3): there exist k € (0,1) and [ € (0, 00| so that lim % =
a—07t (0%

A function S : (U) — U is known as a © contraction if there is © that satisfies
the conditions (6;) — (05) and a number k € (0, 1) so that for all ¢;,cy € U,

5(Sci1, Scy) # 0 = O(63,(Scy, Sco)) < [O(Gp(cy, c2))]*.

Later on, motivated by the idea of Samet et al. [29], Ameer et al. [1] presented
the following definition:

Definition 2.5. Let s > 1. Denote 6, the set of all functions © : Rt — RT,
which fulfills the following conditions:

(015): © is non-decreasing;

(Bo5): for each sequence {t,} C RT, nh—glo O(t,) =1« limt, =0";

n—o0

o(t) -1
(035): there exist k € (0,1) and [ € (0, 00] so that lim (+ =1
t—0+ t

(045): for each sequence {t,} C R*, such that O(st,) < [0(t,_1)] V n € N then
O(s"t,) < [O(s" 1t,_1)]* for some k € (0,1) and Vn € N.

Definition 2.6. [8] Let CB(U) be the family of closed and bounded subsets of
the BMS (U, 6). For ¢; € U and S, T € CB(U), set

5’b(C1, T) = c2%§(5b<cl, Cg)).
Define H: CB(U) x CB(U) — [0, +0) as

H(S,T) :max{ sup a,(cy, 1), sup 5b(c278)},

cleS c€eT
then, (CB(U),H) is named as a Pompeiu-Hausdorff metric space.

Lemma 2.7. [10] Every sequence {c, }nen of elements from a BMS (U, 6y) sat-
isfying the property
p(Cnr1,Cn) < Kop(cn,cno1), V K €[0,1),
is a Cauchy sequence.
Lemma 2.8. [8] Let (U,dy) to be a complete BMS. For S,T € CB(U), s >0

and v € S, take
ap(v, T) < sH(S,T).

Definition 2.9. [19] Let p be the set of strictly increasing functions in a BMS,
¢ : Rt — R* such that
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oo

(p1): ZS”@” < 400, where ¢" denotes the nth iterate of ¢;
n=0

(p2): ¢(t) <tV t>0and ¢0) =0Vt =0. Then, it is called a comparison
function on BMS.

Lemma 2.10. [1] If {P,} is a sequence in [0,00) and ¢ € =, then
P

lim P()d(s) =0 < P, — 0 as n — oc.

n—aoo 0

Lemma 2.11. 9] Let (U, ;) be a complete BMS. For S,T € CB(U) and v € S,
then, for any w € T,

o (v, T) < ap(v,w).

In 2016, Anita et al. [11] proposed the following result in the context of a FM
as follows:

Theorem 2.12. Assume (U,5,) to be a complete BMS, and let the FM R :
U— F(U), such that ¥V c1,co € U and 3 ¢ € p,

H([%<C1)]OC§R(C1)7 [§R<C2)]Oé§re(c2) < QO(H(CM C2)))7
where
[1(c1, ) =max { (e, €2), &1, [R(E e, ) 5Ca: [R(C2) g, )

{&<C17 |:§R(C2):|a§)?(c2)) + 5-((:27 [m(cl)]am(cl))}}
2s ’
aney € CB(U) is non-empty and ap(ci) € (0,1]. Then, R has an

where [R(cy)]
a-fuzzy FP.

3. MAIN RESULTS

Throughout the article, , is considered as a complete BMS. Motivated by the
ideas of Anita et al. [11] and Kanwal et al. [30], we will introduce fuzzy ©-type
generalized almost contraction mappings (Fe GAC) in BMS as follows:

Definition 3.1. Suppose that (U,d;) is a complete BMS with s > 1, then
the pair ®,T : U — F(U) is said to be FoGAC if V ¢1,¢c0 € U, [T'(cy)]

QOT(cq)?
[R(c2)]an,, € CB(U) are non-empty and agc,), ar(c,) € (0,1], such that
B(R(c)ange,» [T(C2)larpey,)) > 0,
[0 (SHIR (D)o, [(2ap )]
/ A(s)ds
0
[© (1(e1,c2) ) 15+ LD (c1,c2)
< A(s)ds (3.1)
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where © € 6, L > 0,
I1(cy, ¢2) =max {5b(C1» c2), Gp(c1, [R(c)]an,) ) Tv(c2, [F(c2)]ar,) ),

{ov(cr, [M(c2)lar,,) + Tvlce, [R(ct)]an,,)}
2s }’

and

D(er,c2) = min {53(c1, R gy ) Fo(c2, [D(e2)ar)

5(;((317 [F<C2)]ar(c2))7 5b(c27 [%(Cl)]am(cl))} :

Theorem 3.2. Let (U,5,) be a complete BMS with s > 1 and R,T" be the pair
of FoGAC. Then, there is c” € U such that c* € [R(f))] N [I(f)]

Proof. Let ¢ € U. By hypothesis, there is ag(,) € (0,1] such that [R(co)lap,,
is non-empty in CB(U). Let ¢; € [R(co)lap,,- There is ar,) € (0,1] such that
[I'(c1)]ar,, is non-empty in CB(U). By using Lemma 2.8 and Definition 3.1,

[©(as(c1, [T(er)]are,) )] < [OE([R(c0)]an) T(e)lare) )]

R (£) or() *

That is,
[O(s53(en (e e, ) [O(SH([R(€0) gy ) [T (€1 ) )
/ a0 < | A (940
0 0
[©(I(co,c1))]"+ LD (coc1) (3.2)
S/ A ()d(s).
0
Recall that
O(as(ca, [I'(e1)]ap(,,)) = fle[F(icIll)I?aml) O(0b(c1, f1))-
Thus,
inf  [O(Gy(ci,1))] < [O((co, c1))]F + LD(co, c1).
fle[r(cl)]ap(q)
Now, there is ¢z € [I'(c1)]ay,,- S0, (3.2) becomes
[©(6p(c1,e2))] [©(I1(co,c1))]"+LD(co,c1)
/ INOICEY A (3
0 0
Now,
II(cop, c1) < max {5b(C0, c1), 6s(co, c1), Gp(c1, C2),
{Gb(co, c2) + ap(c1,c1)} }
2s '

Then

II(co, c1) <max {&b(co, c1),0p(cy, cg)}.

and
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D(cp,¢1) =min {6b(CO:C1)>&b(claCQ)a6b<C07C2>76b(C1:C1)}a
@(Co,C1> :5'b(C1,C1) =0.
If we take
max {&b<C07C1);5b(C17C2)} = 0p(cy, C2),

then (3.3) becomes

[©(s5p(c1,c2))] [©(6(c1,c2))]*
/ A ()d(<) < / A ()d(<).
0 0

It is a contradiction.
Thus,

max {6b(c0, 1), op(c, Cg)} = dp(co, €1).

So, (3.3) becomes

[©(s6p(c1,c2))] [©(61(co,c1))]*
/ A ()d(<) < / A ()d(<).
0 0

Now, there is ag(c,) € (0, 1] such that [R(c2)]ag(c,) i non-empty, and € CB(U).
By Lemma 2.8 and contraction condition, we have

A (¢)d(s) <

[G(S&b([%(CQ)]am(CZ) ,c2))] [G(SH([%(CQ)]%R(CQ) 7[F(C1)}(¥F<C1) )]
/ / -
0

0
[©(TI(c1,c2))]*+LD(c1,c2) (34)
= / A ()d(s)-
0
One writes
[O(5(ca, [§R<C2)]a§n(c2)))] = f2€[%(1c121)€a%(62) O(6p(ca, ).
Thus,

inf O(p(ca, f2)) < [O(Fp(cy, )" + LD (cy, c2).

fae [§R(52 )]O‘S‘E(cg)

Now, there is c3 € [R(c)] such that (3.4) becomes

AR (c)?
[©(s5p(c2,¢3))] [©(I1(c1,c2))]*+LD(c1,c2)
/ &0 < | AU (39)
0 0
Now,
II(cqy, c2) <max {5b(C1, C2), 0p(c2, c3), Op(c1, C2),

{G(c1,c3) + dp(ca, c2)} }

2s '

Thus,

H(Cl, Cz) =max {5’b(C1, Cg), 5‘b(C2, Cg)}.
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and
D(c1,Ccz) =min {5b(C2>C3),5b(C1,C2),&b(C2,C2),5b(C1>C3)} ;
@(Cl, C2> :5'b(C2,C2) = 0.
By taking

max {&b(cl, Cg), 5’b(C2, Cg)} = 5’b(C2, Cg).

the inequality (3.5) becomes

[©(s6p(c2,c3))] [©(6(ca,ca))]”
/ A ()d(<) < / A ()d(<).
0 0

It is a contradiction. Thus,

max {5b(c1, C2), Op(Ca, c;;)} = Gp(cy, Ca).

So, (3.5) implies that

[O(s0(c2,c3))] [©(Gs(c1,¢2))]*
/ 2006 < | £ (94(s)
0 0

Following this process, we construct a sequence {c,} € U for all n € N such
that cani1 € [R(con)]ap,,]> and cani2 € [[(c2ni1)]ar,, ) in order that

[©(sGp(c2n+1,C2n+2))] [©(6(can,c2nt1))]”
/ A (g)d(s) < / A (5)d(s). (3.6)
0

0
Also,

A (5)d(s). (3.7)

[©(s6(c2nt2,c2n+3))]
/ A ()d(s) <

/[9(5’[; (C2n+l 7C2n+2))} k

0 0

From (3.6) and (3.7) and by using 0,5, one writes

[O(s™6p(Cn,cnt1))] ©(s" 6p(cn—1,cn))]*
/ A (9)d(s) < / AQd).  (38)
0 0

This is extended as
[©(s"60(cnsCnt1))] [O(s" 153 (cn—1,cn))]*
/ & 0d0) < | £ (90

0 0
[O(s" 284 (cn—2.cn—1))]"

A (¢)d(s)

IA
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Since © € 0, by taking lim |, we get
n——ao0

Jim [0(51(c,. )] = 1.

Due to (), we get

: ~ _ 0+
lim s",(c,, Cri1) =07
n—rroQ

Also, in view (f35), there are p € (0,1) and r € (0, oo] so that
lim @(Sna:b(Cnv Cn—i—l)) —1 _

n——00 (Snab(cn7 Cn+1))p
Case 1. Let r < oo and C; > 0. Hence, there is ng € N such that V n > ny,

@(Sn5b(cn7 Cn+1)) -1

r.

—r| <.
(Sn(}b(cnycn-‘rl)p =
That is,
@(S UbECn,Cn+1)) - 1 Z r — Cl e Cl'
(8" (Cn, Cot1))P
Then,

5 n -
n[San(Cn, CTLJrl)]p < C_[@(s 0b<cn7 Cn+l))) - 1]
1
Case 2. Let r = oo and C; > 0. Then, there is ny € N such that for all n > ng,

O(s"ap(CnyCnr1))) — 1

C ~
' (Snab(cnv Cn+1>>p

IN

)
This gives us

n[5" Gy i1 )P < %[@(snﬁb(cn,cnﬂ)) —1].
In both cases, c_ll > 0 and ng € N so that for all n > ny,
n[s"6y(Cn, Cua1)]P < Cﬁl([@(&b(cmcnﬂ))] —1).
Now, we have

([©(G(co, 1)) = 1).

n[sn&b(cna Cn—i—l)] P <

D=

Since © € 0, by taking lim ,
n—-ao0

lim n[s"&p(cn, Cny1)]? = 0.
n—aoo

There is an integer n; so that for all n > nq,
n[s"y(cn, Cnt1)]? < 1.

This implies that
. 1
Snab(CTw Cn+l) S 1
ne
1
1

/[Sn&b@n,cwn A)d(e) < / " A(6)d(s).
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Now, we prove {c,} is a Cauchy sequence. Let m,n € N such that m > n > n,.
By using triangular inequality,

5-b(cna Cm) S Sn&b(cn; Cn—l—l) + Sn+15-b(cn+17 Cn+2) + 8n+2&b(cn+2) Cn+3)+

S sm_16b(cm_1, Cm)-

From above, we can write

5’b(cnycm) Sn&b (Cn7C7L+1) Sn+15’b(cn+1 7Cn+2)
[ seae <] A6 + | A+
0 0 0

n+2

&b(Cn+2,Cn+3) sm_l‘}b(cmfhcm)
/ AQA() -+ / A(E)].
0 0

That is,

1

&b(cn7c'rn) s* go O'b(Cn Cn+1

[ a0a0<Y | AG()
0 0

/0

> [T
Since 0 < p < 1, the series Z/”" A(s)d(s) converges. When m,n — oo, we

IN |/\
I} 7 ﬁ
3 L3
‘D"—“H

U\H‘H

Mg

obtain 6y(c,,cm) — 0. So, it is clear that {cn} € U is a Cauchy sequence in
(U,53). By completeness there is ¢* 3 {c,} — ¢*. Next, we claim that {c"} €
[F(c*)]ar(c*). Assume, on the contrary, that ¢* does not belong to [F(C*)]%(c*> (that
is, ap(c*, [F(C*)]O‘r(c*>) > 0), then there are ny € N and a subsequence {c,, } of ¢,, so
that &5(can,+1, [F(C*)]am*)) > 0, for all ny, > ng. Since 3(Cony+1, [F(c*)]ar(c*)) >0,

we have

INA
©)
—~
jas
—
=
—
O
[}
3
>
=
Q
3
o
NS
3
>
—
*
=
—
o
—
=
—
w
Ne
~

O88(Can 1. (g o))
We have

[9(85b(C2nk+1,[F(C*)}ar(c*) )] [O©(sH([R(c2ny, )]a%(C2 [T(e )]ar( * )]
J J ’
0

A ()d(s) <

[@(s&b(cznk-s-l,c*))}k
< / A (<)d(s).
0
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Now,
I(con,. ") =:nlaX‘{5ﬁ(c2nkac*)a5b(c2nkaﬁR(C2nk)]am«2nk))a5b(C*,[F(C*)]QF@*)%

{50{Cams I Ny o) + (" [Rlan o, 1)}
2s }

< max {34 (Can, 7). G1(Cangs Canr1),30(c”, ()

r(c*))’

{6b(c2nk’ [F(C*)]ar(c*)) + 61)(‘:*7 C2ﬂk+1)}
2s }

@(Can, C*) - mln {5-b(c2nk7 [%<C2nk)]aﬂ?(c2nk))7 &b (C*7 [F(C*)]QF(C*))7
5 (Can [0(C o)+ 30" [R(C2)ane,, ) -
S mln {&b(Can, C2nk+1)7 6'b(C*’ [F(C*)]a

53(Canis [T Ny ) + F0(C” o) |

Letting n — oo and using the continuity of ©, the equation (3.10) becomes

CIEACKIE ) O™ [N Nag o I
/ A ()d(<) < / A (<),
0 0

This leads to a contradiction. Hence, &,(c”, [['(c")]

INCED) )’

*

ar(c*)) =0,andc” € [I'(c )]ar(c*).
Similarly, one can easily prove that ¢ € [?R(c*)]a%(c*). Therefore, ¢ € [F(c*)]ar(c*>ﬂ
*

[R(c )]O‘mc*)' O
Remark 3.3. To ensure the mathematical correctness of Theorem 3.3, we assume
that the function A : [0,00) — [0,00) is non-increasing in addition to being
Lebesgue integrable. This guarantees that the function F(x fo . is
subadditive, which is essential for the Cauchy sequence argument

Moreover, the use of © in the integral upper limit combines the ©-contraction
mechanism with a Branciari-type integral contraction. While unconventional,
we adopt this construction under the above assumption on A to maintain the
contractive property and ensure convergence of the sequence {c¢,}.

Example 3.4. Let U = [0, 1] be defined 7, : UxU — R as 6,(cy, ¢2) = |c1 — o,
then (U, O'b) is a complete BMS with s = 2. Define ®,I" : U — F (U) by
o, f0<e< g,
o Cl <1
LOVES SN et
107 =%
1fq<t<1

\ 7
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Now, for ar and ay = 1, we have

Rl = 0, 2,
Pe2))a = [0, 52]

Since H([R(c1)]ap,, (€2)]ar(e)) = [ — $5° > 0 for ¢; # co. Now,

H(Clv CQ) =max {61)((:17 C2)> &b(ch [%(Cl)]am(cl) )’ &b(CQ’ [F(CQ)]OCF(CQ))a
{&b(cla [F<C2)]ar(c2)) + 65((:27 [%(Cl)]awcl))} }

2s
That is,
1= S+ leo = P
H(cl,cg):max{|cl—c2| |C1——|2 | Co — 2|2, { 30 5 15 }},
<ler — caf?,
and
D(er, €2) =min { (e, [R(1)ag,): 36(c2: [D(C2)ar,)
51(c1, [1(€2)Jarey s G0(C2: [R(E)Jagey -
We have
G
D(cy. { S G Cpp 0 Cip }
(c1,¢2) =min [y | |ca 30| 1 30| |c2 15)
<|14 2.
C
=15 1
Taking O(t) = 2V for some k = % € (0,1), we have
[O(H(R(C e, [Te2)lar )] [©(T(cr,c2))]F +LD(e1 )
/ A(s)d(<) s/ A(s)d(s), (3.11)
0 0

<1

[©(s(1 75— 551*)] [©(Jc1—c2|?))F+| {5 c1]?
= | Ao < [ £ (6),
0 0

[©(Jcr—c2|?)]*
< / A (9)d(s),
0

All assumptions of Theorem 3.2 with L = 1 are satisfied, and 0 is the FP of R
and I'.

If we consider L = 0 in Definition (3.1), then we have the following:

Theorem 3.5. Let (U,5,) be a complete BMS and let R, T be the pair of FMs
such that for each ci,co € U then 3 agc,), ar(c,) € (0, 1]
such that [R(c1)]ap, ) [['(c2)]ar,, € CB(U) are non-empty, and V ci,c2 € U,

B(R(e)]ane)s (T(€2)lare,) > 0,
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[O(sH(R (1) ae, ) D)l e,) ) [O(TI(c1,c2))]"
= / A (9)d(s) < / AQd(),  (3.12)
0 0

where © € O, and T(cq, o) is the same as in Definition 3.1. Then, there is a
common a-fuzzy FP of R and T'.

Remark 3.6. The following consequences follow from Theorem 3.2:

(1) By taking A(s) = 1 in Definition 3.1, Theorem 3.2 reduces to the ©-type
contraction case and guarantees the existence of a common fuzzy FP in
U.

(2) By setting I' = R in Theorem 3.2, we obtain the existence of a fuzzy FP
of the mapping R in U.

(3) By choosing L = 0, the contraction condition simplifies to a pure ©-
contraction, and the existence of the corresponding fuzzy FP still holds.

Remark 3.7. If we take s = 1, II = 5(cy, ¢o) and L = 0, then the results of Kanwal
et al. [30] become a special case of our results.

4. APPLICATION

In this section, we will find out the solution of the Volterra stochastic integral
equation system. If U is a non-empty set, A is an &-algebra of subsets of U and
P is a complete probability measure of A, then denote by (U,A, P) a probability
measure space. Let RT = [0,00). The expression C = C(R,, L5(U,A, P)) is used
to represent the space of all continuous and bounded functions on R™ with values
in Lo = L5(U,A, P). Consider the following system of Volterra stochastic integral
equations:

alt,p) = /Ot Ki(t,p, )f(p,c1(p, ) dp + B(t, ), (4.1)
and

a(t,p) = /Ot Ka(t,p, )f(p,ci(p, i) dp + B(t, ), (4.2)

where t > 0, u is a point of the non-empty set U, 5(t, i) is the stochastic free term,
¢ (t, 1) are unknown stochastic variables, Ky, Ky are stochastic kernels defined on
0 <p<t< oo, and f is a scalar function defined for t > 0.

A function that belongs to C(Ry, £2(U,A, P)) and satisfies (4.1) and (4.2) is
referred to a random solution.

Define BMS by
6[,(C1,C2) = max]cl(t) — Cg(t)‘z,
t€[0,t]
V ¢y, ¢ € C[0,t]. Then, (C[0,t],53) is a complete BMS with s = 2.
Theorem 4.1. Assume the following assumptions:
(1): f:C—C, B:Ry — Lo, K1, Ky : Ry X Ry X Ly — Lo are continuous.
(i1): V K1, Ko € K and X € (0,1). we have

K1 (t, p, 1) — Ka(t, p, p)|| < (MK
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(iid):

1t ca(t, 1)) = £t cat, )] < flen(t, i) — calt, pl|

< max ‘Cl(t, ,U) - C2(t> :u)‘
te[0,t]

2

Then, the integral equations (4.1) and (4.2) have a common solution in
C[0, t].

Proof. Consider U = C = C(Ry, L2(U,A, P)) to be endowed with the uniform
norm ||.||. Then, (U, ||.||) is a Banach space. Let P(,),E(,) € U, where

P(Cl):/o Ki(t,p, 1) (p,ci(p, ) dp + B(t, 1),

E(c) :/0 Ka(t, p, )f(p, calp, 1)) dp + B(t, ).

Given two arbitrary mappings A, B : U — (0, 1] of F M, and the pair I', R :
U — F (U) be given as

[(c))(t) = A(cr), if ci(t) = Py,
1 0, otherwise.
Also,
§R(C1)<t) — B(Cl), lf Cl(t) — E(Cl),

0, otherwise.
If we take ar, = A(c1) and ag, = B(c;), we have
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[G(SH([F(Cl)]aF(q) 7[%((:2)]03;((:2) )]
/ A (9)d(s)
0

©IP(e;)—Ee|D)]

A (s)d(s)

©(f Ki(tp.m)f(per(pu) dp +B(t,m)—(fg Ka(t,p.u)f(p.c1(p,p)) dp +B(t,1))])]
A (s)d(<)-

IA
S— S— S S >

O] fo Ki(t,p,u)dp — f3 Ka(t,p,) dp |[[If(p,c1(p.i))—F(p,c2(pora))])]
A (s)d(s)

IN

[O(K][e1 (t,2)—ca (t,0)] )] ¥
A (s)d(s)

1
v

A (s)d(s)

[©(le1(t.p) —ca(tm)l])]

IN

[O([maxe(0.a) c1 () —ca()[2)]

A (s)d(s)

IA

053 (c1,62))] ¥
< / A (9)d(s),
0

where 2 = k € (0,1). So, all the conditions of Theorem 3.2 are satisfied.
Hence, the integral equations (4.1) and (4.2) have a common solution. O

5. CONCLUSION

In this work, we established the existence of common fixed points FPs for a pair
of F Ms and multi-valued mappings within the framework of a complete BMS. A
generalized integral-type contraction is employed to achieve the required goal. An
example is also constructed, which authenticates the axioms of the proven result.
In addition, we applied the idea of F M to prove the existence of a solution to a
set of stochastic Volterra integral equations.
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