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HIGHER ORDER MELNIKOV FUNCTIONS FOR PIECEWISE
SMOOTH DIFFERENTIAL SYSTEMS WITH FOUR ZONES

KRISHNAT MASALKAR!* and SUBHASH KENDRE?

ABSTRACT. In this work, we develop a systematic algorithm for computing
Melnikov functions of arbitrary order for planar piecewise smooth Hamilton-
ian systems separated by the coordinate axes and perturbed within the class
of polynomial differential systems. Two equivalent formulations of the Mel-
nikov functions are obtained. The first formulation involves the flight times
and divergence integrals of certain vector fields along the trajectories of the
underlying Hamiltonian system, while the second formulation avoids the ex-
plicit use of flight times and trajectory expressions. By applying the resulting
Melnikov functions, we determine the number of limit cycles bifurcating from
planar piecewise Hamiltonian systems with four regions under polynomial per-
turbations.

1. INTRODUCTION

Smooth dynamical systems play a fundamental role in modeling and analyzing
a wide range of physical phenomena, including fluid motion, elastic deformations,
nonlinear optical effects, and biological processes. Nevertheless, many important
real-world systems fall outside the scope of smooth theory. Typical examples
include electrical circuits with switching elements, mechanical systems involving
impacts or free-play, frictional and sliding processes, and various control systems.
Such models naturally lead to nonsmooth or piecewise smooth dynamical systems;
see, for instance, [1].

The study of limit cycles is of central importance in the qualitative theory
of dynamical systems. One of the most famous open problems in this area is
Hilbert’s sixteenth problem, which asks for the maximum number and relative
positions of limit cycles of planar polynomial differential systems. When a planar
smooth differential system possesses a period annulus and is subjected to per-
turbations within a class of analytic or polynomial systems, a natural question is
how many limit cycles bifurcate from the period annulus.
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To address this problem, one commonly introduces a Poincaré map on a suit-
able transversal section and defines the associated displacement map. The num-
ber of isolated zeros of the displacement map corresponds exactly to the number
of limit cycles bifurcating from the period annulus. Expanding the displacement
map as a power series in the perturbation parameter ¢, the coefficient My (h) of €*
is called the Melnikov function of order k. If M;(h) = My(h) =--- = My_1(h) =
0, then the number of zeros of My (h) determines the number of bifurcating limit
cycles. In [2], explicit expressions for the first- and second-order Melnikov func-
tions were derived for polynomial perturbations, and these results were applied
to classical models such as the harmonic oscillator and the Duffing oscillator.

For nonsmooth or piecewise smooth differential systems, the computation of
Melnikov functions is considerably more challenging, and the complexity increases
rapidly for higher-order terms. In the smooth setting, an algorithm for comput-
ing higher-order Melnikov functions was developed by Iliev and Francgoise; see
[2]. However, no analogous general algorithm is currently available for piecewise
smooth differential systems.

The Melnikov function approach has nevertheless been extended to certain
classes of piecewise smooth systems. In [10], Liu and Han derived the first-order
Melnikov function for planar piecewise smooth Hamiltonian systems and applied
it to the study of limit cycle bifurcations. Subsequently, Liang, Han, and Ra-
manovski [9] investigated limit cycles arising from perturbations of a piecewise
smooth linear Hamiltonian system with a generalized homoclinic loop involving
a linear saddle and a linear center. Furthermore, Wang, Han, and Constan-
tinescu studied piecewise Hamiltonian systems with four switching lines under
first-order analytic perturbations in [12, 11]. More recently, Yang [13] obtained
the first-order Melnikov function for piecewise smooth near-Hamiltonian systems
separated by two straight lines.

In parallel, averaging theory and Melnikov methods have been extensively de-
veloped for piecewise differential systems in recent years; see, for example, [15],
[16], and [17]. Both approaches are classical tools for estimating the number of
limit cycles bifurcating from families of periodic orbits by analyzing the zeros
of the corresponding averaging or Melnikov functions. However, averaging the-
ory typically relies on an appropriate polar coordinate transformation. Recently,
it was shown in [14] that the averaging method and the Melnikov method are
not equivalent in the context of piecewise differential systems. In [(], the authors
studied the dynamics of solutions of semilinear partial differential equations which
is useful in biological applications. Dynamical systems originate from modelling
problems in biology. In [7], the authors studied the dynamics of solutions of spe-
cial kinds of delay differential equations. This motivates the study of piecewise
smooth dynamical systems.
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2. MELNIKOV FUNCTIONS IN TERMS OF TIME OF FLIGHTS
Let
H;, fij, 95 € C°(R?) and || << 1
Q) ={(z,y): >0,y <0}, ={(z,y): 2 >0,y >0}
Q3 ={(z,y): 2 <0,y >0}, ={(z,y): <0,y <0}

We aim to find the number of crossing limit cycles of a discontinuous piece-wise
linear near Hamiltonian differential system on R? given by

(&,9) = (Hiy(2,y), —Hia(z,9) + Y & (fis(2,9), 955(x,)), (z,y) € Q. (2.1)
j=1
For € = 0, we get unperturbed system
(@,9) = (Hy(z,y), —Hix(z,y)),  (z,y) €, i€{1,2,3,4}  (22)
and the four zones €2; i € {1,2, 3,4} separated by rays

I'y :{((Ii,y)i $:0,y<0},F2:{(:c,y): $>O,y20}
I3 ={(z,y): 2=0,y >0}, Ty ={(x,y): x <0,y =0}.

For the unperturbed system (2.2) to have a period annulus with crossing periodic
orbits, the following assumptions must be made.

(A;) There is an open interval J = (a,b) and a period annulus consisting of
family of crossing periodic orbits of type 1, L, with h € J such that each
orbit crosses the rays I'y, I's, '3 and I'y in points

A1(h) = (0,a1(h)), Az(h) = (az(h),0),
As(h) = (0,a3(h)) and As(h) = (as(h),0)
respectively, satisfying the following equations

HZ(AZ(h)) = HZ(AZ+1<h))7 1€ {1,2,3,4} where A5<h) = A1<h) for all h € J.

and
(As) crossing conditions(transversal conditions): For all h € J.
Hig(Az(h)) #0, (1 =1,2) Hiy(Asg(h)) # 0 (i = 3,4)
Hiy(Ar(h)) # 0 (1= 1,4) Hiy(As(h)) # 0 (i = 2,3).

Moreover for each h € J, the crossing periodic orbit
Ly Ay Ay U AyAs U AgA, U AL A,

passes through the four points A;(h), As(h), As(h), As(h).

Let the solution of the perturbed system (2.1) in € starts at A;(h) = (ai(h),0)
and meets at As-(h) = (az:(h),0) on I'y. Let the solution in €2y starts at As.(h) =
(ase(h),0) and meets the point As.(h) = (0,as(e,h)). Let the solution in €
starts at As.(h) and meets at Ay = (aqe(h),0). Finally the solution in € starts
at Aye(h) and meets at Ai.(h) = (0,a;1(e, h)) on I'y.
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FIGURE 1. Periodic trajectory of (2.2) and trajectory of the sys-
tem (2.1) .

The displacement map whose zeros give the number of limit cycles of the sys-
tem, has expansion in the powers of € as below:

k—1
Hy(Asc(h)) — Hi(A(h)) =Y e'M;(h)+ O("), forall he J,  (2.3)

where M; is i order Melnikov function. If M, is first non-vanishing Melnikov
function on J then number of zeros of M, is exactly equal to number of zeros of
the bifurcation function for sufficiently small € # 0.

The displacement map can be written as

d(e, h) =H1(As(h)) — Hi(A1)
=H,(A1c(h)) — Hi(A1:(h)) + Hy(Ase(h)) — H3(Asc(R))
+ H3(Ase(h)) — Ho(Ase(h)) + Ha(Aze(h)) — Hi(As:(h))
+ Hi(Ase(h)) — Hi(A1(h)) + Ha(A1e(h)) — Hi(Ase(h))
+ H3(Auc(h)) — H3(Aze(h)) + Ha(Asze(h)) — Ha(Az:(h)).

Let us define for i € {1,2,3,4}, h € J and |¢| << 1

dis1,i(e,h) = Hip1(Aip1e(h) — Hi(Ai1(h)) (2.4)
di,i(€7 h) = Hi(AiJrl,s(h)) - Hi(Ais(h)
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where Hy(z,y) = Hi(x,y), Ase(h) = A1c(h).

Therefore, the displacement map becomes

4 4
d(e,h) = dipri(e,h) + > dig(e, ). (2.6)
i=1 i=1
In [1], the authors obtained the first and second order Melnikov functions for the

system (2.1), which contains the time of flights of each subsystem as limits of
some line integrals involved. Motivated by this, we can develop an algorithm to
find higher Melnikov functions for the system (2.1).

The perturbed system is equivalent to the 1-form

dHZ + Z?ijij = O,Where de = szdl’ + Hiydy, Wi; = fzjdy — gijdx,
j=1

Inductively, for ¢ € {1,2,3,4} and j € N, We define the vector fields, associated
1-forms, and functions as follows.

For j =1:9¢;0= -1,V = —Ypwi = fudy — gndr = Firdy — G dz,
Ti(xvy) . . .
xi = (Fir, Gir), ¥in = / div(xi1) o ¢(xg, yo) dt,
0
(z,y) = " (Ti(z,y), x), uo).-

J
For j>2:¥;; = — Z%,j—kwik = Fy dy — Gij dx,
k=1

Xij = (Fij, Gig), ¥ij = / div(xi;) o d; (g, yo) dt,
0
(z,y) = ¢"(Ti(z,y), ), vp).

Here T;(z,y) denotes the time of flight of the trajectory starting at (zf, i)
and ending at (z,y), and ¢'(t,z,y) is the flow of the unperturbed Hamiltonian
system (2.2) in the region (;.

To develop an algorithm for computing all higher-order Melnikov functions, we
first establish two auxiliary lemmas.

Lemma 2.1. For the system (2.1) and for each i = 1,2,3,4, we have

k—1
dH;(x,y) = = Y _dRy(z,y)e’ — Uy (x,y)e" + O(*), k€N, (2.7)

§=0
where R;j(x,y) satisfies the following decomposition
Uii(z,y) = ¥ij(z,y)dH(z,y) + dRij(z,y), j € N. (2.8)

and in particular, Ry(z,y) = 1.
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the scalar function div(y;;) along the trajectories of x;o, we have

dis;
dt

Proof. Since x;0 = , and since 9;; is defined as the integral of

Xio(@/h’j) =

= div(xy;)-
Moreover,

dH; N dpij = (Hiptbijy — Hiythije) do A dy = —xi0(i;) dx A dy
= —div(yy;) dz A dy = —dV;.

Therefore, d(v;;dH;) = dip;; A dH; = d¥,;, and hence d( @DwdH) = 0. That
is, the 1—- form Ui — 1;dH; is closed.

Since the domain (2; is connected and 1-form W;; — ;;dH; is closed, there exist
a unique function R;; such that U;; = ;;dH; + dR;;.

Now using the above decomposition, we can prove (2.7) inductively.

For k = 1, we note that R;g =1 and dH; + Zngij =0.

j=1
Hence, it is clear that dH; = —cw; + O(e?) = —e¥y; + O(e?).
Further, for k£ > 2, consider the equation

k—1 n
(- Z wil€l> (dHZ + Zwij5j> =0
1=0 j=1

Expanding sums, we get,

k—1 k=1 k
vttt ~ (St ) = 3 -
j=1 1=0 j=1
Re-indexing last double sum, we have
k=1 k
22 twwe = | Y dawy | "
=0 j=1 m>1 I+j=m

0<I<k-1,1<j<k

k—1

m k
Z wimﬂ'”l’j) e" + (Z ¢i,k—j%j> e¥ + O(eMH).
j=1

m=1 \j=1

Therefore, we get

k—1 k—1 l k
dH, _Z ¢UdH Z (Z z/;i,ljwij> g — (Z wi,kjWij> ek—i-(’)(f?kﬂ) =0
j=1

j=1 =1 j=1



HIGHER ORDER MELNIKOV FUNCTIONS 7

k—1 k—1
Therefore, dH; — Y tydHie' + 3 Uyel = —Uyeb + O(F)
j=1 j=1

k—1

i@., dHZ + Z(\IJU — ’wdeZ)e’fj = —\Ijikffk + O(5k+1),
j=1
k—1

'ie., dHZ + Z Rije’fj = —‘Pik&'k + O(Ek+1).

j=1
Hence, we get the equation (2.8). Il

For integers n > k > 1, the partial Bell polynomial By, = B (1, ..., Tn_kt1)
is defined by

n—k+1

‘ ‘m
Bn,k = Z o [ H <%)] ) (29)
m=1

Jilgel e dnkta

where the sum runs over all nonnegative integers ji, jo, - . . , Jn_x+1 Satisfying
n—k+1 n—k+1
m=1 m=1

The complete Bell polynomial B, = B,(x1,xs,...,x,) is defined by

By =Y Bulx1, 22, Tnks1). (2.10)

k=1

Theorem 2.2 (Faa di Bruno). Let f and g be sufficiently smooth functions. Then
for any integer n > 1, the n-th derivative of the composite function f o g is given
by

n

L Flg(a)) = > F9(@) Bur(d' (2), 9" (2), ... g" V(). (2.11)

dz™
k=1

Let us write each of the coordinate function a;(e, h) of the point A;. as power
series of €. Suppose

ai(e h) =Y ﬁaij(h)eﬂ, fori =1,2,3,4
=0

be Taylor’s expansion of functions a;(e, h), and A;(h) = (0,a1(h)) = (0, a10(h)),

Az(h) = (az(h),0) = (ax(h),0), As(h) = (0,as(h)) = (0, as(h)) and

Ay(h) = (as(h),0) = (as0(h),0) be the points of intersection of the trajectory of

the unperturbed system (2.2).

Using Faa di Bruno’s formula and Taylor’s expansion, we have the following

lemma. Let us define Bell’s polynomial functions as Bl(]ﬁ)1 = Bim(aj,...,¢;—mi11)



8 KRISHNAT MASALKAR, SUBHASH KENDRE

Lemma 2.3. For system (2.1), the following expansions hold:

k

Hi(Ai) — = (Z Tl, 855 (Ai) By, )> el + 0",

=1

k

l
1 0"R;;
Rij(Aie) = Rij(4i) =) (E g A B“) el + 0",
r=1 "

=1

where z =y fort=1,3 and z = x for i = 2,4, and B,, denotes the partial Bell
polynomials.

Proof. We expand H;(A;.) and R;;(A;.) in powers of € about the point
A; = Ai(h) = A;(0, h).
Since A;. admits an expansion of the form
Aie = A + Z aime™,
m>1

the compositions H;(A;.) and R;;(A;:) can be written as Taylor expansions in the
single variable z. Applying Faa di Bruno’s formula yields the stated expressions,
with coefficients given by the partial Bell polynomials. O

Now we will construct an algorithm to find Melnikov functions of higher order.

Theorem 2.4. The k'™ order Melnikov function My for the system (2.1) is given
by

Mk(h) = al,k-

provided M;(h) = ay;(h) =0 for all i € {1,2,...,k — 1} where a} ;s are given by
(2.16), (2.17), (2.18) and (2.19).

Proof. We have the displacement function

4 4
h) = Z di+1,z’<57 h) -+ Z dii(&‘, h)
i=1 i=1
Using lemma 2.3, we can write

di+1 i(g h) = Hi+1(Ai+1,€> - Hi(Ai+1,e) = Hi+1(Ai+1> - Hz(AH-l)
(i+1)
aHZT—‘rl Bl,r l k+1
+Z( Tt (Aup) = | &'+ O

=1 r=1

(i+1)

i Bl'r 1
Z(ZaHr Ain)—, >€+@(k+)
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where z =z if i = 1,3 and z = y if i = 2,4 and note that A5 = A;.
Similarly,

di,i(€7 h) = Hi(Ai—i-l,s) - Hi(Ai,s) = Hz(Az—i-l) Hz(Ai)

)
k Lo Bl(z'+1) o k 8H”” Bl(i) l
2 T + 7
2| 2 g A= Z 82” A= | e

=1

Since

- ZgiMi(h) + O(e™) for all h € J,

the k' order Melnikov function M, is given by

4 k (i+1) ()
OH! B OH! = B
Mj,(h) :Z}:( Z+1 (Air) l’“ — () ll!v ) +O@EMY. (212)

From (2.7), for i = 2,3, 4, we have

k—1
dHl = — Z 5deij — €k\pik + O(€k+1).

j=0
Integrating along the arc of the trajectory of the perturbed system in €2;, we get
k—1
Hi(Aij1e) — Hi(Ai) = — Z(Rz'j(Ai-I—l,s) — Rij(A;0))e’ — ( - quk) e
=0 AieAigie
+ O(eFh).
This implies that,

Hi(Aipre) — Hi(Aig) = — S(Rij(/lm,g) — Rij(Aig))e’ — (/A ‘I’zk) e®

=0 AjAip1
+ O(eFh).
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Using lemma 2.3, we get

3 (30 2 P O Pl
9z Y ozr 1
=1 r=1
k—1 k l (i+1)
| OR! . B |
== (Rij(Ain) — Rij(A)e + > (Z 5 (i) )e“ﬂ
=0 I+j=1 \r=1 :
OR; B .
_ Z <Z 5 :J (Az) ll',r> 5l+] _ (//\ \Ilzk> 51@ + O(8k+1).
I+j=1 \r=1 % ’ AiAita

Comparing the coefficient of €¥ on both sides of the above equation we get
1 (OH] OH] ;
— S (Ai) BT — (A BY)
(azr ( +1) 827" ( ) k,r
! r (i+1) r (4)
OR B OR! B
ikl Lr Wl (4 l,r) _/ U, (2.13)
AiAii

_Z( g i) =~ Il

Let

k () k ! r (4)

OHT B, 8Rik—l By

Liir= L (A)—=, Ri'zg ——(A;)—— | .
2Jsk — azr( ]) A sk - ( 27 ( ]) /

Hence, the equation (2.13) becomes,

1 0H; 1 0H;
EW(&H)GHM - EE(Ai)ai,k + Liiv1k — Liik

=Riitie —Rije— | __ Wi

AjAi
Therefore,
. Do) K
i+1,k —8£ (A1) ik —%(Aiﬂ)
<(£i,i+1,k¢ —Liir) — Riitie — Riig) + /ATA?+1 \Ifm) (2.14)

Note that z = y when A; = A; or A3 and z = x when A; = Ay or A4 and last

equation holds for i = 2, 3,4 with A5 = Aj.
Similarly for i = 1, we have

1 0H
Ea—l(/b)azk + Lok =Riok — //\ U k.
A1 A,

k!
Therefore, ag, = 8H1 L () <£1 ok — Rigk + //\ \IIUC) ) (2.15)
2 A A,
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Observe that £, is a function of a;1,...,a;,—1 only, and since R;;; = 0 if
[ =k due to R;p = 1. Hence R, ;; becomes

k—1 (4)
aRz k—1 Bl r
Rijk =Y ( 5ot (A) = |-
r=1

=1

and hence is a function of a;q,...a;,—1 only. Hence the equations, (2.14) and

(2.15) can be solved explicitly for a; ;s. We write the equations and can find

a1,1,01,2,d13, - - - -

' (Ad) i ((E Liar) — (R R )+/ v )
O = 22— Quf — 55— — — — ,
1k 63_%1(’41) 4.k aa_?(Al) 4,1,k 4,4,k 4,1,k 4,4,k o 4k
(2.16)
G (As) k!
Ay = %a&k - 8H3 L (4,) (Lsapr — L3sr) — (Raar — Rasp) + /A/3A\4 U |,
(2.17)
asr = %am - % <<£2,3,k - £2,2,k) - (R2,3,k - R2,2,k) + /,4/273 ‘Ifzk) )
(2.18)
k!
g = 8H1 (A2> (£1 2.k — Rl 2,k + /A/A\ qjl,k) . (219)
We can solve the above equations recursively to find Mj, = ay . O

3. LIMIT CYCLE BIFURCATION

In this section, we find the number of limit cycle bifurcated from the period
annulus of some piecewise smooth systems with four zones using Melnikov func-
tions.

Example 3.1. Consider the piecewise smooth system on R? with
(017 02,03, 04) = (17 _17 _17 1)7

(I’,y) = (Jia 21’) + Zgj(fij(x7y)a gij(‘rvy))? (IL‘,y) € Qi7 (31)

i=1

fis(my) = > apst™y®s gyley) = D b’y

r4s=j r4+s=j

where

and
91:{$>0,y<0}, 92:{$>0,y>0},
Q3 ={x <0,y >0}, Q={z<0,y<0}.

For (01, 09,03,04) = (1,—1,—1, 1), the unperturbed system
(@,9) = (0, 27)



12 KRISHNAT MASALKAR, SUBHASH KENDRE

' /' (’/’ \K\

Iy A\
J / ! N /L) \‘\ \\
/ / \ A\

+ + WS 77
L A T RN R VAV
T S T S S T S SN N 4 / ,,’/ ror
T S T S N - VAA/ R
T L T T S R N N A A AL
I R N N R /A
L L T T T T T N S rororrt
TS T T S S S A NN L

o e o s s o mE

FIGURE 2. Period annulus of the system 3.1 at e =0

is Hamiltonian with H;(z,y) = o,y — 2*. The periodic orbit v, is given by
y:x2_h7 (xvy)GQb

=h— 27 ) 697

Vp Y x2 (z,y) 2 0<h < oo,
y=h—2a% (2,9) € s,
y:xQ_h7 (.’L‘,y)€Q47

with intersection points A; = (V'h,0), Ay = (0,h), Az = (—Vh,0), A, =
(0, —=h). For j = 1, wi1 = (an0x + ai1y) dy — (binox + bio1y) dx. Hence, My(h) =
4

Z //\ wi1. A direct computation yields M;(h) = Ah+ Bh3? + Ch°/?, where
i=1 Y Aidit

(5110 + ba10 + b310 + b410)>

DN | —

1
@110 — @210 — @310 + 0410) - g(bIOI — bao1 — b3o1 + b401)7

Sy

Il
Ut D W N

—

(CL101 + Q201 + A3z01 + CL401)~

Therefore, M;(h) has at most two positive zeros, and this bound is sharp. Con-
sequently, at most two limit cycles bifurcate from the period annulus under first-
order perturbations.

Assume that M;(h) = 0. By the higher-order Melnikov lemma, there exist func-
tions v;; such that w;; = dR;; + ¥;1dH;, and the second-order Melnikov function
is

4
M(h) = Z //\ (wiz + Pawin) -
i=1 JAidip
Since Wi1 = ((lil()l‘ + aiOly) d’y - (bilol‘ + bi()ly) de’, dHZ = O'Zd’y — 2x d$,
we can choose
¢z1<x) = (ailo—i—bml)x, 1€ {1,2,3,4}
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Moreover,
Wip = (%‘20332 + anzry + aiozyz) dy — (bi20$2 + binzy + biozyQ) dx.

Therefore, W5 = w;s + ¥;1w;1. Restricting W5 to I';(h) and integrating over each
arc yields

My(h) = arh + agh®? 4+ azh? + ash™? + azh?,

where «y are explicit linear combinations of aj.s, birs (1 + s = 2) and quadratic

combinations of a;10, a;o1, bi10, bio1. Consequently, Ms(h) has at most four positive

ZEros.

Assume that the first- and second-order Melnikov functions vanish identically,

M;(h) =0, My(h) = 0. Then the third-order Melnikov function for system (3.1)
7

is given by M3(h) = a1 3(h) = Z neh¥/?, where ny, are explicit linear combinations
k=1

of the third-order perturbation coefficients {a; s, b; s} and quadratic expressions

in lower-order coefficients.

That is, Ms(h) = s* (Bg + B15 + Bo8® + P35° + Byst + Bss® + ﬁ636>, s = vh. The

function Ms(h)/h is a polynomial in v/h of degree 6. Therefore, Ms(h) can have at
most six isolated positive zeros in (0, 1) (counting multiplicity). By choosing the
free third-order parameters so that Sy, 81,..., s are independent and alternate
in sign, one can construct a parameter set for which the equation M;z(h) = 0 has
six simple roots 0 < hy < hy < --- < hg < 1. Each simple zero corresponds to
a hyperbolic limit cycle bifurcating from the period annulus of the unperturbed
system. Hence, the perturbed piecewise smooth system admits at least six limit
cycles near the origin. This shows that the upper bound six is sharp.

In [5], authors studied the general piecewise linear 4-star-symmetric system of
the form

¥ =atr —y+ bt Y =z —aty+ct, (z,y) € R?, (3.2)

In first and third quadrants we take a*, b"¢™, while in third and fourth quadrants
we take a~,b~,¢”. They have given the conditions under which the system (3.2)
has center at infinity also they have shown that the existence of parameter values
such that the system (3.2) has five limit cycles.

Using Melnikov functions, we will give the number of limit cycle bifurcated
from the period annulus of the system (3.2) due to perturbation in the class of
systems having linear centers, as below.

Example 3.2. Consider the perturbed system obtained as a perturbation of the
linear center & = —y, y = x, within the class of systems (3.2). More precisely,
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consider

Zgj(fljaglj)a (%,y) € U Qs,
(&,9) = (—y,2) +{ 7% (3.3)

Zej(ijaQQj)a (z,y) € Q2 Uy,
j=1

where fij = aijx — y + byj, 9ij = T+ a;jy + cij, ie{l,2}, jeN,
O ={(z,y): >0,y <0}, Q= {(z,y): >0,y >0},
Qs ={(z,y): <0,y >0}, Q={(z,y): 2 <0, y <0}.
Observe that, in this configuration,
Yt =0, UQs, YT =0, UQ,.

From equations (2.16)—(2.19), we obtain the recursive relations for the coeffi-
cients aq g, Qo g, 3 k5 Qg ;-
For 7 € {1,2,3,4} we have 1,y = —1. For instance,

//\ Uy = //\ (a7 —y + b)) dy — (x + any + ca1) dx
A1As A1As

2m
= / |:(ha/21 cosf — hsin® + by )(h cos6)
3m/2

— (hcos@ + ag hsin + co1)(—hsin6) | db.

Consequently,
//\ Uy = —h* — (byy + c21)h, //\ Wy = h* — (b1 — cn) b,
A1A2 AQAS
//\ Wy = —h* + (b + c21) , //\ Uy = h*+ (b1 — ) he
A3A4 A4A1
Thus,
. h b21 + Co1 . h bll —Cn
0421—2+ 5 Q3= Qz 2+ 5
h b h by —
Q41 = —Q31 — §+—21 ;Cm, Q11 = Q1 +§+—11 5 Ao,
Since

Liivi1=2Lii1=Riit11=TRii1=0,
we conclude that
4

1

=1
Proceeding to second order, one obtains
Ms(h) = hajg = Cyh? 4+ C1h + Cy,

where Cy, Cy, Cy are explicit functions of the system parameters (see Appendix).
Hence, M(h) has at most two positive zeros. Since {1,h,h*} is a Chebyshev
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system on (0,00) and the coefficients are functionally independent, this upper
bound is sharp.

If My(h) = 0, then the third-order Melnikov function Mj3(h) = hays is a
polynomial of degree four. Therefore, the system (3.3) admits at most four limit
cycles generated at third order. Since {1, h, h? h3 h'} is a Chebyshev system on
(0,00) and the coefficients are free, this bound is also attainable.

Consequently, under third-order perturbations, system (3.3) can exhibit at
most six limit cycles bifurcating from the period annulus.

4. MELNIKOV FUNCTIONS WITHOUT TIME OF FLIGHTS

We can find all Melnikov functions M;(h), which do not depend upon the time
of flights. The expressions of the Melnikov function, which do not contain the time
of flight explicitly, are useful when the solutions of the unperturbed system(2.2)
are difficult to find, and explicitly getting the time of flight is difficult. First, we
will find the expressions of d;; and d;;1; in the following series of lemmas. Then
they are used to find the expression of the displacement map d(e, h). Finally, the
coefficient of €* in Taylor’s expansion of d(g, h) is the k™ order Melnikov function
My (h). Consider the periodic orbit and trajectory of the unperturbed system
((2.1) ) shown in following fig., which is useful to prove the series of lammas.

Als(h)

F1curE 3. Unperturbed and perturbed trajectories and switching
regions in the four quadrants.

Define the auxiliary coefficients ¢;; as follows

i—1

fti 1 Gt .
—1, L= S erigrioi+ o, €N, te{1,2,3,4}).
Ct0 ‘=, o 2. Cuj Guimy + s { }
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For i € NU{0}, t € {1,2,3,4} define integrals Iy, Iy, I3, I, 1-forms wy;, and Bell’s
(k)

polynomial B;,, and functions Ay, as below

) = [ (). 0 (o). o do
B = [ T (o). ) (o). o do

af 3r ag3r

dy ox

Lemma 4.1. Assume that system (2.1) satisfies (A1) and (As). Then dyi(g, h)
defined in (2.5) admits the expansion

d — 8H1 2] i k
n(eh) =>" Z as,0) B2 | &t + O(").

=0 m=1

Bl(l,?L = Bim(ar1, - Ohi—mi1,1), wa = ful2,y)dr + gu(z,y)dy, Ay =

The coefficients asj, j € N, are determined recursively by

8mH1 1om- flr 2)
"D (az,0 -, Z A Hpm—1 az, 0) By
m= r+t=i m=1
:/ W11+Z/ Ay (2, y) e (y) dy-
A1 Az r4t=i

Note that in following lemma take asp = a; and for dy; and ds3 take upper
limit of integral as a3 s at appropriate place. For | € {2, 3,4}, we have

Lemma 4.2. Assume that system (2.1) satisfies (A1) and (A2). Then dy(e, h)

in (2.5) expands as
)5 +O(eh).

dll 5 h Z(Z 8 ooy l+1 l+1 8 o
Lo H, (1+1) amHl flr
Z( aym (Al)Bz,vj; - (9% > T; a m—

The coefficients a;; and a;; satisfy
m=1 ) m=1

. Z Z o mglr B(z+1)

r4+t=1 'ml

/1;114[_'_1

aj41,s

aj+1
Z/ A, ) ue(y) dy + > / Aoy (,y) Iu(y) dy.

r+t=1i s+r+4+t=i
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Proof of Lemma 4.1. : Consider the perturbed system (2.1) and the displacement
du(s, h) = H1<A2’8) — Hl(Al) = //\ dHl = //\ (Hlxdl' + Hlydy)
A1As ¢ A1As ¢

Along the perturbed trajectory, we have
k—1 k—1
f=H1y+252fu+O(5k)a ?J:—H1m+25191¢+0(5k)7
i=1 i=1
which gives

T
L

Hlxi"'_Hlyy: (Hlelz+Hlyglz +O Zg W11+O
1

where Wy = fhdx — ghdy
Let €2, be the region bounded by the unperturbed orbit arc I'y := A;As, the
— o
perturbed arc I'y . := A; Ay, and the segment Ay A, .. By Green’s theorem,

/ Wi = / wh / flzdl' + // (afh - agh) dQTdy
AES A1Az A2A2 e 951 Ox

—
Expressing as(e, h) = Z] 0 ,a2]5 the line integral along Ay A, . can be expanded
using Faa di Bruno’s formula and Taylor series as

o . flz

To compute ffﬂl (8f1,~/8y — 8g1i/8x)dmdy, consider the homotopy
2(y,5) = wo(y) + s(z=(y) —wo(y)), 0<s<1.

/L(gyl - éqxl)d“’dy:/al (g; - 5;)(%@)—%0@))6@.

Along I' .,

Then

dr. i H <
ST S
= — = et +0E")),
ay ys Hlm i=1
where the coefficients cy; satisfy the recursive relation

Jui 1 .
C10 = 1, C1i = + C1591,i—j, 1€ N.
Hly le ]Zl ! !

Integrating gives

ra(9) ~ aoy) =~ > Z[z (wo(w), u)er;(wo(u), u)du + O(e").

Jj=1

Finally, combining all contributions, we obtain the compact formula for dy; (e, h)
and determines the coefficients ay; recursively. O
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Proof of lemma 4.2 for |=2. : The proof is analogous to that of Lemma 4.1.
By definition,

don(e, h) = Hy(Ay2) — Hy(As) = /  (Hyude + Haydy)
A2,5A3,E

= //\ (Hoy@ + Hoyy)dt.
A2,€A3,s

Along the perturbed trajectory in the first quadrant,

k—1 k—1

#=Hyy+ Y efut O, §=—Hyu+ > go+O("),

=1 i=1

k—1
So that, dys (e, h) = Zsi /A wai + O(eF).
=1 A

— 2,5A3,s
Using Green’s theorem and the regions (91, 299 as in Figure (3),

Wa; = / Wa; +/ g2idy —/ foidx + // dws;.
— — —_— _—
/AQ,aAs,s Az A3 A3A3z . AgAs ¢ Q21UQ22

The line integrals along A2A27; and A3A;. are expanded via Faa di Bruno and
Taylor series:

A )
fodr =Y & “(ag,0)B;7 + O(e"),
/A2A2,s j:l m=1 axmil ’
k—1 7 _
i 9" g 3 "
[ gudy =3 Y 5o (0,0 B + O
343 ;

The double integrals over €257 and 299 are expressed using homotopy and the

i—1
fai 1 ‘

= + c2iG2,i—j, ¢ €N, and
H2y H2x JZ:; ! !

recursive coefficients cg;: cog =1, ¢y

k—1 .
] as 6@ ag |
= —253 / Agj(l',y)fgj(y,U)dy—f— Z l_'/ Agjfgl(y,u)dy—i— O(gk)
j=1 70 /0

I+r+j=i
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Collecting all terms, we get

927" (3)
d22€h Z&f [/;}2145002@"‘2275' ayml , 3)B

r+t=t m=1
t
10" for
_ZZtl 633m? 2a tm Z/ AQ]xy[2jy7 )d
r+t=i m=1 J+r=t
> / Do (0, y) Iy, w)dy | + O(F). (4.1)
l4+r+j=i

Alternatively, by Faa di Bruno’s formula and Taylor expansion,

k—1 ) )
0™ H. 0™ H.
tnte) = 3|30l - 3 01

i=0 Lm=1 m=1

g+ 0(eh).

Comparing powers of € in (4.1) and the above expansion gives recursive rela-
tions for the coefficients ag; in terms of ay;. Proof for [ = 3 and | = 4 are very
similar to that of [ = 2. OJ

Remark 4.3. Also for i € {1,2,3,4}, we have d;1(e,h) = Hip1(Aip1.(h)) —
H;(A;11(h)). Using Faadi Bruno’s formula for differentiation of composite func-
tions and Taylor’s expansion, we have

10, .
di+1,i<€7 h) = Z lw(o, h)EJ + O(gk)

|
Pl e’
k—1 J m
= (Z ( Hiy — H;)(Aipa ) HB (1) ) el + O(eh),
j=1 \m=1

where, z = z if i € {2,4} and z = y if i € {1,3} and A5 = A;. Adding the

expressions from lemma 4.1, 4.2, we can find the expression
4

h) = Z My (h)e* = Z dii(e, h) + diy14(e, h). Also the quantities a;;
k=1 i=1
represents the Melnikov functions M;(h) for all j € N.
Now all above lemmas are unified as

Lemma 4.4. Consider the perturbed four-zone piecewise smooth system (2.1)
under assumptions (A1)—(Az). Let A;j(e,h), i = 1,2,3,4, be the successive in-
tersection points of the perturbed periodic orbit with the switching lines, namely

A1<€7 h) = (0,@1(8,]])), AQ(&, h) = (CLQ(E;‘, h),O), A3<€, h) = (O,ag(g,h)),

Ag(2,h) = (as(2,h),0), where a;(e,h) =a;+ Y _a; ;6" + O(e"), i € {1,2,3,4}.
j=1
Define dyi(e,h) = Hi(Aiy1(e, b)) — H;(Ai(e, b)), i€ {1,2,3,4} with the con-
k—1
vention As = Ay. Then for eachi € {1,2,3,4}, dy;(e,h) = diin(h) E"—I—O(sk),

n=0
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where forn € N,

aH—l
dn,n(h) - //\ Win + Z / zr l’ y (y) dy
AiAita rdt=
rt>1
a"L+1l
+ ) / A (2, y)Kir(y) dy.

l4+r+t=n
lrt>1

Ai+1 HZ )
and IC;1(y) = / H-y (z0(y), u) cit(z0(y), u) du, with the recursive coefficients
Yy 1T

f 1 t—1

2t

— 4+ — Ci'i_',tEN.
H, ' Ha Zjo 390t

Moreover, the full dz’splacer;zent function A(h,e) =1I(h,e) — h admits the

expansion A(h, g) Z Z diin(h e").

Example 4.5. Consider the piecewise smooth system

Cio = ]., Cit =

(

(_ya —$+1)+Z5j(flj,glj>, (C(],y) E§217
i=1

(_Z/, —T + 1) + Zgj(f2j7g2j>7 (ili',y) € 927

(@, 9) = w7 (4.2)
x)+zgj(f3jag3j)a (:B?y) €Q37
j=1
) + Zgj(f4jug4j)u (2,y) € Qu,
\ =1
where
filwy) = D aina™y’s  gilzy) = Y bina’y’,
r4s=j r+s=j
and

Q) ={x>0,y <0}, Qo={z>0y>0}
Q={r<0,y>0}, UY={r<0,y<0}

The unperturbed system has a saddle in the right half-plane and a center in the
left half-plane, with a period annulus (see Figure 4). Each periodic orbit

Fh = Fl(h) U Fg(h) U Fg(h) U F4(h),
passes through

Ay =(0,-h), Ay=(1-+v1-h20), A3=(0,h), As=(—h,0),
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FIGURE 4. Period annulus of system 4.2 at ¢ =0

where
k) iy = V@ T 1T Toh) iy =V T T T2,
T3(h):y=vVh2—a2, Tyh):y=—Vh2—a2
We compute the following line integrals for i € {1,2, 3,4},
//\ wi1, where wy = (a;107 + aio1y) dy — (birox + biry) dz.
AiAit

1—v/1—h2 HL’E
//\ W11 _/ (fn - 911H ) dx
A1As 0 ly

1 1
:Z<a101 — bno)hz 111(1 — hz) -+ Z(bno — a101) hl(l — h2)
1

1
— 5(60110 + bio1)h?* — ari0(1 + V1 — h2) 2(61101 — bi10)h* In(1 — h)

1 1
- §(b110 —aion)h + §(a1o1 — b110) In(1 — h),

1—+v/1—h2 H233
//\ w21=—/ <f21—921H )dib’
A2A3 0 2y

1 1
= — Z(ag(n — b210>h2 11’1(1 — h2) + 1(6210 — (1201) 111(1 — h2)
1 1
+ 5(00210 + bao1 )h? — agio(1 + V1 — h2) + 5(0201 — by1o)h* In(1 — h)
1 1
+ 5(5210 — ago1)h — §(a201 — bo1o) In(1 — h),

—h
ng s 1 1 ™ 2
w31 :/ (f31 — g31 ) dr = (——a301 + zazi0 + 50301 — —5310> h*,
/A:L 0 H, 4 2 2 4

~h
H4x> (7‘(‘ 1 1 s ) 5
Wy = — — dr = | —a401 — =410 — =bso1 + =D h*.
/A/4A\1 41 /0 (f41 941 H, @401 = 58410 = 50401 T 70410
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The coefficients in ¢ — 17, © € N,j e {0,1,2} are given by Lemmas 4.1-4.2. We

@50
compute the correction terms / A (x,y)Lio(y) dy.
0

a10
/ Aq111pdy
0

—h —h u
—b du | d
/0 (@101 110) (/y STl u)

1 1 1
=—(—ayo1 + br1o)h + §(a101 — bllo)h2 In(1—nh)+ 5(—61101 + b110) In(1 — h)

2

1 1
—l— Z(—algl + bllO)h2 ln(l — hz) —|— Zl(alol — bllO) ln(l — h2)

(Analogous explicit formulas hold for Ay, Az, Ay; and are omitted here for
brevity.) From Lemmas 4.1 and 4.2, the coefficients «;; satisfy

a10
2V1—h?2ag = w1 + / Aq11pdy,
A Ay 0
a0
2hagy —2V1 — h? a9 = Way — / Aoy Irdy,
Ay A5 0

—2}7/0641 — 2h0131 = /
A3Ay

w31 + / A3y I50dy,

—2h0411 + 2h0&41 == / Wyl — / A41[40dy.

A A,
Hence, M;(h) = —2ha;; is a linear combination of the eight functions
h, h?, In(1 — h?), K In(1 — h?), In(1 — k), hK*In(1 —R), In(1 +A), 1+ V1 — h2.

The above 8 functions form an extended Chebyshev system on (0, 1). Therefore,
any nontrivial linear combination has at most 7 isolated zeros. Each simple
zero corresponds to a limit cycle. Then M;(h) has at most 7 zeros on (0,1).
Consequently, system (4.2) admits at most 7 limit cycles bifurcating from the
period annulus.
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2
¢y = 5(6101 + ag01 + azo1 + Cl401)- (5.3)
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Ezplicit coefficients of My(h): Assume that the first-order Melnikov function
vanishes identically. Then the second-order Melnikov function can be written as
My(h) = Agh —|— Byh®? + O h2 + Dyh®? + FE5h®, where the coefficients are given

4 4
by Ay = —= Z bizo, B2 = Z 020 — Z oibii1, Co = % Z b1,
i=1 i=1
4

D, = ;Zam,EQ = %Zam-

=1

Ezxplicit coeﬁiczents of M3(h): Assume that Mi(h) = 0, My(h) = 0. Then the
third-order Melnikov function can be written as
Ms(h) = Ash + Bsh®? + Csh? + D3sh®? + Fsh® + F5h"/?, where

4

A—14b B—24 1460—146 D—2
3__51'21 30 3—§;Uiai30—§;ai 215 S—E; 215 3—52%21,

2 o 2 o -
Es = ? Zam,Fs = 52%‘03-

i=1 i=1
Now we present the coefficient of Melnikov functions for the system (3.3).
First-order Melnikov function Mj(h): We have by definition,

4

M1(h) = Z/A/\ Wi(k),15

k=1 7 Ak Ak+1
where i(k) =1 for k = 1,3 and i(k) = 2 for k = 2,4. Substituting
= V2hcost, y=V2hsint, dr=—V2hsintdt, dy= vV2hcostdt,

we obtain
wit(Yn(t)) = (anx —y + bia)dy — (z + apny + ca)de
= la;1(2h cos® t) + 2hsin® t + by V2h cost + ¢;;V2h sin t] dt
Integrating over the four arcs yields
Ml(h) = 7Th(CL11 + CL21) =+ 2\/ 2h (bll — 621) + 2\/ 2h (Cll — 021).
Hence
M (h) = A1h + BV,
with
Ay =7(an + a2), B, = 2\/5(511 — boy + €11 — €21).
The condition M;(h) =0 is
ay + ag = 0, bi1 —bo1 +c11 — €1 = 0.

Second-order Melnikov function Ms(h): Assuming M;(h) = 0, the second-order

Melnikov function is My(h Z / wl (k)2 — Vi(k),1Wi(k),1 )
ApAgy1

t t

where ¥ (x,y) = / (&tfil + 8ygi1) on(s)ds = / (2a;1) ds = 2a;t.
0 0
Hence VU;, = w;p — 2a;1tw;p. Carrying out the same trigonometric integrations
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yields My(h) = Ash + Byh3/2,
where
Ay =m(a1a + agn) — W(“%l + a§1)a
42

3
Third-order Melnikov function Ms(h): Assuming M;(h) = My(h) = 0, the

By [(512 — bag + €12 — ¢22) — (a11b11 — a21bo1 + agic11 — ag1ca) |-

4
third-order Melnikov function is Mj(h) = Z//\ (wi(k)73 — Vi) 1Wik),2 —
k=14

kAk+1
t
¢i(k)72wi(k)71), with '(ﬁ,z(t) = / (8$f12 + 8ygig) 0] ’yh(S) ds = 2ai2t. After direct
0
but lengthy computation, one obtains M;z(h) = Agh + Bsh®? 4+ C3h?, where

T
3 3
Az = m(a13 + ag3) — m(a11012 + a21a22), C3 =~ (Gll + %1):

2
e

B3 5

[(bli’) - b23 + c13 — 023) - (Clnbm — ag1bg + ayoby — a22bz1)

— (a11¢12 — a91¢92 + ajacyy — (122021)] .

Realization of six limit cycles: Computing Higher order Melnikov function we
conclude that the perturbed system exhibits up to 6 small-amplitude limit cycles
bifurcating from the period annulus of the linear center.
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