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HIGHER ORDER MELNIKOV FUNCTIONS FOR PIECEWISE
SMOOTH DIFFERENTIAL SYSTEMS WITH FOUR ZONES

KRISHNAT MASALKAR1∗ and SUBHASH KENDRE2

Abstract. In this work, we develop a systematic algorithm for computing
Melnikov functions of arbitrary order for planar piecewise smooth Hamilton-
ian systems separated by the coordinate axes and perturbed within the class
of polynomial differential systems. Two equivalent formulations of the Mel-
nikov functions are obtained. The first formulation involves the flight times
and divergence integrals of certain vector fields along the trajectories of the
underlying Hamiltonian system, while the second formulation avoids the ex-
plicit use of flight times and trajectory expressions. By applying the resulting
Melnikov functions, we determine the number of limit cycles bifurcating from
planar piecewise Hamiltonian systems with four regions under polynomial per-
turbations.

1. Introduction

Smooth dynamical systems play a fundamental role in modeling and analyzing
a wide range of physical phenomena, including fluid motion, elastic deformations,
nonlinear optical effects, and biological processes. Nevertheless, many important
real-world systems fall outside the scope of smooth theory. Typical examples
include electrical circuits with switching elements, mechanical systems involving
impacts or free-play, frictional and sliding processes, and various control systems.
Such models naturally lead to nonsmooth or piecewise smooth dynamical systems;
see, for instance, [1].

The study of limit cycles is of central importance in the qualitative theory
of dynamical systems. One of the most famous open problems in this area is
Hilbert’s sixteenth problem, which asks for the maximum number and relative
positions of limit cycles of planar polynomial differential systems. When a planar
smooth differential system possesses a period annulus and is subjected to per-
turbations within a class of analytic or polynomial systems, a natural question is
how many limit cycles bifurcate from the period annulus.
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To address this problem, one commonly introduces a Poincaré map on a suit-
able transversal section and defines the associated displacement map. The num-
ber of isolated zeros of the displacement map corresponds exactly to the number
of limit cycles bifurcating from the period annulus. Expanding the displacement
map as a power series in the perturbation parameter ε, the coefficient Mk(h) of εk

is called the Melnikov function of order k. If M1(h) ≡M2(h) ≡ · · · ≡Mk−1(h) ≡
0, then the number of zeros of Mk(h) determines the number of bifurcating limit
cycles. In [2], explicit expressions for the first- and second-order Melnikov func-
tions were derived for polynomial perturbations, and these results were applied
to classical models such as the harmonic oscillator and the Duffing oscillator.

For nonsmooth or piecewise smooth differential systems, the computation of
Melnikov functions is considerably more challenging, and the complexity increases
rapidly for higher-order terms. In the smooth setting, an algorithm for comput-
ing higher-order Melnikov functions was developed by Iliev and Françoise; see
[2]. However, no analogous general algorithm is currently available for piecewise
smooth differential systems.

The Melnikov function approach has nevertheless been extended to certain
classes of piecewise smooth systems. In [10], Liu and Han derived the first-order
Melnikov function for planar piecewise smooth Hamiltonian systems and applied
it to the study of limit cycle bifurcations. Subsequently, Liang, Han, and Ra-
manovski [9] investigated limit cycles arising from perturbations of a piecewise
smooth linear Hamiltonian system with a generalized homoclinic loop involving
a linear saddle and a linear center. Furthermore, Wang, Han, and Constan-
tinescu studied piecewise Hamiltonian systems with four switching lines under
first-order analytic perturbations in [12, 11]. More recently, Yang [13] obtained
the first-order Melnikov function for piecewise smooth near-Hamiltonian systems
separated by two straight lines.

In parallel, averaging theory and Melnikov methods have been extensively de-
veloped for piecewise differential systems in recent years; see, for example, [15],
[16], and [17]. Both approaches are classical tools for estimating the number of
limit cycles bifurcating from families of periodic orbits by analyzing the zeros
of the corresponding averaging or Melnikov functions. However, averaging the-
ory typically relies on an appropriate polar coordinate transformation. Recently,
it was shown in [14] that the averaging method and the Melnikov method are
not equivalent in the context of piecewise differential systems. In [6], the authors
studied the dynamics of solutions of semilinear partial differential equations which
is useful in biological applications. Dynamical systems originate from modelling
problems in biology. In [7], the authors studied the dynamics of solutions of spe-
cial kinds of delay differential equations. This motivates the study of piecewise
smooth dynamical systems.



HIGHER ORDER MELNIKOV FUNCTIONS 3

2. Melnikov functions in terms of time of flights

Let

Hi, fij, gij ∈ C∞(R2) and |ε| << 1

Ω1 = {(x, y) : x > 0, y < 0} ,Ω2 = {(x, y) : x > 0, y > 0}
Ω3 = {(x, y) : x < 0, y > 0} ,Ω4 = {(x, y) : x < 0, y < 0}

We aim to find the number of crossing limit cycles of a discontinuous piece-wise
linear near Hamiltonian differential system on R2 given by

(ẋ, ẏ) = (Hiy(x, y),−Hix(x, y)) +
n∑
j=1

εj(fij(x, y), gij(x, y)), (x, y) ∈ Ωi. (2.1)

For ε = 0, we get unperturbed system

(ẋ, ẏ) = (Hiy(x, y),−Hix(x, y)), (x, y) ∈ Ωi, i ∈ {1, 2, 3, 4} (2.2)

and the four zones Ωi i ∈ {1, 2, 3, 4} separated by rays

Γ1 = {(x, y) : x = 0, y < 0} ,Γ2 = {(x, y) : x > 0, y = 0}
Γ3 = {(x, y) : x = 0, y > 0} ,Γ4 = {(x, y) : x < 0, y = 0} .

For the unperturbed system (2.2) to have a period annulus with crossing periodic
orbits, the following assumptions must be made.

(A1) There is an open interval J = (a, b) and a period annulus consisting of
family of crossing periodic orbits of type 1, Lh with h ∈ J such that each
orbit crosses the rays Γ1, Γ2, Γ3 and Γ4 in points

A1(h) = (0, a1(h)), A2(h) = (a2(h), 0),

A3(h) = (0, a3(h)) and A4(h) = (a4(h), 0)

respectively, satisfying the following equations

Hi(Ai(h)) = Hi(Ai+1(h)), i ∈ {1, 2, 3, 4} where A5(h) = A1(h) for all h ∈ J.
and

(A2) crossing conditions(transversal conditions): For all h ∈ J .

Hix(A2(h)) 6= 0, (i = 1, 2) Hix(A4(h)) 6= 0 (i = 3, 4)

Hiy(A1(h)) 6= 0 (i = 1, 4) Hiy(A3(h)) 6= 0 (i = 2, 3).

Moreover for each h ∈ J , the crossing periodic orbit

Lh : Â1A2 ∪ Â2A3 ∪ Â3A4 ∪ Â4A1

passes through the four points A1(h), A2(h), A3(h), A4(h).
Let the solution of the perturbed system (2.1) in Ω1 starts at A1(h) = (a1(h), 0)
and meets at A2ε(h) = (a2ε(h), 0) on Γ2. Let the solution in Ω2 starts at A2ε(h) =
(a3ε(h), 0) and meets the point A3ε(h) = (0, a3(ε, h)). Let the solution in Ω3

starts at A3ε(h) and meets at A4ε = (a4ε(h), 0). Finally the solution in Ω4 starts
at A4ε(h) and meets at A1ε(h) = (0, a1(ε, h)) on Γ1.
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Figure 1. Periodic trajectory of (2.2) and trajectory of the sys-
tem (2.1) .

The displacement map whose zeros give the number of limit cycles of the sys-
tem, has expansion in the powers of ε as below:

H1(A1ε(h))−H1(A(h)) =
k−1∑
i=1

εiMi(h) +O(εn), for all h ∈ J, (2.3)

where Mi is ith order Melnikov function. If Mt is first non-vanishing Melnikov
function on J then number of zeros of Mt is exactly equal to number of zeros of
the bifurcation function for sufficiently small ε 6= 0.

The displacement map can be written as

d(ε, h) =H1(A1ε(h))−H1(A1)

=H1(A1ε(h))−H4(A1ε(h)) +H4(A4ε(h))−H3(A4ε(h))

+H3(A3ε(h))−H2(A3ε(h)) +H2(A2ε(h))−H1(A2ε(h))

+H1(A2ε(h))−H1(A1(h)) +H4(A1ε(h))−H4(A4ε(h))

+H3(A4ε(h))−H3(A3ε(h)) +H2(A3ε(h))−H2(A2ε(h)).

Let us define for i ∈ {1, 2, 3, 4}, h ∈ J and |ε| << 1

di+1,i(ε, h) = Hi+1(Ai+1,ε(h))−Hi(Ai+1,ε(h)) (2.4)

di,i(ε, h) = Hi(Ai+1,ε(h))−Hi(Aiε(h) (2.5)
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where H5(x, y) = H1(x, y), A5,ε(h) = A1,ε(h).
Therefore, the displacement map becomes

d(ε, h) =
4∑
i=1

di+1,i(ε, h) +
4∑
i=1

dii(ε, h). (2.6)

In [4], the authors obtained the first and second order Melnikov functions for the
system (2.1), which contains the time of flights of each subsystem as limits of
some line integrals involved. Motivated by this, we can develop an algorithm to
find higher Melnikov functions for the system (2.1).

The perturbed system is equivalent to the 1-form

dHi +
∞∑
j=1

εjwij = 0,where dHi = Hixdx+Hiydy, wij = fijdy − gijdx,

i ∈ {1, 2, 3, 4} wij ≡ 0 j > n.
Inductively, for i ∈ {1, 2, 3, 4} and j ∈ N, We define the vector fields, associated
1–forms, and functions as follows.

For j = 1 : ψi0 = −1,Ψi1 = −ψi0ωi1 = fi1 dy − gi1 dx = Fi1 dy −Gi1 dx,

χi1 = (Fi1, Gi1), ψi1 =

∫ Ti(x,y)

0

div(χi1) ◦ φit(xi0, yi0) dt,

(x, y) = φi
(
Ti(x, y), xi0, y

i
0

)
.

For j ≥ 2 : Ψij = −
j∑

k=1

ψi,j−kωik = Fij dy −Gij dx,

χij = (Fij, Gij), ψij =

∫ Ti(x,y)

0

div(χij) ◦ φit(xi0, yi0) dt,

(x, y) = φi
(
Ti(x, y), xi0, y

i
0

)
.

Here Ti(x, y) denotes the time of flight of the trajectory starting at (xi0, y
i
0)

and ending at (x, y), and φi(t, x, y) is the flow of the unperturbed Hamiltonian
system (2.2) in the region Ωi.

To develop an algorithm for computing all higher-order Melnikov functions, we
first establish two auxiliary lemmas.

Lemma 2.1. For the system (2.1) and for each i = 1, 2, 3, 4, we have

dHi(x, y) = −
k−1∑
j=0

dRij(x, y)εj −Ψik(x, y)εk +O(εk+1), k ∈ N, (2.7)

where Rij(x, y) satisfies the following decomposition

Ψij(x, y) = ψij(x, y)dHi(x, y) + dRij(x, y), j ∈ N. (2.8)

and in particular, Ri0(x, y) = 1.
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Proof. Since χi0 =
∂Hi0

∂y

∂

∂x
− ∂Hi0

∂x

∂

∂y
, and since ψij is defined as the integral of

the scalar function div(χij) along the trajectories of χi0, we have

χi0(ψij) =
dψij
dt

= div(χij).

Moreover,

dHi ∧ dψij = (Hixψijy −Hiyψijx) dx ∧ dy = −χi0(ψij) dx ∧ dy
= − div(χij) dx ∧ dy = −dΨij.

Therefore, d(ψijdHi) = dψij ∧ dHi = dΨij, and hence d
(
Ψij − ψijdHi

)
= 0. That

is, the 1–form Ψij − ψijdHi is closed.
Since the domain Ωi is connected and 1-form Ψij − ψijdHi is closed, there exist
a unique function Rij such that Ψij = ψijdHi + dRij.
Now using the above decomposition, we can prove (2.7) inductively.

For k = 1, we note that Ri0 = 1 and dHi +
n∑
j=1

εjωij = 0.

Hence, it is clear that dHi = −εωi1 +O(ε2) = −εΨi1 +O(ε2).
Further, for k ≥ 2, consider the equation(

−
k−1∑
l=0

ψilε
l

)(
dHi +

n∑
j=1

ωijε
j

)
= 0.

Expanding sums, we get,

− ψi0dHi −

(
k−1∑
j=1

ψijdHiε
j

)
−

k−1∑
l=0

k∑
j=1

ψilωijε
l+j = 0.

Re-indexing last double sum, we have

k−1∑
l=0

k∑
j=1

ψilωijε
l+j =

∑
m≥1

 ∑
l+j=m

0≤l≤k−1, 1≤j≤k

ψilωij

 εm

=
k−1∑
m=1

(
m∑
j=1

ψi,m−jωij

)
εm +

(
k∑
j=1

ψi,k−jωij

)
εk +O(εk+1).

Therefore, we get

dHi−
k−1∑
j=1

(ψijdHi) ε
j−

k−1∑
l=1

(
l∑

j=1

ψi,l−jωij

)
εl−

(
k∑
j=1

ψi,k−jωij

)
εk +O(εk+1) = 0.
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Therefore, dHi −
k−1∑
j=1

ψijdHiε
j +

k−1∑
j=1

Ψijε
j = −Ψikε

k +O(εk+1)

ie., dHi +
k−1∑
j=1

(Ψij − ψijdHi)ε
j = −Ψikε

k +O(εk+1),

ie., dHi +
k−1∑
j=1

Rijε
j = −Ψikε

k +O(εk+1).

Hence, we get the equation (2.8). �

For integers n ≥ k ≥ 1, the partial Bell polynomial Bn,k = Bn,k(x1, . . . , xn−k+1)
is defined by

Bn,k =
∑ n!

j1!j2! · · · jn−k+1!

n−k+1∏
m=1

(xm
m!

)jm
, (2.9)

where the sum runs over all nonnegative integers j1, j2, . . . , jn−k+1 satisfying

n−k+1∑
m=1

jm = k,
n−k+1∑
m=1

mjm = n.

The complete Bell polynomial Bn = Bn(x1, x2, . . . , xn) is defined by

Bn =
n∑
k=1

Bn,k(x1, x2, . . . , xn−k+1). (2.10)

Theorem 2.2 (Faà di Bruno). Let f and g be sufficiently smooth functions. Then
for any integer n ≥ 1, the n-th derivative of the composite function f ◦ g is given
by

dn

dxn
f(g(x)) =

n∑
k=1

f (k)(g(x))Bn,k

(
g′(x), g′′(x), . . . , g(n−k+1)(x)

)
. (2.11)

Let us write each of the coordinate function ai(ε, h) of the point Aiε as power
series of ε. Suppose

ai(ε, h) =
∞∑
j=0

1

j!
aij(h)εj, for i = 1, 2, 3, 4

be Taylor’s expansion of functions ai(ε, h), and A1(h) = (0, a1(h)) = (0, a10(h)),
A2(h) = (a2(h), 0) = (a20(h), 0), A3(h) = (0, a3(h)) = (0, a30(h)) and
A4(h) = (a4(h), 0) = (a40(h), 0) be the points of intersection of the trajectory of
the unperturbed system (2.2).
Using Faá di Bruno’s formula and Taylor’s expansion, we have the following

lemma. Let us define Bell’s polynomial functions asB
(j)
i,m = Bi,m(aj1, . . . , aj−m+1,1)
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Lemma 2.3. For system (2.1), the following expansions hold:

Hi(Aiε)−Hi(Ai) =
k∑
l=1

(
l∑

r=1

1

r!

∂ rHi

∂zr
(Ai)B

(i)
l,r

)
εl +O(εk+1),

Rij(Aiε)−Rij(Ai) =
k∑
l=1

(
l∑

r=1

1

r!

∂ rRij

∂zr
(Ai)B

(i)
l,r

)
εl +O(εk+1),

where z = y for i = 1, 3 and z = x for i = 2, 4, and Bl,r denotes the partial Bell
polynomials.

Proof. We expand Hi(Aiε) and Rij(Aiε) in powers of ε about the point

Ai = Ai(h) = Ai(0, h).

Since Aiε admits an expansion of the form

Aiε = Ai +
∑
m≥1

aimε
m,

the compositions Hi(Aiε) and Rij(Aiε) can be written as Taylor expansions in the
single variable z. Applying Faà di Bruno’s formula yields the stated expressions,
with coefficients given by the partial Bell polynomials. �

Now we will construct an algorithm to find Melnikov functions of higher order.

Theorem 2.4. The kth order Melnikov function Mk for the system (2.1) is given
by

Mk(h) = a1,k.

provided Mi(h) = a1,i(h) ≡ 0 for all i ∈ {1, 2, . . . , k − 1} where a′1,is are given by
(2.16), (2.17), (2.18) and (2.19).

Proof. We have the displacement function

d(ε, h) =
4∑
i=1

di+1,i(ε, h) +
4∑
i=1

dii(ε, h).

Using lemma 2.3, we can write

di+1,i(ε, h) = Hi+1(Ai+1,ε)−Hi(Ai+1,ε) = Hi+1(Ai+1)−Hi(Ai+1)

+
k∑
l=1

(
l∑

r=1

∂Hr
i+1

∂zr
(Ai+1)

B
(i+1)
l,r

l!

)
εl +O(εk+1)

−
k∑
l=1

(
l∑

r=1

∂Hr
i

∂zr
(Ai+1)

B
(i+1)
l,r

l!

)
εl +O(εk+1),
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where z = x if i = 1, 3 and z = y if i = 2, 4 and note that A5 = A1.
Similarly,

di,i(ε, h) = Hi(Ai+1,ε)−Hi(Ai,ε) = Hi(Ai+1)−Hi(Ai)

+
k∑
l=1

(
l∑

r=1

∂Hr
i

∂zr
(Ai+1)

B
(i+1)
l,r

l!

)
εl +O(εk+1)−

k∑
l=1

(
l∑

r=1

∂Hr
i

∂zr
(Ai)

B
(i)
l,r

l!

)
εl

+O(εk+1).

Therefore the displacement function d(ε, h) becomes

d(ε, h) =
4∑
i=1

k∑
l=1

(
l∑

r=1

∂Hr
i+1

∂zr
(Ai+1)

B
(i+1)
l,r

l!

)
εl −

4∑
i=1

k∑
l=1

(
l∑

r=1

∂Hr
i

∂zr
(Ai)

B
(i)
l,r

l!

)
εl

+O(εk+1).

Since

d(ε, h) =
k−1∑
i=1

εiMi(h) +O(εn) for all h ∈ J,

the kth order Melnikov function Mk is given by

Mk(h) =
4∑
i=1

k∑
r=1

(
∂Hr

i+1

∂zr
(Ai+1)

B
(i+1)
l,r

l!
− ∂Hr

i

∂zr
(Ai)

B
(i)
l,r

l!

)
+O(εk+1). (2.12)

From (2.7), for i = 2, 3, 4, we have

dHi = −
k−1∑
j=0

εjdRij − εkΨik +O(εk+1).

Integrating along the arc of the trajectory of the perturbed system in Ωi, we get

Hi(Ai+1,ε)−Hi(Ai,ε) = −
k−1∑
j=0

(Rij(Ai+1,ε)−Rij(Ai,ε))ε
j −

(∫
̂Ai,εAi+1,ε

Ψik

)
εk

+O(εk+1).

This implies that,

Hi(Ai+1,ε)−Hi(Ai,ε) = −
k−1∑
j=0

(Rij(Ai+1,ε)−Rij(Ai,ε))ε
j −

(∫
ÂiAi+1

Ψik

)
εk

+O(εk+1).
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Using lemma 2.3, we get

k∑
l=1

(
l∑

r=1

∂Hr
i

∂zr
(Ai+1)

B
(i+1)
l,r

l!
− ∂Hr

i

∂zr
(Ai)

B
(i)
l,r

l!

)
εl

=−
k−1∑
j=0

(Rij(Ai+1)−Rij(Ai))ε
j +

k∑
l+j=1

(
l∑

r=1

∂Rr
i,j

∂zr
(Ai+1)

B
(i+1)
l,r

l!

)
εl+j

−
k∑

l+j=1

(
l∑

r=1

∂Rr
i,j

∂zr
(Ai)

B
(i)
l,r

l!

)
εl+j −

(∫
ÂiAi+1

Ψik

)
εk +O(εk+1).

Comparing the coefficient of εk on both sides of the above equation we get

1

k!

(
∂Hr

i

∂zr
(Ai+1)B

(i+1)
k,r − ∂Hr

i

∂zr
(Ai)B

(i)
k,r

)
=

l∑
r=1

(
∂Rr

i,k−l

∂zr
(Ai+1)

B
(i+1)
l,r

l!
−
∂Rr

i,k−l

∂zr
(Ai)

B
(i)
l,r

l!

)
−
∫
ÂiAi+1

Ψik. (2.13)

Let

Li,j,k =
k∑
r=2

∂Hr
i

∂zr
(Aj)

B
(j)
k,r

k!
, Ri,j,k =

k∑
l=1

(
l∑

r=1

∂Rr
i,k−l

∂zr
(Aj)

B
(j)
l,r

l!

)
.

Hence, the equation (2.13) becomes,

1

k!

∂Hi

∂z
(Ai+1)ai+1,k −

1

k!

∂Hi

∂z
(Ai)ai,k + Li,i+1,k − Li,i,k

= Ri,i+1,k −Ri,i,k −
∫
ÂiAi+1

Ψik

Therefore,

ai+1,k =
∂Hi

∂z
(Ai)

∂Hi

∂z
(Ai+1)

ai,k −
k!

∂Hi

∂z
(Ai+1)(

(Li,i+1,k − Li,i,k)− (Ri,i+1,k −Ri,i,k) +

∫
ÂiAi+1

Ψik

)
(2.14)

Note that z = y when Ai = A1 or A3 and z = x when Ai = A2 or A4 and last
equation holds for i = 2, 3, 4 with A5 = A1.
Similarly for i = 1, we have

1

k!

∂H1

∂z
(A2)a2,k + L1,2,k = R1,2,k −

∫
Â1A2

Ψ1,k.

Therefore, a2k = − k!
∂H1

∂z
(A2)

(
L1,2,k −R1,2,k +

∫
Â1A2

Ψ1,k

)
. (2.15)
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Observe that Li,j,k is a function of aj,1, . . . , aj,k−1 only, and since Ri,j,k = 0 if
l = k due to Ri,0 = 1. Hence Ri,j,k becomes

Ri,j,k =
k−1∑
l=1

(
l∑

r=1

∂Rr
i,k−l

∂zr
(Aj)

B
(j)
l,r

l!

)
.

and hence is a function of aj,1, . . . aj,k−1 only. Hence the equations, (2.14) and
(2.15) can be solved explicitly for a′i,js. We write the equations and can find
a1,1, a1,2, a1,3, . . . .

a1,k =
∂H4

∂x
(A4)

∂H4

∂y
(A1)

a4,k −
k!

∂H4

∂y
(A1)

(
(L4,1,k − L4,4,k)− (R4,1,k −R4,4,k) +

∫
Â4A1

Ψ4k

)
,

(2.16)

a4,k =

∂H3

∂y
(A3)

∂H3

∂x
(A4)

a3,k −
k!

∂H3

∂x
(A4)

(
(L3,4,k − L3,3,k)− (R3,4,k −R3,3,k) +

∫
Â3A4

Ψ3k

)
,

(2.17)

a3,k =
∂H2

∂x
(A2)

∂H2

∂y
(A3)

a2,k −
k!

∂H2

∂y
(A3)

(
(L2,3,k − L2,2,k)− (R2,3,k −R2,2,k) +

∫
Â2A3

Ψ2k

)
,

(2.18)

a2,k = − k!
∂H1

∂x
(A2)

(
L1,2,k −R1,2,k +

∫
Â1A2

Ψ1,k

)
. (2.19)

We can solve the above equations recursively to find Mk = a1,k. �

3. limit cycle bifurcation

In this section, we find the number of limit cycle bifurcated from the period
annulus of some piecewise smooth systems with four zones using Melnikov func-
tions.

Example 3.1. Consider the piecewise smooth system on R2 with

(σ1, σ2, σ3, σ4) = (1,−1,−1, 1),

(ẋ, ẏ) = (σi, 2x) +
n∑
j=1

εj
(
fij(x, y), gij(x, y)

)
, (x, y) ∈ Ωi, (3.1)

where
fij(x, y) =

∑
r+s=j

ai,rsx
rys, gij(x, y) =

∑
r+s=j

bi,rsx
rys,

and

Ω1 = {x > 0, y < 0}, Ω2 = {x > 0, y > 0},
Ω3 = {x < 0, y > 0}, Ω4 = {x < 0, y < 0}.

For (σ1, σ2, σ3, σ4) = (1,−1,−1, 1), the unperturbed system

(ẋ, ẏ) = (σi, 2x)
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Figure 2. Period annulus of the system 3.1 at ε = 0

is Hamiltonian with Hi(x, y) = σiy − x2. The periodic orbit γh is given by

γh :


y = x2 − h, (x, y) ∈ Ω1,

y = h− x2, (x, y) ∈ Ω2,

y = h− x2, (x, y) ∈ Ω3,

y = x2 − h, (x, y) ∈ Ω4,

0 < h <∞,

with intersection points A1 = (
√
h, 0), A2 = (0, h), A3 = (−

√
h, 0), A4 =

(0,−h). For j = 1, ωi1 = (ai10x + ai01y) dy − (bi10x + bi01y) dx. Hence, M1(h) =
4∑
i=1

∫
ÂiAi+1

ωi1. A direct computation yields M1(h) = Ah+Bh3/2 +Ch5/2, where

A = −1

2

(
b110 + b210 + b310 + b410

)
,

B =
2

3

(
a110 − a210 − a310 + a410

)
− 1

3

(
b101 − b201 − b301 + b401

)
,

C =
2

5

(
a101 + a201 + a301 + a401

)
.

Therefore, M1(h) has at most two positive zeros, and this bound is sharp. Con-
sequently, at most two limit cycles bifurcate from the period annulus under first-
order perturbations.
Assume that M1(h) ≡ 0. By the higher-order Melnikov lemma, there exist func-
tions ψi1 such that ωi1 = dRi1 + ψi1dHi, and the second-order Melnikov function
is

M2(h) =
4∑
i=1

∫
ÂiAi+1

(ωi2 + ψi1ωi1) .

Since ωi1 = (ai10x+ ai01y) dy − (bi10x+ bi01y) dx, dHi = σidy − 2x dx,
we can choose

ψi1(x) = (ai10 + bi01)x, i ∈ {1, 2, 3, 4}.
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Moreover,

ωi2 = (ai20x
2 + ai11xy + ai02y

2) dy − (bi20x
2 + bi11xy + bi02y

2) dx.

Therefore, Ψi2 = ωi2 + ψi1ωi1. Restricting Ψi2 to Γi(h) and integrating over each
arc yields

M2(h) = α1h+ α2h
3/2 + α3h

2 + α4h
5/2 + α5h

3,

where αk are explicit linear combinations of airs, birs (r + s = 2) and quadratic
combinations of ai10, ai01, bi10, bi01. Consequently, M2(h) has at most four positive
zeros.
Assume that the first- and second-order Melnikov functions vanish identically,
M1(h) ≡ 0, M2(h) ≡ 0. Then the third-order Melnikov function for system (3.1)

is given byM3(h) = a1,3(h) =
7∑

k=1

ηkh
k/2, where ηk are explicit linear combinations

of the third-order perturbation coefficients {ai,rs, bi,rs} and quadratic expressions
in lower-order coefficients.
That is, M3(h) = s2

(
β0 + β1s+ β2s

2 + β3s
3 + β4s

4 + β5s
5 + β6s

6
)
, s =

√
h. The

function M3(h)/h is a polynomial in
√
h of degree 6. Therefore, M3(h) can have at

most six isolated positive zeros in (0, 1) (counting multiplicity). By choosing the
free third-order parameters so that β0, β1, . . . , β6 are independent and alternate
in sign, one can construct a parameter set for which the equation M3(h) = 0 has
six simple roots 0 < h1 < h2 < · · · < h6 < 1. Each simple zero corresponds to
a hyperbolic limit cycle bifurcating from the period annulus of the unperturbed
system. Hence, the perturbed piecewise smooth system admits at least six limit
cycles near the origin. This shows that the upper bound six is sharp.

In [5], authors studied the general piecewise linear 4-star-symmetric system of
the form

x′ = a±x− y + b±, y′ = x− a±y + c±, (x, y) ∈ R2, (3.2)

In first and third quadrants we take a+, b+c+, while in third and fourth quadrants
we take a−, b−, c−. They have given the conditions under which the system (3.2)
has center at infinity also they have shown that the existence of parameter values
such that the system (3.2) has five limit cycles.

Using Melnikov functions, we will give the number of limit cycle bifurcated
from the period annulus of the system (3.2) due to perturbation in the class of
systems having linear centers, as below.

Example 3.2. Consider the perturbed system obtained as a perturbation of the
linear center ẋ = −y, ẏ = x, within the class of systems (3.2). More precisely,
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consider

(ẋ, ẏ) = (−y, x) +



n∑
j=1

εj(f1j, g1j), (x, y) ∈ Ω1 ∪ Ω3,

n∑
j=1

εj(f2j, g2j), (x, y) ∈ Ω2 ∪ Ω4,

(3.3)

where fij = aijx− y + bij, gij = x+ aijy + cij, i ∈ {1, 2}, j ∈ N,
Ω1 = {(x, y) : x > 0, y < 0}, Ω2 = {(x, y) : x > 0, y > 0},
Ω3 = {(x, y) : x < 0, y > 0}, Ω4 = {(x, y) : x < 0, y < 0}.

Observe that, in this configuration,

Σ+ = Ω2 ∪ Ω3, Σ− = Ω1 ∪ Ω4.

From equations (2.16)–(2.19), we obtain the recursive relations for the coeffi-
cients α1,k, α2,k, α3,k, α4,k.
For i ∈ {1, 2, 3, 4} we have ψi0 = −1. For instance,∫

Â1A2

Ψ11 =

∫
Â1A2

(a21x− y + b21) dy − (x+ a21y + c21) dx

=

∫ 2π

3π/2

[
(ha21 cos θ − h sin θ + b21)(h cos θ)

− (h cos θ + a21h sin θ + c21)(−h sin θ)
]
dθ.

Consequently,∫
Â1A2

Ψ11 = −h2 − (b21 + c21)h,

∫
Â2A3

Ψ21 = h2 − (b11 − c11)h,∫
Â3A4

Ψ31 = −h2 + (b21 + c21)h,

∫
Â4A1

Ψ41 = h2 + (b11 − c11)h.

Thus,

α21 =
h

2
+
b21 + c21

2
, α31 = α21 −

h

2
+
b11 − c11

2
,

α41 = −α31 −
h

2
+
b21 + c21

2
, α11 = α41 +

h

2
+
b11 − c11

2
= 0.

Since
Li,i+1,1 = Li,i,1 = Ri,i+1,1 = Ri,i,1 = 0,

we conclude that

M1(h) =
1

2h

4∑
i=1

∫
ÂiAi+1

Ψi1 ≡ 0, h > 0.

Proceeding to second order, one obtains

M2(h) = hα12 = C2h
2 + C1h+ C0,

where C0, C1, C2 are explicit functions of the system parameters (see Appendix).
Hence, M2(h) has at most two positive zeros. Since {1, h, h2} is a Chebyshev
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system on (0,∞) and the coefficients are functionally independent, this upper
bound is sharp.

If M2(h) ≡ 0, then the third-order Melnikov function M3(h) = hα13 is a
polynomial of degree four. Therefore, the system (3.3) admits at most four limit
cycles generated at third order. Since {1, h, h2, h3, h4} is a Chebyshev system on
(0,∞) and the coefficients are free, this bound is also attainable.

Consequently, under third-order perturbations, system (3.3) can exhibit at
most six limit cycles bifurcating from the period annulus.

4. Melnikov functions without time of flights

We can find all Melnikov functions Mi(h), which do not depend upon the time
of flights. The expressions of the Melnikov function, which do not contain the time
of flight explicitly, are useful when the solutions of the unperturbed system(2.2)
are difficult to find, and explicitly getting the time of flight is difficult. First, we
will find the expressions of dii and di+1,i in the following series of lemmas. Then
they are used to find the expression of the displacement map d(ε, h). Finally, the
coefficient of εk in Taylor’s expansion of d(ε, h) is the kth order Melnikov function
Mk(h). Consider the periodic orbit and trajectory of the unperturbed system
((2.1) ) shown in following fig., which is useful to prove the series of lammas.

x

y

Γ1(h)
Γ1ε(h)

Ω1(h)

A2(h) A2ε(h)

A3(h)

A3ε(h)

Γ2(h)

Γ2ε(h)

Ω21

Ω22

A4(h)A4ε(h)

Γ3(h)

Γ3ε(h)

Ω31

Ω32

A1(h)

A1ε(h)

Γ4(h)Γ4ε(h) Ω41

Ω42

Figure 3. Unperturbed and perturbed trajectories and switching
regions in the four quadrants.

Define the auxiliary coefficients cti as follows

ct,0 = 1, cti =
fti
Hty

+
1

Htx

i−1∑
j=1

ct,j gt,i−j +
gt,i
Htx

, i ∈ N, t ∈ {1, 2, 3, 4}.
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For i ∈ N∪{0}, t ∈ {1, 2, 3, 4} define integrals I1, I2, I3, I4, 1-forms ωti, and Bell’s

polynomial B
(k)
i,m and functions ∆tr as below

I1i(y) =

∫ a1

y

H1y

H1x

(x0(y), u) c1i(x0(y), u) du,

I2i(y) =

∫ a3

y

H2y

H2x

(x0(y), u) c2i(x0(y), u) du,

I3i(y) =

∫ a3

y

H3y

H3x

(x0(y), u) c3i(x0(y), u) du,

I4i(y) =

∫ a1

y

H4y

H4x

(x0(y), u) c4i(x0(y), u) du,

B
(k)
i,m = Bi,m(ak,1, . . . ak,i−m+1,1), ωti = fti(x, y)dx+ gti(x, y)dy, ∆tr =

∂f3r

∂y
− ∂g3r

∂x

Lemma 4.1. Assume that system (2.1) satisfies (A1) and (A2). Then d11(ε, h)
defined in (2.5) admits the expansion

d11(ε, h) =
k−1∑
i=0

(
i∑

m=1

∂mH1

∂xm
(a2, 0)B

(2)
im

)
εi +O(εk).

The coefficients a2j, j ∈ N, are determined recursively by

i∑
m=1

∂mH1

∂xm
(a2, 0)B

(2)
i,m −

∑
r+t=i

t∑
m=1

1

t!

∂m−1f1r

∂xm−1
(a2, 0)B

(2)
t,m

=

∫
Â1A2

ω1i +
∑
r+t=i

∫ a1

0

∆1r(x, y)I1t(y)dy.

Note that in following lemma take as,0 = a1 and for d22 and d33 take upper
limit of integral as a3,s at appropriate place. For l ∈ {2, 3, 4}, we have

Lemma 4.2. Assume that system (2.1) satisfies (A1) and (A2). Then dll(ε, h)
in (2.5) expands as

dll(ε, h) =
k−1∑
i=0

(
i∑

m=1

∂mHl

∂ym
(Al+1)B

(l+1)
i,m −

i∑
m=1

∂mHl

∂xm
(Al)B

(l)
i,m

)
εi +O(εk).

The coefficients alj and alj satisfy

i∑
m=1

(∂mHl

∂ym
(Al)B

(l+1)
i,m − ∂mHl

∂xm
(Al)B

(l)
i,m

)
+
∑
r+t=i

1

t!

t∑
m=1

∂m−1flr
∂xm−1

(Al)B
(l)
t,m

−
∑
r+t=i

1

t!

t∑
m=1

∂m−1glr
∂ym−1

(Al+1)B
(l+1)
t,m

=

∫
ÂlAl+1

ωli −
∑
r+t=i

∫ al+1

0

∆lr(x, y)Ilt(y) dy +
∑

s+r+t=i

1

l!

∫ al+1,s

0

∆2r(x, y)Ilt(y) dy.
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Proof of Lemma 4.1. : Consider the perturbed system (2.1) and the displacement

d11(ε, h) = H1(A2,ε)−H1(A1) =

∫
Â1A2,ε

dH1 =

∫
Â1A2,ε

(H1xdx+H1ydy).

Along the perturbed trajectory, we have

ẋ = H1y +
k−1∑
i=1

εif1i +O(εk), ẏ = −H1x +
k−1∑
i=1

εig1i +O(εk),

which gives

H1xẋ+H1yẏ =
k−1∑
i=1

εi(H1xf1i +H1yg1i) +O(εk) =
k−1∑
i=1

εiω1i +O(εk),

where ω1i = f1idx− g1idy.

Let Ω1 be the region bounded by the unperturbed orbit arc Γ1 := Â1A2, the

perturbed arc Γ1,ε := Â1A2,ε, and the segment
−−−−→
A2A2,ε. By Green’s theorem,∫

Â1A2,ε

ω1i =

∫
Â1A2

ω1i +

∫
−−−−→
A2A2,ε

f1idx+

∫∫
Ω1

(
∂f1i

∂y
− ∂g1i

∂x

)
dxdy.

Expressing a2(ε, h) =
∑∞

j=0
1
j!
a2jε

j, the line integral along
−−−−→
A2A2,ε can be expanded

using Faà di Bruno’s formula and Taylor series as∫
−−−−→
A2A2,ε

f1i(x, 0)dx =
k−1∑
j=1

εj
j∑

m=1

∂m−1f1i

∂xm−1
(a2)B

(2)
j,m +O(εk).

To compute
∫∫

Ω1
(∂f1i/∂y − ∂g1i/∂x)dxdy, consider the homotopy

x(y, s) = x0(y) + s(xε(y)− x0(y)), 0 ≤ s ≤ 1.

Then ∫∫
Ω1

(
∂f1i

∂y
− ∂g1i

∂x

)
dxdy =

∫ 0

a1

(
∂f1i

∂y
− ∂g1i

∂x

)(
xε(y)− x0(y)

)
dy.

Along Γ1,ε,

∂xε
∂y

=
ẋε
ẏε

= −H1y

H1x

(
1 +

k−1∑
i=1

c1iε
i +O(εk)

)
,

where the coefficients c1i satisfy the recursive relation

c1,0 = 1, c1i =
f1i

H1y

+
1

H1x

i−1∑
j=1

c1jg1,i−j, i ∈ N.

Integrating gives

xε(y)− x0(y) = −
k−1∑
j=1

εj
∫ y

a1

H1y

H1x

(x0(u), u)c1j(x0(u), u)du+O(εk).

Finally, combining all contributions, we obtain the compact formula for d11(ε, h)
and determines the coefficients a2j recursively. �
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Proof of lemma 4.2 for l=2. : The proof is analogous to that of Lemma 4.1.
By definition,

d22(ε, h) = H2(A3,ε)−H2(A2,ε) =

∫
̂A2,εA3,ε

(H2xdx+H2ydy)

=

∫
̂A2,εA3,ε

(H2xẋ+H2yẏ)dt.

Along the perturbed trajectory in the first quadrant,

ẋ = H2y +
k−1∑
i=1

εif2i +O(εk), ẏ = −H2x +
k−1∑
i=1

εig2i +O(εk),

So that, d22(ε, h) =
k−1∑
i=1

εi
∫

̂A2,εA3,ε

ω2i +O(εk).

Using Green’s theorem and the regions Ω21,Ω22 as in Figure (3),∫
̂A2,εA3,ε

ω2i =

∫
Â2A3

ω2i +

∫
−−−−→
A3A3,ε

g2idy −
∫
−−−−→
A2A2,ε

f2idx+

∫∫
Ω21∪Ω22

dω2i.

The line integrals along
−−−−→
A2A2,ε and

−−−−→
A3A3,ε are expanded via Faà di Bruno and

Taylor series:

∫
−−−−→
A2A2,ε

f2idx =
k−1∑
j=1

εj
j∑

m=1

∂m−1f2i

∂xm−1
(a2, 0)B

(2)
j,m +O(εk),

∫
−−−−→
A3A3,ε

g2idy =
k−1∑
j=1

εj
j∑

m=1

∂m−1g2i

∂ym−1
(0, a3)B

(3)
j,m +O(εk).

The double integrals over Ω21 and Ω22 are expressed using homotopy and the

recursive coefficients c2i: c2,0 = 1, c2i =
f2i

H2y

+
1

H2x

i−1∑
j=1

c2jg2,i−j, i ∈ N, and

∫∫
Ω21∪Ω22

dω2i

= −
k−1∑
j=1

εj
∫ a3

0

∆2j(x, y)I2j(y, u)dy +
∑

l+r+j=i

εi

l!

∫ a3,l

0

∆2jI2l(y, u)dy +O(εk).
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Collecting all terms, we get

d22(ε, h) =
k−1∑
i=1

εi

[∫
Â2A3

ω2i +
∑
r+t=i

t∑
m=1

1

t!

∂m−1g2r

∂ym−1
(0, a3)B

(3)
t,m

−
∑
r+t=i

t∑
m=1

1

t!

∂m−1f2r

∂xm−1
(a2, 0)B

(2)
t,m −

∑
j+r=i

∫ a3

0

∆2j(x, y)I2j(y, u)dy

+
∑

l+r+j=i

1

l!

∫ a3,l

0

∆2j(x, y)I2l(y, u)dy

]
+O(εk). (4.1)

Alternatively, by Faà di Bruno’s formula and Taylor expansion,

d22(ε, h) =
k−1∑
i=0

[
i∑

m=1

∂mH2

∂ym
(0, a3)B

(3)
i,m −

i∑
m=1

∂mH2

∂xm
(a2, 0)B

(2)
i,m

]
εi +O(εk).

Comparing powers of ε in (4.1) and the above expansion gives recursive rela-
tions for the coefficients a3j in terms of a2j. Proof for l = 3 and l = 4 are very
similar to that of l = 2. �

Remark 4.3. Also for i ∈ {1, 2, 3, 4}, we have di+1,i(ε, h) = Hi+1(Ai+1,ε(h)) −
Hi(Ai+1,ε(h)). Using Faàdi Bruno’s formula for differentiation of composite func-
tions and Taylor’s expansion, we have

di+1,i(ε, h) =
k−1∑
j=0

1

j!

∂jdi+1,i(ε, h)

∂εj
(0, h)εj +O(εk)

=
k−1∑
j=1

(
j∑

m=1

(
∂m

∂zm
(Hi+1 −Hi)(Ai+1)

) j∏
l=1

B
(i+1)
j,m

)
εj +O(εk),

where, z = x if i ∈ {2, 4} and z = y if i ∈ {1, 3} and A5 = A1. Adding the
expressions from lemma 4.1, 4.2, we can find the expression

d(ε, h) =
∞∑
k=1

Mk(h)εk =
4∑
i=1

dii(ε, h) + di+1,i(ε, h). Also the quantities a1j

represents the Melnikov functions Mj(h) for all j ∈ N.

Now all above lemmas are unified as

Lemma 4.4. Consider the perturbed four-zone piecewise smooth system (2.1)
under assumptions (A1)–(A2). Let Ai(ε, h), i = 1, 2, 3, 4, be the successive in-
tersection points of the perturbed periodic orbit with the switching lines, namely
A1(ε, h) = (0, a1(ε, h)), A2(ε, h) = (a2(ε, h), 0), A3(ε, h) = (0, a3(ε, h)),

A4(ε, h) = (a4(ε, h), 0), where ai(ε, h) = ai +
k−1∑
j=1

ai,jε
j +O(εk), i ∈ {1, 2, 3, 4}.

Define dii(ε, h) = Hi

(
Ai+1(ε, h)

)
−Hi

(
Ai(ε, h)

)
, i ∈ {1, 2, 3, 4} with the con-

vention A5 = A1. Then for each i ∈ {1, 2, 3, 4}, dii(ε, h) =
k−1∑
n=0

dii,n(h) εn+O(εk),
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where for n ∈ N,

dii,n(h) =

∫
ÂiAi+1

ωin +
∑
r+t=n
r,t≥1

∫ ai+1

0

∆ir(x, y)Ki,t(y) dy

+
∑

l+r+t=n
l,r,t≥1

1

l!

∫ ai+1,l

0

∆ir(x, y)Ki,t(y) dy,

and Ki,t(y) =

∫ ai+1

y

Hiy

Hix

(
x0(y), u

)
ci,t
(
x0(y), u

)
du, with the recursive coefficients

ci,0 = 1, ci,t =
fi,t
Hiy

+
1

Hix

t−1∑
j=0

ci,jgi,t−j, t ∈ N.

Moreover, the full displacement function ∆(h, ε) = Π(h, ε)− h admits the

expansion ∆(h, ε) =
k−1∑
n=1

εn
4∑
i=1

dii,n(h) +O(εk).

Example 4.5. Consider the piecewise smooth system

(ẋ, ẏ) =



(−y,−x+ 1) +
n∑
j=1

εj(f1j, g1j), (x, y) ∈ Ω1,

(−y,−x+ 1) +
n∑
j=1

εj(f2j, g2j), (x, y) ∈ Ω2,

(−y, x) +
n∑
j=1

εj(f3j, g3j), (x, y) ∈ Ω3,

(−y, x) +
n∑
j=1

εj(f4j, g4j), (x, y) ∈ Ω4,

(4.2)

where

fij(x, y) =
∑
r+s=j

ai,r,sx
rys, gij(x, y) =

∑
r+s=j

bi,r,sx
rys,

and

Ω1 = {x > 0, y < 0}, Ω2 = {x > 0, y > 0},
Ω3 = {x < 0, y > 0}, Ω4 = {x < 0, y < 0}.

The unperturbed system has a saddle in the right half-plane and a center in the
left half-plane, with a period annulus (see Figure 4). Each periodic orbit

Γh := Γ1(h) ∪ Γ2(h) ∪ Γ3(h) ∪ Γ4(h),

passes through

A1 = (0,−h), A2 = (1−
√

1− h2, 0), A3 = (0, h), A4 = (−h, 0),
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Figure 4. Period annulus of system 4.2 at ε = 0

where

Γ1(h) : y = −
√
x2 − x+ h2, Γ2(h) : y =

√
x2 − x+ h2,

Γ3(h) : y =
√
h2 − x2, Γ4(h) : y = −

√
h2 − x2.

We compute the following line integrals for i ∈ {1, 2, 3, 4},∫
ÂiAi+1

ωi1, where ωi1 = (ai10x+ ai01y) dy − (bi10x+ bi01y) dx.

∫
Â1A2

ω11 =

∫ 1−
√

1−h2

0

(
f11 − g11

H1x

H1y

)
dx

=
1

4
(a101 − b110)h2 ln(1− h2) +

1

4
(b110 − a101) ln(1− h2)

− 1

2
(a110 + b101)h2 − a110(1 +

√
1− h2)− 1

2
(a101 − b110)h2 ln(1− h)

− 1

2
(b110 − a101)h+

1

2
(a101 − b110) ln(1− h),

∫
Â2A3

ω21 =−
∫ 1−

√
1−h2

0

(
f21 − g21

H2x

H2y

)
dx

=− 1

4
(a201 − b210)h2 ln(1− h2) +

1

4
(b210 − a201) ln(1− h2)

+
1

2
(a210 + b201)h2 − a210(1 +

√
1− h2) +

1

2
(a201 − b210)h2 ln(1− h)

+
1

2
(b210 − a201)h− 1

2
(a201 − b210) ln(1− h),

∫
Â3A4

ω31 =

∫ −h
0

(
f31 − g31

H3x

H3y

)
dx =

(
−π

4
a301 +

1

2
a310 +

1

2
b301 −

π

4
b310

)
h2,

∫
Â4A1

ω41 =−
∫ −h

0

(
f41 − g41

H4x

H4y

)
dx =

(
π

4
a401 −

1

2
a410 −

1

2
b401 +

π

4
b410

)
h2.
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The coefficients in c − ij, i ∈ N, j ∈ {0, 1, 2} are given by Lemmas 4.1–4.2. We

compute the correction terms

∫ αi0

0

∆i1(x, y)Ii0(y) dy.∫ α10

0

∆11I10dy

=

∫ −h
0

(a101 − b110)

(∫ −h
y

u√
−h2 + u2 + 1

du

)
dy

=
1

2
(−a101 + b110)h+

1

2
(a101 − b110)h2 ln(1− h) +

1

2
(−a101 + b110) ln(1− h)

+
1

4
(−a101 + b110)h2 ln(1− h2) +

1

4
(a101 − b110) ln(1− h2).

(Analogous explicit formulas hold for ∆21,∆31,∆41 and are omitted here for
brevity.) From Lemmas 4.1 and 4.2, the coefficients αi1 satisfy

2
√

1− h2 α21 =

∫
Â1A2

ω11 +

∫ α10

0

∆11I10dy,

2hα31 − 2
√

1− h2 α21 =

∫
Â2A3

ω21 −
∫ α20

0

∆21I20dy,

−2hα41 − 2hα31 =

∫
Â3A4

ω31 +

∫ α30

0

∆31I30dy,

−2hα11 + 2hα41 =

∫
Â4A1

ω41 −
∫ α40

0

∆41I40dy.

Hence, M1(h) = −2hα11 is a linear combination of the eight functions

h, h2, ln(1− h2), h2 ln(1− h2), ln(1− h), h2 ln(1− h), ln(1 + h), 1 +
√

1− h2.

The above 8 functions form an extended Chebyshev system on (0, 1). Therefore,
any nontrivial linear combination has at most 7 isolated zeros. Each simple
zero corresponds to a limit cycle. Then M1(h) has at most 7 zeros on (0, 1).
Consequently, system (4.2) admits at most 7 limit cycles bifurcating from the
period annulus.
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3/2 + C1h
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A1 = −1

2

(
b110 + b210 + b310 + b410

)
, (5.1)

B1 =
2

3

(
a110 − a210 − a310 + a410

)
− 1

3

(
b101 − b201 − b301 + b401

)
, (5.2)

C1 =
2

5

(
a101 + a201 + a301 + a401

)
. (5.3)
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Explicit coefficients of M2(h): Assume that the first-order Melnikov function
vanishes identically. Then the second-order Melnikov function can be written as
M2(h) = A2h + B2h

3/2 + C2h
2 + D2h

5/2 + E2h
3, where the coefficients are given

by A2 = −1

2

4∑
i=1

bi20, B2 =
2

3

4∑
i=1

σiai20 −
1

3

4∑
i=1

σibi11, C2 =
1

2

4∑
i=1

bi11,

D2 =
2

5

4∑
i=1

ai11, E2 =
2

7

4∑
i=1

ai02.

Explicit coefficients of M3(h): Assume that M1(h) ≡ 0, M2(h) ≡ 0. Then the
third-order Melnikov function can be written as
M3(h) = A3h+B3h

3/2 + C3h
2 +D3h

5/2 + E3h
3 + F3h

7/2, where

A3 = −1

2

4∑
i=1

bi30, B3 =
2

3

4∑
i=1

σiai30−
1

3

4∑
i=1

σibi21, C3 =
1

2

4∑
i=1

bi21, D3 =
2

5

4∑
i=1

ai21,

E3 =
2

7

4∑
i=1

ai12, F3 =
2

9

4∑
i=1

ai03.

Now we present the coefficient of Melnikov functions for the system (3.3).
First-order Melnikov function M1(h): We have by definition,

M1(h) =
4∑

k=1

∫
̂AkAk+1

ωi(k),1,

where i(k) = 1 for k = 1, 3 and i(k) = 2 for k = 2, 4. Substituting

x =
√

2h cos t, y =
√

2h sin t, dx = −
√

2h sin t dt, dy =
√

2h cos t dt,

we obtain

ωi1(γh(t)) = (ai1x− y + bi1)dy − (x+ ai1y + ci1)dx

=
[
ai1(2h cos2 t) + 2h sin2 t+ bi1

√
2h cos t+ ci1

√
2h sin t

]
dt.

Integrating over the four arcs yields

M1(h) = πh(a11 + a21) + 2
√

2h (b11 − b21) + 2
√

2h (c11 − c21).

Hence
M1(h) = A1h+B1

√
h,

with
A1 = π(a11 + a21), B1 = 2

√
2 (b11 − b21 + c11 − c21).

The condition M1(h) ≡ 0 is

a11 + a21 = 0, b11 − b21 + c11 − c21 = 0.

Second-order Melnikov function M2(h): Assuming M1(h) ≡ 0, the second-order

Melnikov function is M2(h) =
4∑

k=1

∫
̂AkAk+1

(
ωi(k),2 − ψi(k),1ωi(k),1

)
,

where ψi1(x, y) =

∫ t

0

(
∂xfi1 + ∂ygi1

)
◦ γh(s) ds =

∫ t

0

(2ai1) ds = 2ai1t.

Hence Ψi2 = ωi2 − 2ai1t ωi1. Carrying out the same trigonometric integrations
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yields M2(h) = A2h+B2h
3/2,

where

A2 = π(a12 + a22)− π(a2
11 + a2

21),

B2 =
4
√

2

3

[
(b12 − b22 + c12 − c22)− (a11b11 − a21b21 + a11c11 − a21c21)

]
.

Third-order Melnikov function M3(h): Assuming M1(h) ≡ M2(h) ≡ 0, the

third-order Melnikov function is M3(h) =
4∑

k=1

∫
̂AkAk+1

(
ωi(k),3 − ψi(k),1ωi(k),2 −

ψi(k),2ωi(k),1

)
, with ψi2(t) =

∫ t

0

(
∂xfi2 + ∂ygi2

)
◦ γh(s) ds = 2ai2t. After direct

but lengthy computation, one obtains M3(h) = A3h+B3h
3/2 + C3h

2, where

A3 = π(a13 + a23)− π(a11a12 + a21a22), C3 =
π

2

(
a3

11 + a3
21

)
,

B3 =
4
√

2

3

[
(b13 − b23 + c13 − c23)− (a11b12 − a21b22 + a12b11 − a22b21)

− (a11c12 − a21c22 + a12c11 − a22c21)
]
.

Realization of six limit cycles: Computing Higher order Melnikov function we
conclude that the perturbed system exhibits up to 6 small-amplitude limit cycles
bifurcating from the period annulus of the linear center.
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