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ABSTRACT. We prove the existence and multiplicity of nontrivial weak solu-
tions for a class of Dirichlet problems involving a p(z)-Laplacian-like operator.
The study is conducted in the setting of variable exponent Sobolev spaces and
employs appropriate variational methods together with a variant of the Moun-
tain Pass Lemma.
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1. INTRODUCTION

Problems involving p(z)-Laplacian operator appear in many different areas
of research and in a wide variety of important physical problems including im-
age restoration [I, 9], elastic mechanics [11], porous media [5, 18], electromag-
netism [0, 10], nonstandard growth [2, 8 10, 25, 28, 42] and electrorheological
[3, 4, 31, 38]. The study of these kinds of problems was facilitated by the intro-
duction of Lebesgue and Sobolev spaces with variable exponent. For example,
in [23], authors extend existence and multiplicity results for problems with an
isotropic p(x)-Laplacian operator [12] to anisotropic 7($)—Laplacian one, which
is more delicate due to the fact that it is not homogeneous. Next, in [20], we

generalize the results above to an equation containing a more general operator
N

Au = — Z Oy,a;(z, Vu) and a nonlinearity A(z)|u[P®) =2y which make the prob-
i=1
lem challenging.
In the present investigation, we deal with the following Dirichlet problem

—A (W) + M) [ufPP e = f(z,u) in Q,

(1.1)
u=>0 on 0,
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where € is a bounded, open subset of RY (N > 2), with smooth boundary denoted

by 02 and meas({2) > 0. A;(x) represents the p(x)—Laplacian-like operator,
acting from W, *“(Q) into its dual denoted by Wy ') (Q), defined by

! = di [V p(z)=2

f: Q2 xR — Ris a Caratheodory function satisfying the following conditions
|f(z,t)] < a1 + [t]9@®~1) for some a > 0,Vt € R, ae. 2 € Q, ¢ € C(Q)

_ (1.3)
and 1 < ¢(x) < p*(x),Vz € Q.
where
Np(x) .
. ——— ifpx) < N
y@{ N=pe) P
00 if p(z) > N.
There exists a constant M > 0 and 6 > p* such that

foralleQand|t|>MWhereFxt /fmsds
Flz,t) = o([t|"" ") as t — 0 and uniformly for z € Q, with ¢~ > p*.  (1.5)

A € L(€2) and there exists Ag > 0 such that A(z) > Ag for all x € Q. (1.6)

The study of such problems presents some obstacles due to the specific structure
of the operator considered and the presence of the nonlinear term A(z)|u[P®) 2.
To address these challenges, we integrate tools, techniques, and ideas developed
in [13, 20, 39, 43] and references therein. Other important contributions following
several other directions on the same topic can be read in [14, 27, 32, 33, 34, 35,

, 371,

Let us recall that a function u € W,” (I)(Q) is a weak solution to Problem (1.1)
if the following identity holds

p(z)
[Vl |VulP@~2VuVudz

a+/1+ |Vu|2p(”” (1.7)
+//\(x)|u|p(x 2uvdx:/f(x,u)vdx,
Q Q

for all v € Wol’p(x)(Q).

/ VP2V uVudz +
0

Related to the Problem (1.1), we define the so-called energy functional
O WiP(Q) — R by

p(z) 1
[Vl dx+/ —[,/1 + V2@ — 1] dz
Q p(w) QP(@

+/ﬂ%MMM—LF@mm

Q p(f
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It is well known that under (1.3), ® is well defined and is a C' functional with
derivative given by

| V[P

a \/1+ |Vu|>@
+/)\(x)]u|p(“”)_2uvdx—/f(x,u)vdx,
Q Q

|Vu P2V uVudz

(® (1), 0) = / VD2V uVodz +
Q

for all u,v € WP (Q).
Hence, from (1.7), it follows that u is a weak solution of (1.1) if and only if u is
a critical point of @, i.e.

u € Wy™(Q) weak solution of (1.1) <= (®'(u),v) = 0 Yo € W#(Q). (1.9)
Thus, with the previous definition, we state as follows our main result, namely

the existence at least of two nontrivial solutions to Problem (1.1):

Theorem 1.1. Assume that (1.3)—(1.5) hold true and f(x,0) =0 for a.e. x € Q.
Then, the Problem (1.1) has at least two nontrivial solutions in which one is non-
negative and one is non-positive.

The remaining part of this paper is organized as follows: In Section (2), we
recall some notations and preliminaries about the anisotropic variable exponent
Sobolev spaces. In Section (3), we establish the proof of our result by giving the
main steps of our method.

2. VARIATIONAL FRAMEWORK

Let © be an open bounded domain in RY (N > 2), with smooth boundary 9
and meas(€2) > 0. We recall some known results on variable exponent Lebesgue
and Sobolev spaces. See [7, 11, 15,16, 19,20, 21,22, 21, 29] and references therein
for more details. Define

C.(Q) = {p :  — R measurable, such that 1 < p~ < p" < N} ,
where
p- =essinf{p(z) |r €Q} and  p' =esssup{p(x) | z € Q}.

For any p € C(Q2), let us recall that the variable exponent Lebesgue space is
defined by

LPY(Q) == {u : 2 — R measurable, such that / lu(z)|PDdr < oo} :
Q
This space is usually endowed with the Luxemburg norm

|u]p(_) = inf {)\ >0: pp) <;> < 1} ,

where the mapping p,) : LPV(2) — R is the convex modular of the LP")(9)
space defined by

(@) i= [ Ju(o)P e
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Furthermore, we have the elementary properties below (see [11, 15]):
o for any u € Lp(')(Q),

) - + +
mm{!U\i( \u| } < pp(y(u) < maX{!U\ﬁ(,); Mi(.)} < Mi(.) +1 (2.1)

and

1 1/p~ 1 1/p— 1/ —
B W) oy ()} < Julyy < max {5 (W) ] ()} < (o () +1) "

(2.2)
e the space (LPX(Q), |uly()) is a separable reflexive Banach space (see [21]), and
its dual space is isomorphic to LP'*)(Q), where (1) + p% =1, for all z €

o for all u € LPO(Q) and v € LP (), the following Holder type inequality holds

true:
1 1
wodr| < [ — + —— ) |ul,y vl (. 2.3
/Q (p_ (p,)_)! bololy ) (2.3)

The variable exponent Sobolev space is defined by
We)(Q) := {u € LP®(Q) such that [Vu| € LF®(Q)}
and W, (=) (Q) is the closure of C§°(Q2) in W@ (Q). Equipped with the following

norm

min {p

ullp@) = |tlp@) + [ Vulp@), (2.4)
the spaces W12(®(Q) and W, " (x)(Q) are separable, reflexive and uniform convex
Banach spaces (see [20, 17]). We note that if ¢ € C(Q2) and 1 < ¢(z) < p*(z),Vx €
Q, then the embedding Wy (Q) < L@ () is compact and continuous.

3. PROOF OF MAIN RESULTS

Let us denote by u™ = max(u,0) and v~ = max(—wu,0) the positive and
negative parts of u. Before going further, we recall the following technical and
useful lemma:

Lemma 3.1 (See [23]).
(1) Ifue Wol’p(x)(Q), then u*,u~ € Wol’p(x)(Q) and

Vot — Vu if u>0, Vi — 0 if u>0, (3.1)
0 if uw<O0, S\ Vu if u<O. '

(2) The mappings u — u® are continuous on Wol’p(m)(ﬂ).

Next, we consider the following truncated problem

—AL (W) + X&) [uPO 20 = fo (2, u) in €,
(Po){ " : (3.2)
u=>0 on 0,
where
x,t) if £t >0,
felat) = {(1)0( ) otherwise (3.3)
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Lemma 3.2. All solutions of (Py) (resp. (P-) are non-negative (resp. non-
positive) solutions of (P).

Proof. Let us define @ : Wol’p(w)(Q) — R, by

+/ Ex;|| d:r—/QFi( w)dz
[ e

+/ E;C))wp dx_/QF(x,ui)da:, (3.4)

where Fy(z,s) :/ fe(z, t)dt
0

In view of Lemma 3.1 and Condition (1.3), ®. is well defined on W, "™ (Q),
weakly lower semi-continuous and C'—functionals. From (1.9), we derive the
following equivalence:

u € WSP(Q) weak solution of (Py) <= (@ (u),v) =0Vv e WP Q). (3.5)
Replacing v by v~ in (3.5), we obtain
[Vl
a1+ |Vu]27’(=’”
+/ M) [ulP@ 2 uu~ dr — / fi(x,u)u"dzr =0.
Q Q

/ |VulP@ 2 VuVu~dr + VP2 VuVu ™ dr
Q

Next, it follows that
/ |V~ [P@dg +
Q
From (1.6), we have

0< min(l )\0) (/ ]Vu ‘p(a: dx+/ ]u\p(x)dx)

2p(z
/|Vu P@ da + Vo]

V14 |Vu~ |2p
which implies that

/|Vu_]p(x)d;1:+/\u_\p(”)daﬂ:().
0 0

Thanks to (2.1), we have ||u™ ||,y = 0. Then, we deduce that v~ = 0 and u = u*.
Similarly, nontrivial critical points of ®_ are non-positive solutions of (P). [

[V [

a1+ |[Vu %)

($)|U_|p($)d$ =0.

(x)|u_|p($)dx =0

We prove the following result on the required properties of the energy functional
® related to problem (1.1).
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Lemma 3.3. Let conditions (1.3), (1.4) and (1.5) be satisfied. Then, the energy
functional . given in (3.4) satisfies the (PS)-Condition.

Proof. Let {u,} C Wol’p(x)(Q) be a (PS) sequence for the functional ®,: &, (u,)

is bounded and @', (u,,) — 0. Let us show that (uy), is bounded in W()l’p<x)(§2).
Since @ (u,,) is bounded, using (1.4), we observe that:

p(x) 1
c, > / Mdas +/ —_ {, 1+ |V, |2 — 1} dx +/ M|un|p(x)d:p
o plo) o p(z) o p(z)

. / F(z,u)dx

>—/|Vun|p da;+—/l 1+ |Vu,|?@) —1]d$—}-—/ )| un |P®) da

—/ W"f(x,u:)dx + Cy,
Q

where C; and C5 are two constants. Note that

|V, |

e @l

(@, (), 1) = / Vu,Pde+ [

/ [, uf ) u,de

|Vun|2p(x

)|, p(:”)da:—l—/k 2)|u, P9 dx
HMW [ )l [ Al

/ [, uf ) ulde,

which implies

2p(x
ez (=5 ) ([ 1vupei s [ # [ Mol i)
\/1+|Vun|2p

‘|‘6<<I>/ ( ),Un>+02.

Now, if we suppose, by contradiction that (u,), is unbounded in € VVO1 P (m)(Q),
we can say that [|uy||,e) > 1 for rather large values of n. Therefore, the use of
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the Relation (2.2) leads us to

|V, |

[ Vs +
Q a1+ |[Vu,|[?#®)

> min(l;)\o) (/ |Vun|p(m)dx +/ |un|p(z)dx>

p7 .
(IVtn |pa) + !un!p(m)) — 2min(1; Ao)

(a:) [ ")

p(l“
_ 1
> mm(l; )\O)F

> min(1; \g) —— 2min(1; \p). (3.6)

op——1 HUTLHp(x)
Moreover, the fact that ®’, (u,) — 0 assures that there exists C5 > 0 such that
—Cslunllp@) < (P (un), un) < Cslltnl|p)

for rather large values of n. Consequently,
11\ . 1 - Cs
Gy > (F - 5) min(1; Ao) (Fllunllp@) - 2) - 7||Un||p(w) + Ch.

1 1
Since p~ > 1 and [ — — = | > 0, we end up with
pt 0

1 1 1

. p C
(E B 5) min(ls Ao (Wllunllpm - 2) — 5 lnlloe) + Co — oo

as ||tn||p) — +00, which is a contradiction. So (u,), is a bounded sequence in
Wy (). O

Lemma 3.4. There exists r > 0 and o > 0 such that & (u) > «, for all u €
1,p(z .
W™ Q) with [|ullp) = r-

Proof. Combining Conditions (1.3) and (1.5), we deduce the following inequality
|F(x,t)] <eltl +C)t)™@  for all (z,t) € Q x R. (3.7)

Taking ||u||,() small enough, we have

O, (u) > i/ |VulP@ dx—l——/ {Vl—i—]VUPP(I }dm
p*
+—/ ) |ulP® dx—/F(:c,u*)dx.
Q
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For such an element u we have |u|,,) < 1 and |Vuly,) < 1, and by Relation
(2.1), we obtain

/|Vu|p(””)dx+/ {\/1+|Vu\2p($)—1} da:—l—/)\(a:)\u|p(“)d:c
Q Q Q
2/]Vu]p(x)d:v—i-)\o/]uP(I)dx
0

+
2 ‘Vu‘p(x +)\0|u‘p

> min(1, )\0)||u|| (3.8)

1
opt-—1 p(z)’

Relations (3.7) and (3.8) imply
1 X
@ () > ooty min(1, ) 2 —5/ P d — (g)/ t |1

1 :
> g min(t o) fully = [ fupde =€) [ e, (39

From Condition (1.3), it follows p~ < p(z) < p* < ¢~ < q(x) < p* Vo € Q, then,
we have the following continuous and compact embedding:

WoP@(Q) c L' and WyP(Q) € L9®),
which imply the existence of Cy, Cs > 0 such that
1,p(x
lullye < Cillullyey and |l < Csllullym for all u € We™(9).
Since ||u||p(z) is small enough, it is obvious that

| s < el < Calluly (.10

From Relations (3.9) and (3.10), it results that

1
¢ (u) 2 gy min(l, No)llullryy = €CF [[ulll,y — Cale)|ulls,
where C; are positives constants. Let us choose € > 0 such that
1
eCP" < 5 min(1, o).
we obtain
1 . + -
©(u) 2 g min(l, Ao)|[ully — Crle)ullyy,
+ 1 _
> ulf (g min(1. 20 - Coe) " ). (3.11

1 _
Since p* < ¢~, the function t — min(1, A\g) — Cr(e)t? p0+) is strictly

2 +
positive in a neighborhood of zero. It follows that there exists r > 0 and a > 0
such that

O, (u)>a, Yuce Wol’p(x)(Q) ulpa) = 7 (3.12)
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In order to apply the Mountain Pass Theorem, it remains to show the following
property on the energy functional ¢ :

Lemma 3.5. There ezists e € WyP™(Q) such that ||e|| > r and &, (e) < 0.
Proof. We prove that
O, (su) — —o0 as s — +00,
for a certain u € W)™ (Q). From Condition (1.4), we obtain
F(x,t) > c|t|? for all (z,t) € Q x R.

Let u € Wy "™ (Q) and s > 1. Then, we have

|s|P(®) / 1
o — Vul|P@d — \/1 2p(2) [V y|2r(2) — 1|d
+(su) /Qp(x)| ulPYdx 4 (@) \/ + |s]2P@) | Vu| T

A p(z)
+/M|u]p(x)dx—/F(x, (su)t)dx
Q

p(x)

IVu| ple) / V1+ |w|2p

JZ

x)
/ [u[P@dx — cs /|u %dz.
Qb .ZE

The fact 0 > p*, gives that

O, (su) — —o0 as s — +00.
This implies that there exists e € Wy "™ (Q) such that ||e|| > r and &, (¢) < 0. O

Proof of Theorem 1.1. In view of Lemma 3.3, Lemma 3.4, Lemma 3.5 and the
Mountain Pass Theorem, ¢, admits a critical value ¢ > « which is characterized
by

én/f\ sup @ (h(t)) (3.13)
€A ¢elo,1]
where

A = {h e C([0,1], Wy"™(Q)) : h(0) = 0 and h(1) = e}. (3.14)

Then, the functional @, has a critical point u* with ®, (u™) > «. But, ®,(0) =0,
that is, ut # 0. Therefore, the problem (P, ) has a nontrivial solution which, by
Lemma 3.2, is a non-negative solution of the problem (P).

Similarly, using ®_, we show that there exists furthermore a non-positive solution.
O
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