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A SIMPLER PROOF OF THE EQUIVALENCE BETWEEN THE
BACKWARDS ITO INTEGRAL AND THE MCSHANE
BACKWARDS ITO INTEGRAL

ABDUL AZIZY3* CH. RINI INDRATI!, JAYROLD P. ARCEDE?, and NANANG
SUSYANTO!

ABSTRACT. The equivalence between the backwards It6 integral and the Mc-
Shane backwards It0 integral was previously obtained via the stochastic M-
integral. This paper provides a simpler proof of this equivalence that avoids
the M-integral entirely and is developed within the deterministic framework
of the backwards McShane integral. By leveraging Henstock’s Lemma and ab-
solute continuity properties, the proposed approach simplifies the theoretical
structure, improves conceptual transparency, and offers a foundation that is
readily adaptable to other forms of stochastic integration.
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1. INTRODUCTION

Stochastic integration plays a central role in modern probability theory and
its applications, with the It0 integral at its core for modeling semimartingales
in finance, physics, and engineering ([6], [16], [17]). However, classical construc-
tions rely heavily on measure-theoretic machinery, leading to alternate approaches
based on gauge (Henstock—Kurzweil) integrals that recast integration in terms of
Riemann sums and fine divisions ([3], [12]). This framework is now called the
Henstock-Kurzweil approach or simply the Henstock approach.

Henstock’s approach is well known for redefining integrals, whether determin-
istic or stochastic integrals. See, for example, [9], [10], [13], [19], [20], and [21]. In
earlier work, Arcede and Cabral [1] introduced a stochastic integral with respect
to a standard Brownian motion known as the backwards Ito integral, formulated
using partial divisions tagged at right endpoints—hence the term “backwards”.
They established its equivalence to a McShane-style (full division) formulation,
called the McShane backwards [to integral, by employing the M-integral defined
by [4], a stochastic integral that serves as an intermediate bridge. Their proof
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proceeds by first connecting the backwards It6 integral to the M-integral and
then linking the M-integral to the McShane backwards 1to integral. Their result
is established through a comprehensive and technically sophisticated proof.

In this paper, we present a simpler proof of the equivalence between the two
integrals discussed by Arcede and Cabral in [!], bypassing the stochastic M-
integral altogether. Our approach relies solely on the deterministic backwards
McShane integral. By exploiting Henstock’s Lemma and the absolute continuity
property of this integral, we provide a more straightforward argument that avoids
additional stochastic constructions and substantially simplifies the proof in [1].

2. PRELIMINARIES

In this section, we provide several concepts required for the main results, pri-
marily from [1] and [3]. Within this paper, (€2, G, P) refers to a probability space.
A collection of o-subalgebras {G; : 0 < t < T} of G is called a backwards fil-
tration if for every s < t, it satisfies G; O G;. In addition, {G; : 0 < ¢t < T} is
called a standard backwards filtration if it fulfills the criteria specified below: (1)
Every P-null set in G belongs to Gr; and (2) for every ¢t € [0,T], G, = (), Gs-
For convenience, we denote {G; : 0 < ¢ < T} simply as {G:}. Let (2,G,{G:},P)
be a standard backwards filtered space. A function f : Q x [0,7] — R is called
a process if f(.,t) is a random variable for all ¢ € [0,7]. We say that a process
f is adapted to a standard backwards filtration {G;} if f; is G;-measurable for
all t € [0,T]. For p > 1, a random variable 7 : @ — R belongs to L?(Q2,R)
if [,|7[PdP < co. For 7 € L'(Q,R), the expectation of random variable 7 is
denoted by E(7). Let H C G be a o-subalgebra. A conditional expectation of
a random variable 7 given o-subalgebra H is a H-measurable random variable,
denoted by E(7 | H).

A finite collection of non-overlapping subintervals P = {[u;, v;]}?_, of [0,T] is
called a partial division of [0,7]. In addition, P is called a full division of [0, T
if U?Zl[ui, Uz'] = [0, T]

Let 0 be a positive function defined on [0,7]. A finite collection of inter-
val-point pairs D = {([us, &, &)}, is called a backwards partial division of [0, 7]
if {[u;, &)}, is a finite collection of non-overlapping subintervals of [0,7]. An
interval-point pair ([u,&], €) is said to be backwards J-fine if [u, &] C (£ —0(€),&],
with [u,&] C [0,T]. We call D = {([u;,&],&)}2, a backwards d-fine partial di-
vision of [0,7] if D is a backwards partial division of [0,7] and for each i, an
interval-point pair ([u;,&;],€&;) is backwards d-fine. Let > 0 be given. We call
D = {(Ju;, &), &)} a backwards (0, n)-fine partial division of [0, 7] if it fails to
cover [0, T] by at most length 7.

Let 0 be a positive function defined on [0,77], [u,v] C [0,7], and & € [0,T].
An interval-point pair ([u,v], &) is called McShane o-fine if [u,v] C (£ — (&), € +
6(£)). A finite collection of interval-point pairs D" = {([wy, z;],&;) }72, is called
a McShane ¢-fine partial division of [0, 77 if {[wj, z;]}72, is a partial division of
[0, 7] and for each j, an interval-point pair ([w;, z;],¢;) is McShane d-fine. In
addition, D" is called a McShane d-fine division of [0, T if UL, [wy, ;] = [0, T7.
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Let 0 be a positive function on [0, 7] and > 0 be given. We call a full division
D" a (6,n)-fine division of [0, 7] if D" = Dy U Dy, where D; is a backwards (0, 7)-
fine partial division of [0,7] and Dy = {([zk, yk), &) ey is @ McShane o-fine

partial division of [0, 7] such that (D) > (yx — zx) < 7.
k=1

Let ¢ be a positive function on [0, 7] and n > 0 be given. A division @ is called
a (9,n)-fine partial division of [0, 7] if @ is a subset of some (4, n)-fine division @’
of [0, 7.

In the subsequent section, we will state the definitions of the backwards Ito
integral and the McShane backwards Ito integral as defined in [1]. Some results
are also presented without proof.

Definition 2.1. [I]Let (2,G,{G:},P) be the standard backwards filtered prob-
ability space and let f : Q x [0,7] — R be a process adapted to the standard
backwards filtration {G;} and f, € L?(Q,R) for all ¢ € [0,7]. The process f is
said to be backwards It6 integrable on [0, T if there exists F' € L*(£2,R) such that
for every ¢ > 0, there exist a positive function 6 on [0,7] and a positive number
n such that for any backwards (9, 7)-fine partial division P = {([x;, p;], p;)};=1 of
[0, T, we have

2

P)ifpj(Bpj_ij>—F < E. (2.1)

Denote by ®pi(R) the collection of all backwards It6 integrable processes on
[0,T]. According to [1], the backwards Ito integral satisfies the It6 isometry.

Definition 2.2. [1] Let (2, G, {G:},P) be the standard backwards filtered proba-
bility space and f : Qx[0,T] — R be a process adapted to the standard backwards
filtration {G;} and f; € L?*(,R) for all ¢ € [0,7]. The process f is said to be
McShane backwards It6 integrable on [0, T if there exists F' € L?*(€2, R) such that
for every € > 0, there exist a positive function 6 on [0, 7] and a positive number
n such that for any (6, n)-fine division P = {([wy, 2], &) } 7y of [0, T, we have

<e. (2.2)

ZEffk ’gzk _Bwk)_F
k=1

Denote by Zyp(R) the collection of all McShane backwards Ito integrable pro-
cesses on [0, T]. The following result is also crucial. We state it below.

Lemma 2.3. [I| Let f € Zyp(R) and let D = {([x;,yi], pi) Y1y be a (6,n)-fine
division of [0, T]. We have

| ZE Fo ZE (fo

Now, we also recall the definition of the M-integral in the following.

2

Gy.)(By, — Bz)

Gy.)?) (yi — ).
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Definition 2.4. [1] Let f: Q x [0,7] — R be a process such that f; € L'(Q,R)
for all t € [0,7]. The process f is said to be M-integrable on [0, 7] if for every
e > 0, there exists a positive function ¢ on [0, 7] such that for any two McShane
d-fine divisions D" = {([a;, b5, &) Yy and D" = {([a;, bi], pi) }2y of [0, T], we have

S (e~ o) - a)]) <. (2.3)

Denote by Ty(R) the collection of all M-integrable processes on [0, T7).

Let f: Q% [0,7] = R be a process with f; € L*(Q,R) for all ¢t € [0,T].
According to [1], if f € ®pp(R) then by Ito6 isometry, E(f?) is Lebesgue integrable
on [0,7]. By using the dominated convergence theorem, it follows that f? €
Ty(R), see [7]. Moreover, since f> € Ty(R) then by using Cauchy criterion
combined with a suitable refinement construction shows that f € Zyp(R). This
part is not straightforward and requires a fairly detailed argument. Conversely,
if f € Zys(R), then, by applying Henstock’s Lemma of McShane backwards 1t6
integral, we have f € ®g(R).

A schematic outline of the proof in [!] is given in the Figure 1 below.

It0 i t
W 0 1sometry ( E(f?) is Lebesgue

f € Pur(R) J =L integrable on [0, 7]
Henstock’s 1 the dominated
Lemma convergence

v theorem
{ f € EMB (R) J: ( f‘2 c TM (R) J
Cauchy criterion

& refinement construction

FIGURE 1. A schematic outline of the proof.

Furthermore, we recall the definition of the backwards McShane integral and
certain properties proved in [3].

Definition 2.5. [3] A function h : [0,7] — R is said to be backwards McShane
integrable on [0,7] to A € R if for every € > 0, there exist a positive function
d of [0,7] and a positive number 7 such that for any (d,7n)-fine division P =
{([wg, zx), Br) } iy of [0,T], we have

(P)> h(B)(zr —wi) — A <e. (2.4)

k=1

m

Denote by Wpym(R) the collection of all backwards McShane integrable functions
on [0, 7.

Let h € Uppm(R). We can define a function G : [0,7] — R by G(t) = ftT h(u) du
for 0 <t < T. The function G is called a primitive of h on [0, 7.
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Now, one can construct an additive interval function, which is defined by

G(u,v) = G(u) — G(v).

Theorem 2.6 (Henstock’s Lemma). [3] If h € Upm(R) and G(z,y) = [7 h(t)dt
for all [z,y] € [0,T], then for every € > 0, there exist a positive function 0

on [0,T] and a positive number n such that for any (6,n)-fine partial division
P = {([aj, bs], pj) }j=1 of [0,T], we have

(P) Zh(m)(bj —a;) — (P) ZG(%bj) <e. (2.5)

According to [3], if g € ¥py(R) with the primitive G, then G is absolutely con-
tinuous on [0, 7]. Moreover, the backwards McShane integral and the Lebesgue
integral are equivalent.

3. MAIN RESULTS

In the previous proof in [1], the required steps are technically involved. First,
establishing that f2 € Ty (R) from the Lebesgue integrability of E(f?) is not
straightforward, as it requires applying the dominated convergence theorem to a
sequence of step-function approximations. Second, passing from the M-integrability
of f2 to the McShane backwards It6 integrability of f on [0, T is nontrivial, neces-
sitating a refinement construction to produce new divisions suitable for exploiting
the M-integrability of f2. We provide a simpler proof of the equivalence between
the backwards Ito integral and the McShane backwards Ito integral, focusing on
the implication from backwards Ito integrability to McShane backwards Ito in-
tegrability, while the reverse direction follows the earlier proof. By applying the
equivalence between the Lebesgue integral and the backwards McShane integral
as proved in [3] and by exploiting Henstock’s Lemma and the absolute continuity
property of the backwards McShane integral, we streamline the argument and
simplify many of the technical steps.

In what follows, we first establish Lemma 3.1, which serves as a key tool in
proving the equivalence, and then state our main result formally.

Lemma 3.1. Let (2, G, P) be a probability space and let H C G be a o-subalgebra.
Let 7: Q — R be a random variable such that T € L*(Q, R).

E ((E(r | #))*) < E(r%). (3.1)
Proof. Let g : R — R be defined by g(x) = z%. Since g is convex, by Jensen
inequality (see, e.g., [0]), we have

g(E(r | H)) <E(g(r) | H) a.s.
Hence,
(E(7 | 7-[))2 <E(7* | H) a.s.

By the property of conditional expectation (see, e.g., [I]), we have
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E ((E(r | #)°) <E(E( | H)) = E(r).

A schematic outline of the new proof is given in the Figure 2 below.

W [t6 isometry ‘(

f € ®p(R) J E(f?) is Lebesgue

'L integrable on [0, T']

) 1 Equivalence of the
Henstock’s .
L Lebesgue integral &
cmma backwards McShane integral v
{ f & EvnlR) W< ( E(f?) € Upm(R)
J—Ienstock’s Lemm

& absolute continuity
FIGURE 2. A schematic outline of the new proof.

We prove that the backwards It6 integral and the McShane backwards Ito
integral are equivalent.

Theorem 3.2. A process [ € ®gi(R) if and only if f € Eyp(R) and the value of
both integrals are equal.

Proof. Since the necessity follows from [1], we only show the sufficiency. Let
e > 0 be given. Since f € ®gi(R), there exists F' € L?*(2,R) such that there
exist a positive function ¢’ and a positive number 1’ such that for any backwards
(¢',n')-fine partial division P' = {([2p, ¢p], ¢p) }p=1 of [0, 7], we have

2

E < (3.2)

(P Z foo(Bp, — B.,) — F

>~ ™

Since f € ®p(R), by It6 isometry in [1], it implies that E(f?) is Lebesgue
integrable on [0,7]. Tt follows that E(f?) € Wpu(R) as proved in [3]. Let
G be the primitive of E(f?). By Theorem 2.6, there exist a positive func-
tion ¢” and a positive number n” such that for any (6”,7")-fine partial division
P’ = {([xka yk]aﬁyk)}gczl of [07 T]a we have

(P") Y E(f) (e — x) = (P") Y Glaw, )

1 k=1

k=
Since E(f2) € Upm(R), it follows that G is absolutely continuous on [0,7] by
[3]. Hence, there exists a positive number 1" such that for any finite collection

< (3.3)

col ™
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d
of non-overlapping subintervals {[c., 3.]}2_; with > (8. — a.) < 7", we have
e=1

e=1

< % (3.4)

d
> Glac, Be)

Choose 6(§) = min{d’(€),0" (&)} for all € € [0,7] and n = min{y,n",n"}.
Let D = {([aj, b;], pj)}72; be an arbitrary (d,n)-fine division of [0,7] such that
D = Dy U Dy, Dy = {(|wy, 7], )}, is a backwards (4, n)-fine partial division
of [0, 7], and Dy = {([us, v, &)}, is a McShane é-fine partial division of [0, 7]

where
n

(D2) Z(Uz’ —u;) <.
i=1
This implies that Ds is a (9, n)-fine partial division of [0, 7] which is also a (6", n")-
fine partial division of [0, T7.
Therefore, by inequality 3.3, we have

< % (3.5)

(D2) ZE(fé)(vi —u;) — (Da) Z G (ui, v;)

=1

Since G is absolutely continuous on [0, 7] and {[u;, v;]}? is a finite collection

of non-overlapping subintervals of [0,7] with > (v; — u;) < 7, it follows from
i=1

inequality 3.4 that

< (3.6)

co| ™

(D2) ZG(%%’)

Now, by Cauchy-Schwarz inequality, we know

m 2

E |(D)ZE<fp] |gbj)(Bbj_Baj)_F

Jj=1

2 2

gvi)(B'Ui - Buz)

n

+2E ‘(Da) > Efe,

=1

<2E ‘(Dl)ifTr(BTr_Bw'r)_F
r=1

(3.7)
Since f € ®gi(R), by the inequality (3.2), the first term in the inequality (3.7)
can be made small enough

2

E <

> m

(Dl) ZfTr(BTT - Bwr) —F

By Lemma 2.3, Lemma 3.1, inequality (3.5), and inequality (3.6), the second
term in inequality (3.7) becomes
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n 2

E(|(D2) > E(fe, Gu))?) (v — ;)

gv»(lgm __ZguJ

— (D2) Y E (B

< (Dy) ZE(fi)(Uz‘ — u;)
< (D) ZE(fé)(Ui — ;) — (D2) ZG(%U@')
+|(Da) ZG(ui,vi)
P 8 1/:1
=-.
Therefore,
E (D)ZE(]CPJ |gbj)(Bbj_Baj)_F <é.

4. CONCLUSION

In this paper, we have presented a simpler proof of the equivalence between the
backwards Ito integral and the McShane backwards Ito integral. In contrast to
the approach in [1], which relies on the stochastic M-integral, our method uses the
deterministic backwards McShane integral. By building on fundamental proper-
ties of the backwards McShane integral, together with Henstock’s Lemma and the
absolute continuity of the primitives, our approach not only simplifies the argu-
ment but also makes the steps of the proof more straightforward and transparent.
Moreover, the framework established here provides a natural starting point for
extending these results to other stochastic integrals within the Henstock-type
integration framework.
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