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REAL COORDINATE STRETCHING PERFECTLY MATCHED
LAYER FOR ANISOTROPIC ADVECTION-DIFFUSION

EQUATION

AHMED BENMEFTAH1∗, NASSIMA KHALDI2 and ZOHRA BENKAMRA2

Abstract. We propose a real coordinate transformation for truncating an
unbounded domain to numerically solve the anisotropic advection-diffusion
equation. By replacing the complex stretching with a real variant, our method
eliminates auxiliary variables and maintains well-posedness. Key advantages
include: (1) analytical solutions via Laplace-Fourier transforms, (2) exact
handling of anisotropy through diffusion tensor diagonalization, and (3) reduced
computational cost in higher dimensions. The approach is validated for 2D
anisotropic problems with cross-derivatives, offering a better alternative to
frequency-dependent domain truncation techniques.
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1. Introduction

Advection-diffusion equation is fundamental across a wide range of disciplines,
from oceanography and meteorology to biomedical engineering and hydrology,
especially when modeling large-scale phenomena in unbounded domains. In
such cases, numerical simulations must incorporate artificial or open boundaries
to accurately represent far-field solutions in real time. Among the primary
techniques for constructing these boundaries, we can cite Absorbing Boundary
Conditions (ABCs) which stand out as a key approach to truncating infinite
domains [9, 19, 5, 3, 14, 7, 4, 15] and those that truncate them by absorbing
layers of finite width such as Perfectly Matched Layers (PML)[1, 2]. Despite
extensive research on domain truncation methods for wave propagation problems,
there is (to the authors’ knowledge) a notable scarcity of results in the numerical
analysis literature concerning domain truncation construction methods for (mixed)
advection-diffusion phenomena, especially in the presence of cross derivatives.
Several significant studies have addressed boundary treatments for these equations.
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For instance, [11, 13] developed a family of Artificial Boundary Conditions (ABCs)
specifically for the advection-diffusion equation with small viscosity. In parallel,
Halpern [13] investigated optimized sponge layers for convection-diffusion problems.
Furthermore, [18] designed a PML formulation for heat and advection–diffusion
equations, demonstrating that the reflection coefficient remains exponentially small
relative to the layer width and damping parameter, regardless of the equation
coefficients.

When considering the heat equation as a subcase of advection-diffusion, ABCs
have historically been derived via continuous [16, 10, 12, 6] or discrete [8]
approaches. A major limitation in these methods, stemming from the methodology
in [9], is the necessity to approximate the square root of a partial differential
operator. Conversely, the PML approach circumvents this issue by embedding
the computational domain within a finite, non-reflexive dissipative layer. This
technique effectively enforces the decay of outgoing waves without requiring
complex operator approximations.. They can be interpreted as a complex coordinate
transformation, where spatial variables are analytically continued in the complex
plane x 7→ x + 1/iω

∫ x
0
σ(s)ds through an absorption profile σ ≥ 0, and ω is a

time frequency. However, this seems to be specific to propagation problems, since
an oscillatory frequency ω is tracked, making them more suitable for hyperbolic
equations such as the wave or Maxwell equations [1, 2]. Furthermore, the factor
1/ω, which corresponds to an integral operator in the time domain, needs the
introduction of auxiliary variables. This increases the computational cost and
memory requirements, a problem that becomes particularly severe in higher
dimensions.

In this work, we avoid this time inversion by introducing a simplified real
coordinate transformation where spatial variables remain analytically continued
into the real plane: x 7→ x+

∫ x
0
σ(s)ds which is by construction independent of ω

and is henceforth very practical for computational implementation even in higher
dimensions. Its main advantages are analycity of fundamental solution, capability
with corner layers and well-posedness which are simply inherited from the original
equation. In addition, full anisotropy is carried out via a change of variable which
allows one to suppress it from the equation in a new coordinate system and to
obtain analytical Green Kernel in order to analyze the full decomposition of the
total field into incident, reflected and transmitted parts.

The paper is structured as follows: Section 2 is dedicated to the derivation
of a vertical layer model for the fully anisotropic advection-diffusion equation.
This construction considers a spatiotemporal Dirac source positioned inside a
nested subdomain. The solution without advection is obtained in Section 3 in
Laplace-Fourier space, based on a suitable change of variable that keeps the normal
direction invariant as needed in PML techniques and, at the same time, eliminates
the cross derivatives, allowing the diagonalization of the diffusion tensor in the
new coordinates. In Section 4, we return the solution back to the time-domain and
show the decomposition of the total field into incident, reflected, and transmitted
components. In Section 5, we recover a time-domain solution with advection with
the help of a Galilean transformation. In Section 6, we rewrite the solution in
original coordinates, and in Section 7 the RCSPML model is stated in all directions
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and ready to be numerically validated in Section 8. Remarks and comments are
discussed in the last section.

The two dimensional anisotropic advection-diffusion equation describes the
transport of a scalar quantity u(x, y, t) under both directional drift and anisotropic
spreading, for which there are only vanishing modes. Its general form with a point
source is given by:

∂u

∂t
+ v · ∇u = ∇ · (D∇u) + δ(x− x0)δ(t), (1.1)

where: v = (vx, vy) is the velocity vector of advection and

D =

Dxx
Dxy

2
Dxy

2
Dyy


is the diffusion tensor, x0 is the source location, δ represents the Dirac delta
function.

If we consider a source located at (h, 0), expanding in Cartesian coordinates
yields:

∂u

∂t
+ vx

∂u

∂x
+ vy

∂u

∂y
= Dxx

∂2u

∂x2
+Dxy

∂2u

∂x∂y
+Dyy

∂2u

∂y2
+ δ(x− h)δ(y)δ(t). (1.2)

for which the fundamental solution is given by

u(x, y, t) =
H(t)

2πt
√

4DxxDyy −D2
xy

exp

(
− Q(x, y, t)

2t(4DxxDyy −D2
xy)

)
, (1.3)

where the quadratic form Q(x, y, t) is:

Q(x, y, t) = 2Dyy(x−x0−vxt)2−2Dxy(x−h−vxt)(y−vyt)+2Dxx(y−vyt)2, (1.4)

and H(t) is the Heaviside step function enforcing causality. The center of the
solution moves with velocity v = (vx, vy), and the anisotropic spreading is
controlled by D. For well posedness of the parabolic equation, one requires
positive-definiteness of the quadratic form Q, i.e., positives Dxx and Dyy and
4DxxDyy −D2

xy > 0, positive-definite D. Since there are only vanishing modes
without temporal oscillation, a natural way to design a perfectly matched layer is
to not incorporate the time frequency iω in the coordinate stretching, such as in
wave phenomena where the spatial coordinate (for example, in the x direction) is
modified in Fourier space by the complex variable X(x), so that X(0) = 0, and

x 7→ X = x+
1

iω

∫ x

0

σ(τ)dτ, (1.5)

σ ≥ 0 being the absorption profile. Instead, our strategy in this paper consists in
introducing a real coordinate stretching defined by

x 7→ X = x+

∫ x

0

σ(s)ds (1.6)
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which is by construction independent of the temporal frequency ω. In terms of
partial derivatives, one can write:

∂

∂X
= (1 + σ(x))−1 ∂

∂x
= γ(x)

∂

∂x
, γ(x) := (1 + σ(x))−1 . (1.7)

In this way, the layer will not be fictive. It becomes a real medium with the
desired absorption and perfect matching properties. Since there is no time
convolution, the PML equations will be completely free of auxiliary variables,
which reduces significantly the computation cost in practice and allowing to solve
multidimensional problems with very low complexity compared to Berenger’s
PMLs used in the literature for wave problems. In addition, the most tractable
feature of such a method is the possibility to obtain an analytical solution very
easily using the Fourier-Laplace transform, allowing us to fully describe reflected
and transmitted fields and study the reflection coefficient as a function of the
width and rate of absorption of the layer.

2. Design of Real Coordinate Stretching Perfectly Matched
Layer (RCSPML)

Consider the two-dimensional (2d) anisotropic heat equation with a finite layer
of width L in the region −L < x < 0 where the change of variable (1.6) is used. A
Dirac delta source in the nested region x > 0 is located at (h, 0), h > 0, in space
and t = 0 in time, with a variable absorption profile: σ(x) ≥ 0 for −L < x < 0
and equal 0 for x > 0, regardless of the specific value of σ at the interface x = 0.
Then, one has to find a causal solution to the following equations:

• Nested region (x > 0):

∂u

∂t
+ vx

∂u

∂x
+ vy

∂u

∂y
= Dxx

∂2u

∂x2
+Dxy

∂2u

∂x∂y
+Dyy

∂2u

∂y2
+ δ(x− h)δ(y)δ(t). (2.1)

• RCSPML region (−L < x < 0):

∂U

∂t
+ vx

∂U

∂X
+ vy

∂U

∂y
= Dxx

∂2U

∂X2
+Dxy

∂2U

∂X∂y
+Dyy

∂2U

∂y2
, (2.2)

where X is the real coordinate stretching given by (1.6) and U(X, y, t) :=
u(x, y, t).
• Interface conditions at x = 0 (denoting σ0 = σ(0) ≥ 0 then γ(0) =

(1 + σ0)−1):

u(0, y, t) = U(0, y, t),
∂u

∂x

∣∣∣∣
x=0

=
∂U

∂X

∣∣∣∣
X=0

= γ(0)
∂u

∂x

∣∣∣∣
x=0

. (2.3)

• Boundary conditions: Dirichlet at x = −L:

u(−L, y, t) = U(X(−L), y, t) = 0. (2.4)

Equation (2.2) becomes with the change of partial derivative (1.7) a variable
coefficient equation as follows:

∂u

∂t
+ vxγ(x)

∂u

∂x
+ vy

∂u

∂y
= Dxxγ(x)

∂

∂x
γ(x)

∂u

∂x
+Dxyγ(x)

∂2u

∂x∂y
+Dyy

∂2u

∂y2
. (2.5)
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However, for the computation of the fundamental solution, one does not need
to deal with a variable-coefficient equation. This is because Equation (2.2) has
constant coefficients in the coordinates (X, y), making it more straightforward to
solve than Equation (2.5).

3. Laplace-Fourier-Domain Solution

Let
√
z denote the square root of a complex number z, with negative branch

cut. We will solve our equation without the advective part, and then we will
introduce the advection terms through a Galilean transformation. To eliminate
the cross-derivative term, we introduce a change of variables that leaves the
x-coordinate invariant.ξ = x,

η = y − βx, with β =
Dxy

2Dxx

.
(3.1)

The preservation of the x-coordinate is essential for constructing the PML in this
direction, as it ensures the interface and boundary conditions remain unchanged
at x = ξ = 0 and x = ξ = −L, respectively.

Using the change of variables (3.1), we now introduce the following notations:

X(x) = x− Σ(x), Σ(x) :=

∫ 0

x

σ(q) dq.

U(X, η, t) = u(ξ, η, t), X(ξ) = ξ −
∫ 0

ξ

σ(q) dq = ξ − Σ(ξ),

Dξξ = Dxx > 0, Dηη =
4DxxDyy −D2

xy

4Dxx

> 0, vξ = vx, vη = vy − βvx,

we obtain the free cross-derivative equations as follows:

• Nested region (ξ > 0):

∂u

∂t
+ vξ

∂u

∂ξ
+ vη

∂u

∂η
= Dξξ

∂2u

∂ξ2
+Dηη

∂2u

∂η2
+ δ(ξ − h)δ(η + β h)δ(t). (3.2)

• RCSPML region (−L < ξ < 0):

∂U

∂t
+ vξ

∂U

∂X
+ vη

∂U

∂η
= Dξξ

∂2U

∂X2
+Dηη

∂2U

∂η2
, (3.3)

or, in terms of partial derivatives w.r.t (ξ, η) :

∂u

∂t
+ vξγ(ξ)

∂u

∂ξ
+ vη

∂u

∂η
= Dξξγ(ξ)

∂

∂ξ
γ(ξ)

∂u

∂ξ
+Dηη

∂2u

∂η2
. (3.4)

Notice that the equations obtained in coordinates (ξ, η) are anisotropic free cross
derivative. This will considerably simplify the computation of 2d Green kernels as
a product of 1d kernels in a standard way as follows.

From now on, we denote by s the Laplace variable associated with time t ≥ 0
and by k the (partial) Fourier variable associated to η ∈ R. We will also use φ̃

and φ̂ to denote the Laplace and Fourier transforms, respectively, of a tempered
distribution φ(ξ, η, t) defined in [−L,+∞)× R× R+.
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3.1. Nested Region (ξ > 0). Performing a partial Fourier transform in y followed
by a Laplace transform in t of (3.2) respectively (without advective terms), one
obtains an O.D.E in ξ with a Dirac source term as follows:

(s+Dηηk
2) ˜̂u(ξ, k, s)−Dξξ

˜̂u′′(ξ, k, s) = eikβhδ(ξ − h)

for which the Laplace-Fourier domain solution is known:

˜̂u(ξ, k, s) =
1

2
√
Dξξ(s+Dηηk2)

e
−
√
s+Dηηk2

Dξξ
|ξ−h|

+ Ae
−
√
s+Dηηk2

Dξξ
ξ

+Be
+

√
s+Dηηk2

Dξξ
ξ

=
1

2
√
Dξξ(s+Dηηk2)

e
−
√
s+Dηηk2

Dξξ
|ξ−h|

+ Ae
−
√
s+Dηηk2

Dξξ
ξ
,

where B = 0, for a tempered distribution (slow growth at +∞) and A 6= 0 will be
determined by interface condition at ξ = 0 and/or boundary condition at ξ = −L.

3.2. RCSPML Region (−L < ξ < 0). In the layer region, there is no source, so
the general solution to the homogeneous equation (3.3) (without advective terms)
is given by:

˜̂
U(X, k, s) = Ce

−
√
s+Dηηk2

Dξξ
X

+De
+

√
s+Dηηk2

Dξξ
X
,

or using ˜̂u(ξ, k, s),

˜̂u(ξ, k, s) = Ce
−
√
s+Dηηk2

Dξξ
(ξ−Σ(ξ))

+De
+

√
s+Dηηk2

Dξξ
(ξ−Σ(ξ))

,

where, ξ −Σ(ξ) < 0 for −L < ξ < 0. The coefficients C and D are determined by
the interface conditions (2.3) and the boundary condition at ξ = −L.

3.3. Interface Matching. At ξ = 0, continuity of u and flux are given by interface
conditions (2.3) and the Dirichlet boundary condition at ξ = −L. Solving three
equations with three unknowns A,C,D, we obtain:

A = C = −e
√
s+Dηηk2

Dξξ
(−h−2L−2Σ(−L))

2
√
Dξξ(s+Dηηk2)

, D =
e
−
√
s+Dηηk2

Dξξ
h

2
√
Dξξ(s+Dηηk2)

.

Therefore, in the nested domain (ξ > 0):

˜̂u(ξ, k, s) =
e
−
√
s+Dηηk2

Dξξ
|ξ−h|

2
√
Dξξ(s+Dηηk2)

− e

√
s+Dηηk2

Dξξ
(−ξ−h−2L−2Σ(−L))

2
√
Dξξ(s+Dηηk2)

, (3.5)

and in the layer region (−L < ξ < 0):

˜̂u(ξ, k, s) = −e
√
s+Dηηk2

Dξξ
(−ξ−h−2L+Σ(ξ)−2Σ(−L))

2
√
Dξξ(s+Dηηk2)

+
e

√
s+Dηηk2

Dξξ
(−h+ξ−Σ(ξ))

2
√
Dξξ(s+Dηηk2)

. (3.6)
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4. Time-Domain Solution and the image principle

Now, one can use the inverse Laplace transform followed by the inverse Fourier
transform to get the time domain solution in both the nested and layer regions as
follows.

4.1. Nested region (ξ > 0).

4.1.1. Time-Fourier-Domain Solution. Performing the inverse Laplace transform,
one has:

û(ξ, k, t) = L−1

{
1

2
√
Dξξ(s+Dηηk2)

e
−
√
s+Dηηk2

Dξξ
|ξ−h|

}

+ L−1

−e
√
s+Dηηk2

Dξξ
(−ξ−h−2L−2Σ(−L))

2
√
Dξξ(s+Dηηk2)


=

e−Dηηk
2t

2
√
Dξξπt

(
e
− (ξ−h)2

4Dξξt − e−
(ξ+h+2L+2Σ(−L))2

4Dξξt

)
.

Expanding on this, we obtain the following.

û(ξ, k, t) =
1

2
√
Dξξπt

e
−Dηηk2t− (ξ−h)2

4Dξξt − 1

2
√
Dξξπt

e
−Dηηk2t− (ξ+h+2L+2Σ(−L))2

4Dξξt .

4.1.2. Time-Domain Solution. Now, inverting the Fourier transform, one obtains
the following.

u(ξ, η, t) =
1

2π

∫ ∞
−∞

[
e−Dηηk

2t

2
√
Dξξπt

(
e
− (ξ−h)2

4Dξξt − e−
(ξ+h+2L+2Σ(−L))2

4Dξξt

)]
eikηdk

=
1

2π

1

2
√
Dξξπt

(
e
− (ξ−h)2

4Dξξt − e−
(ξ+h+2L+2Σ(−L))2

4Dξξt

)∫ ∞
−∞

e−Dηηtk
2

eikηdk

=
1

4πt
√
DξξDηη

(
e
− (ξ−h)2

4Dξξt − e−
(ξ+h+2L+2Σ(−L))2

4Dξξt

)
e
− (η+β h)2

4Dηηt .

Expanding, the last expression yields the following expression.

u(ξ, η, t) =
e
−
(

(ξ−h)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

− e
−
(

(ξ+h+2L+2Σ(−L))2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

=
e
−
(

(ξ−h)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

− e
−
(

(ξ+h+2L)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

e
−Σ(−L)2+(ξ+h+2L)Σ(−L)

Dξξt︸ ︷︷ ︸
:=R

(4.1)
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where R is a reflection coefficient of the layer that can be written in terms of the
mean absorption rate

σ̄ :=
Σ(−L)

L
=

1

L

∫ 0

−L
σ(τ)dτ. (4.2)

Observe that this result is coherent with the image principle for the Dirichlet
boundary condition at ξ = −L which creates an inverse image source −δ(ξ∗) at
the image point (h∗, 0) = (−h− 2L, 0) symmetric to h w.r.t the axis ξ = −L. Let
us denote by

Ginc(ξ, η, t) =
e
−
(

(ξ−h)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

the incident Green kernel associated with the direct source at h, and

G∗inc(ξ, η, t) := Ginc(ξ
∗, η, t) =

e
−
(

(ξ+h+2L)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

(4.3)

the inverse image incident Green kernel associated to the inverse image source at
(h∗, 0) with ξ∗ := ξ − h∗ = ξ + h+ 2L is the image point of ξ. Using this notation,
the reflection coefficient takes the form

RL,σ̄,h = RL,σ̄,h (ξ, t) = e
−L

2σ̄2+2(ξ+h+2L)Lσ̄
4Dξξt , (4.4)

and the solution in the nested region ξ > 0 is splitted as an incident plus reflected
fields as follows:

u(ξ, η, t) = Ginc(ξ, η, t) +Gref (ξ, η, t),

where

Gref (ξ, η, t) := RL,σ̄,h (ξ, t)G∗inc(ξ, η, t) = −RL,σ̄,h
e
−
(

(ξ+h+2L)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

(4.5)

is the reflected Green function by the layer of width L and absorption profile σ.

4.2. RCSPML Region (−L < ξ < 0).

4.2.1. Time-Fourier-Domain Solution. Similarly, inverting Laplace transform
yields

û(ξ, k, t) = L−1

−e
−
√
s+Dηηk2

Dξξ
(ξ+h+2L+2Σ(−L)−Σ(ξ))

2
√
Dξξ(s+Dηηk2)


+ L−1

e
−
√
s+Dηηk2

Dξξ
(h−ξ+Σ(ξ))

2
√
Dξξ(s+Dηηk2)


=

e−Dηηk
2t

2
√
Dξξπt

(
e
− (h−ξ+Σ(ξ))2

4Dξξt − e−
(ξ+h+2L−Σ(ξ)+2Σ(−L))2

4Dξξt

)
.
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Expanding, we obtain:

û(ξ, k, t) = − 1

2
√
Dξξπt

e
−Dηηk2t− (ξ+h+2L−Σ(ξ)+2Σ(−L))2

4Dξξt

+
1

2
√
Dξξπt

e
−Dηηk2t− (h−ξ+Σ(ξ))2

4Dξξt . (4.6)

4.2.2. Time-Domain Solution. Now, inverting Fourier transform:

u(ξ, η, t) = F−1

{
e−Dηηk

2t

2
√
Dξξπt

(
e
− (h−ξ+Σ(ξ))2

4Dξξt − e−
(ξ+h+2L−Σ(ξ)+2Σ(−L))2

4Dξξt

)}

=
1

4πt
√
DξξDηη

(
e
− (h−ξ+Σ(ξ))2

4Dξξt − e−
(ξ+h+2L−Σ(ξ)+2Σ(−L))2

4Dξξt

)
e
− (η+β h)2

4Dηηt .

Expanding the expression:

u(ξ, η, t) =
e
−
(

(h−ξ+Σ(ξ))2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

− e
−
(

(ξ+h+2L−Σ(ξ)+2Σ(−L))2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

. (4.7)

Likewise, this can be splitted as a sum of two transmitted fields: one from the
direct source (h, 0) in the nested region and the other from the image source (h∗, 0)
located in the image media and symmetric to (h, 0) w.r.t ξ = −L, as follows:

u(ξ, η, t) =
e
−
(

(h−ξ)2
4Dξξt

+
(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

e
−Σ(ξ)2+(h−ξ)Σ(ξ)

4Dξξt︸ ︷︷ ︸
:=T

− e
−
(

(ξ+h+2L)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

e
− (2Σ(−L)+Σ(ξ))2+2(ξ+h+2L)(2Σ(−L)−Σ(ξ))

4Dξξt︸ ︷︷ ︸
:=T ∗

where the coefficients appearing in the r.h.s T = TL,σ̄,h and T ∗ = TL,σ̄,h∗ are the
transmission coefficients of the layer.

4.3. Final solution for the anisotropic case without advection. From
subsections above, one can now write the anisotropic solution in both the nested
and the layer regions in the case of zero advection and in the (ξ, η) as follows:

• In the physical domain (ξ > 0):

u(ξ, η, t) =
e
−
(

(ξ−h)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

− e
−
(

(ξ+h+2L)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

e
−Σ(−L)2+(ξ+h+2L)Σ(−L)

Dξξt︸ ︷︷ ︸
R
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• In the RCSPML region (−L < ξ < 0):

u(ξ, η, t) =
e
−
(

(h−ξ)2
4Dξξt

+
(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

e
−Σ(ξ)2+(h−ξ)Σ(ξ)

4Dξξt︸ ︷︷ ︸
T

− e
−
(

(ξ+h+2L)2

4Dξξt
+

(η+β h)2

4Dηηt

)

4πt
√
DξξDηη

e
− (2Σ(−L)+Σ(ξ))2+2(ξ+h+2L)(2Σ(−L)−Σ(ξ))

4Dξξt︸ ︷︷ ︸
T ∗

.

In terms of reflection / transmission coefficients (see Figure 1), one thus has a
reflected field in the nested region and two transmitted ones in the layer:

u(ξ, η, t) =

{
Ginc(ξ, η, t) +RG∗inc(ξ, η, t) in the nested region, ξ > 0

T Ginc(ξ, η, t) + T ∗G∗inc(ξ, η, t) in the layer region,−L < ξ < 0

Figure 1. RCSPML interface showing the physical source at x = h,
its image source at x = −2L − h, and the four field components:
incident (Ginc), reflected (R), direct transmitted (T ) and inverse
image transmitted (T ∗) . The RCSPML region (−L < x < 0) with
absorption profile σ(x) > 0.

5. Time-Domain solution with advection and the perfect matching
property

Transforming back to the original frame, the solution of the advection diffusion
equation with RCSPML can be deduced from the previous result, by considering
a moving source located at h(t) = h + vξt, η ∈ R. The image source moves
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henceforth in the opposite direction h∗(t) = −h− vξt− 2L, η ∈ R.

u(ξ, η, t) =



e
−
(

(h+vξt−ξ)
2

4Dξξt
+

(η−vηt+β h)2

4Dηηt

)

4πt
√
DξξDηη

−e
−
(

(h+vξt+ξ+2L+2Σ(−L))2

4Dξξt
+

(η−vηt+β h)2

4Dηηt

)

4πt
√
DξξDηη

if ξ > 0

e
−
(

(h+vξt−ξ+Σ(ξ))2

4Dξξt
+

(η−vηt+β h)2

4Dηηt

)

4πt
√
DξξDηη

−e
−
(

(h+vξt+ξ+2L−Σ(ξ)+2Σ(−L))2

4Dξξt
+

(η−vηt+β h)2

4Dηηt

)

4πt
√
DξξDηη

if− L < ξ < 0.

In terms of reflection / transmission coefficients:

u(ξ, η, t) =

{
Ginc(ξ, η, t) +RG∗inc(ξ, η, t) in the physical region, ξ > 0

T Ginc(ξ, η, t) + T ∗G∗inc(ξ, η, t) in the RCSPML region,−L < ξ < 0

where Ginc and G∗inc are the Green functions associated to the moving source at
(h(t), 0) = (h+vξt, 0) and the inverse image source at (h∗(t), 0) = (−h−2L−vξt, 0)
respectively. R = RL,σ̄,h,vx(ξ, t) represents the reflection coefficient of the layer.

RL,σ̄,h,vξ(ξ, t) = e
−
L2σ̄2+(ξ+h+vξt+2L)Lσ̄

Dξξt

T and T ∗ are left and right transmission coefficients, respectively:

TL,σ̄,h,vξ(ξ, t) = e
−

Σ(ξ)2+(h−ξ−vξt)Σ(ξ)

4Dξξt

T ∗L,σ̄,h,vξ(ξ, t) = e
−

(2Lσ̄+Σ(ξ))2+2(ξ+h−vξt+2L)(2Lσ̄−Σ(ξ))

4Dξξt

It follows immediately that at a fixed time t > 0:

(1) Even with σ constant (σ̄ = σ0 > 0), the layer (L = +∞) is perfected
matched at any ξ > 0, in particular, at ξ = 0, in fact: R∞,σ0,h,vξ(0, t) =
T ∗∞,σ0,h,vξ

(0, t) = 0, T∞,σ0,h,vξ(0, t) = 1.

(2) In the case of finite layer of width L > 0, perfect matching can be reached
by:
(a) allowing an unbounded profile σ in such a way that σ̄ = +∞ and one

obtains: RL,∞,h,vξ(0, t) = T ∗L,∞,h,vξ(0, t) = 0, TL,∞,h,vξ(0, t) = 1.

(b) or by the most common way of choice of polynomial profile (generally
quadratic) in order to achieve a balance between perfect matching
and discrete reflection coefficient that minimizes spurious reflection
due to the grid resolution.

Remark 5.1. Observe that, while the pure heat kernel has only polynomial decay
in time as O(t−1) as t −→ +∞, the advection kernel has an exponential decay
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O(t−1e
−

vξt

4Dξξ ) as t −→ +∞, as soon as vξ 6= 0. This regularizing effect brings
actually a great advantage to the precision of the RCSPML over long periods.

6. Anisotropic solution in original coordinates (x, y)

Recall the transformation between (ξ, η) and (x, y) coordinates is given by:

ξ = x, (6.1)

η = y − βx, where β =
Dxy

2Dxx

, (6.2)

with the transformed parameters:

Dξξ = Dxx > 0, (6.3)

Dηη =
4DxxDyy −D2

xy

4Dxx

> 0, (6.4)

vξ = vx, (6.5)

vη = vy − βvx. (6.6)

We can present now the exact solution in the original coordinates (x, y) for the
anisotropic advection-diffusion equation with cross derivatives and a RCSPML of
width L placed at the left of the half-plane x > 0, as follows:

• Nested region (x > 0):

uright(x, y, t) =
1

2πt
√

4DxxDyy −D2
xy[

exp

(
−(x− vxt− h)2

4Dxxt

)
− exp

(
−(x+ vxt+ h+ 2L(1 + σ̄))2

4Dxxt

)]

exp

−
(
Dxx(y − vyt)− Dxy

2
(x− h− vxt)

)2

Dxx(4DxxDyy −D2
xy)t

 .

• RCSPML region (−L < x < 0):

uleft(x, y, t) =
1

2πt
√

4DxxDyy −D2
xy[

exp

(
−(x− h− vxt− Σ(x))2

4Dxxt

)

− exp

(
−(x+ h+ vxt+ 2L(1 + σ̄)− Σ(x))2

4Dxxt

)]

exp

−
(
Dxx(y − vyt)− Dxy

2
(x− h− vxt)

)2

Dxx(4DxxDyy −D2
xy)t

 .
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It is obvious that, by construction, Σ(0) = 0 implies directly uright(0
+, x, t) =

uleft(0
−, y, t) which yields continuity of the solution at x = 0.

As a main result, the following theorem shows that reflections caused by the layer
can be made as negligible as possible by choosing either a far source (h→ +∞),
a large layer (L → +∞) or enough absorption rate (σ̄ → +∞). Of course, the
last alternative is the most common one used in practice.

Theorem 6.1. The fundamental solution u(x, y, t) is equivalent to the nested
region solution uright(x, y, t) in the limit when h, L, or σ̄ approaches +∞. More
precisely, when any of these parameters diverges, the solution reduces to:

uright(x, y, t) −−−−−−−−−→
h , L or σ̄→+∞

u(x, y, t)

where u(x, y, t) is the Green kernel in the free space given by (1.3).

Proof. The H(t) in the fundamental solution is implicitly contained in uright

through its physical interpretation (causality). Analyzing the limit term by term,
the nested solution contains two exponential terms. The second term

exp

(
−(x+ vxt+ h+ 2L(1 + σ̄))2

4Dxxt

)
disappears in the limit when any parameter h, L or σ̄ → +∞. Therefore, uright

reduces to:

1

2πt
√

4DxxDyy −D2
xy

exp

−(x− vxt− h)2

4Dxxt
−

(
Dxx(y − vyt)− Dxy

2
(x− h− vxt)

)2

Dxx(4DxxDyy −D2
xy)t

 .

The exponent can be rewritten as:

−1

t

[
(x− h− vxt)2

4Dxx

+
(Dxx(y − vyt)− Dxy

2
(x− h− vxt))2

Dxx(4DxxDyy −D2
xy)

]
which exactly matches the quadratic form Q(x, y, t) in the fundamental solution
when expanded as given by (1.4). Thus, we have shown that uright(x, y, t) converges
point-wise to u(x, y, t) in the specified limits. �

7. The RCSPML in all directions

We can now define the equations to solve, in the case of a rectangular nested
region completely surrounded by horizontal and vertical layers, respectively, as
follows: In order to consider RCSPML in both the x and y directions, one must
introduce the change of variable with absorption profiles σx and σy such that:

X(x) = x+

∫ x

Interface

σx(τ)dτ and Y (y) = y +

∫ y

Interface

σy(τ)dτ

which amounts to changing the spatial derivatives by the corresponding rules:

∂

∂x
→ γx(x)

∂

∂x
, γx(x) := (1 + σx(x))−1 ,
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∂

∂y
→ γy(y)

∂

∂y
, γy(y) := (1 + σy(y))−1 .

By this way, we obtain a variable coefficient equation which is free of any auxiliary
unknown as follows:

∂u

∂t
+ vxγx

∂u

∂x
+ vyγy

∂u

∂y
= Dxxγx

∂

∂x
γx
∂u

∂x
+Dxyγxγy

∂2u

∂x∂y
+Dyyγy

∂

∂y
γy
∂u

∂y

+ δ(x− h)δ(y)δ(t). (7.1)

Clearly, if one assumes σx, σy to be zero outside the corresponding layers,
then the (viscosity) coefficients γx, γy become equal to one outside their layers
which reduces Equation (7.1) to the original advection-diffusion equation (2.1)
in the nested region. In summary, the RCSPML system to solve in the free
computational domain Ω can be written as follows: (Analytical solutions can be
found by convolution)

• In the case of a Dirac source inside the nested region:

∂u

∂t
+ vxγx

∂u

∂x
+ vyγy

∂u

∂y
= Dxxγx

∂

∂x
γx
∂u

∂x
+Dxyγxγy

∂2u

∂x∂y
+Dyyγy

∂

∂y
γy
∂u

∂y
+δ(x− h)δ(y)δ(t)

Continuity of u and γx
∂u

∂x
, at vertical interfaces

Continuity of u and γy
∂u

∂y
, at horizontal interfaces

u = 0 on ∂Ω, Dirichlet B.C at outer boundary

u(x, y, 0) = 0 on Ω, Zero initial condition at t = 0.

• Or, in the case of an initial condition at t = 0, which is compactly supported
in the nested region:

∂u

∂t
+ vxγx

∂u

∂x
+ vyγy

∂u

∂y
= Dxxγx

∂

∂x
γx
∂u

∂x
+Dxyγxγy

∂2u

∂x∂y
+Dyyγy

∂

∂y
γy
∂u

∂y

Continuity of u and γx
∂u

∂x
, at vertical interfaces

Continuity of u and γy
∂u

∂y
, at horizontal interfaces

u = 0 on ∂Ω, Dirichlet B.C at outer boundary

u(x, y, 0) = u0(x, y) on Ω, initial condition at t = 0.

(7.2)

Remark 7.1. Note that this model can be systematically extended to higher
dimensions without introducing auxiliary variables. Namely, following the methodology
of [17], this extension is also possible, with some technical modifications, for the
time-fractional advection-diffusion equation. This represents a potential advantage
over existing PML formulations for advection-diffusion equations found in the
literature.

Remark 7.2 (Well-posedness and stability). It should be pointed out that the
Cauchy problem (7.2) is a variable coefficients system in the coordinates (x, y),
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but it is a constant coefficients one in the new coordinates (X, Y ). In fact, the
system is originally equivalent to :



∂U

∂t
+ vx

∂U

∂X
+ vy

∂U

∂Y
= Dxx

∂2U

∂X2
+Dxy

∂2U

∂X∂Y
+Dyy

∂2U

∂Y 2

Continuity of U and
∂U

∂X
, at vertical interfaces

Continuity of U and
∂U

∂Y
, at horizontal interfaces

U = 0 on ∂Ω̃, Dirichlet B.C at outer boundary

U(X, Y, 0) = U0(X, Y ) on Ω̃, initial condition at t = 0,

where Ω̃ is the image domain under the PML transformation (x, y) 7→ (X, Y ) and
U(X, Y, t) := u(x, y, t). Notice that interfaces are invariant under the coordinate
stretching, by construction.

It is well known that this constant Cauchy problem is well-posed and stable, as
long as the diffusion tensor is positive definite, thus ‖U‖L2(Ω̃) ≤ ‖U0‖L2(Ω̃), ∀t >
0..

On the other hand, dx dy = γx γy dXdY , γx, γy ∈ (0, 1], then

‖u‖L2(Ω) =

∫
Ω

|u|2 dx dy =

∫
Ω̃

|U |2γx γy dX dY ≤ ‖U‖L2(Ω̃) ≤ ‖U0‖L2(Ω̃),

with

‖U0‖L2(Ω) =

∫
Ω̃

|U0|2 dX dY =

∫
Ω

|u0|2
1

γx γy
dx dy ≤ ‖ 1

γx γy
‖L∞(Ω)‖u0‖L2(Ω).

If σx and σy are assumed L∞(Ω), then
1

γx
:= 1 + σx and

1

γy
:= 1 + σy are also

L∞(Ω). Thus ‖u‖L2(Ω) ≤ C‖u0‖L2(Ω), ∀t > 0. Henceforth, the stability and the
well-posedness of the variable coefficients linear system (7.2) follows immediately.

In the following section, numerical results are conducted on this model Cauchy
problem.

8. Numerical results

Let us consider a particular initial condition in the frame xy, a 2d Gaussian
distribution centered at (0, 0) with standard deviations Lx and Ly in the x and
y directions, respectively. The absence of Dxy (cross-diffusion) and vx, vy (drift
terms) at t = 0 means that the initial condition is a separable Gaussian function:

u0(x, y) =
1

2πLxLy
exp

(
− x2

2L2
x

− y2

2L2
y

)
,
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for which an analytical (or exact) solution is known:

uEx(x, y, t) =
1

2π
√

(L2
x + 2Dxxt)(L2

y + 2Dyyt)− (Dxyt)2

exp

(
−

(L2
y + 2Dyyt)(x− vxt)2 + (L2

x + 2Dxxt)(y − vyt)2 − 2Dxyt(x− vxt)(y − vyt)
2
(
(L2

x + 2Dxxt)(L2
y + 2Dyyt)− (Dxyt)2

) )
.

(8.1)
The analytical solution describes a 2d anisotropic Gaussian distribution evolving
under diffusion and drift.

In the subsequent numerical tests, the computational domain is denoted by
Ωeff
L+d =]− (L+ d)× sdeff, (L+ d)× sdeff[2. This rectangular area consists of an

inner subdomain Ωeff
L =]− L× sdeff, L× sdeff[2, which is padded on all sides by

a margin of width d × sdeff. Here, the parameter sdeff represents the effective
standard deviation associated with the anisotropic diffusion and the viscosity of
the tensor D. If λ1, λ2 are the eigenvalues of D then sdeff is given by:

sdeff =
√

2Tλ1λ2 =
√

2T
√

detD, (8.2)

where T is the total simulation time. The quantities L and d are some reference
length scales related to the standard deviations Lx and Ly of the initial Gaussian.

Denoting by Leff = L×sdeff and deff = d×sdeff, the RCSPML system we used is
the one given by (7.2) that covers the horizontal, vertical, and corner layers. The
absorption profile σ (representing σx or σy) is designed to be inversely proportional
to the effective width deff and quadratic with respect to the distance from the
domain interface. We define a normalized relative coordinate r and the profile
function as follows:

r =
|x| − Leff

deff

∈]0, 1[, σ(x) =
σmax

deff

r2 for Leff < |x| < Leff + deff.

In this definition, the variable x corresponds to vertical layers and should be
substituted by y for horizontal ones. Based on empirical optimization, the value
σmax = 50 yields the most accurate numerical results.

The spatial domain is discretized using a uniform grid with spacing ∆x = ∆y.
To advance the solution in time, we employ the explicit Forward in Time Centered
in Space (FTCS) scheme. The time step ∆t is selected to satisfy the CFL
stability condition dictated by the physical parameters. We denote the resulting
numerical approximation by u. Additionally, a reference solution, denoted as uref,
is computed over the interval [0, T ] on an extended domain Ωref = Ωeff

4(L+d). This
domain is enlarged fourfold to mitigate boundary effects.

In all the experiments bellow and unless some specific mentions, most key
insights about the scheme parameters are summarized in Table 1.

Figures 2 and 6 show seismogram in time at two monitoring points. Top subplot:
point near bottom-left corner (x1, y1) and bottom subplot: point near top-right
corner (x2, y2). Each of them shows: numerical solution (blue) and analytical
solution (red dashed): We observe a smooth pulse arrival (earlier at (x2, y2) since
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Category Parameter/Formula Value Description

Initial condition Lx = Ly 1 Standard deviation
of the Gaussian pulse

Physics
D =

(
Dxx

Dxy
2

Dxy
2

Dyy

) (
0.5 0.125

0.125 0.5

)
Diffusion tensor

V = (vx, vy) (0.25, 0.25) Advection field

Time T 25 Total simulation time

Domain

sdeff =
√

2T
√

detD 4.92 The standard deviation incorporating the viscosity D and time T .

L+ d 0.8 + 0.2 = 1 Reference length

Ωeff
L ]− 3.936, 3.936[2 Scaled Nested domain

Ωeff
L+d ]− 4.92, 4.92[2 Scaled Computational domain

(x1, y1) (−3.1,−3.1) Receiver at bottom-left corner
for seismogram

(x2, y2) (3.1, 3.1) Receiver at top-right corner
for seismogram

Grid
dt 0.0025 Time step size

∆x = ∆y 0.1 Space step size

Nx = Ny 101 Number of grid-points in Ωeff
L+d

RCSPML (quadratic)
deff = d× sdeff 0.984 Scaled RCSPML width

σmax 50 Maximum absorption
rate in both directions

Table 1. Parameters used in the FTCS numerical scheme

the field is advected right/up. The numerical pulses closely match the analytical
one, for both reference cf. Figure 2 and RCSPML cf. Figure 6 solutions.

More precisely, to study the numerical precision w.r.t. the exact solution,
we introduce the absolute error ε*(x, y, t) = |u(x, y, t)− uEx(x, y, t)| in order to
highlight the truncation of the effective nested region by either a far boundary to
have a numerical reference solution (∗ = ref) or a Dirichlet Boundary Condition
(∗ = DBC) or a RCSPML absorbing layer (∗ = RCSPML). In the effective nested
domain Ωeff

L , we compute the Lp (p = 2, and p =∞) relative errors in percentage
(%) over time in [0, T ], i.e.

ep*(t) :=
‖ε*(., ., t)‖p
‖uEx(., ., t)‖p

× 100%, * ∈ {ref,DBC,RCSPML}.

In the figures 3 and 7, semi-log plots show how numerical relative errors evaluate
over time w.r.t the analytical solution in the nested domain, showing namely their
maximum values at top of the pictures:

• L2 Relative error (blue solid line): Measures average overall solution
accuracy.
• L∞ Relative error (red dashed line): Measures worst-case point-wise error.

Maximum values of the numerical relative errors are reported in Table 2: They
Closely match for both reference and RCSPML solutions, while there is a large
mismatch (high reflection) of the numerical solution obtained with a DBC to
truncate the nested region.

Note that we can improve accuracy by two standard ways:

(1) Increasing RCSPML Width: Recall that in the previous experiment (Table
2) we have used a width deff = 0.984. Tested with slightly larger widths
deff = 1.23 and deff = 1.476 to reduce spurious reflections.
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* max e2
∗(%) max e∞∗ (%)

uref 0.12 0.19
uDBC 93.02 100

uRCSPML 0.41 1.28
Table 2. Maximum values of ep∗ (in %), for p = ∞ and p = 2.
RCSPML width deff = 0.984

Maximum values of the numerical relative errors match more precisely
for both reference and RCSPML solutions, as shown in the following Table
3. One observes that the maximum discretizations error is reached at
deff = 1.476.

deff = 1.23
*

max e2
∗(%) max e∞∗ (%)

uref 0.12 0.19
uRCSPML 0.16 0.46

deff = 1.476
*

max e2
∗(%) max e∞∗ (%)

uref 0.12 0.19
uRCSPML 0.12 0.19

Table 3. Maximum values of ep∗ (in %), for p =∞ and p = 2, for
RCSPML widths deff = 1.23 (left table) and deff = 1.476 (right
table).

(2) Refining Spatial Mesh: With the RCSPML width fixed at deff = 0.984,
we investigate the effect of spatial refinement by factors of 1.5 and 2.
The previous experiment (Table 2) used 101 and 401 grid points in both
directions for the domains Ωeff

L+d and Ωeff
4(L+d) respectively, corresponding

to a fixed grid spacing of ∆x = ∆y = 0.1.
After refinement, the grid resolutions become:
• 1.5× refinement: 151 and 601 points (∆x = ∆y = 0.0667)
• 2× refinement: 201 and 801 points (∆x = ∆y = 0.05)

for Ωeff
L+d and Ωeff

4(L+d) respectively.
As summarized in Table 4, the maximum relative errors decrease with

mesh refinement for both solutions, uref and uRCSPML, showing improved
accuracy. Note that temporal refinement was not performed in this
experiment.

Refinement
×1.5

*

max e2
∗(%) max e∞∗ (%)

uref 0.04 0.06
uRCSPML 0.04 0.08

Refinement
×2
*

max e2
∗(%) max e∞∗ (%)

uref 0.02 0.03
uRCSPML 0.03 0.03

Table 4. Maximum values of ep∗ (in %), for p =∞ and p = 2, for
refinement factor 1.5 (left table) and 2 (right table).
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Figure 2. Time solution reference (numerical) v.s. analytical at
two monitoring points: Top subplot: Point near bottom-left corner
(x1, y1), Bottom subplot: Point near top-right corner (x2, y2).

Figure 3. Semi-log plot over time: L2 / L∞ relative errors in
percentage (%) of reference solution w.r.t analytical solution.
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Figure 4. Snapshots comparison in the nested region Ωeff
L (ended

with Dirichlet B.C) between the numerical solution (left) and
analytical solution (right) at three different times.
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Figure 5. Snapshots comparison in the computational region Ωeff
L+d

(with RCSPML) between the RCSPML numerical solution (left)
and analytical solution (right) at three different times.
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Figure 6. Time solution: RCSPML numerical v.s. analytical at
two monitoring points: Top subplot: Point near bottom-left corner
(x1, y1), Bottom subplot: Point near top-right corner (x2, y2).

Figure 7. Semi-log plot over time: L2 / L∞ relative errors in
percentage (%) of RCSPML numerical solution w.r.t analytical
solution.
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9. Remarks and comments

• We have developed a new real coordinate stretching Perfectly Matched
Layer (RCSPML) model for the anisotropic advection-diffusion equation
with cross derivative.
• The RCSPML model is well-posed and very simple to handle numerically.

It is free of auxiliary variables. Moreover, it allows to study analytically
the Green kernels decomposition: Incident - Reflected and transmitted
ones, directly as functions of the layer parameters.
• Numerical tests were successfully validated with an initial Gaussian pulse

(distributed) which are more convincing than experiments with a localized
point source. Relative L2 and L∞ errors w.r.t exact solution perfectly
matched the result with a reference solution.
• For isotropic problems, the model readily extends to three or higher

dimensions, leveraging the multiplicative property of the heat kernel.
• Namely, for the time-fractional advection-diffusion equation [17], the

extension is technical but possible, as far as there is no time frequency ω
in the real coordinate transformation.
• Our model is inherently designed for diffusion phenomena dominated

by evanescent modes, suggesting straightforward extension to parabolic
systems. However, its applicability to mixed (hyperbolic-parabolic) systems—
particularly when the parabolic part is non-dominant—is not explored in
this paper.
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