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M-FOLD SYMMETRIC BIUNIVALENT FUNCTIONS DEFINED
BY GEGENBAUER POLYNOMIALS: NOVEL SUBCLASSES
AND COEFFICIENT BOUNDS
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ABSTRACT. In this paper, we use Gegenbauer polynomials to define a novel
subclass of holomorphic biunivalent functions which are m-fold symmetric in-
side U= {s:s € C and [s|] < 1}. We compute estimates on initial bounds
|dm1], |dom+1| and the Fekete-Szego inequalities for functions that are a mem-
ber of the stated subclasses. Also, several novel results are obtained as special
cases of our results.
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1. INTRODUCTION AND FUNDAMENTAL NOTIONS

Let A represent the class of all holomorphic functions inside the open unit disc
U={s:seC and |s| < 1}, which are of the form:

k(s) :s—f—idns”. (1.1)

The function k (s) of the form (1.1) obviously satisfies the normalization condi-
tions &k (0) = k' (0) — 1 = 0. The subclass of A that includes every function that
is univalent inside U is denoted by S.

A disc with a radius of 1/4 must be found in the image of U under any function
k(s) from S, based on the Koebe One-quarter Theorem [38]. Consequently, every
univalent function has the inverse k~!(r) that satisfies

K (k(s) = (s € U) and k (k) (1) =7 (|7‘| < 1o () :7o () > i) ,

wherever
k7N (r) = h(r) = 7 — dor® 4 (2d5 — ds)r® — (5ds — Bdads + dg)r* + - . (1.2)
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If both k(s) and k~!(r) are univalent inside U, then the function k(s) € A is
said to be biunivalent inside U. The biunivalent functions class with the form
(1.1) is represented by .

Assume that k and f are two holomorphic functions inside the open unit disc U.
If there exists a Schwarz function w that is holomorphic inside U with w(0) = 0
and |w(s)| < 1, so that k(s) = f(w(s)),(s € U), then the function k is told
to be subordinate to f, denoted k£ < f. More specifically, if the function f is
univalent in U, then k < f < k(0) = f(0) and k(U) C f(U).

For any function £ in S, the univalent function

1
f(s) = (k(s™))m (meN,sel),
transforms the open unit disk U into an m-fold symmetrical region (see [13, 15]).
The following normalized shape indicates that a function is m-fold symmetric
k(s)=s+ den+lsm”+1 (seUmeN). (1.3)
n=1

We denote by S, the class of univalent functions which are m-fold symmetrical
inside U and normalized based on the series expansion (1.3). In the class S, the
functions are one-fold symmetrical, meaning that m = 1.

Every function k& € X creates an m-fold symmetrical biunivalent function for
every m € N, according to Srivastava et al. [19], which specified that m-fold
symmetrical biunivalent functions are analogous to the idea of m-fold symmetrical
univalent functions. Regarding the normalized form of £ provided based on (1.3),
they arrived at the following series expansion for £

E~H(r) = h(r) =1 — dpyrr™ ™

+ [(m+1)d2, .y — dogsr ] 77T

1
— 13 2+3m)(L+m)d>, 1 — (24 3m) dpy1damir + d3m+1} L A
(1.4)

We denote by ¥, the class of m-fold symmetry biunivalent functions inside U.
Formula (1.4) for m = 1 is the same as formula (1.2) for the class X. Examples
of functions belong to the class ¥, are

, i and | = log st ,
1—sm 2 1—sm

along with each of their inverse functions

” 1 1 - 1
e —1\m™ rm m e — 1\ ™
o ) and | ———— .
er 14 rm er™ + 1

The importance of orthogonal polynomials in engineering, mathematical physics,
probability theory and mathematical statistics has led to a great deal of research
on them in the last several years from a variety of angles. From a mathematical

s

(—log (1 —s™))
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standpoint, orthogonal polynomial often result from ordinary differential equa-
tion solutions under certain model-imposed constraints. The classical orthogonal
polynomials (Gegenbauer polynomial, Lucas polynomial, Chebyshev polynomial,
Jacobi polynomial, Horadam polynomial, Legendre polynomial and Fibonacci
polynomial) are the orthogonal polynomials that are most widely utilized in ap-
plication. Biunivalent functions related with orthogonal polynomials topic of

much study recently, including [1, 2, 5, 6, 9, 10, 11, 12, 16, 18]. The definition of
a Gegenbauer polynomial generating function for a nonzero real constant « is
1
H,(z,s) =

(1 —2xs+ s2)"’

wherever —1 <z <1 and s € U. Since H, is holomorphic function inside U for
fixed x, it may be expressed as a Taylor series

H, (z,s) = Z Ce (x) s",
n=0

wherever C% (z) the Gegenbauer polynomial of degree n.
Clearly, when a = 0, H,, produces nothing. Thus, for o = 0, we arrive at

Ho(z,s) =1—1log (1 —2zs+ s*) = 532 ,Cp (z) s".

Furthermore, it should be noted that a normalization of « to be larger than —1/2
is preferred [7, 14, 17]. Additionally, the following recurrence relations may be
used to define Gegenbauer polynomials:

1
O3 () =~ [0 (n -+ a— 1) Gy (2) — (n -+ 20— 2) O, (1]
the first few Gegenbauer polynomials are
Co (z) =1,C¢ (x) = 2ax and C (z) = 2a (1 + ) 2° — a. (1.5)

The polynomials C¢ (z) have many special instances: The Chebyshev poly-
nomials are obtained for a = 1 and the Legendre polynomials are obtained for
a=1/2.

The goal of this work is to submit and study two novel subclasses of m-fold
symmetric holomorphic biunivalent functions specified by Gegenbauer polynomi-
als. We get bounds on the initial bounds |d,, 1], |demy1| and the Fekete-Szego
inequalities.

2. THE SUBCLASS By, (A\,z,) AND THE COEFFICIENTS BOUNDS

Definition 2.1. A function k (s) € %, of the shape (1.3) is said to be in the
class By,, (A, z,a) for A > 1,z € (1/2,1] and all s,r € U provided the following
subordination requirements are met:

(1_A)k(8)

+ MK (s) < H, (x,5) (2.1)

and

h(r)

(1—X) + AR (r) < Hy (z,7), (2.2)
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wherever h = k™! is specified based on (1.4).
The following definition results from choosing A = 1 in Definition 2.1.

Definition 2.2. A function k (s) € ¥, of the shape (1.3) is said to be in the class
By, (z,a) for z € (1/2,1] and all s,r € U provided the following subordination
requirements are met:

K (s) < Hy (x,5)
and

h'(r) < Hy (x,7),
wherever h = k™! is specified based on (1.4).

Remark 2.3.

(1) The class By,, (A, z, @) becomes the class By, (A, x, a) submitted and dis-
cussed by Amourah et al. [1] when m = 1.

(2) The class By, (A, x, ) becomes the class By (z, a) submitted and dis-
cussed by Amourah et al. [1] when m =1 and A = 1.

Theorem 2.4. Let k (s) = s+> o0 dpnt18™ 1, belongs to the subclass By, (A, z, a)
for N> 1,2 € (1/2,1] and all s,r € U. Then

2 o) zv2x

|dm+1| S
\/‘2 (m + 2m2X — m222) az? + (1 4+ mA)* (1 — 2:102)}

and
2|lalz 2(m+1)a?z?

+
mA+1 " (mA+1)°

Y

|d2mt1| < 2
and for some & € R,

sl if Jm+1-2¢<0

‘d2m+1 - fd%1+1| < 4|m+1—2§|a2z3 .
|2(m+2m2 A —m2A2)az?+(mA+1)* (1-222) | if Im+1-=2¢2>0d,

where
12 (m + 2m2X — m2\?) az?® + (mA + 1)%(1— 222)|

0 = 5
2(2mA+1) o]

Proof. Suppose that k (s) € By, (A, z,«). Then there are two holomorphic func-
tions w (8) = pms™ + pams®™ + -+ and Y (1) = ¢ur™ + Gamr®™ + -+ such that
w(0)=19(0)=0,|lw(s) <1,[9(r) <1forall s,r € U. From (2.1) and (2.2), we
have

k(s)

(1= X) ==+ M (5) = 1+ CF () w (5) + C5 (2) [w ()] + CF () [w ()] + -
(2.3)

and
(1-2) @ A (r) =1+ C (2) 9 (r) +CS () [9 (r)]* + CS (z) [9 (1)]> + - .

(2.4)
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From (2.3) and (2.4), we obtain

(1-X\) @WL)J{:’ (s) =14+CY (z) pms+ [Cf“ (z) pom + C (x)pfn} s (2.5)

and
h(T’) / o « a 2 2
(1—=2X) T+)\h (r) =14+CY (x) ¢ur+ [C’l () gom + C5 (2) qm} ré4--- . (2.6)
It is well known that if

then |pim| < 1 and |gin| < 1 for each i € N.
When we equate the coefficients in ((2.5) and (2.6)), we get

(1 +mA) dpy1 = CT () P, (2.7)
(1 + 2mA) doyy1 = COF (x) pam + O () p2,, (2.8)
— (1 +mA) ds1 = CF (2) G, (2.9)

and
@A+ 1) [+ Dy — o] = CF () gam + G5 (@) (2.10)

Using ((2.7) and (2.9)), we obtain

D = —Qm (2.11)

and
2(mA+1)*d5 g = [CF (@) (97, + di) - (2.12)

When we add ((2.8) and (2.10)), we get
(1 2mA) (m+ 1) &,y = CF () (o + o) + C5 () (0 + 2) - (2.13)
Using (2.12) in (2.13) and simplifying, we get
2 [C ()] (Pam + Gom) ‘
T o+ 1) (14 2m0) [CF (@) = 2(1+mA)Cy (x)
Using (1.5), (2.14) becomes

(2.14)

2ol N 2x
|dm+1| < | | .

- \/‘2 (m + 2m2X — m2X2) az? + (1 +m))* (1 — 222)|
When (2.10) is subtracted from (2.8), we get
(14 2mA) [2dam 1 = (m + 1) dy ] = CF () (p2m = G2m) + C5 (2) (P — ) -
(2.15)

By applying the equations (2.11), (2.12), together with (2.15), it can be concluded
that

Cf (@) (P — @) | (m +1) (3, + 42) [CF ()]
2(2mA+1) 4(mA+1) '
Now, using (1.5), we conclude

d2m+1 =

2|lalz 2(m+1)a?z?

o ir| <
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Lastly, using ((2.14) and (2.15)) for some £ € R, we get
Ca m m
N (41— 26) [CF (@) (P + om)
2((2mA+1) (m+1) [Cf (2)]* = 2(mA + 1)°C8 (x))

_ 0?2(93) [(Z ) + m) Pom + (Z (&) — m) qu} :

Z(é) _ (m+1;2£) £Cla (l’)] 2a )
2mA+1)(m+1)[C¥(x)]” —2(mA+1)°C¢ (x)

Thus, we conclude that

where

ot (x) :
‘d2m+1 - §d12n+1‘ S {Lm/\H’ if 012 < ﬁ .
CF@Z Q] if 1Z©)] = s

After some computations, we get

s — 6| < kit 3 if Jm+1-2¢[ <0y
2m+1 — S| = 4m+1-2¢|a’x . _ .
|2(m+2m2A—m2X2)az?+(mA+1)* (1-222) | if Im+1-2¢ 20,
where )
B — 12 (m + 2m*X — m?A\?) az® + (mA + 1)7 (1 — 222)|
b 2 (2mA + 1) o 2 '
This proves Theorem 2.4. O

We get the following outcome by using A = 1 in Theorem 2.4.

Corollary 2.5. Let k (s) = s+ o0 | dpni18™ 1, belongs to the subclass By, ()
forz € (1/2,1] and all s,r € U. Then

2 |a| zV2x
|dm+1| S | ‘ 2
\/’2m(m+ 1) ax? + (m+ 1) (1 — 222)|
" o , 2(1+m)a%?
2z |« 2(14+m)a‘x
’d2m+1| S + P )
1+4+2m (I+m)
and for some £ € R,
( 2|alz
Zm |2m(m+1)az?+(m+1)% (1-222) |
. m(m+1)oxr 4+ (m-+ —2x
) if fmA1=2¢ < 22mr1)[alz?
|d2m+1 - §dm+1’ < 4jm+1-2¢|a2a”

|2m(m+1)o¢a}2+(m+1)2(1—21‘2)|

. ’2m(m+1)a$2+(m+1)2(1—2m2)‘
\Zf m +1 - 2¢] = 2(2m+1)alz?

Remark 2.6. If we take the following options in Theorem 2.4
(1) For m = 1, we obtain the results by Amourah et al. [1].
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(2) For m =1 and A = 1, we get the results by Amourah et al. [1].

3. THE SuBcLASS SCy,, (A, z,a) AND THE COEFFICIENTS BOUNDS

Definition 3.1. A function k (s) € ¥, of the shape (1.3) is said to be in the class
SCyx,, (A, z,a) for 0 < A <1,z € (1/2,1] and all s,r € U provided the following
subordination requirements are met:

(1—A) %S) +A (1 + SZN(S)) < H, (z,5) (3.1)
and
(1—A)%+A(1+%)<Ha(x,s), (3.2)

wherever h = k™! is specified based on (1.4).
The following definition results from choosing A = 0 in Definition 3.1.

Definition 3.2. A function k (s) € ¥,, of the shape (1.3) is said to be in the class
Sy, (x, ) for x € (1/2,1] and all s,r € U provided the following subordination
requirements are met:
sk’ (s)
k(s)

< H, (z,s)

and
rh' (1)
h(r)
wherever h = k™! is specified based on (1.4).
The following definition results from choosing A = 1 in Definition 3.1.

< H,(z,s),

Definition 3.3. A function k (s) € ¥,, of the shape (1.3) is said to be in the class
Cs,, (z,a) for z € (1/2,1] and all s,r € U provided the following subordination
requirements are met:

and

wherever h = k™! is specified based on (1.4).

Remark 3.4.

(1) The class SCsy,, (A, x, ) becomes the class B* («) submitted and discussed
by Amourah et al. [3] when m =1 and A = 0.

(2) The class SCyx,, (A, x, ) becomes the class SM%(x, 1) submitted and dis-
cussed by Swamy and Atshan [20] when m=1 and A\ = 1.

(3) The class SCs,,, (A, x, ) becomes the class My (4,1, ) submitted and
discussed by Younis et al. [21] when m = 1.
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Theorem 3.5. Let k (s) = s+> o0 | dpni18™ 1, belongs to the subclass SCs,, (X, x, «)
for 0 <A <1,z € (1/2,1] and all s,r € U. Then

2 o) zv2x

|dm+1| S
m\/‘2 (1 — m2\2) az? + (mA + 1) (1 — 222)|

and
|| 2(m+1)a?z?

2mA+1)  m2 (mA+ 1)

(dam] < m (
and for some & € R,

m(2‘:1|)3\:+1) if Im+1-2§ <0,

’d2m+1 N €d72n+1‘ < 4m+1-2¢|a2a’ .
m2|2(1_m2>\2)a$2+(1+m)\)2(1—2x2)| lf |m —'— ]_ — 2€| Z 827

where

m 12(1 —m* ) az? + (1 + mA)? (1 — 222)|

o)) .
4(2mA+1) o]z

Proof. Suppose that k (s) € SCx,, (A, z,«). Then there are holomorphic functions
W (8) = Pms™ + poms®™ + -+ and I (r) = gur™ + @omr®™ + - -+ such that w (0) =
9(0) =0,|w(s)] <1, |9(r) <1forall s,r €U. From (3.1) and (3.2), we have

(1—-2X) S:’(S) + A <1 + S:/“((SS))) =14 CY(x)w (s) + OF (z) [w (s)]? 0
+CS () [w ()] + -
and
(1—=X) r}?(g) + A (1 + 7’;;/ (Y)’)) =1+ CY (z)0(r) o
+CS () [0 (r)]? + CS () [0 (r)]> + - --
From (3.3) and (3.4), we obtain
+ [CF () pom + C5 () p1,] * + - -
and
(1—A)%+A(1+%):1+03(@qmr .

+ [C’f‘ () gom + C5' () qfn} i
It’s well knowledge that if
W (8)| = [Pms™ + Pams™™ + -+ | < 1

and
19 (F)] = |@umr™ + qomr™™ + -+ | < 1,
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then |pim| < 1 and |gin| < 1 for each i € N.
When we equate the coefficients in ((3.5) and (3.6)), we get

m(Am + 1) dp1 = CF () pm, (3.7)
2m (2Am + 1) das1 — m (1 + 2xm + Am?) d7.,, |
= O (2) pan + C5 (@)1 .
—m (Am + 1) dy1 = CF (T) ¢, (3.9)
and
m (1 +2m + 2xm + 3Am?) d2, ., — 2m (2Am + 1) daymia (310)
= OF () gom + C5' (2) ¢,
Using ((3.7) and (3.9)), we get
Pm = —Qm (3.11)
and
2m? (\m +1)*dy, 1y = [CF ()] (9}, + dn) - (3.12)
When we add ((3.8) and (3.10)), we get
2m® (Am + 1) dy, = CF (2) (pom + d2m) + C5' (2) (05, + a7 - (3.13)
Using (3.12) in (3.13) and simplifying, we get
i CF @)F (o + o) _

2m2 (mA + 1) [CY ()]* — 2m?2 (mA + 1)°C¢ (z)
Using (1.5), (3.14) becomes
2o zv2x

my/[2(1 = m2)2) aa? + (mA + 1 (1 - 222)|

|dm+1| S

When (3.10) is subtracted from (3.8), we get

2m (1 + 2)\m) [2d2m+1 - (m + 1) dgu-&-l} =CY ($) (p2m - Q2m) + O3 (x) (pvgn - q?n) .
(3.15)

It follows from (3.11), (3.12) and (3.15) that

Cf (z) (pom — @) | (m+ 1) [CF ()] (2, + ¢2)

d2m+1 =

Now, using (1.5), we conclude

|| 2(m+1)a?z?
2mA+1)  m2(mA+1)>

|doms1] <
m (
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Lastly, using ((3.14) and (3.15)) for some & € R, we get

2 CY () (P2m — Gom)
domit = & = =40 (2 m + 1)
(m+1— 25) [O? (I)]:a (p2m + Gom)
Am? (Am + 1) [C¥ (2)]* — 4m? (Am + 1)° C¢ (z)
CY (z)

Sl [(z © + m) P + (Z (6 - m) QQm} ,

Z(6) = (mtl—fﬁ) [CF ()] —
m(Am+ 1) [C¢ (z)]” —m (Am + 1)°C¥ (x)

Thus, we conclude that

where

|C?(I)‘ . 1
o= < § o 0= 1S
: 2m Zf |Z(§)| Z Qmi_i_l'
After some computations, we get
|ot] ~
o1 — €2, | < e 2 omel =2l s o
2m+-1 m+1| = 4m+1-2¢|a’x Zf |m +1— 2§| > 82,

m2 |2(1—m2/\2)aa:2+(1+m)\)2(1—2z2)‘

where
~m 12(1 = m22\?)az® + (1 + mA)* (1 — 222)|
B 4(2mA+1)|al 2 .

D
This proves Theorem 3.5.

We get the following outcome by using A = 0 in Theorem 3.5. |

Corollary 3.6. Let k (s) = s+ oo | dmn+18™ ™, belongs to the subclass Sy, (z, a)
for x € (1/2,1] and all s,r € U. Then

2z |a| V2

| < 2
m\/}l—Q(l—a)a: |
and
alr 2(m+1)a%a?
o < 122 2m D a7
m
and for some £ € R,
olz . 1-2(1—a)a?
T A s
- <
2m+1 mAll =Y gmi1-ogle2e® m|1-2(1-a)2’|
m2|172(17a)x2| Z‘f |m +1- 2€| = 4|orfa?

We get the following outcome by using A = 1 in Theorem 3.5.
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Corollary 3.7. Letk (s) = s+> oo dpmnt18™ 1, belongs to the subclass Cs,, (z, a)
for x € (1/2,1] and all s,r € U. Then

2x]a|\/%
m\/|2 (1 —m2)ax?+ (m+1)*(1 - 222)|

|dm+1| S

and
|| 2(m+1)a?x?

2m+1) m2 (m+1)>

|domt1] <
m (

and for some & € R,

( |a|z
m(2m+1) 5
if lm 41— 2] < mR(mmart 0o 1-2?)|
— 4(2m+1)|alz
}de-‘rl - §d$n+1| < 4|m+1—2§|a2$3

m2 |2(17m2)a12+(1+m)2(172x2)|

. m|2(1—m2)o¢:c2+(1+m)2(1—2x2)|
\Zf |m +1- 2£| > 4(2m+1)|alz?

Remark 3.8. If we take the following options in Theorem 3.5

(1) For m =1 and A = 0, we obtain the outcomes by Amourah et al. [3].
(2) For m =1 and A = 1, we get the results by Swamy and Atshan [20].
(3) For m = 1, we get the outcomes by Younis et al. [21].

4. CONCLUSION

In this study, the results presented are novel where by using the concept of sub-
ordination, we have submitted two novel subclasses of holomorphic and m-fold
symmetric biunivalent function inside U = {s : s € C and |s| < 1}, which are
characterized using the Gegenbauer polynomials. We get upper bounds for the
first two coefficients |dy,41], |d2m-1] and Fekete-Szegd inequality |dan41 — {d2, 4|
for the functions in these subclasses. Also, by specializing the parameters in our
main results, we have made several novel discoveries.
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