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EXTENSION OF TRAUB-LIKE METHODS TO REGULARIZE
NONLINEAR ILL-POSED EQUATIONS IN HILBERT SCALES
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ABSTRACT. An extended version of fourth-order Traub-like scheme is applied
to approximate nonlinear ill-posed operator equations within the framework of
Hilbert scales. A detailed convergence analysis is conducted, yielding an er-
ror estimate of optimal order. Furthermore, the adaptive parameter selection
strategy proposed by Pereverzev and Schock (2005) is considered for the choice
of regularization parameter.

Keywords. Frechet derivative, Traub-like method, Local convergence, Hilbert
scale, Ill-posed equations.
2020 Mathematics Subject Classification. 447A30; 47B01; 47J06; 65F10; 65F22

1. INTRODUCTION TO THE PROBLEM FRAMEWORK

Let X denote a real Hilbert space, and let us consider the task of obtaining an
approximate solution to the ill-posed operator equation

H(w) = u, (1.1)

where H : D(H) € X — X is a monotone nonlinear operator (i.e., (H(w) —
H(u),w —wu) >0, for all w,u € D(H)).Let the inner product on X be repre-
sented by (-, -}, with the induced norm denoted as |- ||. In this study, the image of
the linear operator H'(w) for w € D(#H) is symbolized by R(#H'(w)). The problem
described in (1.1) typically lacks well-posedness, meaning it may not possess a
unique solution that remains stable under data perturbations. Throughout, we
assume that the available noisy data are given by v’ € X with

Hu—u5H <9 (1.2)

and | H' (w)||xx < M for all w € D(H). Given the ill-posed nature of (1.1), reg-
ularization is required to achieve a stable approximate solution. See, for instance,
[3, 5, 18, 20, 21, 22, 24, 26, 27] for different regularization techniques applicable
to ill-posed operator equations.

A fourth-order Traub-type iteration for solving ill-posed problems within Ba-
nach and Hilbert space was investigated in [3]. The current study expands upon
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that framework by implementing the scheme within Hilbert scales, a transition
intended to yield superior error bounds.

Let L: D(L) C X — X, be a linear, unbounded, self-adjoint, densely defined
and strictly positive operator on X. Let X; be the completion of D : (-, D(LF)
with respect to the norm |(w||; induced by the inner product

(u,v) = (L'u, L'v), u, v € D,

then (X;)ser is called the Hilbert scale induced by L [1, 8, 15, 17]. Moreover, if
B <, then the embedding X, — Xj is continuous, and therefore the norm ||:||
is also defined in X, and there is a constant cs, such that

1X1ls < call X1l

Several iterative procedures for approximating nonlinear equations are available
in the literature [1, 2, 6, 7,9, 10, 11, 12, 14, 16, 19, 25]. In our work, the proposed
sequence {w? , .} defined iteratively in the Hilbert scale setting to regularize (1.1)
is as follows

Unas = Whaw— [H(Wha,) +al’ ] [H(wy ) + aLl®(wy 4, —wo) —u’]
s = Upas — [H(Whe) +al’] A (), ) +al® (1.3)
X (U g, — wo) — ']
Wnitas = Znas — [H (W 00) +al’ ] Mz 0 0) + al(2) 0 — wo) — ],
forn =0,1,2,3, ..., where w&ms = wyp is an initial guess. For sake of simplicity

we consider ud .

parameter « is chosen in dependence on the noisy data u° and the noise bound
d specified in (1.2). We adopt the adaptive parameter—choice rule introduced by
Pereverzev and Schock [18].

We select a suitable regularization parameter that accounts for the data per-
turbations and the error tolerance defined in (1.2). Following the methodology
established in [1%], an adaptive selection process is utilized to optimize this pa-
rameter choice.

= 2, and w?

n,0,S

= Uy, 20 = w,. Here, the regularization

n,o,s

2. PRELIMINARIES AND NOTATIONAL FRAMEWORK

Let H'(w) € L(X) be a bounded operator on X that is positive and self-adjoint.
Denote By := L™2H'(w)L™2, for every w € B,.(wp). Usually, for the analysis of
regularization methods in Hilbert scales, it is standard [17] to assume a condition
of the following type,

I (@)wl = flwll-», we X, (2.1)
characterising the degree of ill-posedness. In contrast, in this work we replace
(2.1) with a weaker condition;

dy[[w]l— < [ (wo)wl| < dafjw]|—, w € D(H), (2.2)

for some reals b,d; and dy. It is worth noting that the assumption in (2.2) is
considerably simpler than the one stated in (2.1). Further, we define f and g by

f(t) =min{d}, dy}, g(t) = max{d},dy}, t € R, [t| < 1.
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One of the key points in establishing the main results of this work is the Propo-
sition stated below.

Proposition 2.1. (See. [23] Proposition 3.1) For s > 0 and |v| <1,

/5 )||WI|u<e+b> <||B:| < g( Nwll v, we X

Lemma 2.2. (¢f. Lemma 2.4 [23]) Let Proposition 2.1 hold. Then for every
h € X, the following holds;

(1) [[(H'(wo) + BL*) ™ H (wo)h|| < va(s)l|A]
(2) [(H'(wo) + BL*) 7 LoA| < wgﬁ(s)!\f_ll\
(3) (M (wo) + BLY) 7RI < thy(5) 877 ||

(5571 9(555157)
where 4o(s) = T, Uas) = Zi;iib
5) g((

g(5 9(=gy)
Let 1/13(3)— tb), 4(8) == = and Py(s) == W%

s+b (s+b)

~

We first prove that w? .5 converges to zero w(‘;s of
H(w) + aL®(w — w) = u’ (2.3)

and then we prove that wgs is an approximation for w. The following assumption
is required for the convergence analysis of (1.3).

Assumption 2.1. [21] There exists a constant £ > 0, such that for every w € D(H)
and v € X there exists an element p(w, wy, v) € X satisfying [H'(w)—H'(wp)]v =
H'(v)p(w, wo,v), [l(w, wo, v)[| < Jv[]Jw — woll-

We present some functions and parameters, that are essential to deduce the
main results of this section.
Define functions Aj, As : [0, 00) — [0, 00) by

A = w5y
Aty = w50+ By

where ¢ is as in Assumption (2.1).

Let hy : [0,00) — [0, 00) be defined by hy(t) = Ay(t)t* — 1.

Then, hy(t) = —1 < 0 and hy(t) — oo as t approaches co. So, by intermediate
value theorem(IVT), hy has a minimal zero 7.
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Define functions gy, Ay, As, Ag : [0,71) — [0, 00) by

Va(S)EAL ()1 + vs(s)5t + A (D]

"0 T hemee
A0 = a4 pyelan e+ )P
Y3(s)§ ¥3(s)€

As(t) = (el + A0 + 2+ LA + P

+ ;%<ﬁw[<>+u

Aolt) = s + S A1)
T a(8)EAL(E) [ As(t)t + 1]

2

which are continuous, strictly nondecreasing functions.

Let hy : [0,71) — [0, 00) be defined by

Then, hy(t) = —1 < 0 and hy(t) — 0o as t — r;. So, by IVT hy has a minimal
zero ro in (0,71). Then, for every t € [0, 7], we obtain

0 <Ay ()t*< 1 (2.4)
0 <agq(t)< 1. (2.5)

Let r = min{rg,m } and Ry = n0+max{§w3(s)§, Ay(no)n2}. Hereafter, assume
that || — wp|| < p = Rp.

Denote n,, := ||w, — u,||, and 7, := 1/14(s)a§T45[Mp + ¢] and now we show that
Tlo S ’7/)-

luo — woll < [|[H'(wo) + aL*] ™ (H(wo) — )]
IL7= (B + ad] 7' L= (H(wo) — u’)|
I[Bs +al] L= (H(wo) — )]s

1 b oI~ LE (M (we) — o
f(ﬁ)llBs [Bs + al] ™ L2 (H(w) — u)|
(=3)

Mo

VARV

IN

:
9055
=
ﬁ;ﬁaJWwa—uw

Ya(8)a T [[|H (wo) — H(@)| + [Ju — ] =

IN

1B, + o) B L (H(wq) )]

IN

IN
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3. THE METHOD AND CONVERGENCE ANALYSIS

Theorem 3.1. Let Assumption 2.1 be satisfied. Then {w? .} be as in (1.3) is
well defined and w® , , € B,(wo) for alln > 0. Further {w? .} is a complete se-
quence m B,(wg) and hence converges to w’. , € B,(wo) and H(w® ) ol (W)
wo) = ul. In addition, the following bounds apply foralln >0:

120 — unll < ¢3(s)5n?
|wng1 — znl] < A1(n0)n
[wWn1 — un| < A2(77n)77721
Tin S 91(777171)777171
g1(m) < gi(r)*",¥n >0
Ui

n,o,s

n,o,s n,o,s

(4" 1)
n < g1(r) 3 1o .
) NwWngm —wngr || < Ce™ 04" where C = I_QZ—WA()(T) and o = —log(g1(r)).

(1)
(2)
(3)
(4)
(5)
(6)
(7

Proof: The proof is given by induction. By (1.3) and Assumption 2.1 we have
20— Uy = uy—wo— [H (wo) + L] [H(uo) — H(wo) + aL®(up — wp)]

— M (wy) + oL /0 (M (wo + t(tto — wo)) — M (w0)) (g — wo)dt]

1
= —[H/(wo) + aLS]_lH’(wo) / QO(’LUO + t(UO — wo), Wo, Uy — ’LUQ)dt
0

and further
—S S 1
HZ() — UOH S ||L7 [BS + OZ[]_IBSL§ / <p(w0 + t(UO — wo), Wo, Uy — U)(])dlf”
0
]' s+b —1 £ !
S 3 HB [ +Oé[] BSL2 go(w0+t(u0 —wo),wo,uo —U)O)dt”
() 0
9(535) (s
< s 1L @Wﬁﬂ%—WM%w—%W#s
f(s+b)
g(sj-b) 5 2
< 5 lwo — wo|
f(s+b> 2

< (o)

Next to get estimate ||[wni1 — 20| < A1(na)n3, consider wy — zy for n=0 from

(1.3).
wy —z9 = 20— up— [H'(wo) + aL] [H(z) — H(uo) + aL®(20 — uo)]

= —[H'(wo) + aLs]_l[/o (H (up + t(z0 — ug)) — H'(wo)) (20 — ug)dt]

1
= —[H'(wo) + aL®] " H' (wo) / (ug + (20 — uo), wo, 2o — uo)dt
0
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and
— S S 1
lwn— 2l < |LF[B.+al] " B,L} / ity + (20 — o), w0, 20 — o)t
0
1 s+b —1 E !
< — || B [Bs + ol B,L> w(up + t(zo — up), wo, 20 — ug)dt||
f(5+b) 0
9(:5)
< 2| L2 SO(UO + (20 — o), wo, 20 — Uo)dt|| s
f(sTb)
g(sjb)
< Nyl 0—U0||[||U0—w0||+—||20—U0||]
f(s—I—b)
3 §s(s
< w50+ B = Aoy
Similarly,

le — U()H < HL 7 [L 2 H ('LU[))L T + CY[] 1L77SH/<UJ0)L%5L%
1

X ; QD(’U/O +t ZO — U}O) Wo, 20 — wo)dtH
g(sib) S . 2

< f(sjb) || <0 UJ()H

< w50+ CB et = st

And again by using Assumption (2.1)

wy—ur = [H'(wo) + QLS]_I[H/(UJO)( wy) — [H(z0) — H(w1)]]
+ [[H(w) + L™ = [H )+ aL’] [H(wr) —u’ + aL®(wi —w)

"(w
= [H'(wo) + aL’] / H (20 + t(wy — 20)) — H'(wo)]dt (w1 — 2zp)
1) — H'(wo)](ur — w1)

1

= —[H'(wo) + aLs]_lH'(wo)/ (20 + t(wy — 20), wo, w; — 2o)dt

0
+ [H (wo) + L] H (wo)p(wo, wy, up — wr).

+ [H'(wo) + a L] [H (w

Using the above deduced estimates,

—_— w1 — 2o
oy =il < €Ba(eY o — 2ol 0 — wp 121220,

+ &a(s)llwo — wollJwr — |

[1— o (8)E(Aa(mo)ng + mo)][Jwi — wi]| < aho(s)EAL(no)[1 + ws(s)gﬁo + Al(ﬁo)%g]ﬁg-

Thus, we have

= [lwr — w1 < g1(n0)m0 < no- (3.1)
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The induction for (1), (2), (3) and (4), is complete, if we simply replace, wy, ug, 2o, W1, Uy
by Wy, Up, Zn, Wpi1, Uni1 in the preceding arguments. To prove (5) and (6),
observe that

gi(pt) < pgi(t) for0<p<1

n

91(1) < g1(a-1)* <+ < gi(mo)” < gu ()™ (3.2)

Notice that,

M < ( Mn— 1)77n 1
< gi(m0)*" " g1 (1hn2) 2
< gilmo)T T
< g .

Clearly, wo, ug € B(wO,RO) With triangle inequality, ||z0 — wol| < ||z0 — wol| +
|ug — wol| < w"’ Ysl)ep2 o < Ry, s0 29 € Bwy, Ry). Also

Jwy — wol| < JJwy — uo|| + Jug — wol| < As(no)ns + 10 < Ro

If we replace ug, zp, wy by Un, Z,, Wyy1 in the above argument, we obtain
U, Zn, Wpi1 € B(wo, Ry), for all n > 0. To prove the completeness we further
deduce the following estimates using Assumption 2.1.

1
u —zg = —[H'(w)+ aLs]_lﬂl(wo)/ o(up + t(wy — ug), wy, wy — ug)dt
0

+ [H'(w1) + L] H (wi)p(wo, wi, 20 — ug)

[ur — zof| < wS(QS)é[:SAg(%)??o +43()€[ Az (m0)m0 + ]mg = Aa(no)mp,
21—z = —[H'(wy)+ aLs]l”H’(wo)/O o(ug + t(wy — up), wy, uy — ug)dt
+  [H (wy) + «L®] 7 H (1) p(wo, w1, 29 — ug)
=2l < (el + P A + 08 + 2 sy + 2

5(@/)3(8)5770)2[142(770)773 + o)
As (o),

IN
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and
1

we —wy; = —[H'(w1)+ aLS]_IH'(wl)/ (20 + t(z1 — 20), w1, 21 — 20)dt

0

+ [H(wy) + L] H (wy)o(wo, wy, wy — 2)

|21 — 20|
2

Ua(5)EAS (o)A (m ) + 5 A

+ U3(s)EAL(10)mi[Az(n0)15 + o]
= Ag(no)mp-

Now, simply replace ug, uy, 2q, 21, W1, We in the above argument by Uy, Uni1, Zny Zna1, Wntl, Wnto
to complete the induction, and hence we have

IN

|we — w || €llz1 — zoll[[Jwr — 2ol + ]+ &llwr — zoll|lwr — woll

IN

[wnre = wost || < As(na), < As(r), (3.3)
Therefore,

m—2
[ Wnpm — Wi || < Z’|wn+i+2 — Wopi |

i=0

m—2

A
L[]
.
(=)
=
=
3
T

=0
< Aa(r)[mp A T - F Tyl (3.4)
(-1 (antl_1 (antm=-2_1)

< As(Mlgr(r) = mo+aq(r) = o+t aqulr) F Mol
1 (4" —1)

< W/LS(T)QI(T) 5 Mo
Mo n

< WA6(T)91(7")4

< Ce 0, (3.5)

Hence, the sequence {w,} forms a Cauchy’s sequence in B(wo, Ry). Therefore it
is convergent, and from the initial step of the iteration from the method (1.3) of
Theorem (3.1), we have {w, = w? , ;} converges to {w?, }.

n,0,8

4. ERROR BOUNDS WITHIN THE FRAMEWORK OF SOURCE CONDITIONS

The following condition is essential for establishing the error estimate of || —
5
Wesll-

Assumption 4.1. (cf.[23]) Let n v : (0,]|Bs|]|]] — (0,00) be a continuous, index
function, provided that the conditions below are satisfied:

o limy o ¥(\) =0,

° SUp,y- a;i(j) < h(a) for all A € (0,]|B,||] and
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e there exists w € X with ||w| < E,, such that
BE L3 (wy — ) = ¢(By)w

Remark 4.1. If the initial error satisfies wo—w € X;(equivalently, |[wy—w||; < E
for some £ > 0 and 0 <t < s+ b, then the preceding assumption holds.

Theorem 4.2. Suppose w’ , is the solution of (2.3) and Assumption 2.1 and j.1

hold. Then

a,s

1 1
AT )
Proof. Note that (H(w),,) — u®) + aL*(wl, , —wo) = 0, so
(H'(wo) + aL®)(wy, —w) = (H'(wo) +aL®)(wy, — ) — (H(wy,) —u’) — aL®(wj,, — wp)

al®(wy — ) + H' (wo) (wy, , — ) — [H(wy,,) — H () + H(w) — u’]
= aLl’(wy — ) — (H(w) — u’) + H (wo) (w), , — ) — [H(w],) — H()].

,s

(@) + 1ha(s)a 7 5)

|| — w

+ [[(# (wo) + o L*) TN [H! (wo) (wy, . — @) — (H(wg, ) — H(w))]]
< Jla(H (wo) + aL*) 'L (wy — @) +va(s)atF S + T (4.1)

where I' := ||(H'(wo +aL®)~ fo (M (wo) —H' (w+t(w] , —w))](wd, , —w)dt||. Note
that by Assumption 4.1, we obtain

h =l < fla(H (o) + @)™ L*(wg — )] + (! (wo + aL*) ™ (H(@) — )|

la(H (wo) + aL®) ' L2 (wo — w)|| = [aL™ (Bs +a) ' L3 (wy — i)
1 S
< (B, + )" B L (wy — )|
f<(s+b))
< 18 sup a1 ()
(&) reotwwe) A+
1
< U
(&)

and by Assumption 4.1 and Lemma 2.4 we obtain
1
D<) + oLt [ w0~ W+ e, o)
0

X (wp,, — w)dt]

< y(s)erfwp, — | (4.2)
and hence by (4.2), one gets
5 1 1 s—b
— 10 ().
lw,s =@l < 7= g )gr(f((s%))?/)(a) + Va(s)a7ed)

Combining the results of Theorems 3.1 and 4.2 leads directly to the following
theorem.
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Corollary 4.3. Let {w) .} denote the sequence defined in (1.3) with the choice
a = «a(d) and 6§ € (0, 50] We assume that the conditions of Theorem 3.1 and
Theorem /.2 hold. Then

1 1

T G Tl @ T veerme) ()

| < Ce*" +

Hw_wnas

)

Further, let
n s—b
ng = min{n : Ce %" < a6},

max{ 7——, ¥2(s) + 12} .
o -l T TR Lo
L —da(s)ér
The error estimate ¢ () + a6 in (4.4) in Theorem 4.3 attains minimum
for the choice o := «(d, s,b) which satisfies (o) = QsTes. Clearly «(9,s,b) =
Y (¥, (9)), where

Then

oA = AT V], 0 <A< [|Bi] (4.5)
and in this case
[ = we [l < Cotpg; (9) (4.6)
max{ st 2 (s)+ 12}
where Cy = 2(13_+;)2 e , the above error estimate has at least optimal

order with respect to 9, s and b.

4.1. Adaptive Scheme and stopping rule. This study employs a modified
version of the balancing principle introduced by Pereverzev and Schock [13] to
determine the regularization parameter ae. A key feature of this selection criterion
is its independence from the specific regularization technique used. Let

[ :=max{i: () < QE%Z(S} <N (4.7)

and

§

k= max{i: ||lw, , ,— wn aysll < 4045“’5 ,7=0,1,2,--- 4} (4.8)

Then, with o = a, n = ng, it implies that { < k ( (cf. Theorem 3.10, [23]) )
and

. 4n _
[ — w)), o, Ll < Col(2+ F)nws,l}((s)a

where Cj is as in (4.6).

5. NUMERICAL EXAMPLE

Example 5.1. Nonlinear Integral Equation: Consider the nonlinear integral
equation of the form:

H(w)(t) = /0 w(t, () dr = ut), te0,1]

Consider a smooth kernel, k(¢,7) = t(1 —7) for 7 > ¢t and 7(1 —¢) for 7 < t. This
kernel is associated with the operator L = —d?/dt?, which defines the Hilbert
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TABLE 1. Error comparison ||w,, —wy..|| of regularization methods
in Hilbert scales

] Iteration \ Newton \ Newton-Landweber \ Levenberg-Marquardt \ Traub (2-step) \ Proposed \

1 86.883 1.8166 1.8166 1.1058e+07 | 2.1683e+-22
2 57.318 1.8166 1.8166 6.2801e+06 1.099e+22
3 37.608 1.8166 1.8166 3.5665e+06 | 5.5704e+21
4 24.469 1.8166 1.8166 2.0254e+06 | 2.8233e+21
5 15.711 1.8166 1.8166 1.1502e+06 1.431e+21

scale L. Let w(t) = t(1 —t). Calculate u = H(w) and noise is added to create
u® such that ||u — u°|| < § Next to demonstrate the efficiency of the fourth-
order nature of the Traub-like scheme, it is compared with the following existing
methods as follows: The iteration for a fixed « is run for very small §. The error
en = |Jw, — w] ]| is plotted against the iteration count n.

(1) Iteratively Regularized Gauss-Newton Method (IRGNM)
W1 = wp+ (H (wi) " H (wi) + e L) 71 (H (wi)* (uw — H(wp)) — ap L (wi — wy))
(2) Newton-Landweber Method
Wy i1 = Wi + WL 2 H (wi)*(u — H(wg) — H (wi) (wr; — wy))

(3) Levenberg-Marquardt Method

wir = wy, + (A (we) H (wr) + o L) 7 H (wi) " (u — H(wy))
(4) Traub (2-step) Method: Predictor (Newton Step):

Ak = wy, — (H (w) " H (wi) + ax L**) 7 H (wi)* (H(wy) — u)
Corrector:
Wi1 = Mg — (H (wi)* 1 (wy) + . L) 7 H (wi)* (H(Ar) — u)

Form the tablel it can be observed that the error has decreased drastically
(quadratically or higher) compared to standard Newton methods. It can be
observed that the a4 selected by the adaptive algorithm yields an error

|| —w?, ., | that is very close to the theoretical optimal error OS’QD;;((S) which
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contributes to the numerical verification of the proposed method.

1075 Convergence Comparison in Hilbert Scales
6 by 1 _
I g © —0
1020 N ]
§ 1015 | -
ES
S 10%+ 1
0 [ '
(B_ C C P 0
105 | |—e— Newton T _EE
| |=——&— Newton-Landweber
I Levenberg-Marquardt
—6— Traub (2-step) ]
?- —&— Proposed Traub-like © & -©
100 | I ; I 7 I ; I |
1 1.5 2 25 3 3.5 < 4.5 5

Iteration (n)

6. CONCLUSION

In this work, a Traub-type iterative regularization method was developed to
obtain stable approximate solutions of ill-posed operator equations within the
framework of Hilbert scales. The convergence of the proposed scheme has been
rigorously established, leading to optimal error estimates. By incorporating gen-
eral source conditions, we derived corresponding error bounds, where the regu-
larization parameter is determined through the adaptive strategy introduced by
Pereverzev and Schock [18].

The use of Hilbert scales provides a notable advantage over conventional regu-
larization in Hilbert spaces. The scaling framework allows the method to exploit
the intrinsic smoothness of the exact solution more effectively, producing sharper
error estimates and improving the robustness of regularization in severely ill-
posed settings. Hilbert scales also enable a more flexible treatment of operators
with varying degrees of ill-posedness, thereby yielding stability and convergence
results that are typically stronger than those obtained in the standard Hilbert-
space setting.
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