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1. Introduction

Representation theory of finite groups, created by Frobenius and Schur and
later expanded by Serre (see [10]) and others, has found numerous applications
across various fields of mathematics, such as cohomology theory, algebraic topol-
ogy, algebraic geometry, theoretical physics, topological K-theory, connective K-
theory, and Quillen K-theory. In [6], the irreducible representations of G were
described and it was shown that the integral cohomology is generated by the
Chern classes of these irreducible representations, where G denotes the finite
split metacyclic group with presentation

G = ⟨A,B | Am = Bn = e, BAB−1 = Ar, rn ≡ 1 (mod m), (n(r− 1),m) = 1⟩.

Reference [3] provides the explicit construction of the representation ring of
SLd(k) and its associated completion ring; subsequently, in [4], the structure of
its topological K-theory ring was deduced by means of Atiyah’s motivic theorem.
In [7], the authors determined the structure of the representation ring of SU(2)
and its completion and then the ring of topological and connective K-theory of
its classifying space.

In the present work, we consider the quaternion group Q8, the dihedral group
D8 and their associated algebras C[Q8] and C[D8]. In the first section, we describe
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the characterization of finite groups G and H such that the complex represen-
tation groups RC(G) and RC(H) are isomorphic. More precisely we establish:

Proposition ( 2.9). The algebras C[G] and C[H] are two Morita-equivalent al-
gebras if and only if the representation groups RC(G) and RC(H) are isomorphic.

In Section 3, we establish Proposition 3.10.

Proposition ( 3.10). The character table for the group Q8:

1 −1 ±i ±j ±k
1 1 1 1 1 1
c1 1 1 −1 1 −1
c2 1 1 1 −1 −1
c3 1 1 −1 −1 1
c4 2 −2 0 0 0

with relations:
c21 = c22 = c23 = 1

c1c2 = c3, c2c3 = c1, c3c1 = c2, c1 = c4c2 = c4c3 = c4

In the section 4 we establish proposition 4.9

Proposition ( 4.9). Table of characters

1 1 x2 x, x3 y, x2y xy, x3y
1 1 1 1 1 1
a 1 1 1 −1 −1
b 1 1 −1 1 −1
c 1 1 −1 −1 1
d 2 −2 0 0 0

In Section 5, we define an isomorphism of rings between RC(Q8) and RC(D8).

Theorem ( 5.1). There exists an augmented ring isomorphism

f : RC(Q8) −→ RC(D8)

defined on the irreducible characters by

f(1) = 1, f(c1) = a, f(c2) = b, f(c3) = c, f(c4) = d.

In fact we have:

Proposition. The group algebras C[Q8] and C[D8] are isomorphic.

Corollary. The algebraic K-theory groups of C[Q8] and C[D8] are isomorphic.

To the augmented complex representation ring RC(G) is associated its comple-

tion R̂C(G), which identifies with K0(BG) via the Atiyah isomorphism (see [1]),
where BG denotes the classifying space of G and K0 the topological K-theory.

The computation of the completed representation ring R̂C(G) provides an al-
ternative approach to the spectral sequence

Hp(BG,Kq(∗)) =⇒ Kp+q(BG).
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This work fits into the continuation of the results developed in the articles [6], [7], [4]
and [3] and requires detailed computations of the complex representations of the
groups Q8 and D8 (see [10] for instance.). In [8], we will determine explicitly the
completion of the representation ring R(Q8).

2. Morita equivalence of group algebras

2.1. Morita equivalence. Let A and B be two rings; we denote by ModA the
category of left A-modules.

Definition 2.1. (see [2]) We say that two rings A and B are Morita equivalent if
there exist two functors satisfying T : ModA → ModB and T ′ : ModB → ModA
such that: T◦T ′ is naturally isomorphic to 1ModB and T ′◦T is naturally isomorphic
to 1ModA .

Definition 2.2. M is a projective A-module if for every A-epimorphism π : P →
S and every A-morphism f :M → S, there exists a morphism f̃ :M → P lifting
f , that is, such that π ◦ f̃ = f .

M

P S O

f̃
f

Proposition 2.3. If A and B are Morita equivalent, the category of projective
A-modules is equivalent to the category of projective B-modules.

Let α be the natural isomorphism between T ′ ◦ T and the identity of ModA,
and β the natural isomorphism between T ◦ T ′ and the identity of ModB

Proof. Let M be a projective A-module. Let us show that T(M) is a projective
B-module. To do this, we consider:

T (M)

P ′ S ′ O

g

π′

(1)

(in ModB)
We apply the functor T ′ and obtain:

T ′(T (M))

T ′(P ′) T ′(S ′) O

T ′(g)

T ′(π′)

(2)
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We obtain:

T ′(T (M)) M

T ′(P ′) T ′(S ′) 0

T ′(g)

α(M)

f=T ′(g)◦α(M)

T ′(π′)

(3) (in ModA)

Since M is A-projective, then: There exists f̃ making this diagram commuta-
tive.:

M T ′(T (M))

T ′(P ′) T ′(S ′) 0

α(M)

f̃ T ′(g)

T ′(π′)

(4)

We return to ModB:

T (M) T (T ′(T (M)))

T (T ′(P ′)) T (T ′(S ′)) 0

P ′ S ′ 0

T (α(M))

T (f̃) T (T ′(g))

T (T ′(π′))

β(P ′) β(S′)

π′

(5)

We verify that g̃ is a lifting of g, that means that we should verify that the
diagram (5) is commutative

Thanks to (4):

T ′(g) ◦ α(M) = T ′(π′) ◦ f̃
after applying T , we get :

T (T ′(g)) ◦ T (α(M)) = T (T ′(π′)) ◦ T (f̃)

By the naturality:

β(S ′) ◦ T (T ′(π′)) = π′ ◦ β(P ′)

Then:

β(S ′) ◦ T (T ′(π′)) ◦ T (f̃) = π′ ◦ β(P ′) ◦ T (f̃) = π′ ◦ g̃
Hence the diagram 5 is commutative.

□
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2.2. Quillen algebraic K-theory.

• K0 group: To each ring A, we denote by PA the category of projective left
A-modules of finite type. Two A-modules P and Q are said equivalent if
there exist f : P → Q and g : Q→ P such that f ◦g = 1Q and g ◦f = 1P .
We denote by F the free Z-module generated by the equivalence classes
and H the free Z-module generated by [P ⊕Q]− [P ]− [Q] and

K0(A) =
F

H

• Higher Quillen groups:
In [9], Quillen defines

Kn(A) = πn+1

(
B(PA), ∗)

where B(PA) is the classifying space of PA and πn+1(B(PA)) is the
(n+ 1) homotopy group of (B(PA)).

Lemma 2.4. If PA and PB are equivalent, then

Ki(A) = Ki(B), i ≥ 0.

In fact, the corresponding classifying spaces to equivalent categories are homo-
topically equivalent. Hence, they have the same homotopy groups.

Proposition 2.5. If A and B are two equivalent Morita rings, then Kn(A) ∼=
Kn(B).

Proof. Suppose that A and B are Morita equivalent rings, then we have: T :
ModA →ModB and T ′ :ModB →ModA satisfying T ◦ T ′ = 1ModB and T ′ ◦ T =
1ModA . From the proposition 2.3 yields T (PA) ⊂ PB and T ′(PB) ⊂ PA. Then PA
and PB are two equivalent categories, which implies that Kn(A) ∼= Kn(B). □

2.3. Group algebras. Let G be a finite group of order n.

Definition 2.6. We denote by C[G] the elements of form Σ
fini

ligi with li ∈ C and

gi ∈ G (in a unique way).
(C[G],+,×, .) is an C-algebra with:

• The sum is defined by: Σ
I
ligi + Σ

J
l′ig

′
i = Σ

U∪J
l′′i g

′′
i

• The product is defined by: Σ
I
ligi × Σ

J
l′jg

′
j = Σ

I×J
lil

′
j.gigj

• The neutral element for + of C[G] is given by: 0C[G] = 0CeG
• 1L[G] = 1LeG is the neutral element for ×
• The scalar multiplication of the algebra is defined by: a.Σ

I
uigi = Σ

I
auigi

We denote by U(C(G)) the group of invertible elements of the algebra C[G]

Proposition 2.7. The group G is a subgroup of U(C[G])

In fact, let g be an element of G,

• if g = e, then g = 1C[G]
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• Otherwise, according to Lagrange, there exists a d ̸= 1 dividing n such
that gd = e
g.gd−1 = e
so g is invertible in C[G].

Let G and H be finite groups.

Proposition 2.8. The algebras C[G] and C[H] are C-isomorphic if and only if
the groups G and H have the same number of conjugacy classes and the same
dimensions of irreducible characters.

Proof. (1) Suppose that C[G] and C[H] are C-algebra isomorphic

f : C[G] −→ C[H]

is a C-algebra isomorphism, with inverse

g : C[H] −→ C[G].

→ Let Wi be a simple C[H]-module. Then the C[G]-module induced
via f , denoted f ∗(Wi), is also simple.
Hence, the number of simple modules is equal to the number of simple
C[G]-modules.

→ On the other hand, the number of simple C[G]-modules is equal to
the number of conjugacy classes of G (see [10]).

(2) ⇒ We assume that G and H have the same number r of conjugacy classes
and that the irreducible characters have the same dimensions ni, for i =
1, 2, . . . , r. From the Wedderburn decomposition, we have

C[G] ≃Mn1(C)⊕Mn2(C)⊕ · · · ⊕Mnr(C),

and

C[H] ≃Mn1(C)⊕Mn2(C)⊕ · · · ⊕Mnr(C).
Therefore, C[G] and C[H] are two isomorphic C-algebras.
⇐ We suppose that C[G] and C[H] are C-isomorphic. Then

C[G] ≃Mn1(C)⊕Mn2(C)⊕ · · · ⊕Mnr(C),

and

C[H] ≃Mm1(C)⊕Mm2(C)⊕ · · · ⊕Mms(C).
Hence r = s and ni = mi.

□

Proposition 2.9. The algebras C[G] and C[H] are two Morita-equivalent alge-
bras if and only if the representation groups RC(G) and RC(H) are isomorphic.

Proof. We assume that C[G] and C[H] are Morita-equivalent.
Let T be the functor ModC[G] → ModC[H] and T ′ be the functor ModC[H] →
ModC[G] such that: T ◦ T ′ is naturally isomorphic to 1ModC[H]

and T ′ ◦ T is natu-
rally isomorphic to 1ModC[G]

.
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Let us show that T induces a group isomorphism t from RC(G) to RC(H).

t : RC(G) −→ RC(H)∑
i

ni[Vi, πi] 7−→
∑
i

ni[T (Vi), σi]

The map t is well defined because:

(i) We consider (Vi, πi) a C-irreducible representation of G. Then Vi is an
C[G]-module, and T (Vi) is an C[H]-module. This means that (T (Vi), σi)
is a representation of H.

(ii) If [V1, π1] = [V ′
1 , π

′
1] in RC(G), there exists an C[G]-isomorphism α such

that
V1

α−−−→ V ′
1

π1(g)

y yπ′
1(g)

V1 −−−→
α

V ′
1

for all g ∈ G. The map α satisfies α(g · v1) = g · α(v1). By functoriality,
T (α) : T (V1) −→ T (V ′

1) is an C[H]-isomorphism. Hence [T (V1), T (π1)] =
[T (V ′

1), T (π
′
1)], i.e.

t([V1, π1]) = t([V ′
1 , π

′
1]),

which shows that t is well defined.

In the same way we define

t′ : RC(H) −→ RC(G)∑
i

ni[Wi, σi] 7−→
∑
i

ni[T
′(Wi), πi]

We have
[T ′ ◦ T (Vi)] = [Vi]

because T ′ ◦ T is isomorphic to 1ModC[G]
. Hence,

t′ ◦ t = 1RC(G) and t ◦ t′ = 1RC(H). (2.1)

Conversely,we assume that the representation rings RC(G) and RC(H) are iso-
morphic that means there exist t and t′ isomorphisms satisfying 2.1.
Let us show that C[G] and C[H] are Morita-equivalent.
Let [V1], [V2], ......[Vn] be the set of isomorphism classes of irreducible C-representations
of G, thus t[V1], t[V2], ...., t[Vn] is the set of isomorphism classes of irreducible C-
representations of H, we denote t([Vi]) = [Wi] t([Vi⊕Vj]) = t([Vi])+t([Vj]) The free
Z-module RC(G) is generated by the equivalence classes [V1], .....[Vs] of the irre-
ducible C-representations of G. LetM be a C[G]-module,M is a C-representation
of G with: [M ] = Σ

i
ni[Vi], ni ∈ N

Lemma 2.10.

M ≃
s⊕
i=1

V ⊕ni
i
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Let T be the following functor from ModC[G] to ModC[H]:

T (M) = W⊕n1
1 ⊕W⊕n2

2 ⊕ · · · ⊕W⊕ns
s

Let M and P be two C[G]-modules.

Lemma 2.11.

M ≃ V ⊕n1
1 ⊕ V ⊕n2

2 ⊕ · · · ⊕ V ⊕ns
s , P ≃ V ⊕m1

1 ⊕ V ⊕m2
2 ⊕ · · · ⊕ V ⊕ms

s .

and θ :M −→ P.
Thus, for all 1 ≤ k ≤ s, 1 ≤ h ≤ ni

θkh : Vi −→M
θ−→ P −→ Vj

θkh = 0 if i ̸= j

θkh ∈ End(Vi, Vi) if i = j

We define: T (θkh) = ϕi(θ
k
h)

Proof. It suffices to apply Schur’s lemma.
and T (θ) =

⊕
i

⊕
h

⊕
k

ϕi(θ
k
h) □

Lemma 2.12.

M
θ−→ P

β−→ Q

Thus:

*) (β ◦ θ)kh = βkh ◦ θkh
**) T (β ◦ θ) = T (β) ◦ T (θ)
***) T (1M) = 1T (M)

Proof. **) follows from *) □

Lemma 2.13. T defines a natural equivalence between ModC[G] and ModC[H]

Indeed: Let T ′ : ModC[H] −→ ModC[G] defined similarly to the above.
We have: {

T ′ ◦ T ([M ]) = [M ]

T ◦ T ′([M ′]) = [M ′]

where M ′ a C[H]-module
□

3. The representation ring of Q8

3.1. The quaternion group. The quaternion group Q8 is defined by :

Q8 = {±1,±i,±j,±k}
with the following relations:

i2 = j2 = k2 = ijk = −1

and the multiplication rules :

ij = k, ji = −k, jk = i, kj = −i, ki = j, ik = −j.
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Remark 3.1. Q8 has 6 elements of order 4.

Lemma 3.2. The conjugation classes of Q8 are:

1,−1, i, j, k

Proof. We have :

i1i−1 = −i2 = 1

j1j−1 = −j2 = 1

k1k−1 = −k2 = 1

Thus, the class of 1 is {1}.
The same for −1: the class of −1 is {−1}

• For i :

jij−1 = ji(−j) = −k ×−j = kj = −i
kik−1 = ki(−k) = −i

thus the class of i is {i,−i}.
• The same for: the class of j: {j,−j}
• And the class of k: {k,−k}

□

3.2. The complex representation ring of Q8.

Proposition 3.3. The group Q8 admits 5 non-isomorphic irreducible represen-
tations of degree 1 and one of degree 2.

Proof. Let ρi be the irreducible representations of Q8 (See [10])
As:

5∑
i=1

(dim ρi)
2 = |Q8| = 8.

And we know that there are 5 irreducible representations.
So the possible decomposition is:

12 + 12 + 12 + 12︸ ︷︷ ︸
4 representations of dimension 1

+ 22︸︷︷︸
1 representation of dimension 2

= 4 + 4 = 8.

⇒ There are therefore 4 irreducible representations of dimension 1 and 1 irre-
ducible representation of dimension 2.

□

Lemma 3.4. The 4 representations of Q8 of dimension 1 are:

σ1 : i→ 1 , j → 1

σ2 : i→ −1 , j → 1

σ3 : i→ 1 , j → −1

σ4 : i→ −1 , j → −1
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Proof. The commutator subgroup of Q8 is given by:

[Q8, Q8] = {−1, 1}

Hence the abelianization is:

Q8/[Q8, Q8] = {1̄, ī, j̄, k̄}

Therefore:

Q8/[Q8, Q8] ∼= Z/2Z× Z/2Z.
We call this isomorphism g

Hom(Z/2Z× Z/2Z,C) = {f1, f2, f3, f4}

f1(1, 0) = 1, f1(0, 1) = 1,

f2(1, 0) = −1, f2(0, 1) = 1,

f3(1, 0) = 1, f3(0, 1) = −1,

f4(1, 0) = −1, f4(0, 1) = −1.

Therefore,

σi = fi ◦ g ◦ p
where

p : Q8 −→ Q8/[Q8, Q8], the canonical sujection

□

We consider H = ⟨j⟩ the subgroup generated by j , and

ϵk : H −→ Aut(C)
j 7−→ λ = e

2ikπ
4

the representation of H. (H is a finite abelian group, so its representation is of
dimension 1).

Proposition 3.5. The representation πk of Q8 induced by ϵk is defined by:

πk(i) =

(
0 1
−1 0

)
, πk(−i) =

(
0 −1
1 0

)
, πk(−1) =

(
0 −1
−1 0

)
, πk(j) =

(
λ 0
0 −λ

)
,

πk(−j) =
(
−λ 0
0 λ

)
, πk(k) =

(
0 −λ
−λ 0

)
, πk(−k) =

(
0 λ
λ 0

)
Proof. • Q8/H has two elements: the class of 1 and the class of i:

Q8/H = {1̄, ī}

with : 1̄ = {1, j,−1,−j} and ī = {i, k,−i,−k}
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• Let Bv = {e1} be a basis of V . As j4 = 1 therefore λ = e
2ikπ
4

So we consider : for each k ∈ {0, 1, 2, 3}, we define a character (1-
dimensional representation) of H :

ϵk : H −→ Aut(C)
j 7−→ λ = e

2ikπ
4

(3.1)

We then construct the induced representation of H to Q8 :

πk = IndQ8

H (ϵk).

We know that [Q8 : H] = 2, so the induced representation πk acts on a 2-
dimensional vector space. We define W = V ⊕ iV

Let z ∈ Q8, therefore z̄ = 1̄ where z̄ = ī

• If z ∈ H :

π(z) · (v1 + iv2) = ϵ(z)v1 + i ϵ(z)v2

• If z ∈ iH
therefore z = hi with h ∈ H thus h = zi−1 ∈ H so we can apply σ(z)

π(z) · (v1 + iv2) = ϵ(zi−1)v1 + i ϵ(zi−1)v2
As W = V ⊕ iV therefore BW = {e1, ie1} is a basis of W

Thus, the representation πk of Q8 on W has the following matrix :

πk(i) =

(
0 1
−1 0

)
, πk(−i) =

(
0 −1
1 0

)
, πk(−1) =

(
0 −1
−1 0

)
, πk(j) =

(
λ 0
0 −λ

)
,

πk(−j) =
(
−λ 0
0 λ

)
, πk(k) =

(
0 −λ
−λ 0

)
, πk(−k) =

(
0 λ
λ 0

)
□

Proposition 3.6. The only irreducible representations of Q8 are: π1 and π3

Proof. We will need the following lemma:

Lemma 3.7. the character table χπk(g):

g 1 −1 ±i ±k ±j
χπk(g) 2 2(−1)k 0 0 λk

2
(1 + (−1)k)

the character of the induced representation χπk

χπk(g) =
1

|H|
∑
x∈G

x−1gx∈H

σk(x
−1gx)

• For g = 1: we have x−11x = 1 ∈ H for all x, thus:

χπk(1) =
1

4

∑
x∈G

σk(1) =
1

4
· 8 = 2
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• For g = −1: we have σk(−1) = (−1)k

χπk(−1) =
1

4

∑
x∈G

σk(−1) =
1

4
· 8 · (−1)k = 2.(−1)k

• g = ±i or ±k:
χπk(g) = 0

• g = ±j

χπk(j) =
1

4

∑
σk(j) +

∑
σk(j) + σk(−j) + σk(−j) =

1

4

∑
2σk(j) + 2σk(−j)

And we have σk(j) = λk and σk(−j) = (−1)kλk.
Thus:

χπk(j) =
1

4
[2λk + 2(−1)kλk] =

1

4
[2λk(1 + (−1)k)]

Hence:

χπk(j) =

{
0 If k is odd

λk if k is even

Hence the character table χπk(g):

g 1 −1 ±i ±k ±j
χπk(g) 2 2(−1)k 0 0 λk

2
(1 + (−1)k)

□

Corollary 3.8. πk is irreducible if and only if k = 1 or k = 3

Proof. We have:

⟨χπ1 , χπ1⟩ = ⟨χπ3 , χπ3⟩ =
1

8

∑
g∈G

|χπ1(g)|2 =
1

8
(22 + (−2)2 + 0+ 0+ 0+ 0) =

8

8
= 1

So, according to [5] π1 and π3 are irreducible.
On the other hand:

⟨χπ0 , χπ0⟩ =
1

8
(22 + (−2)2 + 0 + 0 + 0 + 0 + λ0 + λ0) =

1

8
(8 + 2) =

10

8
̸= 1

Hence π0 is not irreducible.
Similarly :

⟨χπ2 , χπ2⟩ =
1

8
(22 + (−2)2 + 0 + 0 + 0 + 0 + λ2 + λ2) =

1

8
[8 + (−2)] =

6

8
̸= 1

Hence π2 is not irreducible
Thus, the only irreducible representations of dimension 2 are π1 and π3. □

Lemma 3.9. π1 and π3 are equivalent.

Proof. According to [5], it must be shown that

⟨χπ1 , χπ3⟩ = 1
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We have:

⟨χπ1 , χπ3⟩ =
1

8

∑
g∈G

χπ1(g)·χπ3(g−1) =
1

8
(2·2+(−2)·(−2)+0+0+0+0) =

1

8
(4+4) =

8

8
= 1

Thus π1 and π3 are equivalent.
□

Hence, the only irreducible character of Q8 of dimension 2 is that of π1.

We denote by 1, c1, c2, and c3 the characters of the one-dimensional irreducible
representations, and by c4 the character of the two-dimensional irreducible rep-
resentation.

Proposition 3.10. The character table of the group Q8:

1 −1 ±i ±j ±k
1 1 1 1 1 1
c1 1 1 −1 1 −1
c2 1 1 1 −1 −1
c3 1 1 −1 −1 1
c4 2 −2 0 0 0

with the relations:
c21 = c22 = c23 = 1

{ c1c2 = c3, c2c3 = c1, c3c1 = c2, c4c1 = c4c2 = c4c3 = c4 } (*)

Theorem 3.11. As a Z-module

R(Q8) = Z⊕ Zc1 ⊕ Zc2 ⊕ Zc3 ⊕ Zc4
the ring structure is given by the relation (*)

4. Representation Ring of D8

4.1. The dihedral group D8. The group D8 has the following presentation:

D8 = ⟨x, y | x4 = 1, y2 = 1, yxy−1 = x−1⟩
D8 contains 8 elements:

D8 = {1, x, x2, x3, y, xy, x2y, x3y}

Remark 4.1. D8 has 2 elements of order 4.

Lemma 4.2. The conjugacy classes of D8 :

(1, x, x2, , y, xy)

Proof. We have: 1 = {1}, x = {x, x3}, x2 = {x2}, ȳ = {y, x2y},
xy = {xy, x3y} □
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4.2. The complex representation ring of D8.

Proposition 4.3. The group D8 has five non-isomorphic irreducible representa-
tion, 4 of degree 1 and one of degree 2.

Proof. Let (ρi) be the irreducibles representations of D8

As:
5∑
i=1

(dim ρi)
2 = |D8| = 8.

And we know that there are 5 irreducible representations.
So the possible decomposition is:

12 + 12 + 12 + 12︸ ︷︷ ︸
4 representations of dimension 1

+ 22︸︷︷︸
1 representation of dimension 2

= 4 + 4 = 8.

⇒ There are therefore 4 irreducible representations of dimension 1 and 1 irre-
ducible representation of dimension 2.

□

Lemma 4.4. The 4 representations of D8 of dimension 1 are:

r1 : x→ 1 , y → 1

r2 : x→ −1 , y → 1

r3 : x→ 1 , y → −1

r4 : x→ −1 , y → −1

Proof. Indeed, the group’s relations require:

r(y)2 = 1,

thus
r(y) ∈ {−1, 1}.

and we have r(x)4 = 1
therefore r(x) ∈ {1,−1, i,−i} And as r(yxy−1) = r(x−1) and r(y) ∈ {1,−1}
Thus r(x) = r(x−1)
Hence r(x) ∈ {−1, 1} This gives us the four possible combinations. □

We consider K = ⟨x⟩ the subgroup of D8 generated by x , and

ϕk : K −→ Aut(C)
x 7−→ λ = e

2ikπ
4

the representation of K. (K is a finite abelian group, so its representation is of
dimension 1).

Proposition 4.5. The representation ψk of D8 induced by ϕk
is defined by:

ψk(x) =

(
λ 0
0 λ−1

)
, ψk(y) =

(
0 1
1 0

)
,
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Proof. We have: D8/K = {1̄, x̄} with 1̄ = {1, x, x2, x3} and x̄ = {y, xy, x2y, x3y}
W = C⊕ C
D8 acts on W by:

• If z = x:

x.(a+ yb) = x.a+ x.yb = x.a+ yx−1b

• If z = y

y.(a+ yb) = ya+ y2b = b+ ya

Lemma 4.6. the character table χψk
(g):

g 1 x2 x, x3 y, x2y xy, x3y

χψk
(g) 2 2(−1)k λk

2
(1 + (−1)k) 0 0

the character of the induced representation χπk

χψk
(g) =

1

|K|
∑
z∈D8

z−1gz∈K

σk(z
−1gz)

• For g = 1: we have z−11z = 1 ∈ K for all z, thus:

χψk
(1) =

1

4

∑
x∈D8

ϕk(1) =
1

4
· 8 = 2

• For g = x2:

χψk
(x2) =

1

4

∑
z∈D8

ϕk(x
2) =

1

4
· 8 · (−1)k = 2.(−1)k

• For g ∈ y, xy :
χψk

(g) = 0

• g ∈ x

χψk
(x) =

1

4
[2λk + 2(−1)kλk] =

1

4
[2λk(1 + (−1)k)]

Hence:

χψk
(x) =

{
0 If k is odd

λk if k is even

Hence the character table χπk(g):

g 1 x2 y x3 x xy x2y x3y

χψk
(g) 2 2(−1)k 0 0 λk

2
(1 + (−1)k) 0 0 0

□

Proposition 4.7. The only irreducible representations of D8 of dimension 2 are:
ψ1 and ψ3.
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Proof. We have:

⟨χψ1 , χψ1⟩ = ⟨χψ3 , χψ3⟩ =
1

8

∑
g∈D8

|χψ1(g)|2 =
1

8
(22+(−2)2+0+0+0+0) =

8

8
= 1

So, according to [5] ψ1 and ψ3 are irreducible.
On the other hand:

⟨χψ0 , χψ0⟩ =
1

8
(22 + (−2)2 + 0 + 0 + 0 + 0 + λ0 + λ0) =

1

8
(8 + 2) =

10

8
̸= 1

Hence ψ0 is not irreducible.
Similarly :

⟨χψ2 , χψ2⟩ =
1

8
(22 + (−2)2 + 0 + 0 + 0 + 0 + λ2 + λ2) =

1

8
[8 + (−2)] =

6

8
̸= 1

Hence ψ2 is not irreducible
Thus, the only irreducible representations of dimension 2 are ψ1 and ψ3. □

Proposition 4.8. ψ1 and ψ3 are isomorphic.

Proof. According to [5], it must be shown that

⟨χψ1 , χψ3⟩ = 1

We have:

⟨χψ1 , χψ3⟩ =
1

8

∑
g∈G

χψ1(g)·χψ3(g
−1) =

1

8
(2·2+(−2)·(−2)+0+0+0+0) =

1

8
(4+4) =

8

8
= 1

Thus ψ1 and ψ3 are equivalent. □

We denote by 1, a, b, and c the characters of the one-dimensional irreducible
representations, and by d the character of the two-dimensional irreducible repre-
sentation

Proposition 4.9. Character table of D8

1 1 x2 x, x3 y, x2y xy, x3y
1 1 1 1 1 1
a 1 1 1 −1 −1
b 1 1 −1 1 −1
c 1 1 −1 −1 1
d 2 −2 0 0 0

The two-dimensional representation:

d : x 7→
(
i 0
0 −i

)
, y 7→

(
0 1
1 0

)
a2 = b2 = c2 = 1

{ ab = c, bc = a, ca = b, da = d, db = d, dc = d } (**)
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5. Conclusion

In general, the Proposition 2.9 does not give an isomorphism for the ring struc-
ture defined by:

[V ] · [W ] = [V ⊗C W ].

In the particular case of C[Q8] and C[D8] we have:

Theorem 5.1. There exists ring isomorphism

f : RC(Q8) −→ RC(D8)

defined on the irreducible characters by

f(1) = 1, f(c1) = a, f(c2) = b, f(c3) = c, f(c4) = d.

Proof. (i) As RC(Q8) = Z⊕ c1Z⊕ c2Z⊕ c3Z⊕ c4Z and RC(D8) = Z⊕ aZ⊕
bZ⊕ cZ⊕ dZ, the map f defines a group isomorphism.

(ii) The group isomorphism f respects the relations (∗) and (∗∗), hence f is
a ring isomorphism.

□

The groups Q8 and D8 are not isomorphic but:

Proposition 5.2. The group algebras C[Q8] and C[D8] are isomorphic.

Proof. As a consequence of Proposition 3.10, and by the Wedderburn decompo-
sition, we have

C[Q8] = C⊕ C⊕ C⊕ C⊕
(
C2 ⊕ C2

)
≃ C4 ⊕M2(C).

And from Proposition 4.9 we get C[D8] ≃ C4 ⊕M2(C). □

Corollary 5.3. The algebraic K-theory groups of C[Q8] and C[D8] are isomor-
phic.

Remark 5.4. In [8], the authors determine the structure of the completions of the
representation rings and deduce the Atiyah topological K-theory of the classifying
spaces BD8 and BQ8.

The authors thank the referee for his valuable comments and suggestions.
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