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ABSTRACT. This study contains Lucas numbers that are sums of two Jacob-
sthal numbers and Jacobsthal numbers that are sums of two Lucas numbers.
Our main conclusions are confirmed by a refinement of Baker’s theorem for
linear forms in logarithms and the reduction method of Dujella and Pethd’s.
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1. INTRODUCTION

Lucas sequence is characterised by Ly =2, L; =1 and
Lyio= Ly + Ly, for all n > 0.

The history and applications of the Lucas sequence can be found in [I1]. The
Jacobsthal sequence is characterised by Jy =0, J; = 1 and

Jn+2 = Jn+1 + 2Jn for aH n Z O

Horadam was among the first to investigate Jacobsthal representation numbers
and polynomials, later examining their connections to Pell sequences. Building
on this work, Djordjevi¢ and Yilmaz-Bozkurt introduced generalized Jacobsthal
polynomials and order-k extensions. More recently, Aydin [I] provided further
generalizations of the Jacobsthal sequence in number theory. These studies form
a foundation for understanding the arithmetic properties of linear recurrence
sequences [0, 11, 12, 13, 17, 18].

The representation of integers as sums, products, or differences of terms from
classical sequences has attracted considerable attention in the context of Dio-
phantine equations. For instance, Bravo and Luca [3, 1] completely characterized
powers of two that can be expressed as sums of two Fibonacci numbers or as
sums of two Lucas numbers, respectively. Later, Siar and Keskin [16] solved the
Diophantine equation

F, - F,, =2%
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identifying all Fibonacci numbers whose differences are powers of two. Further
results on sums of two Padovan or Fibonacci numbers were determined in [10]. In
2021, Erduvan and Keskin [8] addressed Diophantine equations involving prod-
ucts of Fibonacci and Jacobsthal numbers, resolving

F.=J,J, and J,=F,F,,.

This line of inquiry continues to reveal intricate arithmetic relations among
classical integer sequences. In 2023, Gaber [9] solved the equations

P,=J,+ Jn and Qr = J, + i,

where P, and )y are the Pell and Pell-Lucas numbers.
In this paper, we solved the two Diophantine equations

Jo + I = Ly (1.1)

Lo+ Loy = J (1.2)

in non-negative integers n,m, and k. More precisely, we proved the following
theorems.

Theorem 1.1. The non-negative integer solutions (n,m, k), with n > m, of the
Diophantine equation (1.1) are

(1,0,1),(1,1,0),(2,0,1),(2,1,0),(2,2,0),(3,0,2), (3,1, 3), (3,2, 3), (5,0,5).

Theorem 1.2. The non-negative integer solutions (n,m, k), with n > m, of the
Diophantine equation (1.2) are

(1,0,3),(2,0,4),(3,1,4), (4,3,5), (6,2,6), (15,1,12).

Our approach makes use of Matveev’s Theorem, the most well-known varia-
tions [15] of Baker’s theory [2], to limit each implicit variable to a single primary
variable. Matveev’s theorem allows us to obtain very large upper bounds for &
and n. To reduce these bounds, we apply the reduction lemma due to Dujella
and Pethd [7]. Finally, we perform Sage calculations to identify all solutions.

This document is arranged as follows: In Section 2, we go over some information
that is essential to our proof. Section 3 presents the proof of Theorem 1.1. Section
4 presents the proof of Theorem 1.2.

2. PRELIMINARY RESULTS

2.1. Lucas sequence. The Binet formula for the Lucas sequence is

L,=60"+n" n>0, (2.1)

where

1++5 1-+5
0= 9 s n= 9 y
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are the roots of the auxiliary equation 3> —y—1 = 0. The following inequality will
assist us in determining the relationships among the three variables n, m, and k.

"t < L, <20, n>1. (2.2)

2.2. Jacobsthal sequence. Jacobsthal sequence has the characteristic equation

Y’ —y—2=0,
with roots
0=2 o¢=-1,
and its Binet formula is given by

no__ n on _ (_1)n
0= 2 ()

Forthermore, we have

> 0. 2.3
- =L n> (23)

"2 J, <2 n > 1. (2.4)

2.3. Linear forms in logarithms. Let a be an algebraic number of degree d
with minimal polynomial

d
a0y’ + g+t ag=ao [[ (y— o) € Zly,
i=1

where (a;,a;) =1 for all a; # a;, ap > 0 and a®’s are the conjugates of a. The
logarithmic height h of « is defined by

d
h(a) = é <loga0 + 210g (mazx {‘a(i)| ) 1})) :
The function h has the following pro;erties:
h(ar £az) < h(a)+ h(ag)+ log2;
h(aiaz') < h(on)+h(a);
h(a®) = |s| hia) (s€Z).

These properties will be used in the following sections without further reference.

We use the following theorem, due to Matveev, in getting upper bounds for
the our variables.

Theorem 2.1. (Matveev’s Theorem) [15] Let L be a real algebraic number field
of degree D, ay,...,ay be positive real algebraic numbers in L, by, ..., by be non
zero integers and

a:a?1~--aft—17é0.
Then

log || > —1.4 x 30" x t*% x D* (1 +1og D)(1 +log B) A} Ay As,  (2.5)

where

B > max{|bi],..., b},
and A; > max{D h(q;), |log a;|,0.16} for alli=1,...,t.
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The following lemma, a variation of a result originally due to Baker—Davenport
[2], was established by Dujella and Pethé [7]. We will apply this lemma to reduce
the upper bounds obtained by Theorem 2.1.

Lemma 2.2 (Dujella—Pethd). Let M be a positive integer, and let o, i, A > 0 and
B > 1 be given real numbers. Suppose that § 1s a convergent of a with ¢ > 6M,
and define

€ :=|lpqll = Mllrql| > 0,

where, for a real number X, || X|| ;= min{|X — n| : n € Z} denotes the distance
from X to the nearest integer.
If positive integers n,m,w € Z* satisfy

A
O<|na—m—i—,u\<§ with n < M,

then
log(Aq/e)
w < s B

The following Theorem is called Legendre Theorem of continued fractions.
More details about this result can be found in [5].

Theorem 2.3. Let x € R, p,q € Z and let x = [ag, ay,...]. If

1
< —

‘ p
q

then § 18 a convergent of the continued fraction of x. Furthermore, let M and n
be nonnegative integers such that q¢, > M. Put b = max{a; : 0 <i < n}, then

1
(b+2) s?

holds for all pairs (r,s) of positive integers with 0 < s < M.

r
< |-
S

_x’

3. PROOF OF THEOREM 1.1

Proof. Assume that n > m. With Sage, we discovered that the only answers to
equation (1.1) in the range 0 < m < n < 200 are those listed above in Theorem
1.1. We now assume that n > 200.

Applying the inequalities (2.2) and (2.4) and equation (1.1), we obtain

OF ' < L, <2" and 2"7% < L, < 20F. (3.1)
Then,
log 2 log 2
- <k< 1 2
("= 31058 =¥ = "ogg (3:2)
Hence,
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3.1. Determining the upper boundaries of k£ and n. Rewriting equation
(1.1) as

e R
3 Tty
we obtain
2" 11
=0 <2 — 3.4
3 5 (34)
since % < iforall k>0, and J,, < 2™, for all m > 0. Dividing (3.4) by 2"/3,
we obtain 9
[1—270" 3| < 5 (3.5)
Thus,
log |1 —27" 6" 3| <log9 — (n —m)log2. (3.6)
Define

G i=3-27"F — 1.
If ¢; = 0, then 36% = 2". Conjugating this equation, we obtain 3n* = 2". Taking
absolute values yields
2" = [3n*] < 5,
which is a contradiction. Hence, (; # 0.
Assume that
ap =2, as=40, az3=3, by=-n, b=k by=1, t=3.
Since
max{[by, [ba, [bs} = £,
we consider B = k. The smallest field containing ay, as, g is Q(\/S), so D= 2.
The logarithmic heights are

log 8
h(OKl) = IOg 2, h(OéQ) = Og , h(@3> = log 3.

So, we take
A =14, Ay=05, Az=22.
Applying Theorem 2.1, we get
log|(i| > —C (1 + logk), (3.7)
where
C =154 x 1.4 x 30% x 3*% x 2% x (1 +1log2) < 14.938 x 10"
Using (3.6) and (3.7), we get
log9 — (n —m)log2 > —14.938 x 10" (1 + log k) > —2.99 x 10" log k,

hence,

(n —m)log2 < 3 x 10" log k. (3.8)
We now write equation (1.1) as
2n o 2m " —1)m
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Consequently,
2" 11
= (142" - 0% < —.
3 ( + ) 6
By dividing the above inequality by £ (1 +2™™"), we obtain
_ 11
1o (1) < 2 (3.9)
Thus,
_ 11
1og(1 — 0273 (1+2"7) | < log - — nlog2 (3.10)
Define

Gi=0" 23 (1+2m ) — 1,
If ( = 0, then 36% = 2" +2™. Conjugating this equation gives
30| = 2" + 2™ < 5,
which is a contradiction. Hence, (5 # 0.
Assume
=2 ay=0, az=3(14+2"")" bi=-n, b=k by=1 t=3
We observe that aq, as, and a3 belong to @(\/5), so we take D = 2. Also, we

choose B = k.
The logarithmic heights are

(o) =log2, h(ag) = %log 9,
and
hag) = h(3(1+27) ")
< h(3) 4+ h(2™") 4 log 2
=log3 + |m — n| h(2) + log 2
= log6 + (n —m) log 2.
Moreover,

|log as| = }logS — log(1 + Zm_”)| <log3+log2 < 1.8.
Hence, we may take
Ay =14, Ay=05 A;=442(n—m)log2.
By applying Theorem 2.1, we obtain
log |G| > —C (1 +1logk) (4 + 2(n —m)log2),
where
C = (1.4)* x 0.5 x 305 x 3*° x 2% x (1 +log2) < 6.79 x 10",

Therefore,

log |¢o] > —6.79 x 10" (1 +log k) > —1.36 x 10" (log k) (4 + 2(n — m)log 2).
(3.11)
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Using inequalities (3.10) and (3.11), we derive

nlog2 < 1.37 x 10" (log k) (4 + 2(n — m)log 2). (3.12)
Substituting inequality (3.8) into (3.12) gives
nlog2 < 1.37 x 10" (log k) (4 + 6 x 10" log k). (3.13)
Using inequalities (3.2) and (3.13), we obtain
klog2 < 2.74 x 10" (log k) (44 6 x 10" log k). (3.14)
Solving inequality (3.14) using Sage, we obtain
n<k<1.1x10%. (3.15)

3.2. Lowering the limit on n. We now apply Lemma 2.2 to reduce the upper
bound in (3.15).

Let
Q = klogf — nlog2 + log 3. (3.16)
Rewrite equation (3.5) as
9
9 —1| < ST (3.17)
As we proved that (; # 0, we obtain that @) # 0.
Case 1: ) >0
9
0<Q<eQ—1:\eQ—1|<2n_m. (3.18)
Case 2: ) <0Oandn—m > 25
1
Q _ 1 — 1 _ Q < —
‘6 ‘ € 2’
which implies
@ =@ < 9.
Therefore, we obtain
18
0<|Q <el®—1=el@l(1—e?) =ele? -1 < =T (3.19)

In both cases (@ > 0 and @ < 0), inequality (3.19) holds. By substituting the
formula (3.16) for @ in the inequality above and dividing the result by log 2, we
obtain

log 0 log 3 26
0< k87 B2 2 (3.20)
log 2 log 2 2n—m
Let
log 3 log 6
,u:&, Oz:&, w=mn-—m, A=26, and B=2.
log 2 log 2

Using inequality (3.15), we may take M = 3 x 10?° as an upper bound on k. For
qrs = 252339790309653189029774211371593442 > 6 M,

the denominator of the 75" convergent of the continued fraction of a, we find
that
€ = ||pqrs|| — M || gz5]] > 0.140378035627.
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Applying Lemma 2.2, we conclude that
n—m < 127. (3.21)

To handle the previous upper bound of n inequality (3.15), we consider in-
equality (3.9).

Let
S = klogt —nlog2 + log (3 (1+ 2’”’”)_1). (3.22)
Inequality (3.8), we have
11
S
1= < 5o (3.23)
Since (5 # 0, we have S # 0. If S > 0, we obtain that
11
s S
0<S<e®—1=|e _1y<ﬁ, (3.24)
and if S < 0, we have
11 1
L= = e —1| < o7 < 5 foralln > 200, (3.25)
Therefore, the last two inequalities imply e/l < 2, and therefore
11
0<|S|<elfl—1=¢lf (1—¢%) = el ‘es -1 < o (3.26)

In both cases, (S > 0, or S < 0), inequality (3.26) holds. By substituting the
formula (3.22) for S in the inequality above and dividing the result by log 2, we
obtain

log 6 log 3(1+ Qm_")_l 1
0< |k — < . 3.27
log 2 n + log 2 on—1 ( )
Let
—(n—m)) !
ﬂ:10g3(1—|—2( )) o logd A1 and B=2
log 2 ’ log 2’ 7 7

Using inequality (3.15), we can take M = 3 x 10? as an upper bound on k. For
qrs = 252339790309653189029774211371593442 > 6 M,

the denominator of the 75" convergent of the continued fraction of o is g5, we
find that for all integers n — m € [0, 128], the smallest € occurs at n — m = 121,
except when n —m = 1, giving

€ = ||p grs| — M || grs|| > 0.00343788493.
By applying Lemma 2.2, we obtain
n < 200, (3.28)

which contradicts the assumption n > 200. Therefore, equation (1.1) has no
solution when n > 200. Thus, we obtain n < 200, so

m < n < 200, (3.29)

and
k < 2n < 400. (3.30)
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If n —m = 1, we obtain € negative. So if n —m = 1, equation (1.1) becomes
Ly = J, + Ju11, which can be reduced to

Ly =2". (3.31)
Then k < 2n, and from equation (3.15) we obtain n < 3 x 10?. Using the same
method of verification ¢; < ==, we obtain
3
ok — 1< —
on’
thus
log 6 18
k 087 _ n| < —.
log 2 2n
Since ;—f < ﬁ for all n > 10 and k& < 2n. Theorem 2.3 implies that 7 is a
convergent, of }gig. We know that & < M, then using computation with sage
gives

g7 < M < g¢s and b:=max{a; :i=0,2,...,69} = 134.

Therefore, Theorem 2.3 implies

1 log 6 18
(b+2)k:<‘ g2 |~ an
Thus
2" < 1.944 x 10*.
Then n < 110. Hence, Theorem 1.1 is proved. 0

4. PROOF OF THEOREM 1.2

Proof. Using Sage, it was discovered that the aforementioned solutions in Theo-
rem 1.2 are the only solutions of equation (1.2) inside of the range 0 < m < n <
200. Thus we may assume that n > 200.

4.1. Finding relationship between £ and n. .
By applying the inequalities (2.2) and (2.4) together with equation (1.2) to create
a relation between k and n, we obtain

2F=2 < J, < 2L, < 40", (4.1)
and consequently,
log 0
k< 4. 4.2
- nlog 2 + (42)

Hence,

k < n. (4.3)
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4.2. Finding upper bound of n. .
By writing equation (1.2) as

2k: (_1)kz
en _Z _Lm o o n’
3 3
we obtain .
2 1 11
0" — —| <| Ln T <20 4 —, 4.4
<ULl 45 <2674 (1.4
since % < % for all n > 0, and L,, < 20™ for every m > 1. Dividing (4.4) by 6™,
we obtain
1 4
1-2F0 | < : 4.5
R "
As a result,
1
log |1 —2F g™ 5’ <log4 —logg™ ™. (4.6)
Define )
3 = 2k97n§ — 1.
If (3 = 0, then 30" = 2*. Conjugating this equation gives
2k = 3|n"| < 5,
which is a contradiction. Hence, (3 # 0.
Let
1
051:2, 062:9, 063257 blzk}, bQZ—TL, bgz]_, t=3.

Since n > k, we take B = n, and let L = Q(v/5) with degree D = 2. The
logarithmic heights are

log 6 1
h(ar) =log2, h(az) = g . h(ag) = h<§> = log 3.

Hence, we set
Ay =14, Ay=05 A3=22.
Applying Theorem 2.1, we obtain
log |(5| > —C (1 + logn), (4.7)
where
C =1.54 x 1.4 x 30° x 3% x 22 x (1 +1og2) < 14.938 x 10"
Using (4.6) and (4.7), we obtain
log4 —log 0" ™ > —14.938 x 10" (1 4+ logn) > —2.987 x 10'? x logn,

thus,

(n —m)logf < 3 x 10"%logn. (4.8)
We now rewrite equation (1.2) as

2k (_1)k
en gm__ — M )
+ 3~ T 3
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Thus,
n m—n Qk n m 1
where % < 1 for all n > 0. Dividing (4.9) by 6™ (1 + §™™"), we obtain
1 ~1 4
1—2F0 —(1+0™ ") | < —. 4.10
| S < (110
Thus,
1 _
log |1 —2F g™ 3 (1+6m) 1‘ < log4 —nlogé. (4.11)
Define

G=2" 07" % (1+6m)" —1.
If ¢, = 0, then 3 (6" + ™) = 2*. By conjugating this equation, we obtain
28 =3[n" + 9" <9,
which is a contradiction. Hence (4 # 0. Let

1 _
a1:2, 0(2:9, agz—(1+9m_n) 1, blzk’, bz:—n, b3:1, t=3.

3
We take B =n, L = Q(+/5), and D = 2. The logarithmic heights are
1
h(an) = log2, h(az) = B log 0,
and

1 ey —1 1 e
h<§(1+9 ) )§h<§)+h(1+9 )
<log3+ h(&m_") + log 2

=log 6 + |m — n| h(0)

log 0

=log6 + (n —m) 5

Since

1
llogas| = |log 3~ log (1 + 0’"_”)

< log%‘ + ’log (1 + 9’”_")‘

1
< logg‘ +|log2| < 1.1+0.7=1.8,

we can therefore take
Ay =14, Ay =05, and A3 =4+(n—m)logh > max {2h(as),|logas|,0.16} .
Applying Theorem 1.2, we obtain
log |(4] > —C (1 +logn) ((n —m)logf + 4), (4.12)
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where
C = (1.4)* x 0.5 x 30° x 35 x 2% x (1 +1og2) < 6.79 x 10,
Using inequalities (4.11) and (4.12), we deduce
log4—nlogf > —6.79x10"" ((n—m)log #+4) (1+logn) > —1.36x10" logn ((n—m) log 0+4),

which implies

nlogf < 1.37 x 10" logn ((n — m)log 6 + 4). (4.13)
Using inequalities (4.8) and (4.13), we obtain
nlogh < 1.37 x 10" x logn x (4 + 3 x 10 x logn). (4.14)

By Sage, we obtain
n < 3.7 x 10%, (4.15)

4.3. Reducing the bound on n. .

We now aim to sharpen the previously obtained upper bound in inequality (4.15)
using Lemma 2.2. Let

1
Q:klogQ—nlogQleogg. (4.16)

Inequality (4.10) implies that
4
Gn—m :

Obsrve that @) # 0, since (3 # 0. If @) > 0, we obtain

|1—6Q‘ <

4
0<Q<eQ—1:\eQ—1|<9n_m. (4.17)
If Q < 0, we assume that n—m > 20. Since eni_m < % for all n —m > 20, we get
1
1—e?=1—-e¥< 2.
1-f)—1-c2< ]
Consequently,
el?l < 2.
Therefore,
0< Q| <el®—1=¢@l(1—e?) =eldl [e? —1] < (4.18)

Hn—m :
In both cases (@ > 0 and @ < 0), inequality (4.18) holds. Substituting the
formula (4.16) for @ in the above inequality and dividing the result by log 2, we
obtain

log 0 i log 3 12

0< — < .
nlog 2 log 2 grn—m

(4.19)

bet log 3 log
u:&, Oz:&, w=n—-—m, A=12, and B =06.
log 2 log 2

From inequality (4.15), we may take M = 4 x 10?® as an upper bound for n. Let
qr0 = 228666343422267608843910896109913 > 6,
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where g79 denotes the denominator of the 70th convergent in the continued frac-
tion expansion of a. A direct computation yields

€ = ||ugrol| — M||agro|| > 0.0328403974748.
By applying Lemma 2.2, we obtain
n—m < 168. (4.20)

Next, we consider the inequality

1 1 4
1=2k0"= (1+0m ") | < —.
Let
1 _
S:klogQ—nlogé’—i—log(g (1+9m—n) 1) ' (4.21)
Then A
‘1 — €S| < e—n
Since (4 # 0, we have S # 0. If S > 0, then
2
0<S<es—1:|es—1|<0—n.
As n > 200, it follows that 0% < % Hence, if S < 0, we obtain
1
1—e’|=1-¢e%< =
1-ef=1-e <,
which implies
Sl =% <2,
Consequently,
8
0<|S] <elfl—1=0elfl(1—e% =eldle” — 1) < o (4.22)

Therefore, in both cases (S > 0) and (S < 0), inequality (4.22) holds. Substi-
tuting the expression (4.21) for S into this inequality and dividing by log 2, we
obtain

logh log(:(1+6m—™)71) 12
0< |k— 2 — 4.23
< nlog2 + log 2 < o ( )
Equivalently,
log 6 log(3(146™™)) 12
0< —k < —. 4.24
nlog2 log 2 on ( )
Let
:log3(1+9*)’ a:@, w=n, A=12, and B=40.
log 2 log 2
Using inequality (4.15), we may take
M =4 x 10%,

which satisfies M > n > k, as an upper bound for k. For the same value
G0 = 228666343422267608843910896109913 > 6 M,
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where g79 denotes the denominator of the 70th convergent of the continued frac-
tion of «, we verified that for all integers n —m € [0,168] the minimal value

of
€= HNQ70H - MHW]?OH

satisfies
e > 0.004.
Applying Lemma 2.2, we obtain
n < 172. (4.25)
This contradicts our standing assumption that n > 200. Hence, equation (1.2)
admits no solutions for n > 200. O
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