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ABSTRACT. In this paper, we have evaluated the Laplacian eigenvalues of the
extended zero divisor graph for certain finite commutative rings. Additionally,
we present the conditions under which the Laplacian spectral radius of the ex-
tended zero divisor graph is equivalent to the order of the graph. Furthermore,
we calculate the clique number, independent number, domination number, and
connected domination number of the extended zero divisor graph for specific
finite commutative rings.
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1. INTRODUCTION

Beck [0] introduced the concept of the zero divisor graph (ZDG) for a commu-
tative ring R, denoted as I'(R). This concept was subsequently modified by

Anderson and Livingston in [2]. They investigated the relationship between the
ring-theoretic and graph-theoretic properties of ZDG. Thereafter, the ZDG has
garnered attention from numerous researchers [22, 23, 5 3]. Other algebraic

graphs related to the ZDG, such as weakly ZDG, co-zero divisor graphs, and
extensions of ZDG, have also garnered attention from various researchers. For
more details, refer to [3, 16, 19].

Initially, the adjacency matrix and eigenvalues of the ZDG were discussed by
Young in [24]. Chattopadhyay et al. [10], discussed the Laplacian eigenval-
ues (L-eigenvalues) of ZDG for the ring Z,-. Later, Rather et al. [21] studied
the L-eigenvalues of the ZDG for the ring Z,r,. Subsequently, Rather et al.[20]
evaluated the normalized L-eigenvalues of ZDG for some commutative rings. Mo-
tivated by the idea of evaluating various spectrum such as L-eigenvalues, signless
Laplacian eigenvalues, and normalized L-eigenvalues of ZDG, many researchers
have contributed to the evaluation of spectrum for other algebraic graphs [, 4].
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Bennis et al. [7] extend the ZDG of a commutative ring by defining the vertex
set as the non-zero zero divisors of R. Two vertices a and b are connected if
there are positive integers m and [ such that a™b' = 0, while ensuring a™ # 0
and b # 0. They termed this graph the extended ZDG, and we denote this
graph by I, (R). Since I'(R) is a subgraph of I'.,(R). This poses an interesting
problem of finding the conditions under which the extended ZDG is the same as
the ZDG. Bennis et al. [7], gives the solution of this problem for the ring Z,.
They demonstrated that I'..(Z,,) equals I'(Z,,) if and only if n is either a product
of different prime numbers or the square of a single prime number. However, in
this paper we consider the rings for which I'.,(Z,) # I'(Z,), that is n = p" where
r > 3 or n is divisible by prime power and tackle the following problems

(1) How does an increase in the edge density of I'.,(R) compared to I'(R),
affect the Laplacian eigenvalues?

(2) How are other graph properties like Laplacian radius, clique number, in-
dependent number, etc. affected due to edge density in e, (R)?

By systematically analyzing these relationships, this study aims to provide a
deeper understanding of the spectral properties of densely connected graphs and
lay a foundation for future applications in complex networks and computational
models. The eigenvalues of the Laplacian matrix not only reveal the fundamen-
tal characteristics of a graph, such as its connectivity and robustness, but also
influence applications ranging from network design to machine learning.

The remainder of the paper is organized as follows: Section 2 addresses the
fundamental concepts and definitions that underpin the subsequent sections. In
Section 3, we focus on the first problem and represent the extended ZDG as a
join of induced subgraphs. Furthermore, we assess the L-spectrum of I'.,.(%Z,,) for
n = p",p'q,pq® and p"q°. Finally, in Section 4, we analyse the second problem
and discuss some graph properties of I'c,(Z,).

2. PRELIMINARIES

In this part, we introduce some graph theory terminology pertinent to this
paper. A graph is represented as H = H(V, E), where V= {1, 2, ..., 2} denotes
the set of vertices and F indicates the set of edges in H. The order of H is given by
| V] = k, and its size is |E|. When two vertices, such as z; and w;, are adjacent, it
is denoted as z; ~ ;, with the edge connecting them represented by the endpoints
15. Throughout this paper, H is considered a simple, undirected, and connected
graph. The set of vertices in H that are adjacent to a vertex z is known as the
neighborhood of vertex z, denoted as Ngy(z). The degree of z is the number of
vertices in Ny(x), represented by deg(z). If every vertex has the same degree, 7,
then H is referred to as an r-regular graph. The adjacency matrix of H, denoted
as A(H), is a square matrix of order k, where the entry at (i,j) is 1 if ; ~ w,
and 0 otherwise. The matrix D(H) is a diagonal matrix with diagonal entries
corresponding to the degrees of the vertices. The matrix L(H) = D(H) — A(H) is
the Laplacian matrices of H.

The spectrum of a square matrix M is the multiset of all the eigenvalues of
M. If Ay, Ao, ..., A\ be the eigenvalues of matrix M with respective multiplicities
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S1, 89, 83, ..., S, then we denote spectrum of M as,

o(H) = {[M]™, o], [As]™, o A )

If e is any number, e + o(H) denotes that e is added to every eigenvalue of M.
The expression o(H)\{\;} indicates that from the multiset of eigenvalues o(H),
a single occurrence of the eigenvalue \; is removed. The spectrum of matrices
A(H) and L(H) are denoted as 04(H) and o(H), respectively.

Consider a graph H with vertex set V = {x1,...,2}, and let D; represent
disjoint graphs of order r; for 1 < ¢ < k. The graph H[Dy,..., Dy] is constructed
by taking the graphs Dy, ..., D, and connecting each vertex of D; to every vertex
of D; whenever z; is adjacent to z; in H. This construction is referred to as the
generalized join operation [9]. The graph H[Dy, ..., D] is called as H-generalized
join graph. If H has only two adjacent vertices or P, graph, then the generalized
join graph coincides with the usual join Dy V Dy of Dy and Dsy. The adjacency
and Laplacian spectrum (L-spectrum) of H-generalized join graph were analysed
in [9]. For additional information on the join spectra and Laplacian matrix, refer
to [I4, 17, 21]. For the matrix L(H), we denote the Laplacian characteristic
polynomial (L-polynomial) as ®(H, z).

3. LAPLACIAN SPECTRUM OF ['.,(Z,)

An element a in Z, is considered a zero divisor if and only if the greatest
common divisor of a and n, denoted as (a,n), is not equal to 1. Consequently,
the total number of vertices in I'..(Z,) is given by n — ¢(n) — 1, where ¢(n)
represents the count of positive integers up to n that are coprime with n. Consider
the set T ={d € Z :d | n,1 < d < n}. For each d € T, define the set
Vi={a €Z,: (a,n) =d}. It is evident that the sets V; constitute a partition of
the vertex set of I'..(Z,) into disjoint subsets, each containing ¢(n/d) vertices.
The subsequent lemmas elucidate the adjacency relations among the vertices of
Too(Z).

Lemma 3.1. For any d € T, any two distinct vertices of Vy are adjacent in
Ler(Zy) if and only if d is divisible by every prime factor of n.

Proof. Suppose that any two distinct vertices of V; are adjacent in T'op.(Z,,). As-
sume that there exists a prime p such that p | n but p 1 d. Then p cannot be a
prime divisor of any a and b in V. Consequently, there are no positive integers m
and [ such that p | @™ and p | b'. Hence, p t a™b' and n { a™b'. This contradicts
the assumption that a and b are adjacent. Hence, d must be divisible by each
prime factor of n.

Conversely, let d is divisible by each prime factor of n, where n = pi'py* ... p}!
and d = pi'p5’ ...p;" where 1 <s; < r;. Let a,b € V; with a # b and a = dk;,
b = dks, with (k1,n/d) = 1 = (kg,n/d) for some integers k; and ks. Note that
for any positive integer x,

a®*=0 (modn) <= n|a® < n|dk{ < n|d".

Since (k7,n) = 1, there is no common prime factor of n and k;. This means
that the divisibility of a® depends only on the power of d. That is, we must have
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xs; > ryfor i =1,...,t. Let a be the smallest multiple of s; such that xs; > r;
forall2=1,...,t, that is

a=min{z € Z* :xs; > r; for all i} .

Clearly a® = 0 (mod n). Since 1 < d < n, there must be at least one prime p;,
such that s; < r;, and therefore o > 2. By definition of o, a®~* # 0 (mod n).
Take m = a—1and [ = 1, we have a™ # 0 (mod n) and b' 2 0 (mod n), however

ambl = aa—lb = (d/{}l)a_l(dkg) = da(k?_lkg) =0 (mod n)
]

For each d € T, consider the induced subgraphs Dy of T'..(Z,,) with vertex set
Vy containing ¢(n/d) vertices. By the above lemma, the induced subgraph D, is
either a complete graph or the complement of the complete graph, depending on
whether d is divisible by each prime factor of n.

Lemma 3.2. For any two distinct d;,d; € T, every vertex of Vy, is adjacent to
each verter of Vy, in U'ew(Zy) if and only if there exist positive integers m and [
such that n divides dj*d5;, with d* # 0 and dj # 0.

Proof. Suppose that every vertex of Vg, is adjacent to every vertex of Vg, in
[ex(Zy). Since d; € Vg, and d; € Vg, by our assumption d; is adjacent to d; in
[er(Zy,). Therefore, there exist positive integers m and [ such that n | dlmdé. with
dm 0, d 0.

Conversely, let there exist positive integers m and [ such that d* # 0 and
d; # 0, however n | dj*d; that is d]"d; = 0 (mod n). If a € Vy, and b € Vg, then
(a,n) = d; and (b,n) = d;. Write a = d;k and b = d;k’, where k, k" € Z, which
gives

a™ = (dik)™(d;}')! = d]*d’ k™K' =0 (mod n).
We also need to show that a™ # 0 (mod n) and b #Z 0 (mod n). If possible, let
a™ =0 (mod n) that is n | @™ = d/*k™. This is equivalent to say,

n
— | d R
Ll

Since (k,n/d;) =1, it follows that (k™,n/d;) = 1. This gives 2 | d/*~" or n | di",
which contradict the assumption that d]* # 0 in Z,. This completes the proof of
the lemma. 0

In the next lemma, we represent I'.,(Z,) as a generalized join of its induced
subgraphs. Let n = pi'py?---pi* and T = {dy,ds,...,dy}. Consider a graph
¥, where the vertex set is denoted by 7. Two distinct vertices, d; and d;, are
connected by an edge if and only if dzmdé» = 0 holds true, with the conditions that

d™ # 0 and dé # 0 in Z, for some positive integers m and [. Clearly, the graph

V¥, is a simple and connected graph with [,,| = []i_,(r; + 1) — 2 [0]. Assigning

the induced subgraph Dy, of I'.,(Z,) corresponding to each vertex d; of 1, the
following result is a direct implication of Lemma 3.1 and Lemma 3.2.

Lemma 3.3. Let Dy, be the induced subgraphs of U, (Z,) with vertex set Vy,, for
1 S 1 S k. Then, Pex(Zn) = wn [Ddl, Dd2 c. 7de].
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The above lemma implies that .. (Z,,) is a generalized join graph of some com-
plete and edgeless graphs. We utilise this structure to evaluate the L-eigenvalues
of I'er(Zy,) in light of the result [10, Theorem 3.3]. The L-spectrum of the edgeless
graph K, and complete graph K, are given by {[0]"} and {0, [n]""'}, respec-
tively. In the subsequent theorems we evaluate the L- eigenvalues of T'..(Z,),
where n = p" and p"q. We begin by analysing the structure of I'c,(Z,r).

Theorem 3.4. If r > 3, then Te,(Z,) is isomorphic to a complete graph and
hence Lispectrum of Teu(Z,y) is {0, [~ — 177},

Proof. Forn =p", theset T is {p' | 1 <i<r—1}and Vi = {a € Zy : (a,p") =
p'} with |[V,i| = ¢(p""). The vertex set of T'c,(Z,r) is the union of subsets V,,
where 1 < ¢ < r — 1. According to Lemma 3.1, for every ¢ = 1,...,r — 1, any
pair of distinct vertices in V,; are connected. When i # j, we demonstrate that
each vertex in V) is adjacent to every vertex in V,; by applying Lemma 3.2.
To establish this, it suffices to find positive integers m and [ such that p™+7 is
divisible by p”, while neither p"™ nor p’' is divisible by p". If i +j > r, take
m=1=1;if i + 5 < r, take m as the largest multiple of 7 less than r that
is, m = ["=1] and [ as the largest multiple of j less than r that is, | = [’q];lj
These values of m and [ satisfied the required conditions. Thus, any two distinct
vertices in I'c,(Z,) are adjacent and hence realized as K,—1_; with L-spectrum

{o, [t — 1]7”"‘1‘2}. 0

Note that the L-spectrum of a graph H, where H = U_| D;, is equal to the
union of the L-spectrums of D;s. Also, the L.,-polynomial of the join of two

graphs H and G with n; and ny vertices, respectively [15, Corollary 3.7] is given
by,

x(x —ny — ng)
(x —ny1)(x — n9)
Furthermore, we evaluate the L-spectrum of I'.,(Z,,), for n = p"q by representing

it as a generalized join of its induced subgraphs to find two graphs such that
[..(Zy,) is the join of these two graphs. We consider the case when r > 2 because

Ley (qu) = F(qu)-

Theorem 3.5. The L-spectrum of Tep(Zy) for n = p"q, where r > 2 and p # q
18,
(s r—1

{O’ [<q N 1>p7"*1 +p - 1} ) [(q - 1)pr71}p -’ , [pr — 1]('1_1)17”1_1 7 [qprfl . 1]1)"*1—2 }

Proof. The set T contains the elements, {p’ | 1 <i <r}U{p"q|0 <k <r—1}.
Partition the vertex set of I'.,(Z,,) into subsets

Vi ={b€Z,: (bn)=p'}
with |[V,i| = ¢(p""q) for 1 < i <r and
Vg = {b € Zy : (b,n) = p'q},

®(HVG,x) =

O(H,z —ng)P(G,z —ny). (3.1)
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with [Vie,| = ¢(p"") for 0 < k <r — 1. Corresponding to each i and k, consider
the induced subgraphs D, and D, of I'c;(Z,) with vertex subsets V,; and Vjx,
respectively. From Lemma 3.1, for 1 <1 <r, D, = Fqs( , Dy = ng(pr) and
for 1 <k <r—1, Dyy & Kypr—r). By Lemma 3.3,

priq)

Fex(Zqu) == wp'rq [.Dp’ Dp2 ey Dp'r’ Dq, qu, e Dpr—lq} .

Now, consider the graph H = Uj_, D,;. Further, consider G = D, and find the
graph G,_; recursively by the relation G; = D, V Gj_1. Let G = D, U G,_;.
From the adjacency relations in v,r,, it is clear that I'.,(Z,,) = H V G.

The L.,-polynomial of D, is x?®"'9)  Since the Lg,-polynomial of the union of
disjoint graphs is equal to the product of L.,-polynomial of those graphs. Thus,
L.p-polynomial of H is

O(H,z) = 2P D00 7). 1 0pa) 900)
— 0" )" 2 a)+ b (pa) +(q)
_ x<z5(q)p“1

— x(q_l)pr71 X
Also the Le,-polynomial of D, is 2 x (z—¢(p'"))?®" =1 in particular ®(G,,z) =
®(Dpy, 1) = xx (x—¢(p"1))?@" =1 Since Gy = Dy VG withny = [V(D,2,)| =

é(p"2) and ny = |V (G1)| = ¢(p"1), by equation (3.1), the L,-polynomial of G
1s

2 X (x — (G(p"2) + g(pr 1)) P@ =L

Likewise, for 2 < j < r — 1, when equation (3.1) is applied to each G;, the
L.p-polynomial of G,_q, is given by,

B(Gy1,2) = x (¢ = (D7) + 67 ) + -
+¢(p2) + ¢(p)))(¢(PT_1)+¢(I’T—2)+---+¢(P)*1)‘

As d(p D +o(p" ) +o(p"3) + - - -+ d(p?) + d(p?) + ¢(p) = p"~' — 1. Therefore,
the L.,-polynomial of G,_; is

O(Gry,z) =z x (z— (" = 1))1,1"_1,2.

Also the L,-polynomial of K g is 2?7 S0 Lep-polynomial of G = D,UG, 4
is

O(Ga) =7 o (= (Pt = 1))

Now, we apply equation (3.1) with H and G to find the L.-polynomial of
Lez(Zyrq). Note that here ny = |V(H)| = (¢ — 1)p" ! and ny = |V(G)| = p" — 1.
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Therefore
O(Lep(Zyrg, ) = P(H V G, x)
=zx (z—(¢—Dp~ ' —p +1)
x (o= (g—1p )"
r—1__
x(z—(¢g—1p~ —p T +1)" .
The result is obtained by evaluating ®(I'c,(Zyr,, x) = 0. O

X (1 — p’V’ + 1)((]71)])7‘7171

FIGURE 1. T, (Z4s)

Example 3.6. For R = Zjg, the set T contains the elements {2°|1 < i < 4} U
{2%3]|0 < k < 3}. The vertex set of I'.;(Z4g) can be partitioned into subsets

Vo = {2,10,14,22,26,34,38,46} V3 = {3,9,15,21,27,33,39,45}

Vye = {4,20,28,44} Vas = {6,18,30,42}
Vos = {8,40} Vs = {12, 36}
Vos = {16,32} Vasg = {24}

For, 1 < i < 4 consider the induced subgraph Dy = Kqi-i5, D3 = Kg and for
0 <k <3, Darg = Kyoa-ry. In Figure 1, the dark line indicates that each vertex
of a vertex subset is adjacent to every vertex of the corresponding vertex subset.
By Lemma 33, Fe:p(Z48) = ¢243[D2, D22, DQS, D24, Dg, D2.3, D223, D233].

The Ley-polynomial of H = U}, is 2'6. Also the L.,-polynomial of G; =
Doz = x(x — 4)3. Since Gy = Dyez V Gy with ny = |V(Dg3)| = 2 and ny =
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|V(G1)| = 4, by equation (3.1), the Ls-polynomial of Gy is x(z — 6)°. Similarly,
Lp-polynomial of G5 = Dgs3V Gy with ny = |V(Das3)| = 1 and ny = |V(G2)| = 6,
by equation (3.1), the L,-polynomial of G5 is x(x — 7)S.

Further, the L.,-polynomial of G = D, U G5 is product of L.,-polynomial of
G5 and L,-polynomial of D, = Kg that is 2°(x — 7)®. Again using the equation
(3.1) with H and G to find the L.-polynomial of I'.,(Zss). Note that here
ny = |V(H)| = 16 and ny = |V(G)| = 15, Therefore,

O(Tep(Zag),x) = P(H V G, x)
_ x(x —15-16)
~ (z —15)(z — 16)
= 2(r — 31)(z — 23)%(z — 16)%(x — 15)".
Therefore, the result is obtained by evaluating ®(T'.,(Z4s), z) = 0, that is,
{0,31,[16]%, [23]%,[15]"} .

(x —16)?(x — 7 —16)%(x — 15)*°

Recall that the graph ), has vertex set T = {d € Z : d | n,1 < d < n},
and two distinct vertices d; and d; are adjacent if and only if d;”dé- = (0 with
d’ # 0 and dé. # 0 in Z, for some positive integers m and [. For d € T,
define Ny = > ZeNy, (d) |V|. Following the approach of Chattopadhyay et al. [10,

Theorem 3.3|, we evaluate L-eigenvalues of I'.,(Z,,) as union of sets
Na + (o(Da)\{0}) ,

and the spectrum of the square matrix L(1,). Here, L(v,) is the matrix asso-
ciated with the graph v,, whose vertex set is T = {dy,ds,...,d}. The matrix
L(1y,) is given as

Nd1 —Qq2 . Tk
—a91 Ng ce Qof

Ln) = | . S (3.2)
—Qp —OQp2 Ndk

where,
{qs(g), if d; ~ d; in i,
QG5 = J

0, otherwise.

Theorem 3.7. The L-spectrum of Uy (Zy,) where n = p"q® is given by the union of
the spectrum of square matriz defined in equation (3.2) and the following multiset

{[¢(pr)qs—l Lad m} ¢(qsp’”‘i)*1’ [¢(qs)pr—1 b m'} ¢>(prqs‘j)*17

P(pmF)—1
b

]¢(qs_l)—1

[6(¢*)p" " + ab+ a + b] o) Fab+a+b

r—t1 ,S—to)__
[mt1t2 +my,, +ab+a+ b} o) 1}

where 1 <1 <r, 1 <j<s51<k<r—1,1<1<s—1,1<t; <r—1,1<

ty<s—landa=p ' —1,b=q""—1. The values of m,m',my, and mj ,,
are
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m=31 S o ) for ti[ 2] <,

m' =3 Y e ) for o[ £] < s,
g — @ [ET <

v 0, otherwise.
o= doWNaT it <,

fit2 0, otherwise.

Proof. The set T contains the elements {p’ | 1 <i <r}U{¢’ | 1 <j < stu{p*¢® |
1<k<r—1}U{pd|1<i<s—1}u{phg? |1 <t; <r—1,1<ty,<s—1}.
By Lemma 3.3, T'cy(Zyrqs) is ¥prgs generalized join of Dy, Dyi, Dyrgs, Dyrgt, and
Dyprgra, where 1 <@ <7, 1 <j<s, 1< k<r—-11<1<s-1, and
1<t <r—1,1<t, <s—1. From 3.2, by examining the adjacency relation
in t,r,s, we obtain the followings; Take a = p"~! — 1 and b = ¢*~! — 1 then for
1< <r

s r—1 r—1 s—1
Ny =D _o0'a™) + D0 ™) + DD o ")
J=1 k=1

t1 t2

= ¢(10’”)q“1 +a+m,

where m = o 1¢p7"_ths_t2 for t;[2] <r. For1 < j <s,
to
r—1 s—1
qﬂ_z¢ Tzs Z sl+ZZ¢ rt15t2
=1 t1 to

=¢(q b+,

where m’ = ;_1 f;l p(p1g ") for to[ -] < s. For 1 <k <7 —1,
T r—1 s—1 r—1 s—1

N = 30000+ 5 5 o + S o+ S0l - o7
i=1 t=1ty=1 k=1 =1

=¢(g*)p T +ab+b+a— o).
For1 <[l<s-—1,

r—1 s—1 —1 s—1
z—Z¢ )Y Y e ) Zfb(p”*’“HZsé(qS*l)—¢<q3*l)
t1=1ta=1 k=1 =1
=¢>(p )¢ Fab+b+a— (¢,
Forl1<t; <r—1land 1<ty <s-—1,
r—1 s—1
Npagez =My + M1+ 3 00" "q"™") +Z¢ )4 5004 - o0
t1=1t2=1 k=1

= Myyt, + mt1t2 +ab+b+a— ¢(pr ths tz)'
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where,

Hpr-t, ifH[E] <
- Al AfLlET<r
0, otherwise.

/ _ ¢(pr)qs—1’ if t2 (ﬁ—‘ < s,
0, otherwise.

Further from Lemma 3.1, we have D, = ?d)(prﬂ-qs), Dy = Kyprgs—iys Dprgs =

Kor—rys Dprg = Kys—1), and Dyt gra = Kyr—t145-12). Thus, some L-eigenvalues

of I'ey(Zyrqs) are given by

o Ny + (00(Dyp)\{0}) = Ny +
Ngi + (0(Dgi)\{0}) = Ny + [0]‘1’(’“5’”—1}, where 1 < j < s,
Npigs + (0L(Dprgs)\{0}) = Nprgs + {W(pr_k)](ﬁ(prik)_l}a where 1 < k <
r—1,
Nprgt + (UL(Dprql)\{O}) =Nprg +{[¢(qs_l)]¢(q57l)_l}a where 1 <1 <s—1,
Npth*2+<0L<Dptht2)\{0}) = Npthtz‘i‘{[¢(pr_ths_t2)]Qs(pr_ths_w)_l}7 where
1<t;i <r—land1<it;<s-—1

and remaining L-eigenvalues are given by the spectrum of square matrix given in
equation (3.2). Substituting the values of Npi, Ny, Nprgs, Nprgr, Npeygeo gives the
desired result. O

[O]‘Zb(pr_iq)*l}, where 1 < <,

[ ] [}
—_—A—

4. LAPLACIAN SPECTRAL RADIUS, CLIQUE, DOMINATION AND INDEPENDENT
DOMINATION NUMBER IN ['.,.(Z,,)

In this part, we examine certain graph characteristics of I'c;(Z,,), where n = p"q
and p"q®. The algebraic connectivity of a graph H is represented by the second
smallest L-eigenvalue of L(H), symbolized as p(H). The Laplacian spectral ra-
dius of a graph H is defined as the largest L-eigenvalue of the matrix L(H),
indicated by A\(H). If n is the order of a graph H, then the spectral radius \(H)
satisfies A(H) < n. Furthermore, equality holds precisely when the complement
graph H is disconnected, which occurs if and only if H is expressed as the join
of two graphs [11]. Also by Fiedler, A(H) = n — u(H), where H denotes the
complement graph of H [11, 3.7 (1°)]. Following these results, we provide the
value of n, for which T',(Z,) is disconnected.

Theorem 4.1. The T, (Z,) is disconnected if and only if n = p"q,r > 1, p and
q are distinct primes or n = p" with r > 2 and n # 4.

Proof. For n = pq or n = p*,p # 2, U'ep(Zy) = T'(Zy,). Therefore, Tep(Z,) is a
disconnected graph in these cases [10, Proposition 5.3]. Further, if n = p"q where
r > 2, by Theorem 3.5, I'..(Z,,) is equivalent to graph H V G and hence I'..(Z,)
is disconnected graph [!1]. Moreover, when n = p",r > 3, from Theorem 3.4
I'..(Z,) is compete graph, thus I'.,(Z,) is disconnected graph.
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For converse part, let n is expressed as pi'py?...p;", where t,r,79,..., 1, are
positive integers and pq, ps, ..., p; are distinct primes. Now, we aim to show that
Ter(Zy,) is connected when n = 4 or n is divisible by three distinct primes or
when t = 2 with 71,79 > 2. If n = 4, I'o0(Z,)= Ter(Zy,) is trivial graph, so it is
connected. Assume that ¢t = 2 with r;, 7y > 2. Then from Theorem 3.7 multiples
of types p! are not adjacent in v, and p% are not adjacent in 1,, and hence form a
clique in v, for alli > 1 and j > 1. Let d = p%*p%? a proper divisor of n, such that
d" # 0, and not satisfies condition of adjacency that is ¢, [ﬁ} < s and t; [%W <.
Then n { pj'd’, implies that p}* and d' are not adjacent in v, and hence adjacent
in v,. Also from Theorem 3.7, p} are adjacent to p}'py and p% are adjacent to
p1pb? in ,. Thus, Tey(Z,) is connected.

Further assume that ¢ > 3. Then for any 4,5 € {1,2,...,k} there is p;' and p?
in ¢, then for any m and [ positive integers, (p;)™, (p;)®* # 0 and n t (p;)" (p;)™.
Therefore, the vertices p; are not adjacent to p; in ¥, for 1 < ¢ # 57 < k, and
form a clique in v, with vertices p}*, p5?, ..., pi*. Now, claim that any vertex of
1, other than the vertices corresponding to the p*, is adjacent to at least one
of the p;’s, for 1 < ¢ < k. To prove this claim, let d be any vertex of 1, such
that d is not divisible by each prime factor of n, then there exists i, such that
1 < i < k, such that p* § d™, such that d* # 0. Then for any j € {1,2,...,k}\{i},
ntdm" (pj) This condition implies that d and p’ are not adjacent in wn and hence
are adjacent in 10,,. Thus, 1, is connected. 0

The following corollary provides the value of n, for which the equality holds
for \(H):

Corollary 4.2. \(T'..(Z,,)) = |Tex(Zy)| if and only if n = p"q,r > 1, p and q are
distinct primes orn =p",r > 2 with n # 4.

Proof. To show if part, consider the statement of Theorem 4.1, which implies
that Tep(Z,) is connected graph if n = p|'ph?...p;*, where p < ¢, with ¢ > 3 or
t =2, r; > 2, i=12. Therefore, N(I'.1(Z,)) < |l'ex(Z,)|. Also, if n = 4 then
ANDez(Zy)) =0 < 1 = |T'er(Zy)).

For only if part, consider n = p” where r > 2 with n # 4, if r = 2, then I'.(Z,2) =
I'(Z,2). Thus, I'c;(Z,2) is a complete graph and A(I'e;(Z,,)) = |Tex(Z,,)|. Further,
if r > 3, then I'.,(Z,,) is a complete graph (see Theorem 3.4), hence A(I'.(Z,)) =
Tex(Zy)|. Also, if n = pq, then I'e(Z,,) = F(qu) and hence A(I'ez(Z,,)) =
Tex(Zpg)| [10, Proposition 5.4]. Further, if n = p"q with r > 2, |F€I( n)|
é(q)p"~ + p" — 1, therefore from Theorem 3.5, ALex(Zy)) = |Uex(Zy,))-

Ol

The clique number of a graph H refers to the cardinality of the largest subset
of vertices Y, such that every pair of vertices within Y is adjacent. Alternatively,
it can be defined as the order of the maximum complete subgraph of H. If
n = p",r > 2, then I'.;(Z,r) is a complete graph. Hence the clique number of
Lew(Zy) is p—' — 1. Also, if n = pq, then T,.(Z,,) is complete bipartite graph.
Thus, clique number of I'.,(Z,,) is 2. The subsequent theorem specifies the clique
number of I, (Z,) where n = p"¢®.
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Theorem 4.3. The clique number of Tep(Z,) for n = p'¢® with r,s > 2, is
r—1_s—1
Pt T — 1.

Proof. From the definition of 1,4, the vertices of the clique are of the type p*¢®
where 1 <k <r—1, p"¢ where 1 <1< s—1 and p"¢*? where 1 <t; <r—1
and 1 < t; < s —1 (see Theorem 3.7) and total number of these vertices are,

rs—1. Also corresponding subgraphs Dpkq , Dy and D,y ge2 are complete graphs.

Therefore the clique number of I';,(Z,) is sum of vertices in induced subgraphs,
that is [Dpg| +[Dpzg| + [ Dysq| + -+ | Dyrg prgt| 4+ 4 [Dpr-1gs-1], that
is,
= o) + (") + -+ 0(07) + 0(p) + 00" ) + 00" + -+ 8(q”) + 6(q)
+o ) + o ) o+ 90+ o(pg” ) + o(p )
+o( )+ + 0P 2)-+-¢(pqs 4o ) o’ 2q2)
-%~+¢WQ)+MM)+dﬂ“®+¢@“%ﬂ~~+dﬁ@
+o(p*q) + o (pa).

On simplifying, we get

(6" ) + o) + -+ 6(*) + 6(p) x (6(¢* ") + d(¢* ) :
+0(q%) + o(q)) + (' 1)+<q5‘1—1)
=p ¢ -1

OJ

If s = 1, then the clique number of I, (Z,r,) is p"~* — 1. In a graph H, a subset
7 C V is termed a dominating set if every vertex in V' \7 is connected to at least
one vertex in 7. The smallest size of all possible dominating sets in H is known as
the domination number of H, represented by v,(H). A subset v C V in a graph
H is called an independent set if no two vertices within v are connected in H.
The largest size of an independent set is referred to as the independent number of
H, denoted by v(H). For additional terms like set domination number ~,(H) and
connected domination number v.(H), refer to [13]. If n = p”, then I'.,(Z,) forms
a complete graph, resulting in a domination number of 1. Similarly, if n = pq,
then I'.(Z,) is a complete bipartite graph, leading to a domination number of
2. In the following theorems, we determine the domination and independent
numbers in e, (Z,) for n = p"¢®.

Theorem 4.4. The domination number v(TUep(Zy)) of Tew(Zy,), where n = p"q®,
r,s > 2, 1s equal to 2.

Proof. From the definition of 1),r,s, we observe that vertices of the type p*q® where
1 <k<r—1andp'¢ where 1 <[ < s—1, are adjacent to all other vertices (see
Theorem 3.7). Clearly, every vertex which belongs to V(I'e(Z,))\{p"¢*,p"¢'}
is adjacent to S = {p*q¢*,p"¢'}. Now, take one representative of the different
vertices from S say, {pq®,p"q}. Since every vertices in V(Ter(Z,))\{pq®, p"q}, is
adjacent to {pq®, p"q}. Therefore, {pq®, p"q} form the domination set of T'.,(Z,)
and hence the domination number v(I'ey(Z,rys)) is 2. O]
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Also, from Theorem 3.7, we see that each vertex of V. is adjacent to every
vertex of Vi, for 1 <k <r—1and 1 <1 < s— 1. Thus, the connected
domination number and domination number of I'.;(Z,r,) are equal.

Theorem 4.5. The independent number of Uer(Z,,), where n = p"q® with p < g,
is equal to ¢(q®)p™ L.

Proof. From Theorem 3.7, we observe that each D, corresponding to V,; where
1 <1 < randeach D, corresponding to V,; where 1 < j < s are edgeless graphs.
Therefore, the vertices from V,,: or V,; form the independent set of I, (Z,,). Thus,
the independent number is, max{(|D,|+ |Dpz2| 4+ - -+ |Dyr| + -+ |Dpr|), (| Dg| +
|Dg2| 4+ + [Dgi| + -+ + |Dgs|)}. On evaluating,

| Dp| + |Dy2| + -+ 4 [Dye| + -+ - + [Dpr| = Vo ) -+

o(p" g
o(p" ") + -+ d(p°) + d(¢°)

(b(qs)prfl.
Similarly,
|Dg| + |Dg2| + -+ + [Dg| + -+ + [Dgs| =p(p"¢* ") + 60" %) + -+ +
o)+ + o) + o(p).

= o) g
Since ¢(¢*)p" ! > @¢(p")¢*~t. Hence, the independent number is ¢(¢*) p"~t. 0O

If s = 1, the independent number of p"q is ¢(q)p" .

DiscussioN AND CONCLUSION

In this study, the L-eigenvalues of the extended ZDG T..(Z,), where n =
p"q,pq® and p"q°® are computed and compared with those of the classical ZDG
['(Z,). Notably, we observed that the spectral radius of I'.,(Z,) is consistently
larger than that of the classical ZDG. In Section 3, we demonstrate that if n =
p",r > 3, ['ex(Z,) is a complete graph, whereas I'(Z,) is a connected but not
a complete graph. In addition, the algebraic connectivity, which is the second
smallest L-eigenvalue of I'(Z,) for n = p”q, is more than the algebraic connectivity
of I'(Z,,). Spectral comparison reveals that an increase in the edge density in the
extended ZDG leads to higher Laplacian eigenvalues, signifying an increase in
algebraic connectivity and overall graph energy.

In Section 4, we observed that the domination number and independent number
of I'ez(Zy) is less than that of I'(Z,), for n = p",p"¢*. Also, Clique number of
Ler(Zy,) where n = p"q, p"q® is greater then the clique number of the I'..(Z,,) [21].
Clearly, an increase in the edge density in I'.,(Z,) decreases the domination and
independence number while increase the clique number of I'.,(Z,), relative to
the classical I'(Z,). These findings emphasise that the extended ZDG provides
a more intricate spectral and topological representation of the ring Z,, offering
deeper insights into the relationship between its algebraic and graph-theoretic
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properties. Furthermore, the L-eigenvalues are utilised to find the Laplacian
energy of graphs. In [12], the Laplacian energy of H is defined as,

k

L (4.1)

L)

In this context, Zle i represents the aggregate of the kth L-eigenvalues, while
|E(H)| denotes the total count of edges in the graph H. According to [18],
the Laplacian energy is crucial in numerous chemical applications, extending
its significance beyond the molecular orbital theory associated with conjugated
molecules. Thus is case of n = p”, and p = pg°, one can find the I'..(Z,), using
equation (4.1). For further study, one can evaluate the L-eigenvalues of extended
ZDG for commutative rings like Zyrp,p, O Zprpsps OF Zypr X Ly or Zyy X Zgs, etc,
where p1, po, p3, ¢ are distinct prime numbers.

Acknowledgement.

The authors express their gratitude to the anonymous reviewer(s) for their
insightful comments and constructive suggestions, which have significantly en-
hanced the quality, clarity, and presentation of this manuscript.

REFERENCES

1. Alsaluli, A., Fakieh, W., & Alashwali, H., (2024), Laplacian Spectrum and Vertex Connec-
tivity of the Unit Graph of the Ring Z,rs, Axioms, 13, 873, https://doi.org/10.3390/
axioms13120873.

2. Anderson, D. F. & Livingston, P. S., (1999), The zero-divisor graph of a commutative ring,
Journal of Algebra, 217, (2), pp. 434-447 https://doi.org/10.1006/jabr.1998.7840.

3. Asir, T.,& Rabikka, V., (2022), The Wiener index of the zero-divisor graph of Z,,, Discrete
Applied Mathematics, 319, 461-471, https://doi.org/10.1016/j.dam.2021.02.035.

4. Banerjee, S. (2022), Laplacian spectrum of comaximal graph of the ring Z,,, Special Matri-
ces, 10, (1), pp. 285—298, https://doi.org/10.1515/spma-2022-0163.

5. Barati, Z., Afkhami, M., & Khashyarmanesh, K., (2022), On the A, spectrum of the zero-
divisor graphs, Asian-European Journal of Mathematics, 15, (12), pp. 2250215, https:
//doi.org/10.1142/51793557122502151.

6. Beck, 1., (1988), Coloring of commutative rings, Journal of Algebra, 116, (1), pp. 208— 226,
https://doi.org/10.1016/0021-8693(88)90202-5.

7. Bennis, D., Mikram, J., & Taraza, F., (2016), On the extended zero divisor graph of
commutative rings, Turkish Journal of Mathematics, 40, (2), https://doi.org/10.3906/
mat\0T1\textendash1504\0T1\textendash61.

8. Bora, P., & Rajkhowa, K. K., (2024), Laplacian and wiener index of extension of zero
divisor graph, Discrete Applied Mathematics, 356, pp. 229-237, https://doi.org/10.
1016/j.dam.2024.05.025.

9. Cardoso, D. M., Freitas, M. A. De, Martins, E. A., & Robbiano, M., (2013), Spectra of
graphs obtained by a generalization of the join graph operation, Discrete Mathematics, 313,
(5), pp. 733-741, https://doi.org/10.1016/j.disc.2012.10.016.

10. Chattopadhyay, S., Patra, K. L., & Sahoo, B. K., (2020), Laplacian eigenvalues of the
zero divisor graph of the ring Z,, Linear Algebra and its Applications, 584, pp. 267286,
https://doi.org/10.1016/j.1aa.2019.08.015.

11. Fiedler, M., (1973), Algebraic connectivity of graphs, Czechoslovak mathematical journal,
23, (2), pp. 298-305, http://eudml.org/doc/12723.


https://doi.org/10.3390/axioms13120873
https://doi.org/10.3390/axioms13120873
 https://doi.org/10.1006/jabr.1998.7840
https://doi.org/10.1016/j.dam.2021.02.035
https://doi.org/10.1515/spma-2022-0163
https://doi.org/10.1142/S1793557122502151
https://doi.org/10.1142/S1793557122502151
https://doi.org/10.1016/0021-8693(88)90202-5.
https://doi.org/10.3906/mat\OT1\textendash 1504\OT1\textendash 61
https://doi.org/10.3906/mat\OT1\textendash 1504\OT1\textendash 61
https://doi.org/10.1016/j.dam.2024.05.025
https://doi.org/10.1016/j.dam.2024.05.025
https://doi.org/10.1016/j.disc.2012.10.016
https://doi.org/10.1016/j.laa.2019.08.015
http://eudml.org/doc/12723

LAPLACIAN EIGENVALUES OF EXTENDED ZERO DIVISOR GRAPH 15

12. Gutman, I., & Zhou, B., (2006), Laplacian energy of a graph, Linear Algebra and its
Applications, 414, (1), pp. 29-37, https://doi.org/10.1016/j.1laa.2005.09.008.

13. Haynes, T.W., Hedetniemi, S., & Slater, P. (1998). Fundamentals of Domination in Graphs
(1st ed.). CRC Press. https://doi.org/10.1201/9781482246582.

14. Merris, R., (1994), Laplacian matrices of graphs: a survey, Linear Algebra and its Appli-
cations, 197-198, pp. 143--176, https://doi.org/10.1016/0024-3795(94)90486-3.

15. Mohar, B., Alavi, Y., Chartrand, G., & Oellermann, O., (1991), The Laplacian spectrum
of graphs, Graph theory, combinatorics, and applications, 2, pp. 871-898.

16. Nazim, Rehman, N. U., & Alghamdi, A., (2023), On normalized laplacian spectra of the
weakly zero-divisor graph of the ring Z,, Mathematics, 11, (20), https://doi.org/10.
3390/math11204310.

17. Pirzada, S., & Ganie, Hilal A., (2015), On the laplacian eigenvalues of a graph and laplacian
energy, Linear Algebra and its Applications, 486, pp. 454468, http://dx.doi.org/10.
1016/j.1aa.2015.08.032.

18. Radenkovi’c, S., & Gutman, I., (2007), Total m-electron energy and Laplacian energy: How
far the analogy goes?, Journal of the Serbian Chemical Society, 72, 10.2298/JSC0712343R.

19. Rashid, M., Alali, A. S., Ahmed, W., & Mozumder, M. R., (2023), Spectrum of the Cozero-
Divisor Graph Associated to Ring Z,,, Axioms, 12, (10), 957, https://doi.org/10.3390/
axioms12100957.

20. Rather, B., Ahmad, H., & Aouchiche, M., (2022), On normalized distance laplacian eigen-
values of graphs and applications to graphs defined on groups and rings, Carpathian Journal
of Mathematics, 39, (1), pp. 213-230, http://dx.doi.org/10.37193/CIM.2023.01.14.

21. Rather, B., Pirzada, S., Naikoo, T., & Shang, Y., (2021), On Laplacian Eigenvalues of the
Zero-Divisor Graph Associated to the Ring of Integers Modulo n, Mathematics, 482, (5),
http://dx.doi.org/10.3390/math9050482.

22. Singh, P., & Bhat, V. K., (2020), Zero-divisor graphs of finite commutative rings: A survey,
Surveys in Mathematics and its Applications, 15, pp.371-397, https://wuw.utgjiu.ro/
math/sma/v15/v15.html.

23. Singh, P., & Bhat, V. K., (2021), Adjacency matrix and Wiener index of zero divisor graph
I'(Z,), Journal of Applied Mathematics and Computing, 66, pp. 717-732, https://doi.
org/10.1007/s12190\0T1\textendash020\0T1\textendash01460\0T1\textendash?2.

24. Young, Matthew, (2015), Adjacency matrices of zero-divisor graphs of integers modulo n,
Involve, a Journal of Mathematics, 8, pp. 753-761, https://doi.org/10.2140/involve.
2015.8.753.

! DEPARTMENT OF MATHEMATICS AND STATISTICS, BANASTHALI VIDYAPITH, NIWAI-
304022, RAJASTHAN, INDIA.
Email address: prashantkushwah@banasthali.in

2 DEPARTMENT OF MATHEMATICS AND STATISTICS, BANASTHALI VIDYAPITH, NIWAI-
304022, RAJASTHAN, INDIA.
Email address: gayatridumka.011@gmail.com


https://doi.org/10.1016/j.laa.2005.09.008
https://doi.org/10.1201/9781482246582
https://doi.org/10.1016/0024-3795(94)90486-3
https://doi.org/10.3390/math11204310
https://doi.org/10.3390/math11204310
http://dx.doi.org/10.1016/j.laa.2015.08.032
http://dx.doi.org/10.1016/j.laa.2015.08.032
10.2298/JSC0712343R
https://doi.org/10.3390/axioms12100957
https://doi.org/10.3390/axioms12100957
http://dx.doi.org/10.37193/CJM.2023.01.14
http://dx.doi.org/10.3390/math9050482
https://www.utgjiu.ro/math/sma/v15/v15.html
https://www.utgjiu.ro/math/sma/v15/v15.html
https://doi.org/10.1007/s12190\OT1\textendash 020\OT1\textendash 01460\OT1\textendash 2
https://doi.org/10.1007/s12190\OT1\textendash 020\OT1\textendash 01460\OT1\textendash 2
https://doi.org/10.2140/involve.2015.8.753
https://doi.org/10.2140/involve.2015.8.753

	1. Introduction
	2. Preliminaries
	3. Laplacian spectrum of ex(Z n)
	4. Laplacian spectral radius, clique, domination and independent domination number in ex(Z n)
	Discussion and Conclusion
	References

