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ABSTRACT. In this paper, we prove the existence and uniqueness of a solu-
tion for a general McKean-Vlasov fully coupled forward-backward stochastic
differential equation driven by mixed Brownian motions, where the coefficients
depend, nonlinearly, on both the state process as well as of its probability law.
Using the continuation method, we establish our results under suitable condi-
tions.
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1. INTRODUCTION

The study of forward-backward stochastic differential equations (FBSDEs) began
in the context of stochastic optimal control, where they appeared as adjoint
equations. Bismut [7] pioneered this field by introducing the first decoupled
linear FBSDEs system. Nonlinear FBSDEs were later developed by Antonelli
[2], who proved the existence and uniqueness of solutions to FBSDEs for small
time intervals using a fixed-point theorem, while also examining the stability
properties of these solutions under perturbations of the coefficients. For arbitrary
time horizons, three fundamental approaches have been established to analyze the
solvability of fully coupled FBSDEs systems. The first is introduced by Ma et al.
[27], who investigated the adapted solutions to a class of non-degenerate FBSDEs.
The authors demonstrated that solutions can be obtained over any time interval
using a direct four-step scheme. Later, Delarue [17] developed the approach
obtained in [27]. Hu and Peng [22] first proposed the continuation method. This
methodology was subsequently extended by Yong [39], who studied this kind of
system via the continuation method, but retained coefficient monotonicity and
further refined in 1999 by Peng and Wu [35]. Pardoux and Tang [34] proposed
the third approach, based on contraction mapping principles. For more general
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non-Markovian FBSDEs where these methods fail, Ma et al. [28] introduced a
unified framework to establish solvability.

The real motivation for studying the McKean-Vlasov stochastic differential
equations (MV-SDEs) comes from their connection to the Vlasov kinetic equa-
tion in plasma dynamics (see Kac [20]). McKean [31] later introduced a proba-
bilistic counterpart to this equation. Buckdahn et al. [8, 9] conducted pioneer-
ing work on nonlinear McKean-Vlasov backward stochastic differential equations
(MV-BSDEs). Since then, MV-BSDEs have been extensively studied by various
researchers. For instance, Carmona and Delarue [12] employed the method of
continuation, to study optimal control problems involving McKean-Vlasov diffu-
sion processes. Meanwhile, Bensoussan et al. [1] established the existence and
uniqueness of solutions to McKean-Vlasov forward-backward stochastic differen-
tial equations (MV-FBSDEs) under a general monotonicity conditions. These
equations have attracted significant attention in recent literature (see, e.g., Ben-
soussan et al. [5], Carmona & Delarue [11], Chassagneux et al. [13], Chen et al.
[15, 14], Tian & Yu [38] and the references mentioned therein).

However, fractional Brownian motion (FrBm) has been widely employed in var-
ious applied fields, including mathematical finance, due to its distinctive prop-
erties. Pioneering work by Hurst [241, 25] and Mandelbrot & Van Ness [29])
established the foundation for these applications. In particular, FrBm exhibits
several remarkable characteristics: it is neither a semimartingale nor a Markov
process when H # %, while maintaining the valuable property of self-similarity.
These unique features have made fBm particularly useful in modeling complex
systems where such properties are essential. Building on the foundational work
on FrBm, Bender [3] pioneered the study of fractional linear BSDEs (Fr-LBSDES)
with a Hurst parameter H > 1. Shortly afterward, Hu & Peng [23] conducted
the first investigation of nonlinear fractional BSDEs (or, for short, Fr-BSDEs),
proving the existence and uniqueness of solutions for arbitrary Hurst parameter
H > % Their approach leveraged semi-conditional expectation to circumvent the
lack of a martingale representation theory for FrBm. Maticiuc & Nie [30] later
developed a rigorous analytical framework, establishing general theoretical results
for Fr-BSDEs. Fei [19] extended Hu & Peng [23] findings to BSDEs driven by
both fractional and standard Brownian motions (SFr-BSDEs). Meanwhile, Han
& Wang [20] explored optimal control systems governed by mixed Brownian mo-
tions by combining the Martingale representation theory and the properties of
operator fractional Brownian motions. In 2017 Buckdahn & Jing [10] investigated
fractional MV-SDE in the setting of a Hurst parameter greater than % More re-
cently, Sin et al. [30] used the continuation method to prove the existence and
uniqueness of a solution to McKean-Vlasov Fr-FBSDE, where the coefficients in-
volved depend not only on the solutions (X, Y’) but also on the distribution P(x y.
Subsequently, Sin et al. [37] generalized these results, establishing the existence
and uniqueness of solutions to MV-FBSDESs, whose coefficients do not depend on
the solution (XY, Z) and also on its distribution. In this paper, we extend the
study of MV-FBSDESs to the setting of mixed Brownian motion, introducing new
analytical challenges and opportunities.
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The main motivation for studying McKean-Vlasov SFr-FBSDEs stems from
the stochastic maximum principle for the stochastic control problem of systems
driven by FrBm. In such problems, the adjoint equation naturally involves by
both FrBm and standard Brownian motions. To derive a complete stochastic
maximum principle, it becomes essential to establish the existence and uniqueness
of solutions for this class of MV-FBSDEs.

Our main contribution in this paper: By the method of continuation we prove
the existence and uniqueness of solutions to the following fully-coupled FBS-
DEs driven by both standard and FrBm with Hurst parameter H € (%, 1) (SFr-
FBSDESs) of McKean-Vlasov type

((dX(t) = k(t, X (1), Y(t), Z1(t), Zo(t), Pix o).y (1).2:(1), 2(0)) )1
+o1(t, X (1), Y (1), Z1(t), Pixyy).zi))dB(t)
+oo(t, X (1), Y (t), Za(t), Pixw), V) ZQ<t>>)dBH(t)7
—dY (t) = F (t,n(t), X(t),Y (t), Z1(t), Za(t), P(x 1),y (5).20 (1) 22(1)) )l
—Z1(t)dB(t) — Zy(t)dBY (t),

( X(0) =m0, Y(T)=H(X(T),Px), tel0,T],

where z € L?(Q, Fy,P), X, Y, Z; and Zy t ake values in R, which contains a special
structure: n(t) = no + g(t) + [y C(s)dB(s) + [ B( dBH ) under conditions
inspired by Hu & Peng [22]. Compared to (36, 37], our MV—FBSDES involves
two forward stochastic integrals, one with respect to fractional Brownian motion
and one with respect to standard Brownian motion and the functions k, o1,
oy, F and H include the joint distribution Pix )y ),2:(0),2:(6) P(x ),y 1),21 (1)
P(X(t),Y(t),Zg(t))7 P(X(t),Y(t),Zl(t),Zg(t))7 PX(T); respectively, making our MV-FBSDEs
more general.

The stochastic systems influenced by mixed Brownian motions studied in this
work are highly interesting. Their ability to model long-range dependence and
non-Markovian dynamics in applications like differential games motivates our sub-
sequent application to McKean-Vlasov LQ Stackelberg differential games under
an adapted open-loop information structure.

The remainder of the paper is structured as follows: In Section 2, we introduce
key notations and preliminary results for FrBM calculus, including the fractional
Ito formula for mixed Brownian motion. In Section 3 establishes the existence
and uniqueness of solutions to McKean-Vlasov SFr-FBSDEs using the method of
continuation.

2. PRELIMINARIES AND GENERAL FRAMEWORK

The study of stochastic integrals with respect to FrBm has seen increasingly
significant development and progress, finding numerous applications across vari-
ous fields (see, e.g., Alos [!], Biagini [6], Decreusefond [16], Duncan [18], Hu [21],
Mishura & Veretennikov [32] and Nualart & Saussereau [33]).

Consider a filtered probability space (Q,]—" AF) >0 ,IP’) such that the filtra-

tion (F),5, is the o—algebra generated by a fractional Brownian motion BH =
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{BH (t), t >0} and a standard Brownian motion B = {B (t), t > 0}. Through-
out this paper, we fix the Hurst parameter H € (%, 1) arbitrarily, the notation ||
denotes the absolute value, and (-, -) represents the scalar product.

Let ¢ be a function defined on [0, 7] x [0.7] and taking values in R, given by

¢ (s,t) = H(2H —1)|s — t|*' 2.

The fractional Brownian motion B* satisfies the following properties
1
E (B (1) =0, E(B(t)B"(s)) = 5 (It + s + ]t — s*")

Let 6 and 7 be two continuous functions on [0,7]. We define a Hilbert space
scalar product (-,+), o acting on these functions as follows

t t
(0,1 00 = / / 0 (2) 1 (9) 6 (2, 9) dady, [l 00 = 01 0

Let H be the completion of the continuous functions under the norm [[-[|, ;, ; and
consider a sequence (6,), in #H such that
(6i0;) 0,011 = 035
where d;; is the Kronecker symbol. The space IL.? (0, T) is continuously embedded
in H, as shown in (Biagini et al. [0]).
We denote by Pr the set of all polynomials of an fractional Brownian motion
over interval [0,7], i.e., consisting of all elements expressible in the folloowing

where GG is a polynomial function of n variables. The Malliavin derivative oper-

ator D} of a polynomial functional F' = G (fOT 6, (s)dBH ... fOT 0, (s) dBf) is

defined as follows

Zgg (/OTel(S)dBfw-,/OTHn(S)dBSH) 6; (1), t€[0,7].

n
i=1

DHE =

Similarly, the Mallaivin derivative D,V of the Brownian functional can be defined

as follow
V) =G (/0T91 (s)dB,,- - -,/OTen (s) st) .

Since the divergence operator D*: L2 (Q, F,P) — (Q, F,H) is closable, we can
consider the space Dy 5 be the completion of Pr with the norm

2
IGIl}, =EIGI* + E [D*G|; .
Now, we introduce the Malliavin ¢—derivative D* of G by
T
DG = / DIG - ¢ (s,t) ds.
0

Before stating our principal result, we define the following essential sets:

Lty = {C (@ FB) = M| CeL2(@0,7)), B (K1 g0+ Jo Jy [D2C(1)] dsdt) < +oo}.
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CH3([0,T] xR): ={AeC™([0,T] x R)| all derivatives of A are of polynomial growth}.

pol

Vor: ={Y()=A(.n)| Ae C3([0,T] x R) with % is bounded, ¢ € [0,T7}.

/. ! pol
We denote by L[ldQT] and Vjo7) the completion of L[o 7] and Vio, 1] respectively
under the following norm

1
T 3
(e[ —(E/O |Y(t)|2dt> < oo,

Furthermore, we denote by 1}[10,2T] the completion of Vo7 with respect to the
following norm

T
. 2 H
121y« =2 ( [ 12 0Pzt

Now, for any two functions 6, ( € L%OQT],

0,0) L= E(/T9 t)ydBl . /g dBH)
_ (// (s,t)dsdt+/OT/OTDfe(s)ng(t)dsdt>.

We now present the fractional 1t6 chain rule for stochastic differential equations
driven by a combination of standard Brownian motion and fractional Brownian
motion (see, Fei [19], [Theorem 3.2]).

2

T T
=E (||Z||§,[O,T] +/ / D?Z (t)D,”Z (s) dsdt) < +00.
0 0

we define the following inner product

Lemma 2.1. Let g; € IE,[I(;?T], h; € IL[IO’?T] and f; € f)lo’?T], i=1,2. And denote

X;(t) :Xi(0)+/0tgi(s)ds~l—/ s)d B +/ fi(s)aB, te0,T].

Then X; € IL[OQT] and
T
E (/ X2(5)f1(8)dBSH) =0, E </ X1(8)f2(8)dBf) = 0.
0 0
Moreover

E(X(T)X%(T) = E(X,(0)%:(0) +E( / X1(8)ga(s )+E( / () s )
([ (60D (5 () DX () ds) + (o,

Next, we provide the following lemma which plays an important role to our
subsequent analysis.

Lemma 2.2. Let U € L}2

I (0,7
=Z=elg
0,77

and Z(t) = [y E(V(s))ds. Then E(¥) € L2, and

[0,7]
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Proof. Using the fact that DYE (U (s)) = 0 and ¥ € L2

0.7 We obtain

W@y, = (Bl [ [ D) DB @) )
_ /0 /O E (T () E (¥ (£)) 6 (s, ) dsdt

< C/T/qu(s,t)dsdt

= 2H—1C’// 2H2al5dt<—i-oo

Therefore E (V) € I[4[10 )"

. 1,2
analysis, we can derive = € L[d 7] 0

Employing an analogous methodology to the preceding

Now, we denote by M (R??) the space of all probability measures 7 with finite
second-order moment over an Euclidean space (R?¢, B(R??)) for some d € N.
In particular, we endow the space M(R??) with the following 2—Wasserstein
distance defined by

1

W (m1,mp) := inf / |z — y|27r(da:, dy) | ,
well(m,m2) RIxRd

where II(7, m2) denotes the set of all coupling measures; that is, the probability

measures 7 € M(R??) with marginals 71,7 € M(R?) (i.e., m: =Po X; ! and
. ~1

To. = Po X2 )

Lemma 2.3. In the case X; and X, are d—dimensional random vectors with
distributions my = Px, and m = Px,, we have

B (X1) — E (X5)] < W(mi,m) < \/E|X; — Xsf,

Proof. For the left hand inequality: We have
E(X;)-E(Xy) =E(X; — Xy),
now, take the absolute value and apply the triangle inequality, we obtain

E(X)) -E(Xy)| < E(X1—X3)

e /]Rd R |.’L’1 - I'Qld (P(X17Y2)(x17x2))
X

< inf / |21 — wo|m(day, dus),
RdxR4

well(m,m2)

Using the following standard result related to the Wasserstein distance

inf / |x1 — xo|m(dxy, dae) < W (71, m2),
R4 xR4

m€ll(m,m2)

we find the proof of the required inequality.
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For the right hand inequality: By a direct consequence of the definition, we get

W(ﬂ'l, 7T2>2 = inf (/ ’.ﬁl}l — $2|27T(d131, d$2)>
R4xR4

well(m,m2)

< / |21 — 22l*d (P(x, o) (21, 22))
RdxR4
= E|X; - Xo|.
And with this we which achieves the proof of this lemma. O

With these preliminaries established, we can now state our principal result.

3. EXISTENCE AND UNIQUENESS OF SOLUTION FOR MCKEAN-VLASOV
SFr-FBSDESs

This paper investigates the solvability of the following fully coupled McKean-
Vlasov SFr-FBSDE

((dX(t) =r(t, X(1),Y (), 1( ), Z ( ) Px ),y (1),216), 22 (1) )l
+o1(t, X(8), Y (1), Z1(t), Pxw.y).z

+oa(t, X (1), Y (1), Z2(t), Prx), Y(t 7o

X(1), Y (1), Z1(1), Za(t), P(x 1),y (1), 21 (1), 22 () )l

—dY (1) = I (t, (t)
—Z,(t)dB(t) — Zo(t)dB" (t),
( X(0) =z, Y(T)=HX(T),Px()), tel0,T],

where zg € L? (2, Fo,P) and &, F , 0y, 09, H are functions such as

ko [0,7] x R* x M(R*) —
F o [0,7) xR° x M(R*) —
o ¢ [0,T] x R* x M(R?) —
oy ¢ [0,T] x R* x M(R?) —

H : Rx M(R) =R

and
n(t) =mno+gl(t /c )dB(s /5 )dB" (s), te|0,T], (3.2)

where 1) is a constant and g(t), ((s), 5(s) be deterministic constants or functions.
We are now going to present a definition for the fully coupled McKean-Vlasov
FBSDEs driven by mixed Brownian motion.

Definition 3.1. The quadruple process {(X(¢),Y(t), Z1(t), Z5(t)),t € [0,T]} is
called a solution for McKean-Vlasov SFr-FBSDEs (3.1) if (X, Y, 71, Z5) € IL,[102T]

]L12

0.7 % ]LlozT] X Vl 2 and the quadruple also satisfies system (3.1), P-almost surely.

0,7
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To ensure clarity throughout this work, we adopt the following notational con-
ventions:

U: = (X,Y, Zl,ZQ> s
Als,n(s), X (8),Y (), 21 (5), Z2 (8) , Px5),v () 2105 %2(5))
—F (s,m(8), X (5),Y (s), Z1(5) , Z2(5) , Px(s),y(5),21(5), % (5)) —F (s)
K(s, X(8), X (5),Y (5),21(5),Z2(5) , Px(s),y(s).21(5), Z2(s)) _ R(s)
01(87 X (5) ) Y (S) ) Z (5) 7]P>X(S),Y(s),Zl(s)> ' 5’1(8)
(87 X (8) ) Y (S> ) Z (8) 7PX(S),Y(5),Z2(5)) 5'2(8)

(A,U) : —Eog F(s)X )+d@ﬂ)+m&ﬂ&whzmm),
nmw:nm|]+me+wmmT+wﬁyw
meT:ume+wwmywme+wzupﬁ

BV 7y 1= WELXI ) + VELY 1y + NELZ0 ]y + BLZEIE
Wy, Byl = W, By + IV By By sy + IV Bl
+||W(]P)Z2aPZ’)H¢[0T

TN = 1UIZ 2 + IED)Z 2 + EIX (D)L,

where

IW(Pr, Pr) 7,77 : fo Pr(s )) ds, VI €{X,Y,Z}, and
HW(]P’ZQ,PZ’ 2 or = Jo fo ]P)ZQ ), Pz ()W (P2, (t), Pz (t))d(s, t)dsdt.

For the coefficients of McKean-Vlasov SFr-FBSDE (3.1), we impose the following
conditions

Assumption Al. There exist two constants y > 0 and K > 1, for all U, Ue

10 1.2 1.2 1.2
Loz X Ligpy X ]L'[o ) X Vo 0,7]

i»<A—AU—U>§—u@U—UW +wwmmww%ﬂ)

ii): ‘ <K (’ )
(0,77 (0,71

Assumption A2. We assume that there exist two constants p; > 0, K7 > 1
such that

+ HIE (v- U)

[0,7]

{ ((H(§,Pe) — H(E,Par)) (€ =€) = mE[¢ — €,
E|H (&, Pe) — (6,9’)! <K (E\f ¢2+ WP, Pe)?)

for all £,& € L2(Q, Fr, P).

To prove the existence and uniqueness of solutions to the McKean-Vlasov SFr-
FBSDE, consider the solution (X* Y* Z} 7Z3) € ]L[102T] X IL[102T] X IL[102T] X V[B”QT}
for the following McKean-Vlasov SFr-FBSDE corresponding to the parameter
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A€ [0,1]

(dX(t) = [Me(t,U(t), Pug d

+ (Ao (t, X (1), Y (1), Z1(¢ ), (Xt (Z1 (t))) + ®(t)) dB(t)
+ (Aoa(t, X (1), Y (1), Z2(0), Prx ey, ) (Zs () +(t)) dBT (1),
—dY(t) = (\F (t,n(t), U (t ,IP’U(t>)+u(1—A)(X(t)+E(Xt)+n(t)> s(t)) dt
—Z,(t)dB(t) — Zo(t)dBH(t),

X(0) =z, Y(T)=XH(X(T),Pxr))+(1-NX(T)+¢, tel0,T],

\

(3.3)
where (¢,¢,P,v) € Ifd[ld?ﬂ X IL%OQT] X IL[102T] X f/[lo’?ﬂ and ¢ € L*(Q, Fr,P). When
=0 =19 =¢=0and A =1, it is obvious that the existence of solution of
system (3.3) implies that of system (3.1). When A = 0, McKean-Vlasov SFr-
FBSDE (3.3) becomes the following linear McKean-Vlasov FBSDE driven by
mixed Brownian motion

X(t) = [~p(Y () + E (Y) + p(O] dt + [~ (Zy() + E(Z, (£))) + ® ()] dB(1)
+ [0 (20 + B (22 () + w(0] 45" 1)

—dY (t) = [u(X () + E (X,) + n(t) + (D) dt — Zi())dB(t) — Zo(t)dBH (),
X(0) =20, Y(T)=X(T)+& tel0.T].

(3.4)

Lemma 3.2. Let (¢, ¢,19) € JL[IOQT} X IL,[O 7 X V[OT Then the following McKean-
Vlasov stochastic differential equation driven by mized Brownian motion

{ dX(t) = (—p(X (1) + E(Xy)) + p(t) dt + @ (t) dB(t) + ¥ (t)dB" (2),
X(0)=wy, tel0,7T],

admits a solution X € L[o Ak

Proof. As the triplet (p, ®,¢) € IL,[102T] X Lfo 7 ¥ ]}[B’QT], there exist a sequence
(™, @™ ") € ]L[lozﬂ ><IL,20 0,71 XVOT], n €N, (p", ®" ™) that converges to (¢, P, 1)
in ]L[102T] ><IL,20 0.7] XV&)QT] Then ", ®" )™ has the form ¢" (-) = <" (-,n (+)), ®" () =
7" (-,m () and Y™ (-) = p" (-,n(:)), where 75 is the process speciﬁed in equation
3.2

1(\10\73 with x € ]L[O ) We examine the following McKean-Vlasov stochastic integral

equation with mixed Brownian motion

X(0) = vt [ (culal) +E (6) + "0 ds+ [ 07 (9)aB(s)+ | 4 (5)dB7 (),

0

the results of Lemma 2.1 and Lemma 2.2 guarantee that X € ]L[o ) We shall
demonstrate that the mapping defined by

1,2 1,2
O : Lmﬂ Lmﬂ

T — X,
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constitutes a strict contraction on the space X € L%,  Setting Oz’ = X',

. 0,7]"
T:=x—2" and X := X — X', we get
t
X(t)—/ (—p(2(s) + E(&(s)))ds, 0<t<T.
0

By applying It6’s formula to the process e*QtX(t)Q, yields

R T . 2 4 2 T
—oT 2) < ¢ —es 2 —0STR (4(<))2
]E(e X(T) ) < 2/0 e E(X(s)) ds + . /0 e K (z(s))" ds.
Therefore . -
. 2
/ e “E (X(s)) ds < SLQ e R (i(s))* ds,
0 0" Jo

by selecting the constant o > 0 sufficiently large, we establish that the mapping

O constitutes a strict contraction on the space ]L[l(;QT].

Now, we construct a sequence of processes X" € L[ldQT], n € N recursively by

choosing X! € ]L[lo’?T], and by defining X"*! ¢ }L[ld?T] through the McKean-Vlasov

stochastic integral equation driven by mixed Brownian motion

X™H(t) =zt / (= (X" (5)+E (X7 (5)) 40" (5)]ds-+ / @" (s) dB(s)+ / 4" (5)dB (5).

Since the operator © is contractive, we may conclude that X™ € ]L[l(fT], n € Nis

[l(fﬂ and there exists X € }L[ld?T].

X™ converges to some X in ]L[lo’ZT] which satisfies

a Cauchy sequence in L Therefore the sequence

X(t) = :ch—f—/o [—pu(X(s)+E (X(s)))+<p(s)]ds—l—/0 D (s) dB(s)—I—/O Y(s)dBY(s).
The proof is completed. |

By leveraging the results of the previous lemmas, we can now demonstrate the
following lemma.

Lemma 3.3. Let (,5,®,9) € Lygyy X Ly X Ligy % v[{fﬂ and § € L? (9, Fr, P).
Then, there exists a unique solution (X,Y, Zy,Z) € L[l(fT] X ]L[I(;?T] X L[IO’?T] X V&)’?T]
to the McKean-Vlasov SFr-FBSDE (3.3).

Proof. To establish our main results, we first address the following linear McKean-
Vlasov SFr-BSDE

{ —ds(t) = [—p(s(t) + E (5 (1)) — n(t) + (t) +<()]dt + Gi(t)dB(t) + ga(t)dBY (1),
#(T)=¢, telo,T).

(3.5)

Consequently, the system (3.5) admits a unique solution (¢, ¢1,d2) € Vo) X

V0o, X V[lo’?ﬂ (see Fei et al. [19]). Furthermore, we obtain (¢, ¢2) € Vo) X V[lo’?ﬂ
satisfying

¢(t) = ) -1 +pa) —pE(@®)), (3.6)

¢t) = Yt) — 1+ pwa(t) — p(E(g (1)) (3.7)
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Indeed, from (3.7), we get (1+ u)qa(t) = —q5(t) — uE (g2 (t)) +(t). We now take
the expectation on both sides, which gives

1 ’
T3 EWE) —E(@ ().

Substituting the expression for E (go (t)) into (3.7), we derive

(1 )aa(t) = 000) = hl1) — gy (B (0(0) (62 (1)

E (g (t) =

Following similar arguments, we derive equation (3.6). Consequently, we establish
that (q1 (), q2 (1)) € Vo) ¥ V&)’ZT] the triple (p,q1,¢2) constitutes a solution to
the following McKean-Vlasov SFr-BSDE

(1) +<(B)]dt

@
Ho(t) = (L+ w)ai(t) = nE (g ())dB () + [¢(t) — (1 + p)qz(t) — pE (g2 (2))]dB (t),

{ —ds(t) = [—p((t) + E (5 (t)) — n(t)) +

“(T)=¢, tel0,T].
(3.8)
Now, proceeding with the solution (¢, q1,¢q2) € fi[o’T} X 17[07T] X ]}[B’?T] to equation
(3.8), we now consider the following McKean-Vlasov SFr-SDE

dX(t) = [—p[X(t) + E(X (1)) + (1) + E (5 (1))] + o(t)]dt
+=p(@(t) +E (a1 (1) + @(0)]dB(t) + [~pla2(t) + E (g2 () + (1)]dBH (1),
X(0) ==z, tel0,T].
(3.9)
By Lemma 3.2, equation (3.9) admits a solution X € Iﬂ[lo”zT]. Putting

(X(), Y (), 21(), Z2 () := (X (), X() + (), qa (), g2 (),

we Consequently obtain that the solution (X (-),Y (), Z1(:), Z2(:)) belong in the
space ]L[o 77 X ]L[102T] X ]L[IOQT X V[B2T and

dX(t) = (—p[X(8) + E (X (1)) + 2(t) + E (5 ()] + p(1)) dt
+—ulq ()+E(ql())) O(0)]dB(t) + [—p(a2(t) + E (g2 (1)) + o (1)]dB™ (1)
= [=u(Y(O) +E(Y (1) + p(@)ldt + [—pu(2Z1(t) + E (21 (1)) + S(8)]dB()
+H=p(2a(t )+E(22 (1)) + ¥ (®)]dB" (1),
X(O) = 2o, [O T] )
and

((dY(t) = (—p[X(1) + E(X (1)) + 2(1) + E (5 ()] + (1)) di
+H=p(q () + E (g (1)) + P(O]dB() + [—p(q2(t) + E (g2 (1)) + L (1)]dB™ (1)
Hlp (e(t) + E (5 (1)) = n(t) = p(t) - <(t)]dt
—[®(t) = (1 + W1 (t) — uE (g1 (£))dB(t) = [¥(t) — (1 + p)qa(t) — pE (g2 (£))|dB" (t)
= [—u(X (1) + E(X (1)) + (1) = s(D)]dt + q(1)dB(t) + g2(£)dB" (1),

| Y(T) = X(T) + 5(T) = X(T) + ¢, te [O,T].

(1), Z2(+)) € L?OZT] ><IL[102T] ><]L[102ﬂ ]}&)QT] constitutes a solution
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Now, it remains to prove the uniqueness of the solution to equation (3.4). Let

(X*(t),Y*(t), Z8(t), Z5 (+)), k = 1,2 be two solutions of (3.4). We denote

U= (X(1),Y(1), Z1(t), 25 (-) i= (X' (6)=X2(1), Y () =Y (1), ZL(8) = ZE (1), Z3 ()= Z5 (1))

Then it satisfies the following equation
AX(t) = —pu(V (1) +E (¥ (0))dt = p(Z2(t) + B (22 (1) )dB(t) — u(Za(t) + E (2 (1)) )dBH (1),
—dY (t) = u(X(t) + E (X (¢ )))dt — Z1(t)dB(t) + Z5(t)dB" (t),
X(0)=0, Y(T)= X(T), teo,T].

By using Lemma 2.1 and Lemma 2.3, we get

E(X(T)?(T))
_ _E / X(s)(X(s) +E (X (s )))ds}  E {/OT?<S)(?(S)+E(Y(S)))(15]
_E / 21 (s) (Zu(s) + E (ZA1 (s)))ds} —M<ZQ,ZQ+E (Zb))v,z

LSO [0,T7]

- (|l 1) ) <1,
(01 10) er) <L,

The equality E ()A((T)f/ (T) ) ( ) implies /UL||(A]H[20’T] < 0, from which
0

we conclude X (t) = 0, Y(t) = 0, Z;(t) = 0 and Z,(t) = 0 almost everywhere in
[0,T] x Q, this completing the proof. O

Now with the result of Lemma 3.2 and Lemma 3.3, we can derive the following
continuation theorem.

Theorem 3.4. Let Assumptions A1 and A2 hold, and there exists a constant

Ao € [0,1) such that for any zo € L? (2, Fr,P) and any tuple (p,s, P, 1) € IL,1 2 7%

]L,[102T] }L102T] ><V102T], the system (3.3) cfdmz'ts a unique solution (X0, Y0, Z{\O, Zz)‘o)

i the space L[02T] X L[102T] X ]L[102T X V&)’?T]. Then, there exists 6y € (0,1) depend-

ing solely on the parameters p, 1, K, K1 and T, such that for any 6 € (0, 6], the
McKean-Viasov SFr-FBSDE (3.3) admits a unique solution (X ot0 Y ot+0 7ot 7040y o

T 1,2 1,2 1,2 1,2
Loz % L[o 1) X L[o 7 X Vo 0,7

Proof. For each tuple u = (x,y, 21, 22) € IE,[IO’?T] X Iﬁ[ld?T] X Ifd[ld?T] X ff[lo’?ﬂ, consider
the following fractional McKean-Vlasov SFr-FBSDE

((4X(0) = Dok, U (9) Puro) = 1 = )Y (O L B(Y () + 20l ]
o (8 X (1), Y (£), Z2(8), Poxo v zacon) — 1L — M) (Zi(t) + E (Z (1)) + @ (1) | dB(t)
+Doon(t, X(0, Y (0), Z(0), Btoio ) = 1 = D)) + E (2 (1) + 9(0]dB" (1),
Y (0) = [ (t(0).U () Bug) + (L — Aa)(X(0) + E (X (5) + n(0)) + o(0)] e
~Z(04B(D) - Z(OB" 1) )

| X(0) =20, 1€[0.T], Y(T) = MH(X(T), Pxr) + (1 — 20)X(T) + £,

(3.10)
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where
p(t) = 0 (k(t,u(t),Pyy) + puly(t) +E(y (1)) + o(t),
(1) 0 (o1(t, (1), y(t), 21(t), Playy).a 1)) + (21 (1) + E (21 (1)) + D(t),
D(t) = 0 (oa(t, (), y(1), 22(8) Praqo) yiv),22(0)) + 1(22(t) + E (22 (¢)))) + (1),
S(t) 0 (F (t,n(t), u(t), Puw) — p(z(t) + E (2 (£) +n(t)) + <(t),
§ = 0(H@(T),Pyr)) —x(T)) +§

Under the assumptions A1l and A2, the McKean-Vlasov equation (3.10) admits
a unique solution U := (X,Y, Zy, Z5) in the space IL[O 7] IL[102T] L[lozT] X V[BQT
for each u := (z,y, 21, 22) € ]L[lozﬂ IL%OQT] L[102T] X VO 0.7]" We now prove that the
mapping defined by

1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2
Op: L[o ] IL‘[o ] L[o 1 X Vo o1 L[o 7] L[o ] L[o 1 X Vo 0,7]
(l’ yyzlazZ) — (X YZl,Z),

is contractive. )
We define the mapping Oy such that ©gi: = U where 4 := (2,9, %1, %2) and

U: = <X7Y721a22> )

R(t) == r(t,u(t), Puwy) — w(t, 4 (t) , Puwy), R(t):=r(t,U (@), Pyw) — k(t, U (1) ,]P’U(t)),
1(t) := o1 (t, 2(t), y(t), 21(8), Py 0)) — 01t £(2), 4(t), Z.(8), Prawcn100)

G1(t) = on(t, X (), Y (£), Z1(8), Pixoy, v,z 00) — 01 (8 X (2), Y (#), Z (1), Pxwvw.zm))
Ga(t) = o2(t, 2(t), y(t), 22(), Platr) (o), zz(t») — 0a(t, £(1), (1), 22(8), Piaw,gie),22(0))

Ga(t) == oa(t, X (1), Y (), Za(t), Pix o) v (1), z0) — 02(t, X (), Y (¢ ),Z’z(t),P(X<t)y<t),z'2(t))),
F(t) = Ftnt),u(t), Py — F( ( ), (t) s Pugry),

F(t) = F(t,n(t),U(t),Puw) — F(t, ()>U(t)7]P’U(t>),
H(T) := H(x(T), Pyr)) — H(#(T), Pary), H(T) := H(X(T),Pxz)) — HX(T), Py ),

we set also

~

U= (r—=2,y— 9,21 = %1,20 = %) := (Z,9

1
= (X XYYV, 2 =2, 2y = ZQ) ::(X,?,Zl,Z),
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Consequently, we observe that the quadruple process (X ), Y (t), 2y (t), Zy (t))
1,2 :
belongs to the product space IL[O 7 % L[ X IL,[20 7 % V[O,T] satisfies Vt € [0, 7]

p

+
=

0,7
aX (1) = [Moi(t) — (1 = X)(V (1) + E (¥ (1)) (5(1) + E (5 (1)) de
(MG (1) — (1 = Xo)(Za(t) + E (24 (2) +E (4 (1))))]dB(t)
[NoGa(t) — u(le)(Zg(t)+EEZQ (t) +E (% (t))))]dB(t),
—ﬂ%>:pﬁx>+M1—MxX@+E(Xu»»+Wﬁm u(@(t) + E (& (1)) dt

~Z4(0dB(t) — Zy(t)dB (1),
| X(0) =0, V() = AI(T) + (1 = 2)X(T) + 6(A(T) — &(T)).

+|Ao01
+| A0

By applying Lemma 2.1, Lemma 2.3, and hypothesis A1, we derive the following
estimate

A E[A 1—A@@%>+E(?@0><>+em> () + 03 (1) + E (5 (1))V (s)] ds
+ /0 E[Aod1(t) = p(1 = 20)(Z1(0) + E (21 (1)) = 0(61(2) + p( (1) + E (21 (1) DSY (5) ] ds

_|_

S

Aoz - ﬂ—MX%+E(%@0Hﬂ®+ﬂM%+E@ﬂm%%%y
[0,77]

—u(1 =200+ [E (0)] )

R N2
< ol + |2 (
< —pro([U oz + ||E U) [0,T]

o
+9<A,U> +9M<a,U> +9u<E(a),E <U>>

with

[0,7]

(40). -5 '/OT ((=F ()X (5) + ()Y (5) + 1() 21 (s) ) ds + (02, 22) ] ,

(a,0): =E _/OT (#(5)X (5) + 55V (5) + 21(5) 21 (5) ) ds + (5, 22>W ] ,

(0,T7]

<E (@),E (U)> . = /OT (E (& (1) E (X (t)) YEG)E (Y/ (t)) Y E (5 (5)E (Zl (s))> ds
+ <E (%) ,E (22) >¢7[07T1 .
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By Assumption A1l and the inequality ab < “— + , we derive the following
inequality
ds]

(4.0)<E [/DT|ﬁ(s>||X(s)yds+/OTm(s)H?(s)uH/OT|a—1(s)|

+ ||62HIL2[0,T]||ZQ||L[16,2TJ

21 (S)

K R R N
< 5 (Nl + Gz + 101 -

Following analogous arguments, we establish that
< 0 < Nl + 101y

(E(@),E(0)) < 1B + IEO]

Therefore

~

) . N2
ELX ()Y (1) < —uho(0 1+ [[E (D)

=210 m + [ (O)] )

(0,7]

~ 112
4 OK(alf  + IE @) + 05 |0+ Ol + [0 )

+Ou(IE @) + [E ()], (3.11)

o

- ([0l [ ) 3 (ot )

where A = 1 — 0 (K + p) and A = 6 (K + 1) . Moreover, under Assumption A2,
we have

E[X(T)V(T)] = E (X(T) (AH(T) + (1 = ) X(T) + (A (T) — &(T))))
(3.12)

> AE|X(T)|)? 4+ 0E[X (T)H(T)] — 0E[X (T)&(T)].

where A = 3 \g + (1 — Ag) > min (pq,1) = ¥ and by using (3.11), (3.12) and
Assumption A2, we can obtain

() + A (1012 + VB 1)
< Atz + IE@If.1) — OEX(T)H(T)) + OE[X (T)2(T)]
Al + B[ 1foz) + ’ ( (IX(T)]? + [H(T)]?) + E(X(T) + Ii(T)IQ))
< A(lallfo + IB[@f1) + 6(Ky + 1)(EIX (T) + El&(T)[).
Therefore, we obtain the following estimate
A0}z + IEOIfoz) + (9 = 0(K:1 + 1)E[X(T)[?
< A(llallfy + IE[@]lf1) + 6K + DE|(T)[.

JE

IA
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To ensure the conditions A > A and 9 — (K, 4+ 1) > (K, + 1) are satisfied,
we set 6y := min ( (K—i—u)’ 507 +1)> It follows immediately that 0 < 6y < 1. And

for any 6 € (0,6,], there exists a constant C' € (0,1) such that |U||r < C||a/|%.
Note that 6, is a constant depending only on u, 1, K, K1 and T. Consequently,
the operator Oy is a contraction under the norm || - |z and therefore possesses a
unique fixed point. Hence, the system (3.10) can be written as

+[ (Mo +0) o1 (t, X (1), Y (1), Zi(t), P
—pu(L = (Ao +0))(Z1(t) + E ( 1(1)) + ( )}dB( )
+[(Xo + O)oz (£, X (1), Y (1), Z ( ) Poxo).y .2
—p(1 = (Ao + 0))(Za(t) +E[Z2( )]) +(t)]dBH(t),

—dY (t) = [(Mo+O)F (t,n(t),U (t),Puw)

(X(t) Y (1),Z1(t))

X(O) = Xy,
| Y(T) = o+ ) H(X(T),Pxeny) + (1— (Ao +0))X(T) +¢, 0<t<T

As a result, there exists a unique solution (X Aot+0 Ty Aotb Z{\°+9, ZQ’\°+9) to system

(3.3) in the space ]I:[ld?ﬂ ]L[102T] X ]I:[%’T] X f/[IOQT] This concludes the proof. 0J

Theorem 3.5. Under Assumption A1 and A2, there erists a unique solution
(X,Y, Zy,2Z,) € L?OQT] X L[lozﬂ X IL,[QO 7 % V[102T to the McKean-Viasov forward-
backward equation (3.3).

Proof. This proof is subdivided in two parts.

Step 1: Existence. By Lemma 3.3, for every initial condition zq € L% (Q, Fy, P)
and for any processes (¢, ®,¢,() € ]L[102T] ]L[102T} X ]L[QO ) % fi&)’é], the system
(3.3) admits a unique solution when A = 0. Then, by Theorem 3.4, there ex-
ists a threshold 6y € (0,1) depending only on p, ui, K, K7 and T', such that for
any 0 € (0,0], the McKean-Vlasov SFr-FBSDE (3.3) admits a unique solution
(X0 Y?, 20, 28) € Lighy x Ligiy X L2, 7y X Vigy- Select 6 > 0 such that 0 < 6 < 6,
and N = 1 for some integer N. By repeating the above procedure, we establish
that the system (3.3) admits a solution xhene A = 1. This completes the proof
of existence part for the system (3.3).

Step 2: Uniqueness. Let U’(t) := (X7 (t),Y7 (), 2] (t),Z5(t)), j = 1,2
denote two solutions of the Mckean-Vlasov SFr-FBSDE (3.3) correspondlng to
X (0) = zp. We define the following notations

(dX(t) = [(ho+ )k (t,U (1), PU(t)) — (1= (Ao +O)(Y () + E[Y (1)]) + (1)) dt

(
+u(l = (Ao +0))(X (1) + [ (1) + (b)) + S(t)]dt — Z,(t)dB(t) — Zo(t)dB" (t),

U(t) = (X(),Y(t), Z(t), Za (1)) := (X' (t) = X2(1), Y (1) = Y*(1), Z} (t) — Z7 (1), Z3(t) — Z3(1)),
R(t) = Kt U (1), Pyry) — 6(1 U (1), Puag),

ﬁ(t) =I ( ( )7 Ul (t) 7PU1(t)) —F (tﬂl(t)7 U2 (t) 7]P)U2(t)) )

G1(t) = (t X'(#), Yl(t),le(t),P(Xl(t)’yl(t)zll(t))) s (t, Xz(t),w(t),Zf(t),P(XQ(t%YZ(t),Z%(t))),
a(t) = 02 (£, X} 1), Y (0), ZE0). B s 00 23y ) — 02 (1 X200, Y2(0), Z3(0). B

H(T) := H(X1(T), Px, 1)) — H(X2(T), Pxy ()

X2<t>,Y2<t>,Z§(t>)> )
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Consequently, we derive the following system

dX (t) = &(t)dt 4+ 61 (t)dB(t) + 64(t)dB™ (t),
—dY (t) = [ (t)dt — Zy(t)dB(t) — Zy(t)dBY (t),
X(0)=0, Y(T)=H(T).

Applying Lemma 2.3 in conjunction with Assumption A2, we can derive the
following estimate

~

E[X(T)¥(T)] = /0 E (7 ()X (s) + () V(5) + 61 (5) Z (5)] ds + (32, Zohusoiomy

< =10z + IW®, Pl 2y) < —pllU o ry-
From the inequality E[X (7)Y (T)] > mE|X(T)[?> > 0, we have u||(A]||[20,T] <0, we

conclude that X (¢) =0, Y(¢) =0, Zy(t) = 0 and Z,(t) = 0. This establishes the
desired uniqueness result. O]
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