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CERTAIN PROPERTIES OF THE UNIT GRAPH OVER THE
RING Z,

HEBA ADEL ABDELKARIM'*, GHADA BANIHANI? and BAKER ALSABABHAH?

ABSTRACT. The unit graph G(R) is the graph in which two distinct vertices
(distinct elements of R) are connected if the sum of the elements is a unit in
R. In this paper, we study the unit graph G(Z,:), where & > 1 and p is a
prime number. We provide some numerical invariants of G(Z,« ), such as the
clique number and the independence number. Furthermore, we investigate the
eigensharp condition on the graph G(Z,x).
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1. INTRODUCTION AND PRELIMINARIES

Assume k£ > 1 and p is a prime number. G(Zpk) is the unit graph on the ring Z,
where the set of all elements of the ring Z presents the set of the vertex V, and E is
the set of edges obtained by connecting any two distinct vertices whose sum is a unit
in Z. An element z in the ring Z, is said to be a unit if ged(z,p*) = 1, implying
that x # 0 (mod p). Grimaldi [10] introduced the unit graph G(Z,) and analyzed
its fundamental characteristics, such as the covering numbers and the independence
numbers. Further studies on G(Z,,) can be obtained in [17], [0], and [16]. Ashrafi et
al. [1] generalized this notion to the unit graph G(R) associated with an arbitrary ring
R. Their study explored the diameter, planarity, chromatic index, and girth of G(R).
Additional research on unit graphs on rings can be found in [2], [14], and [18].

The graph invariants are numerical values used to define graphical attributes that
remain unchanged under isomorphism. For example, for any graph G, we have the
radius number rad(G) and the domination number (G). Since Z, is a local non-

division ring, from Li and Suwe [13], we conclude that rad(G(Z,)) = 2. Also, as a
direct application of [11], the domination number v(G(Z,)) is fully determined. In a

graph G, clique refers to a complete subgraph S of G. A subset I of V(G) in which no
two different vertices are connected is called an independent subset. In this paper, we
evaluate the clique number; the size of the largest clique in the graph G (Zpk), and the
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independence number B(G(Z,x)); the maximum cardinality of the independent sets in
the graph G(Z,).

In another respect, numerous studies have been conducted on covering a graph with
subgraphs from a certain graph family. Some examples include a tree covering, a cycle
covering, and a star covering, see [3] and [7]. A complete bipartite subgraph of G is
known as biclique. A collection Lo = {H1, Ha, -+ , H,,} represents a biclique partition
of G if for every e € FE(G) there is only one ¢ = 1,--- ,m such that H; € L and
e € E(H;). The minimum cardinality relative to all biclique partitions of a graph G,
denoted by bp(G), is known as the biclique partition number of G. Several studies have
studied the biclique partition number for certain graphs, for example, [5] and [15].

Throughout the paper, we write K, to indicate a complete graph of order n and
K, m to indicate a complete bipartite graph with specified finite partite sets S,T" of
orders n and m, respectively.

The path graph with n + 1 vertices is denoted by P,, and the graph with m vertices
and with no edges is denoted by N,,. The adjacency matriz of a graph G is a symmetric
square matrix Q of order |V (G)|, where the ij-th entry equals 1 whenever z;x; is an
edge of G; otherwise, it equals zero. For example, the graph P, has the following
adjacency matrix.

[0 1 0 o 0]

1 0 1

01 0 "0

: .. . o1

Lo - 0 1 0]

Consequently, Q’s eigenvalues are always real. The abbreviations €4 (2), e_ (), and
€0 () represent the number of positive, negative, and zero eigenvalues of €. As indi-
cated by [12],

bp(G) = max {e4 (), e ()}
The number of linearly independent eigenvectors related to the eigenvalue \g is the
multiplicity of the eigenvalue. If A;,1 < s < ¢, are the different eigenvalues related to

Q having multiplicity ¢s, then the spectrum of G is given as o(2) = {\F', A2 ... NI}
A graph G is known as an eigensharp graph [3], if bp(G) = max {e4+(Q),e_(Q)}. The
eigensharp graphs include several groups of graphs. For instance, Tverberg [19], proved

that bp(K,) = n — 1, whereas the graph K,, has a spectrum {—1""1 (n — 1)1}, i.e. K,
is an eigensharp graph. The graph K, ,, is also an eigensharp, where its spectrum
{—v/nm, 0" =2 " /mn} and bp(Kpm) = 1.

Suppose F} and F, are two graphs. Fj V F5 signifies the join of the two graphs
such that V(Fy V Fy) = V(F1) U V(Fy) and E(F; V F3) include all edges e such that
e € E(F1)UE(F;) and e = wv for some u € V(F;) and v € V(F3). The following
Proposition was proved in [9].

Proposition 1.1. [9] If F} and F5 are two regular graphs, then e_(Qpvr,) = € (Qp, )+
e-(Qp) + 1, and e (Qr,vr,) = €+(Qr) + €4(Qp,) — 1. If F1 and F» are eigensharp
graphs such that bp(F1) = e_(Q2p,) and bp(F2) = e_(Qp,), then F1V Fy is an eigensharp
graph.

Abdelkarim et al. in [I] showed that the unit graphs G(Z,) and G(Zs,) are eigen-
sharp. In addition, they showed that G(ZP[””] / <$2>) is eigensharp. In this paper, we
investigate the unit graph G(Z,) for every prime p and every positive integer k, and
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we identify some numerical invariants of the graph, such as clique number and inde-
pendence number. Furthermore, we show that G(Z,x) is an eigensharp graph.

2. MAIN RESULTS

2.1. Some Numerical Invariants of the Graph G(Z,:). We study and determine
certain numerical invariants of the graph G(Z,x), including the independence number
and the clique number. These constants will help to clarify the unit graph’s attributes
and complexity.

Remark 2.1. If p = 2, the vertex set of the graph G(Z,x) is partitioned into the union of
the twosets Vo = {2t : 0 < ¢t < 2¥ ' —1}and V} = {1+2t:0 <t < 28=1 —1}. Therefore,
G (Zar) =~ Kor-1 961 and so, its clique number is equal to 2 and its independence number

B(G(Zy)) = 2871,
Theorem 2.2. For p>3 and k € Z*, the graph G(Zpk) has the following properties:

(1) The clique number w(G(Zpk)) — Lngk_l 11

(2) The independence number 3(G(Z,r)) = pF L.
Proof. 1) Every element in the ring Z,» can be expressed as i +tp for 0 <i <p—1,0 <
t < p" 1 — 1. Thus V(Z,) is divided into the union of sets V; = {i+tp : 0 < t <
pF~1 —1},0 <i < p—1. Assume Hy, to be the induced subgraph of the graph G(Z)
with respect to the vertex set V;. For¢ > 1, if x,y € V; , thenx = ap+iand y = Bp+1
with 0 < o, 8 < p*~Y — 1, and so = + y = 2i mod p. Thus, x +y is a unit in Z,x and
therefore, Hy, is isomorphic to K x-1. Furthermore, if  and y belong to two distinct
sets V; and Vj, respectively, then x and y are adjacent unless j = p — 4, where the sum
is equal to 0 modulo p.
Now, consider the induced subgraph Hj;, where

M =A{V1, V..., Vpa b U{a}
and x is an arbitrary vertex from Vj. We show that Hj; constitutes the largest clique
within the graph G(Z,). Actually, every two distinct vertices in M are adjacent.
Therefore, Hy; ~ K, where, n = L%kafl + 1. In fact, if x € V; with j > %, then
O<p—7< 1%]” +p= %. So Vp—; € M, and hence any additional vertex inserted

outside of M will not be adjacent to a vertex in M. Hence, the result will follow.
2) We show that the largest independent subset in V(G(Z,x)) is the set Vo = {tp :

0 <t <pht—1}. For, assume A to be an independent subset of V(G(Z,)) such

p—1
that AN (J Vi) # ¢. Since V; = K1 Vi > 1, then A % Vi. Also, since V; and Vj,
=1

=
when j # p — i, form the partite sets for a complete bipartite graph K -1 k-1, thus
A = {z,y} for some x € V; and y € V,,_; for some i > 1. Since the cardinality of V} is
p*~t > 2, therefore 8(G(Z,.)) = p"L. O

2.2. The Eigensharp Property for the Unit Graph G(Z,). According to [12],
for each simple graph G, the biclique partition number bg(G) satisfies that:
bp(G) = max{e_(2), e (Q)}.
We intend to show that bp(G(Z,x)) = max{e_(Qg(z ), €+ (2g(z ,)) }> and hence G(Z,)
P p

is an eigensharp graph by [8]. Actually, if £ = 1 and p = 2 or 3, the unit graphs G(Z3)
and G(Z3) are obviously isomorphic to the graphs P, and Ps;. Hence, the spectrum
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of G(Zy) is {1, —1'}, whereas the spectrum for G(Z3) is {ﬂl,Ol,—\/il}. There-
fore, G(Z2) and G(Z3) are eigensharp graphs, as bp(G(Z2)) = bp(G(Z3)) = 1 =
max{e; (2p,),e-(2p,)} for n =2 and 3.

Now, suppose that k& > 2. Then V(Zpk) is partitioned into the union of the sets
Vi={i+tp:0<t<pt1—1},0<i<p-—1. Assume B(V;,V;) to be the subgraph
associated with the set V; UV such that e, for any edge, connects a vertex in V; to a
vertex in V. Since x is a unit in Z if and only if & # 0(mod p), hence for i > 0 and
J#p—i, B(V;,Vj) = K1 1. Fori > 1, B(V;,V;) ~ K1 and B(Vi, Vi) == Npe-1.

Remark 2.3. Consider the graph G(Zs:). According to Remark 2.1, the vertex set
V(G (Zy)) is a union of the two sets Vo = {2t : 0 <t < 2F 1 —1}and V; = {14+2t:0 <
t < pFt —1}. Clearly, B(V;,V;i) ~ N1 for i = 0,1, and hence, G(Zy) = B(Vp, V1).
Therefore, G(Zyr) =~ Kyr-1 k-1 and so its spectrum is {—V22=2 02" \/226-2} with
bp(G(Zyr)) = 1. Thus, the graph G(Zyx) is an eigensharp graph.

Let A be the adjacency matrix for the graph G(Z, ), with p > 3 and k > 2. Let
LL(4,j) denote the adjacency matrix for the induced subgraph corresponding to the set

V;UV;, 0 <i<j<p-—1. Note that L(i,7) is a square matrix of size p*~1 and
L(,7) = L(j,7) Vi, j. Therefore,
LO,0)  LO1) - LOp-1)
L(1,0) L(1,1) - L(1,p—1)
Qpe = : :
L(p-1,00 Lp-11) -+ Lp-Lp-1) |, .
Let JA,, denote the square matrix m x m where a;; = 1 Vi,j. Let QNpkﬂ and

Q K i be the adjacency matrices for the graphs Nx-1 and K1, respectively. Thus,
the structure of the matrix A becomes as follows:

_ QNpk_l JAplrl JApkfl e e e ce “]]Apk,1 JApkﬂ
JA k1 Qka,l JA i . e e . JAp QNpkfl
Jhper TApe-r Qe JApea oo e TAp Qo JApe
: : JApk—1 . JApk—1 :
A=
: : JA e - - . . " JA e :
JAp—1 JAjk QNP,%1 JApe—1 - e JA Qka—l JA k-1
i JApkA QNpk—l JApk,l e cee e e R JApk—l Qka—1

Let M = J/_} Vi, let Go = B(Vy, M), and let Gy = B(M, M). The graph G(Z)
can thus be defined as Gy VvV Gj.

Lemma 2.4. For the graph G1,bp(G1) < [5](2p"71 —1) — 1.

4 pkxpk
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p—i)—1
Proof. Let C; = V; UV,_; and let D; = <( U) V]) . Since each vertex in C; connects

j=i+1
all the vertex in D;, the graph B(C;, D;) =~ K\¢,)p,| Where, |C;| = 2pF~1 and |D;| =
(p —2i — 1)p*~1. Consider H = {B(C;,D;) : 1 < i < |5| —1}. H is an essential
component of a biclique cover, as the subgraphs B(Cj;, D;) contain different edges for
different values of i. Note that the edges related to the complete graphs {B(V;,V;) :
1 < j < p— 1} are the only edges not covered by H. Hence, for each 1 < j < p —1,
we define {S(j,z) : © € V;} as the set of disjoint stars in the graph B(V}, V;) generated
by the vertex x. Then, for each j, the graph B(Vj},V}) is partitioned into the union of
pF~1 — 1 stars, where one of its vertices is eliminated. Thus, F = {B(C;, D;), S(j, z) :
1<i<[B]-1,1<j<p—1,2 €V} forms a biclique partition of the graph Gy of
cardinality (| 5] —1)+(p—1)(p"~* —1). Therefore, bp(G(Z,1)) < [5](2p" 1 -1)—1. O

Next, we show that max{e_ (1), e (1)} = [B](2p*"! —1) — 1 and, hence, G is an
eigensharp graph.
Lemma 2.5. In the graph Gq,max{e_ (), e4(Q1)} = [5](2pF 1 —1) — 1.

Proof. Let o = p* — p*~1. Observe that the adjacency matrix of the graph G is:

_ Qo Thpor oo e A Qv
JApkfl Qka—1 JApkﬂ s e e JApkfl QNpk—l JApkﬂ
: JApkfl . JApkﬂ :
Q) =
: JA k1 . . . " " JA :
JApkfl QNpk—l JApkfl s e e JApkfl Qka—1 JApkA
i QNpkfl JA o JA e Qkafl I
Let 1, be an o x 1 matrix with all entries are 1, and let 0 be the 1 x pF~! ma-

trix with all entries are zeros. Since Q11, = (pF — 2p*~1 — 1)1,, therefore (p¥ —

2pF~1 — 1) is an eigenvalue of Q; with multiplicity 1. Furthermore, we note that —1

is an eigenvalue for the matrix K i having a multiplicity p*~! — 1. Let {X,,1 <

r < pht
t

X, — [dq dy o, } Since Ok, X, = X, thus, ¥r, 3, df = —d]
fo—

,s=1,---,pF 1. Therfore, Z?le d; =0 and hence, JA -1 X, =0 Vr.

J
Now,let Y/ =[ X! 0 -~ 0], . ¥J=[0 X! 0 --- 0]

1xa’
[ 0o --- 0 X! ]ixa. Then Y] = =Y ,l =1,--- ,p—1. So —1 is an eigenvalue
for ; with multiplicity (p*~' — 1)(p — 1).

For example, let p =5 and k = 2. Then:

— 1} be the eigenspace corresponding to —1 with respect to Qka_l, where

up to Y, © | =

Qr, JA; JA; Qng 0*
0 Y3 _ JA5 QK5 QN5 ‘*]]A5 X3
152 JA5 QN5 QK5 «]]A5 Ot
QNs JA5 JA5 QK5 20% 20 0’ 20x1



PROPERTIES OF THE UNIT GRAPH OVER THE RING Zx 255

Ot
_ | X3
= of
t
0 20x1
Next, we show that (p*~! — 1) and —(pF~1 + 1) are eigenvalues for €; with multi-

plicities % and 1%3, respectively.

Let C3,1 <i < |§], be an o x 1 matrix such that:

i 1p0kt—1 ] B Ot n B Ot T

11 :

ot dt

O = Cy = : e Oyl = 1,61
) : 3 ) I—EJ —].pk—l
ot o'
: —1 k1

o o' 0

L 11 L . L d

Since {C; : 1 < j < |B]} are linearly independent vectors such that €,C; = (p*~! —

1)C; Vj, thus pF~1 — 1 is an eigenvalue of the matrix Q; having a multiplicity % as
desired.
On the other hand, let Q;,1 < j < [£], be an a x 1 matrix such that:

11 r ] r b

p j 1 k-1
—1(1)):71 %t %t
—1,01 :
ot dt

—1 k-1
— — . _ p

Q1= : Q2 = : Qe Y
: dt ot
: —1 k1 :
o g H

—1k 1 1
I 1pk71 ] | 1] | 1]

Then {Q; : 1 < j < |5] — 1} are linearly independent vectors in which ©,Q; =
—(p*t + 1)Q; V4, and thus —(p*~! + 1) is an eigenvalue of the matrix ; having a
multiplicity %.

Therefore, the spectrum of the graph G is:

- —1 -3
o(60) = {0 = 21— DL ()@ DD Rt (it

where p¥ —p*~1 is the degree of the characteristic polynomial related to ;. Now, since
p >3 and k > 2, it is obvious that p¥ — 2pF~1 — 1 and p*~! — 1 are positive values.

Thus max{e_(Q1), e+ ()} = (pF1 = 1)(p— 1)+ 252 = (8] (21 — 1) — 1. O

Theorem 2.6. The graph G(Z,) is an eigensharp graph.
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Proof. By Lemmas 2.4 and 2.5, we have max{e_(€1), €4 (1)} = bp(G1) and, hence, G,
is an eigensharp graph. Since G =~ K k-1 k-1 is also eigensharp, and since G(Z,x) =
Go V G1, thus by Proposition 1.1, G(Z,) is an eigensharp graph. O

3. CONCLUSION

In this study, we determined the clique number and the independence number for the
unit graph G(Zpk) for all prime p and k£ > 1. Furthermore, we proved that the graph
G (Zpk) is eigensharp. Although eigensharp is essentially theoretical, it has applications
in different disciplines. Its applications include network designs and communications,
chemistry, molecular graphs, information and quantum physics, coding and design the-
ory, computer science, and machine learning.

We demonstrated that G(Zpk) is isomorphic to the graph Gy V G, where Gy and
G are special subgraphs of G(Z,x). Studying the adjacency matrices of G and G
reveals that a—(Go) = 1 = bp(Gp), and a—(G1) = [5](2p*~! — 1) — 1. Furthermore,
we described a biclique partition for Gy with cardinality |5](2p*~! — 1) — 1. There-
fore, a—(G1) = bp(G1), and Proposition 1.1, implying that the graph of G(Z,) is
eigensharp..

Finally, we ask whether the eigensharp property holds for the unit graphs over the
rings Z,rqs, where p, ¢ are distinct primes and r,s € ZT. We have explored various
examples to answer this question, but our research is still ongoing.
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