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NUMERICAL MODELING OF MULTIPHASE BIOFILM
FORMATION ON A POROUS SOLID SURFACE WITH HEAT
EQUATION COUPLING AND TEMPERATURE-DEPENDENT

PARAMETERS
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Abstract. In this work, we propose a thermally coupled multiphase model
for biofilm formation on a porous solid surface. The biofilm comprises a cellu-
lar phase, an extracellular-matrix phase, and interstitial water. Kinetic rates
are temperature-dependent, and osmotic influx is driven by a Flory-Huggins-
type swelling pressure. The system is discretized using standard finite element
method in space and an implicit Euler scheme in time. Numerical simulations
in MATLAB are presented to illustrate the model’s behavior and support the
obtained results.
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1. Introduction

Multiphase problems arise naturally in many physical, biological, and engineering
systems where distinct interacting phases coexist. These problems are particularly
challenging because of the complex interactions between phases, the nonlinearities in-
volved, and the presence of free boundaries. In the context of microbiological systems,
biofilms provide a rich example of multiphase structures: they typically consist of bac-
terial cells, extracellular polymeric substances (EPS), and fluid phases. In recent years,
the modeling of biofilms as multiphasic media has gained considerable attention due to
its importance in medical, industrial, and environmental applications. Among these,
three-phase biofilm models stand out for their ability to capture the heterogeneous
composition and dynamics of biofilms more accurately.

Several research efforts have been devoted to the modeling and simulation of mul-
tiphasic biofilms. In [7], Klapper and Dockery introduced a two-phase biofilm model
involving bacterial cells and EPS, with a focus on detachment and structural stability.
In [8], Eberl et al. studied a one-dimensional model emphasizing substrate diffusion
and biomass growth. More recently, Trinschek et al. [14] considered a thin-film model
for passive suspensions aimed at describing osmotic biofilm spreading. Of particular
relevance to our work is the contribution of Uttam Kumar et al. [11], who proposed
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a three-phase model involving bacterial cells, EPS, and a fluid phase. Their model
describes the evolution of volume fractions and mass transport using coupled nonlinear
partial differential equations, and incorporates important mechanical effects such as
Darcy flow and biomass compressibility.

In this work, building on the three-phase framework of Uttam Kumar and co-
authors [11], we introduce a thermo-biophysical coupling by adding a heat balance
and making the key kinetic and transport coefficients temperature-dependent. The
heat equation accounts for metabolic heat generation and heat conduction scaled by
the local film thickness. Temperature, in turn, influences biomass kinetics (cell growth,
extracellular-matrix production, and Monod-type cell death), the osmotic-swelling law
via a Flory–Huggins scaling, and selected transport properties such as interfacial ex-
change rates, diffusivities, and thermal conductivity. This thermally modulated pa-
rameter set captures the observed sensitivity of biofilm dynamics to temperature, while
keeping the model analytically and numerically tractable.

The paper is organized as follows. Section 1 introduces the thermally coupled model
and its thin-film reduction. Section 2 describes a fully implicit finite-element discretiza-
tion with stabilization and positivity enforcement. Section 3 presents axisymmetric
simulations quantifying the impact of temperature on growth, swelling, and transport.
Section 4 discusses limitations and perspectives, including coefficient calibration and
experimental validation.

2. Mathematical Model:

2.1. Model Description. We model bacterial biofilm growth on a porous agar sub-
strate as a three-phase, immiscible, incompressible Newtonian mixture consisting of
cells (ϕ), extracellular matrix (ψ), and an aqueous phase (A) carrying nutrients. Wa-
ter influx from the substrate, driven by osmotic pressure, sustains the biofilm, while
nutrients reach it by inflow and diffusion. The phase fractions (ϕ,ψ,A) and nutrient
concentrations in the biofilm (C) and substrate (S) vary in space and time (Fig. 1).
The governing equations are:

Mass balance of the individual phases in the biofilm:

ϕ+ ψ +A = 1,

∂(ρcϕ)

∂t
+∇· (ρcϕuc) = kc(T ) ρcϕ

C

k0 + C
− kd(T ) ρcϕ, (2.1)

∂(ρeψ)

∂t
+∇· (ρeψ ue) = ke(T ) ρcϕ

C

k0 + C
+ kd(T ) ρcϕ, (2.2)

∂(ρaA)

∂t
+∇· (ρaAua) = 0. (2.3)

Nutrient balance in the biofilm:

∂C

∂t
+∇· (C ub) = Db∇2C − kb ρcϕ

C

k0 + C
. (2.4)

Nutrient balance in the substrate:

∂S

∂t
+∇· (S u′b) = Ds∇2S. (2.5)

Heat equation:

ρcp
∂T

∂t
= ∇·(kT ∇T ) + Qϕ

C

k0 + C
. (2.6)
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Bacterial growth and ECM production follow Monod kinetics; cell death is taken
proportional to cell concentration, and dead cells are assimilated into the ECM phase.
The constants ρc, ρe, ρa denote the densities of the cell, ECM, and aqueous phases,
respectively. The rate functions kc(T ), ke(T ), and kd(T ) specify the temperature-
dependent cell growth, ECM production, and cell death rates. The nutrient diffusion
coefficients in the biofilm and substrate are Db and Ds. Let uα denote the velocity of
phase α ∈ {c, e, a}. The mean biofilm advection velocity is

ub := ϕuc + ψ ue +Aua,

and nutrients within the biofilm are assumed to be convected with ub; the aqueous
velocity in the agar substrate is denoted u′b.

Momentum balance for each phase:

∂

∂t
(ϕαραuα) +∇·(ϕαρα uα ⊗ uα) = ∇·(ϕ̃ σα) + Fα,

with α = c, e, a and ϕ̃ = ϕ,ψ,A, respectively. The stress tensor is

σα = − pαI + µα

(
∇uα +∇u>α − 2

3 (∇· uα)I
)
,

and the interphase force densities are

Fc = pc∇ϕ − kce (uc − ue) − kac (uc − ua),
Fe = pe∇ψ − kea (ue − ua) − kce (ue − uc),
Fa = pa∇A − kea (ua − uc) − kac (ua − ue).

Here pc, pe, pa are the hydrodynamic pressures of the cell, ECM, and aqueous phases;
for the ECM, pe includes both hydrodynamic and osmotic contributions. The gradient
terms represent interfacial force densities, and kce, kac, kea are the viscous drag coeffi-
cients between the cell-ECM, aqueous-cell, and ECM aqueous phases, respectively.

2.2. Osmotic Influx Formulation. Water uptake by the ECM hydrogel drives biofilm
expansion. Newly synthesized ECM at the periphery is initially out of equilibrium and
relaxes to a swollen state as polymer chains reorganize and fluid is absorbed [17]. The
swelling pressure per unit ECM is

Ψ(ψ, T ) =
δ(ψ, T )

ψ
, δ(ψ, T ) = δ0(T )ψ3,

with δ0(T ) = K T/b3 under a simplified Flory–Huggins description, where K is the
Boltzmann constant and b the monomer size.

The osmotic water influx across the biofilm–agar interface is

v(r, T ) = Q0

(
ψ3 − ψ3

q (T )
)
,

where Q0 sets the influx scale and

ψq(T ) =
(

δeq
δ0(T )

)1/3

is the equilibrium ECM fraction against the substrate with δeq the substrate osmotic
pressure [11].

2.3. Boundary Conditions. The governing equations (2.1) − (2.6) are closed with
the following boundary conditions.
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Free-surface traction balance at z = H. Tangential traction vanishes and the normal
traction is balanced by capillarity:

t̂ ·(ϕ̃ σα n̂) = 0, n̂ ·(ϕ̃ σα n̂) = − γα k on z = H.

Here n̂ is the outward unit normal to the free surface z−H(r, t) = 0, and k is its mean
curvature. In axisymmetry,

n̂ =

(
−∂H

∂r , 0, 1
)√

1 +
(
∂H
∂r

)2 , on z = H,

k = ∇.n̂ =

[
−1
r
∂
∂r

(
r ∂H∂r

)
− 1

r

(
∂H
∂r

)3]
[
1 +

(
∂H
∂r

)2] 3
2

, on z = H.

Kinematic condition at z = H. The interface moves with the local phase velocity:(
∂

∂t
+ uα.∇

)
(z −H(r, t)) = 0, on z = H.

with all quantities evaluated at the free surface.
Nutrient flux at the biofilm-air interface. No nutrient crosses the free surface:

(Cub −Db∇C) .n̂ = 0, on z = H.

Biofilm substrate mechanical coupling at z = 0. No slip along the substrate:

uα · t̂ = 0 on z = 0.

Normal velocities at the interface satisfy:

ua · n̂ = v(r, T ), uc · n̂ = 0, ue · n̂ = 0 on z = 0,

where v (r, T ) = Q0

(
ψ3 − ψ3

q (T )
)
, and δ0(T ) = KT/b3.

Nutrient exchange at z = 0. Convective-diffusive fluxes across the biofilm substrate
interface are proportional to the concentration jump:(

Su′b −Ds∇S
)
.n̂ = km (S − C) , on z = 0,

(Cub −Db∇C) .n̂ = km (C − S) , on z = 0,

where ub and u′b are the average velocities in the biofilm and substrate, respectively.
Substrate base at z = −H. The base is rigid and impermeable:(

Su′b −Ds∇S
)
.n̂ = 0, u′b.n̂ = 0, on z = −H.

Thermal boundary conditions. At the biofilm-air interface z = H: adiabatic,

− kT ∇T · n̂ = 0.

At the biofilm-substrate interface z = 0: temperature continuity and flux balance,

Tbiofilm = Tsubstrate, kT ∇T · n̂ = ksub
T ∇T sub · n̂.

At the bottom of the substrate z = −H: insulated base,

∇T · n̂ = 0.
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2.4. Model Reduction. We consider an axisymmetric biofilm with incompressible
phases of identical densities. A thin-film approximation is adopted with aspect ratio
ε = H∗/R∗ � 1, where H∗ and R∗ are the characteristic height and radius. Dependent
fields are expanded in ε and higher-order terms neglected. To remove z-dependence,
the volume fractions (ϕ,ψ,A) are taken uniform in z and the equations are integrated
across thickness. Strong drag between cells and ECM is assumed so that both advect
with a common velocity, with equal viscosities distinct from that of the aqueous phase.
Full derivations appear in the Supplementary Material.

The reduced axisymmetric system is

∂H

∂t
+

1

r

∂

∂r

(
r ωb

)
= ϕ

C

k + C
H +Av(r, T ),

∂(Hϕ)

∂t
+

1

r

∂

∂r

(
r ϕωm

)
= ηc ϕH

C

k + C
− ηd(T )ϕH,

∂(Hψ)

∂t
+

1

r

∂

∂r

(
r ψ ωm

)
= ηe ϕH

C

k + C
+ ηd(T )ϕH,

∂(HA)

∂t
+

1

r

∂

∂r

(
r Aωa

)
= Q0A

(
ψ3 − ψ3

q

)
,

PeH
∂C

∂t
= −Pe

1

r

∂

∂r

(
r C ωb

)
+

1

r

∂

∂r

(
r H

∂C

∂r

)
− kmb (C − S)− ηb ϕH

C

k + C
,

∂S

∂t
= D

1

r

∂

∂r

(
r
∂S

∂r

)
−Dkms (S − C),

θ H
∂T

∂t
=

1

r

∂

∂r

(
r H

∂T

∂r

)
+ µϕH

C

k + C
.

(7)

with

ωm =
H3

3ϕm

(
γ∗H3r − δ∗

∂ ψ3

∂r

)
,

ωa =
H3

3ϕm

(
γ∗H3r − δ∗

∂ ψ3

∂r

)
+

Aγ∗

β∗ ϕm
HH3r,

ωb = ϕm ωm +Aωa =
H3

3ϕm

(
γ∗H3r − δ∗

∂ ψ3

∂r

)
+
A2 γ∗

β∗ ϕm
HH3r,

H3r =
∂

∂r

{
1

r

∂

∂r

(
r
∂H

∂r

)}
, v(r, T ) = Q0

(
ψ3 − ψ3

q (T )
)
.

Here ηc, ηe, ηb, ηd are dimensionless rates for cell growth, ECM production, nutrient
consumption, and cell death. Pe is the Peclet number, D the substrate diffusivity,
γ∗ and β∗ the surface-tension and friction coefficients, and ϕm the maximum packing
fraction.

2.5. Reduction to Two-Phase Models. The three-phase framework reduces to
standard two-phase biofilm models under specific limits. Grouping cells and ECM
into a single biomass phase and neglecting interfacial mass-transfer resistance yields
the two-phase model of Srinivasan et al. [13]. Further neglect of the aqueous phase and
osmotic influx v(r, T ) collapses the system to the yeast-biofilm model of Tam et al. [5].
Details and parameter mappings are given in the Supplementary Material.
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2.6. Precursor Film Regularization. No slip at the biofilm–substrate interface in-
duces a moving contact line singularity. We regularize this by introducing a thin pre-
cursor film (H∗ � 1) of passive aqueous fluid, with ϕ = ψ = 0 and no nutrient
consumption.

To construct smooth initial data consistent with the precursor layer, we prescribe

H(r, 0) = H∗ +
H0 −H∗

2
[1− tanh {5 (r − rin)}] , (2.7)

ϕ (r, 0) =
ϕ0

2
[1− tanh {5 (r − rin)}] ,

ψ (r, 0) =
ψ0

2
[1− tanh {5 (r − rin)}] ,

A (r, 0) =
A0

2
[1− tanh {5 (r − rin)}] ,

T (r, 0) = T0 + δT. exp
(
−r2

)
,

C (r, 0) = 0, S (r, 0) = 1, T (r, 0) = T0.

where rin is the initial colony radius and H0, ϕ0, ψ0, A0 are the corresponding bulk
values inside the colony.

To suppress growth and osmotic influx within the precursor film, we multiply the
relevant source terms by a Heaviside factor

Θ(H) = Heaviside (H −H∗) .

The model with precursor-film regularization then reads

∂H

∂t
+

1

r

∂

∂r
(r ωb) = Θ(H)

[
ϕ

C

k + C
H + Av(r, T )

]
,

∂(Hϕ)

∂t
+

1

r

∂

∂r
(r ϕωm) = ηc(T )ϕH

C

k + C
− ηd(T )ϕH,

∂(Hψ)

∂t
+

1

r

∂

∂r
(r ψ ωm) = ηe(T )ϕH

C

k + C
+ ηd(T )ϕH,

∂(HA)

∂t
+

1

r

∂

∂r
(r Aωa) = Θ(H)Q0A

(
ψ3 − ψ3

q (T )
)
,

PeH
∂C

∂t
= Θ(H)

[
− Pe

1

r

∂

∂r
(r C ωb) +

1

r

∂

∂r

(
r H

∂C

∂r

)
− kmb (C − S)− ηb ρc ϕH

C

k0 + C

]
,

∂S

∂t
= D

1

r

∂

∂r

(
r
∂S

∂r

)
−Θ(H)

[
Dkms (S − C)

]
,

ρcpH
∂T

∂t
=

1

r

∂

∂r

(
r kT H

∂T

∂r

)
+ Θ(H)QϕH

C

k0 + C
.

(2.8)
Here v(r, T ) = Q0

(
ψ3 − ψ3

q (T )
)

is the osmotic influx, and all other symbols are as
defined previously.

3. Numerical Approximation

In this section, we introduce a numerical scheme to approximate the nonlinear system
of partial differential equations presented earlier. The spatial discretization is carried
out using finite elements, while the temporal evolution is advanced through an implicit
Euler method.
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3.1. Weak Formulation. Multiply the reduced equations (2.8)1-(2.8)7 by test func-
tions vH , vϕ, vψ, vA, vC , vS , vT ∈ H1(Ω), integrate over Ω, and integrate by parts in r .
The weak form is:

Find (H,ϕ, ψ,A,C, S, T ) ∈
(
H1(Ω)

)7
such that for all (vH , vϕ, vψ, vA, vC , vS , vT ) ∈(

H1(Ω)
)7

,



∫
Ω

∂H

∂t
vH r dr −

∫
Ω
ωb
∂vH

∂r
r dr =

∫
Ω

Θ(H)

[
ϕ

C

k + C
H +Av(r, T )

]
vH r dr,∫

Ω

∂(Hϕ)

∂t
vϕ r dr −

∫
Ω
ϕωm

∂vϕ

∂r
r dr =

∫
Ω
ηc(T )ϕH

C

k + C
vϕ r dr −

∫
Ω
ηd(T )ϕH vϕ r dr,∫

Ω

∂(Hψ)

∂t
vψ r dr −

∫
Ω
ψ ωm

∂vψ

∂r
r dr =

∫
Ω
ηe(T )ϕH

C

k + C
vψ r dr +

∫
Ω
ηd(T )ϕH vψ r dr,∫

Ω

∂(HA)

∂t
vA r dr −

∫
Ω
Aωa

∂vA

∂r
r dr =

∫
Ω

Θ(H)Q0A
(
ψ3 − ψ3

q (T )
)
vA r dr,∫

Ω
PeH

∂C

∂t
vC r dr + Pe

∫
Ω

Θ(H)C ωb
∂vC

∂r
r dr +

∫
Ω

Θ(H)H
∂C

∂r

∂vC

∂r
r dr

=

∫
Ω

Θ(H) kmb (C − S) vC r dr +

∫
Ω
ηb ϕH

C

k0 + C
vC r dr,∫

Ω

∂S

∂t
vS r dr +

∫
Ω
D
∂S

∂r

∂vS

∂r
r dr =

∫
Ω

Θ(H)Dkms (S − C) vS r dr,∫
Ω
ρcpH

∂T

∂t
vT r dr +

∫
Ω
kT H

∂T

∂r

∂vT

∂r
r dr =

∫
Ω

Θ(H)QϕH
C

k0 + C
vT r dr.

(3.1)

3.2. Discrete Formulation. Let 0 = t0 < t1 < · · · < tN = T̄ with time steps
∆tn = tn − tn−1 and ∆tmax = max1≤n≤N ∆tn. Let {λh}h be a shape-regular family of
meshes of Ω. For an element K ∈ λh, let hK be its diameter and h = maxK hK . Define

Vh = { v ∈ C0(Ω) : v|K ∈ P1(K), ∀K ∈ λh }, Wh = { vh ∈ Vh : vh ≥ 0 }.
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At each time level tn, seek
(
Hn
h , ϕ

n
h, ψ

n
h , A

n
h, C

n
h , S

n
h , T

n
h

)
∈ V 7

h such that, for all test

functions
(
vHh , v

ϕ
h , v

ψ
h , v

A
h , v

C
h , v

S
h , v

T
h

)
∈ V 7

h ,

∫
Ω

Hn
h −H

n−1
h

∆tn
vHh r dr −

∫
Ω
ωnb

∂vHh
∂r

r dr =

∫
Ω

Θ(Hn
h )

[
ϕnh

Cnh
k + Cnh

Hn
h +Anhv(r, Tnh )

]
vHh r dr,

∫
Ω

Hn
hϕ

n
h −H

n−1
h ϕn−1

h

∆tn
vϕh r dr −

∫
Ω
ϕnh ω

n
m

∂vϕh
∂r

r dr

=

∫
Ω
ηc(T

n
h )ϕnhH

n
h

Cnh
k + Cnh

vϕh r dr −
∫

Ω
ηd(T

n
h )ϕnhH

n
h v

ϕ
h r dr,∫

Ω

Hn
hψ

n
h −H

n−1
h ψn−1

h

∆tn
vψh r dr −

∫
Ω
ψnh ω

n
m

∂vψh
∂r

r dr

=

∫
Ω
ηe(T

n
h )ϕnhH

n
h

Cnh
k + Cnh

vψh r dr +

∫
Ω
ηd(T

n
h )ϕnhH

n
h v

ψ
h r dr,∫

Ω

Hn
hA

n
h −H

n−1
h An−1

h

∆tn
vAh r dr −

∫
Ω
Anh ω

n
a

∂vAh
∂r

r dr

=

∫
Ω

Θ(Hn
h )Q0A

n
h

(
(ψnh)3 − ψ3

q (T
n
h )
)
vAh r dr,∫

Ω
PeHn

h

Cnh − C
n−1
h

∆tn
vCh r dr + Pe

∫
Ω

Θ(Hn
h )Cnh ω

n
b

∂vCh
∂r

r dr

+

∫
Ω

Θ(Hn
h )Hn

h

∂Cnh
∂r

∂vCh
∂r

r dr =

∫
Ω

Θ(Hn
h ) kmb (Cnh − Snh ) vCh r dr

+

∫
Ω

Θ(Hn
h ) ηb ϕ

n
hH

n
h

Cnh
k0 + Cnh

vCh r dr,∫
Ω

Snh − S
n−1
h

∆tn
vSh r dr +

∫
Ω
D
∂Snh
∂r

∂vSh
∂r

r dr =

∫
Ω

Θ(Hn
h )Dkms (Snh − Cnh ) vSh r dr,∫

Ω
ρcpH

n
h

Tnh − T
n−1
h

∆tn
vTh r dr +

∫
Ω
kT H

n
h

∂Tnh
∂r

∂vTh
∂r

r dr

=

∫
Ω

Θ(Hn
h )QϕnhH

n
h

Cnh
k0 + Cnh

vTh r dr.

(3.2)
Here the depth-averaged velocities at time level n are

ωnm =
(Hn

h )3

3ϕm

(
γ∗Hn

3r − δ∗
∂(ψnh)3

∂r

)
,

ωna = ωnm +
Anh γ

∗

β∗ ϕm
Hn
h H

n
3r,

ωnb = ϕm ω
n
m +Anh ω

n
a ,

with Hn
3r =

∂

∂r

{
1

r

∂

∂r

(
r
∂Hn

h

∂r

)}
and v(r, T ) = Q0

(
ψ3 − ψ3

q (T )
)
. All coefficients are

evaluated at time level n; in practice, the nonlinear system is solved at each tn by
fixed-point (Picard) or Newton iterations.
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Theorem 3.1. Let
(
Hn−1
h , ϕn−1

h , ψn−1
h , An−1

h , Cn−1
h , Sn−1

h , Tn−1
h

)
∈ (wh)7. Then, for

all h > 0 and ∆tn > 0, there exists a solution
(
Hn
h , ϕ

n
h, ψ

n
h , A

n
h, C

n
h , S

n
h , T

n
h

)
∈ (wh)7 to

the discrete problem (3.2).

Proof. Let {γi}1≤i≤N be the standard basis of P 1(λh). For any

w =
N∑
j=1

wj γj ∈ P 1(λh),

set w̃ = (w1, . . . , wN )> ∈ RN . Define FnH : RN × RN → RN by[
FnH(w̃, z̃)

]
j

=
(

w
∆tn

, γj

)
r
−
∫

Ω
ω nb

∂γj
∂r

r dr−
(

Θ(w)
[
ϕnh

Cn
h

k+Cn
h
w+Anhv(r, Tnh )

]
, γj

)
, j = 1, . . . , N,

where z̃ collects the given data at step n, namely (ϕnh, ψ
n
h , A

n
h, T

n
h ). Set

[
G̃n
H

]
j

=(Hn−1
h

∆tn
, γj
)
. Then the discrete height equation can be written as

FnH(H̃ n, z̃) = G̃n
H ∈ RN≥0.

For every fixed z̃ ∈ RN , the map FnH(·, z̃) : RN → RN is continuous and strictly
monotone (on the bounded set reached by the solution) for ∆tn small enough; hence it is
a homeomorphism. By the Browder–Minty monotonicity argument for nonlinear elliptic
operators (see Barrett & Nürnberg, Interfaces and Free Boundaries, 2002, Theorem 2.1)
[2], we deduce existence and uniqueness of a solution Hn

h ∈ Vh to the first equation of
(Ph). By the same argument, we obtain existence and uniqueness of

(ϕnh, ψ
n
h , A

n
h, C

n
h , S

n
h , T

n
h ) ∈ (Vh)6.

For any zn+1
h ∈W , set

F (zn+1) =
N∑
n=1

∆tn

∥∥∥∥zn+1 − zn

∆tn

∥∥∥∥2

+ max
n
|zn+1|21 +

N∑
n=1

∆tn |zn+1 − zn|21.

�

Lemma 3.2. For all h > 0 and for all time paratitions {τn}n , the solution
(Hn

h , ϕ
n
h, ψ

n
h , A

n
h, C

n
h , S

n
h , T

n
h ) of (Ph) satisfies

F
(
Hn+1
h

)
+ F

(
ϕn+1
h

)
+ F

(
ψn+1
h

)
+ F

(
An+1
h

)
+ F

(
Cn+1
h

)
+ F (Snh )

+F
(
Tn+1
h

)
≤M1(

∣∣H0
h

∣∣2
1

+
∣∣ϕ0
h

∣∣2
1

+
∣∣ψ0
h

∣∣2
1

+
∣∣A0

h

∣∣2
1

+
∣∣C0

h

∣∣2
1

+
∣∣S0
h

∣∣2
1

+
∣∣T 0
h

∣∣2
1

+M2).

The above bound is obtained by using zn+1 − zn as a test function in each equation
of (Ph). Here znh denotes, arbitrarily, one of Hn

h , ϕ
n
h, ψ

n
h , A

n
h, C

n
h , S

n
h or Tnh .

Let us now show that the solution of the numerical scheme converges to a weak
solution of (Ph). Set ΩT = Ω× (0, T ) and introduce

z(t) =
t− tn

∆tn
zn+1 +

tn+1 − t
∆tn

zn, t ∈ [tn, tn+1], n ≥ 1,

and

z+(t) = zn+1, z−(t) = zn, t ∈ [tn, tn+1], n ≥ 1.

With this notation, problem (Ph) reads: seek(
Hh, ϕh, ψh, Ah, Ch, Sh, Th

)
∈
[
C0
(
[0, T ];Wh

)]7



MULTIPHASE BIOFILM FORMATION MODEL WITH HEAT EQUATION COUPLING 555

such that

∫
Ω

∂Hh

∂t
vHh r dr −

∫
Ω
ωb
∂vHh
∂r

r dr =

∫
Ω

Θ(Hh)
[
ϕh

Ch
k + Ch

Hh +Ah v(r, Th)
]
vHh r dr,∫

Ω

∂(Hhϕh)

∂t
vϕh r dr −

∫
Ω
ϕh ωm

∂vϕh
∂r

r dr =

∫
Ω
ηc(Th)ϕhHh

Ch
k + Ch

vϕh r dr

−
∫

Ω ηd(Th)ϕhHh v
ϕ
h r dr,∫

Ω

∂(Hhψh)

∂t
vψh r dr −

∫
Ω
ψh ωm

∂vψh
∂r

r dr =

∫
Ω
ηe(Th)ϕhHh

Ch
k + Ch

vψh r dr

+
∫

Ω ηd(Th)ϕhHh v
ψ
h r dr,∫

Ω

∂(HhAh)

∂t
vAh r dr −

∫
Ω
Ah ωa

∂vAh
∂r

r dr =

∫
Ω

Θ(Hh)Q0Ah
(
ψ3
h − ψ3

q (Th)
)
vAh r dr,∫

Ω
PeHh

∂Ch
∂t

vCh r dr + Pe

∫
Ω

Θ(Hh)Ch ωb
∂vCh
∂r

r dr +

∫
Ω

Θ(Hh)Hh
∂Ch
∂r

∂vCh
∂r

r dr

=
∫

Ω Θ(Hh) kmb (Ch − Sh) vCh r dr +
∫

Ω ηb ϕhHh
Ch

k0+Ch
vCh r dr,∫

Ω

∂Sh
∂t

vSh r dr +

∫
Ω
D
∂Sh
∂r

∂vSh
∂r

r dr =

∫
Ω

Θ(Hh)Dkms (Sh − Ch) vSh r dr,∫
Ω
ρcpHh

∂Th
∂t

vTh r dr +

∫
Ω
kT Hh

∂Th
∂r

∂vTh
∂r

r dr =

∫
Ω

Θ(Hh)QϕhHh
Ch

k0 + Ch
vTh r dr.

Introduce

χ(z) = ‖z±‖2L∞(ΩT ) + ‖z±‖2L∞(0,T ;H1(Ω)) +

∥∥∥∥∂z∂t
∥∥∥∥2

L2(ΩT )

+ τ−1‖z+ − z−‖2L2(0,T ;H1(Ω)),

where z± denotes the quantities with/without the superscripts + and −. Then the
lemma yields

χ(Hh) + χ(ϕh) + χ(ψh) + χ(Ah) + χ(Ch) + χ(Sh) + χ(Th) ≤ C(T ).

In the following, let zh ∈ {Hh, ϕh, ψh, Ah, Ch, Sh, Th} and z ∈ {H,ϕ, ψ,A,C, S, T}.

Lemma 3.3. Assume there exists C > 0 such that ∆tmax h < C. Then there exist
a subsequence (still denoted) {z}h and a function z ∈ L∞(ΩT ) ∩H1

(
0, T ;L2(Ω)

)
such

that, as h→ 0,

z, z±
∗
⇀ z in L∞(ΩT ),

∂z

∂t
⇀

∂z

∂t
in L2(ΩT ),

z, z±
∗
⇀ z in L∞

(
0, T ;H1(Ω)

)
,

z, z± → z strongly in L2(ΩT ) and a.e. in ΩT .

Theorem 3.4. Under the assumptions of the last lemma, and with z0 ∈ H2(Ω), the
discrete solutions of (3.2) converge to a solution of the weak formulation (3.1) of the
continuous system (2.8).

3.3. Numerical Results. We consider the radial interval Ω = (0, 1) and the time
window t ∈ [0, 1]. The spatial discretization uses continuous, piecewise linear (P 1)
finite elements with N = 300 nodes (mesh size h ≈ 1/(N − 1)), and time stepping is
fully implicit (backward Euler) with Nt = 2000 steps (∆t = 5× 10−4).
We use the parameter values listed in Tables 1 and 2, (for further details [13], [16]).
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Table 1. Dimensional parameters used in the model.

Symbol Description Value (SI)

kbi Biofilm growth rate 1/40 min−1

kb Nutrient consumption rate 1/25 min−1

Ds Nutrient diffusivity in agar 5× 10−10 m2 ·s−1

Db Nutrient diffusivity in biofilm 1.25× 10−10 m2 ·s−1

km Mass–transfer coefficient (biofilm) 2× 10−8 m·s−1

ψ0 Osmotic pressure scale 2100 Pa
Q0 Swelling velocity 0.4 µm·s−1

µm Biofilm viscosity 105 Pa·s
µa Aqueous viscosity 10−3 Pa·s
β Interphase friction 2× 1014 Pa·s·m−2

Hb Biofilm vertical length scale 400 µm
Rb Biofilm horizontal length scale 1100 µm
ρcp Volumetric heat capacity (biofilm) 4.18× 106 J m−3 K−1

kT Thermal conductivity (biofilm) 0.6 W m−1 K−1

ksub
T Thermal conductivity (substrate) set per material
Q Metabolic heat source −104 W m−3

Table 2. Dimensionless parameters used after nondimensionalization.

Symbol Description Value

km Mass–transfer coefficient (nondim.) 0.30
kmb Interfacial exchange (biofilm) 1.21
Qos Swelling scale in influx law 0.24
δ∗ Scaled osmotic coefficient 6.66
ε Initial aspect ratio 0.36
Pe P?clet number (biofilm) 4.03
D Substrate diffusivity (nondim.) 0.99
k Monod half–saturation (nondim.) 0.5
ηb Biomass consumption factor 6
γ∗ Surface-tension ratio 1
β∗ Biomass–water friction ratio 320
H∗ Precursor-film thickness 0.01

Figures 1–7 summarize the spatio-temporal behavior of all fields. Figure 1 shows that
film thickness H decreases radially and relaxes slowly in time. Figures 2–3 indicate that
cell and ECM fractions grow rapidly and saturate near their upper bound. In Fig. 4, the
aqueous fraction A is depleted in the core with only a thin interfacial layer remaining.
Figure 5 shows nutrient C rising gradually from the interface, while Fig. 6 depicts
substrate nutrient S decaying toward C. Finally, Fig. 7 confirms that temperature T
varies only slightly, as conduction smooths local metabolic heating. Overall, biomass
saturates inside, water is drained, nutrients exchange across the interface, and thermal
effects remain weak.
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Figure 1. Spatio-temporal evolution of film thickness H(r, t).

Figure 2. Cell volume fraction ϕ(r, t).
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Figure 3. ECM volume fraction ψ(r, t).

Figure 4. Aqueous fraction A(r, t).
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Figure 5. Nutrient concentration in the biofilm C(r, t).

Figure 6. Substrate nutrient S(r, t).
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Figure 7. Temperature T (r, t).

4. Conclusion

We developed a thermally coupled multiphase model for biofilm growth on a porous
agar substrate, comprising a cellular phase, an extracellular-matrix phase, and inter-
stitial water. The formulation incorporates temperature-dependent kinetic rates for
growth, EPS production, and death, an osmotic influx driven by a Flory–Huggins–type
swelling law, nutrient transport and exchange with the substrate, and a heat balance
with H-weighted conduction and a metabolic source term. On the numerical side, we
designed a fully implicit P 1 finite-element discretization in space combined with a back-
ward Euler time integrator, we provided the framework for existence and uniqueness
at the discrete level, together with a priori bounds that support convergence of the
scheme, referring to standard monotonicity and compactness arguments.

Axisymmetric simulations illustrate how temperature modulates biofilm morpho-
dynamics: higher temperatures accelerate biomass accumulation and EPS secretion,
enhance osmotic water influx, and reshape nutrient and thermal fields, culminating
in thicker films and faster radial spread. These results underscore the importance of
thermal coupling when predicting biofilm evolution and assessing control strategies.

Acknowledgement. The authors deeply thank the anonymous referee for useful
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