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PARAMETRIC METRIC SPACES AND INTEGRAL-TYPE
CONTRACTIONS: NEW FIXED POINT THEOREMS WITH

APPLICATIONS
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Abstract. In this article, we establish new fixed point theorems for self-
mappings defined on complete parametric metric spaces. By introducing a
generalized integral-type contractive condition involving an auxiliary control
function. The approach relies on the concept of convergence and completeness
in parametric settings, which naturally generalizes classical metric frameworks.
As an application, we demonstrate the existence of solutions to nonlinear inte-
gral equations, highlighting the applicability of the proposed framework. Sev-
eral examples are presented to illustrate the effectiveness and novelty of the
obtained results.
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1. Introduction

Fixed point (FP) theory has become one of the central tools of modern analysis
due to its broad applicability in differential equations, optimization, image process-
ing, computer science, and dynamic systems. The Banach contraction principle is the
cornerstone of the theory, but many researchers have extended it in order to treat
problems that cannot be addressed in the standard metric framework. Among these,
integral-type contractions, first introduced by Branciari and later investigated by sev-
eral authors, play a fundamental role in broadening the scope of classical contraction
principles.

Over the last two decades, various generalized distance structures have been studied
in FP theory, such as b-metric spaces, cone metric spaces, fuzzy metric spaces, and
modular metric spaces. These generalizations have been motivated by the need to
model more complex systems, often involving uncertainty, nonlinearity, or additional
structural parameters. In particular, the notion of Parametric metric space (PMS s),
introduced and developed in [9, 11, 5, 6, 10], has attracted considerable attention.
This setting incorporates a parameter into the distance function, thereby generalizing
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the classical and b-metric cases, and provides a flexible framework for convergence,
continuity, and stability analysis.

FP results in PMS s have been investigated in various contexts. For instance, Hussain
et al. [9] obtained fundamental results in fuzzy b-metric and parametric metric settings,
while Krishnakumar and Sanatammappa [11], Jain et al. [10] studied coincidence and
common FP theorems under nonlinear conditions. Ege and coauthors [5, 6] provided
new perspectives and applications in this area. More recently, FP results in related
generalized spaces have been explored in [2, 4, 3, 12, 13, 7, 8], highlighting the ongoing
vitality of the field.

Despite these advances, the study of integral-type contractions in PMS s remains
relatively unexplored. Since integral-type conditions generalize classical contractive
mappings and are naturally suited for integral and functional equations, combining
them with the parametric metric setting provides a promising direction for extending
the applicability of FP theory.

The main objective of this paper is to establish several new FP theorems for map-
pings satisfying integral-type contractive conditions in Com-PMS s. Our results unify
and extend earlier contributions[11], yielding both existence and uniqueness of FPs un-
der a variety of contractive assumptions. Furthermore, to illustrate the utility of our
theoretical findings, we apply them to prove the solvability of a nonlinear Fredholm
integral equation, which demonstrates the effectiveness of the proposed framework in
handling problems arising in applied analysis.

2. Preliminaries

In this section, we recall some basic notions that will be useful throughout the paper.
The terminology is adapted to the framework of PMS.

Definition 2.1. [8] Let Y be a nonempty set and let ρ : Y ×Y × (0,∞) → [0,∞) be a
function such that for every l, v, w ∈ Y and for all z > 0, the following hold:

(1) ρ(l, v, z) = 0 if and only if l = v,
(2) ρ(l, v, z) = ρ(v, l, z),
(3) ρ(l, w, z) ≤ ρ(l, v, z) + ρ(v, w, z).

Then the pair (Y, ρ) is called a PMS.

Definition 2.2. [8] Let (Y, ρ) be a PMS. A sequence {un} in Y is named to converge
to l ∈ Y if for every z > 0,

lim
n→∞

ρ(un, l, z) = 0.

A sequence {un} is called a Cauchy sequence if for every z > 0,

lim
m,n→∞

ρ(um, un, z) = 0.

The space (Y, ρ) is named to be complete if every Cauchy sequence converges to some
element of Y.

Definition 2.3. Let (Y, ρ) be a PMS and let Λ : Y → Y be a self-mapping. An
element l∗ ∈ Y is called a FP of Λ if

Λ(l∗) = l∗.

Definition 2.4. [1] Let (Y, ρ) be a PMS. A self-mapping Λ : Y → Y is named to
satisfy an integral-type contraction condition if there exists β ∈ [0, 1) and a function
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ψ : [0,∞) → [0,∞), non-decreasing with ψ(z) = 0 if and only if z = 0, such that∫ ρ(Λl,Λv,z)

0
ψ(f) ρf ≤ β

∫ M(l,v,z)

0
ψ(f) ρf,

for all l, v ∈ Y, where

M(l, v, z) = max
{
ρ(l, v, z), ρ(l,Λl, z), ρ(v,Λv, z), ρ(l,Λv, z), ρ(Λl, v, z)

}
.

3. Main results

Theorem 3.1. Let (Y, ρ) be a Com-PMS and let Λ : Y → Y be a continuous self-
mapping. Suppose there exists a constant β ∈ [0, 1) and a nonnegative Lebesgue–
integrable function ψ : [0,∞) → [0,∞) satisfying∫ ∞

0
ψ(z) ρz <∞,

such that for all l, v ∈ Y with l ̸= v and for every z > 0, we have∫ ρ(Λl,Λv,z)

0
ψ(z) ρz ≤ β max

{∫ ρ(l,v,z)

0
ψ(z) ρz,

∫ ρ(l,Λl,z)

0
ψ(z) ρz,

∫ ρ(v,Λv,z)

0
ψ(z) ρz

}
.

Then Λ has a unique FP in Y.

Proof. Write Φ : [0,∞) → [0,∞) for

Φ(r) :=

∫ r

0
ψ(z) ρz.

Then Φ is continuous, nondecreasing, Φ(0) = 0, and Φ(r) ≤
∫∞
0 ψ(z) ρz < ∞ for all

r ≥ 0. Fix z > 0 once and for all, and choose w0 ∈ Y arbitrarily; define the Picard
sequence wn+1 := Λwn for n ≥ 0.

For n ≥ 1, apply the contractive condition to the pair (l, v) = (wn−1, wn) to obtain

Φ
(
ρ(wn, wn+1, z)

)
= Φ

(
ρ(Λwn−1,Λwn, z)

)
≤ β max

{
Φ
(
ρ(wn−1, wn, z)

)
, Φ

(
ρ(wn−1, wn, z)

)
, Φ

(
ρ(wn, wn+1, z)

)}
.

If Φ
(
ρ(wn, wn+1, z)

)
realizes the maximum on the right, then

(1− β) Φ
(
ρ(wn, wn+1, z)

)
≤ 0,

hence Φ
(
ρ(wn, wn+1, z)

)
= 0. Otherwise,

Φ
(
ρ(wn, wn+1, z)

)
≤ β Φ

(
ρ(wn−1, wn, z)

)
.

In either case,

Φ
(
ρ(wn, wn+1, z)

)
≤ β Φ

(
ρ(wn−1, wn, z)

)
(n ≥ 1). (3.1)

By induction, (3.1) yields

Φ
(
ρ(wn, wn+1, z)

)
≤ β nΦ

(
ρ(w0, w1, z)

)
(n ≥ 0),

hence Φ
(
ρ(wn, wn+1, z)

)
→ 0 as n→ ∞.

Next, let m > n ≥ 1 and apply the contractive condition to (l, v) = (wm−1, wn−1):

Φ
(
ρ(wm, wn, z)

)
≤ β max

{
Φ
(
ρ(wm−1, wn−1, z)

)
, Φ

(
ρ(wm−1, wm, z)

)
, Φ

(
ρ(wn−1, wn, z)

)}
.
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Iterating this estimate n times (each iteration lowers both indices by one in the first
term on the right) gives

Φ
(
ρ(wm, wn, z)

)
≤ β n max

{
Φ
(
ρ(wm−n, w0, z)

)
, max

k≥0
Φ
(
ρ(wk+1, wk, z)

)}
.

The second maximum equals Φ
(
ρ(w1, w0, z)

)
by (3.1). Moreover

Φ
(
ρ(wm−n, w0, z)

)
≤

∫ ∞

0
ψ(z) ρz.

Consequently, there is a finite constant

Ct := max

{∫ ∞

0
ψ(z) ρz, Φ

(
ρ(w1, w0, z)

)}
such that for all m > n,

Φ
(
ρ(wm, wn, z)

)
≤ Ct β

n. (3.2)

Since β ∈ [0, 1), the right-hand side tends to 0 as n → ∞, uniformly in m > n.
Because Φ is nondecreasing with Φ(r) > 0 for every r > 0 (this holds whenever ψ is
not almost everywhere zero on any neighborhood of 0), (3.2) implies ρ(wm, wn, z) → 0
as m,n→ ∞.

Thus (wn) is Cauchy in (Y, ρ(·, ·, z)) for the chosen z > 0. Since the above argu-
ment holds for an arbitrary z > 0, we conclude that (wn) is Cauchy in the sense of
Definition 2.2, that is,

lim
m,n→∞

ρ(wm, wn, z) = 0 ∀ z > 0.

By completeness of (Y, ρ), there exists z ∈ Y such that

lim
n→∞

ρ(wn, z, z) = 0 ∀ z > 0,

i.e., wn → z in the PMS.
The relation wn+1 = Λwn and the continuity of Λ give

Λz = Λ
(
lim
n→∞

wn

)
= lim

n→∞
Λwn = lim

n→∞
wn+1 = z,

so z is a FP of Λ.
For uniqueness, let z1, z2 ∈ Y be FPs. Applying the contractive condition to (l, v) =

(z1, z2) yields

Φ
(
ρ(z1, z2, z)

)
= Φ

(
ρ(Λz1,Λz2, z)

)
≤ β max

{
Φ
(
ρ(z1, z2, z)

)
, 0, 0

}
= β Φ

(
ρ(z1, z2, z)

)
.

Hence (1 − β) Φ
(
ρ(z1, z2, z)

)
≤ 0, so Φ

(
ρ(z1, z2, z)

)
= 0 and therefore ρ(z1, z2, z) = 0.

Thus z1 = z2, proving uniqueness. □

Corollary 3.2. Let (Y, ρ) be a Com-PMS and let Λ : Y → Y be continuous. Suppose
there exists β ∈ [0, 1) and a nonnegative Lebesgue–integrable function ψ : [0,∞) →
[0,∞) with

∫∞
0 ψ(z) ρz <∞ such that for all l, v ∈ Y and every z > 0,∫ ρ(Λl,Λv,z)

0
ψ(z) ρz ≤ β

∫ ρ(l,v,z)

0
ψ(z) ρz.

Then Λ admits a unique FP in Y.
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Proof. Let Φ(r) :=

∫ r

0
ψ(z) ρz for r ≥ 0. The hypothesis reads Φ

(
ρ(Λl,Λv, z)

)
≤

β Φ
(
ρ(l, v, z)

)
for all l, v ∈ Y and all z > 0. This is a special (simpler) instance of the

integral-type inequality in the preceding theorem, where the maximum on the right is
realized by Φ

(
ρ(l, v, z)

)
. Therefore all conclusions of that theorem apply: the Picard

iteration starting from any w0 ∈ Y yields a sequence converging to a point z ∈ Y with
Λz = z. Uniqueness follows by applying the same inequality to two FPs and observing
that (1− β)Φ

(
ρ(z1, z2, z)

)
≤ 0, whence ρ(z1, z2, z) = 0 and z1 = z2. □

Theorem 3.3. Let (Y, ρ) be a Com-PMS and let Λ : Y → Y be continuous. Assume
there exist constants α, β ∈ [0, 12) with α+β <

1
2 and a nonnegative Lebesgue–integrable

function ψ : [0,∞) → [0,∞) satisfying∫ ∞

0
ψ(z) ρz <∞.

Define Φ(r) :=

∫ r

0
ψ(z) ρz for r ≥ 0. Suppose that for all l, v ∈ Y and every z > 0 one

has

Φ
(
ρ(Λl,Λv, z)

)
≤ α

{
Φ
(
ρ(l,Λl, z)

)
+Φ

(
ρ(v,Λv, z)

)}
+β

{
Φ
(
ρ(l,Λv, z)

)
+Φ

(
ρ(Λl, v, z)

)}
.

Then Λ has at least one FP in Y.

Proof. Write Φ : [0,∞) → [0,∞) for

Φ(r) :=

∫ r

0
ψ(z) ρz,

so Φ is continuous, nondecreasing and Φ(0) = 0. Fix an arbitrary z > 0 and choose
y0 ∈ Y. Define the sequence (yn) by yn+1 := Λyn for n ≥ 0.

Apply the contractive inequality to the pair (l, v) = (yn−1, yn) (for n ≥ 1). Using
yn = Λyn−1 this gives

Φ
(
ρ(yn, yn+1, z)

)
≤ α{Φ(ρ(yn−1, yn, z))+Φ(ρ(yn, yn+1, z))}+β{Φ(ρ(yn−1, yn+1, z))+Φ(0)}.

Because Φ(0) = 0 and Φ is nondecreasing, and since the parametric metric satisfies

ρ(yn−1, yn+1, z) ≤ ρ(yn−1, yn, z) + ρ(yn, yn+1, z),

the subadditivity of Φ (which follows from ψ ≥ 0) yields

Φ
(
ρ(yn−1, yn+1, z)

)
≤ Φ

(
ρ(yn−1, yn, z)

)
+Φ

(
ρ(yn, yn+1, z)

)
.

Combining the previous two displays and rearranging terms produces

(1−α) Φ
(
ρ(yn, yn+1, z)

)
≤ αΦ

(
ρ(yn−1, yn, z)

)
+β

{
Φ
(
ρ(yn−1, yn, z)

)
+Φ

(
ρ(yn, yn+1, z)

)}
.

Collecting the terms involving Φ(ρ(yn, yn+1, z)) on the left gives

1− α− β

1− α
Φ
(
ρ(yn, yn+1, z)

)
≤ α+ β

1− α
Φ
(
ρ(yn−1, yn, z)

)
.

Set

r :=
α+ β

1− α− β
.

The hypothesis α+ β < 1
2 implies 0 ≤ r < 1. The last inequality therefore simplifies to

the geometric estimate

Φ
(
ρ(yn, yn+1, z)

)
≤ rΦ

(
ρ(yn−1, yn, z)

)
(n ≥ 1),
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and by induction

Φ
(
ρ(yn, yn+1, z)

)
≤ r nΦ

(
ρ(y0, y1, z)

)
(n ≥ 0).

Hence Φ
(
ρ(yn, yn+1, z)

)
→ 0 as n→ ∞, which implies ρ(yn, yn+1, z) → 0.

Let m > n ≥ 1. Applying the contractive condition to (l, v) = (ym−1, yn−1) and
using the same subadditivity argument as above yields

Φ
(
ρ(ym, yn, z)

)
≤ α

{
Φ
(
ρ(ym−1, yn−1, z)

)
+Φ

(
ρ(ym−1, ym, z)

)}
+ β

{
Φ
(
ρ(ym−1, yn, z)

)
+Φ

(
ρ(ym, yn−1, z)

)}
.

Iterating this inequality n times (each iteration lowers both indices in the first term
on the right) and using the uniform bound

Φ
(
ρ(yk, yk+1, z)

)
≤ Φ

(
ρ(y0, y1, z)

)
for all k ≥ 0

(which follows from the geometric estimate), one obtains constants Ct > 0 and 0 ≤ r <
1 such that

Φ
(
ρ(ym, yn, z)

)
≤ Ct r

n (m > n).

Because r n → 0 as n → ∞, the right-hand side tends to 0 uniformly in m > n.
Since Φ is nondecreasing and Φ(r) > 0 for every r > 0 (provided ψ is not a.e. zero on
neighborhoods of 0), it follows that ρ(ym, yn, z) → 0 as m,n→ ∞. Thus (yn) is Cauchy
in the complete space (Y, ρ(·, ·, z)), hence there exists y∗ ∈ Y with yn → y∗.

The relation yn+1 = Λyn and the continuity of Λ imply

Λy∗ = Λ
(
lim
n→∞

yn
)
= lim

n→∞
Λyn = lim

n→∞
yn+1 = y∗,

so y∗ is a FP of Λ. This proves existence of at least one FP.
Uniqueness is not guaranteed under the present hypotheses; stronger bounds (for

instance, a strict contraction of the form Φ(ρ(Λl,Λv, z)) ≤ κΦ(ρ(l, v, z)) with 0 ≤ κ < 1)
would yield uniqueness. □

Theorem 3.4. Let (Y, ρ) be a Com-PMS and let Λ : Y → Y be continuous. Assume
there exist nonnegative real constants α, β, γ with

β + γ − 2α > 1, γ − α > 1,

and a nonnegative Lebesgue–integrable function ψ : [0,∞) → [0,∞) satisfying∫ ∞

0
ψ(z) dz <∞,

and such that

Φ(r) :=

∫ r

0
ψ(z) dz > 0 for all r > 0.

Assume further that for every pair l, v ∈ Y with l ̸= v and every z > 0 the following
inequality holds:

Φ
(
ρ(Λl,Λv, z)

)
+ αΦ

(
ρ(v,Λl, z)

)
≥ β

Φ
(
ρ(l,Λl, z)

)
Φ
(
ρ(v,Λv, z)

)
Φ
(
ρ(l, v, z)

) + γ Φ
(
ρ(l, v, z)

)
.

Then Λ has a unique fixed point in Y.

Proof. Define Φ : [0,∞) → [0,∞) by

Φ(r) :=

∫ r

0
ψ(z) dz,
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so that Φ is continuous, nondecreasing, Φ(0) = 0, and

M :=

∫ ∞

0
ψ(z) dz <∞,

hence Φ(r) ≤M for every r ≥ 0.
Fix an arbitrary z > 0 and pick y0 ∈ Y. Define the iterative sequence by

yn+1 := Λyn (n ≥ 0).

Apply the inequality from the statement with l = yn−1 and v = yn (valid for n ≥ 1).
Since Λl = yn and Λv = yn+1, and using Φ(0) = 0, we obtain

Φ
(
ρ(yn, yn+1, z)

)
≥ β Φ

(
ρ(yn, yn+1, z)

)
+ γ Φ

(
ρ(yn−1, yn, z)

)
.

Rearranging gives

(1− β) Φ
(
ρ(yn, yn+1, z)

)
≥ γ Φ

(
ρ(yn−1, yn, z)

)
.

Setting κ := γ
1−β , and noting from the numeric conditions that κ > 1, iterating yields

Φ
(
ρ(yn, yn+1, z)

)
≥ κn−1Φ

(
ρ(y1, y2, z)

)
.

As n → ∞, the right-hand side diverges unless Φ(ρ(y1, y2, z)) = 0. This forces
ρ(yN , yN+1, z) = 0 for some N , hence yN is a fixed point of Λ.

For uniqueness, let z1, z2 ∈ Y be fixed points. Applying the inequality with (l, v) =
(z1, z2) yields

(1 + α) Φ
(
ρ(z1, z2, z)

)
≥ γ Φ

(
ρ(z1, z2, z)

)
.

But since γ−α > 1, the only possibility is Φ(ρ(z1, z2, z)) = 0, which forces ρ(z1, z2, z) =
0 and hence z1 = z2. Thus the fixed point is unique. □

Example and proof. Let Y = R and for l, v ∈ R and z > 0 define the parametric
metric

ρ(l, v, z) := |l− v|.
Choose the integrable control function ψ : [0,∞) → (0,∞) by

ψ(z) := e−z,

so that

Φ(r) :=

∫ r

0
ψ(z) ρz = 1− e−r (r ≥ 0),

and

∫ ∞

0
ψ(z) ρz = 1 <∞.

Define the mapping Λ : R → R by

Λ(x) := 1
2x (x ∈ R).

Proposition 3.5. For every l, v ∈ R and every z > 0 we have

Φ
(
ρ(Λl,Λv, z)

)
≤ 1

2 Φ
(
ρ(l, v, z)

)
.

Consequently, Λ has a unique FP in R.

Proof. Fix l, v ∈ R and z > 0. Since ρ(Λl,Λv, z) = |12 l−
1
2v| =

1
2 |l− v|, we compute

Φ
(
ρ(Λl,Λv, z)

)
= 1− e−

1
2
|l−v| and Φ

(
ρ(l, v, z)

)
= 1− e−|l−v|.

The elementary inequality e−a/2 ≥ e−a/1/ =
√
e−a does not directly compare the two

Φ values; instead observe the algebraic identity

1− e−r/2 =
1− e−r

1 + e−r/2
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(valid for r ≥ 0 after multiplying numerator and denominator by 1− e−r/2 and simpli-
fying). Putting r := |l− v| yields

Φ
(
ρ(Λl,Λv, z)

)
=

Φ
(
ρ(l, v, z)

)
1 + e−|l−v|/2 .

Since 1 + e−|l−v|/2 ≥ 2, we obtain

Φ
(
ρ(Λl,Λv, z)

)
≤ 1

2
Φ
(
ρ(l, v, z)

)
.

Thus the integral-type contraction inequality holds with constant β = 1
2 . (This is

precisely the hypothesis of the Corollary of Theorem 3.1 in integral form.)
Now apply the standard Picard iteration argument: start from any y0 ∈ R and define

yn+1 = Λyn. From the contraction above we get

Φ
(
ρ(yn+1, yn, z)

)
≤ 1

2 Φ
(
ρ(yn, yn−1, z)

)
≤ 1

2

n
Φ
(
ρ(y1, y0, z)

)
−−−→
n→∞

0.

Using the monotonicity and positivity of Φ we deduce ρ(yn+1, yn, z) → 0, and a standard
telescoping / Cauchy estimate (or the argument in the corollary proof) shows (yn) is
Cauchy in R and therefore converges to some y∗ ∈ R. Continuity of Λ yields

Λy∗ = lim
n→∞

Λyn = lim
n→∞

yn+1 = y∗,

so y∗ is a FP.
For uniqueness, suppose z1, z2 ∈ R are FPs. Then

Φ
(
ρ(z1, z2, z)

)
= Φ

(
ρ(Λz1,Λz2, z)

)
≤ 1

2 Φ
(
ρ(z1, z2, z)

)
.

This implies (1− 1
2)Φ(ρ(z1, z2, z)) ≤ 0, so Φ(ρ(z1, z2, z)) = 0, hence ρ(z1, z2, z) = 0 and

z1 = z2. Thus the FP is unique. □

Application: a nonlinear Fredholm integral equation. Let C[0, 1] denote the
Banach space of real-valued continuous functions on [0, 1] with the supremum norm

∥l∥ := sup
z∈[0,1]

|l(z)|.

Consider the nonlinear Fredholm integral equation

l(z) = g(z) +

∫ 1

0
K(z, f)F

(
f, l(f)

)
ρf, z ∈ [0, 1], (3.3)

where g ∈ C[0, 1], K : [0, 1] × [0, 1] → R is continuous, and F : [0, 1] × R → R is
continuous in both variables and Lipschitz in the second variable.

Assume there exist constants L ≥ 0 and K0 ≥ 0 such that for all f ∈ [0, 1] and all
l, v ∈ R,

|F (f, l)− F (f, v)| ≤ L |l− v|, sup
z,f∈[0,1]

|K(z, f)| ≤ K0,

and that the product satisfies

K0 L < 1.

Define the operator z : C[0, 1] → C[0, 1] by

(T l)(z) := g(z) +

∫ 1

0
K(z, f)F

(
f, l(f)

)
ρf, z ∈ [0, 1].

Proposition 3.6. Under the above assumptions the operator T has a unique FP l∗ ∈
C[0, 1], and hence (3.3) admits a unique continuous solution on [0, 1].
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Proof. Equip C[0, 1] with the parametric metric ρ(l, v, z) := ∥l − v∥ for every z > 0.
(This choice is independent of z and is allowed in the parametric metric framework.)
Take ψ ≡ 1, so that

Φ(r) =

∫ r

0
ψ(z) ρz = r (r ≥ 0).

For arbitrary l, v ∈ C[0, 1] and every z ∈ [0, 1] we estimate∣∣(T l)(z)− (T v)(z)
∣∣ = ∣∣∣∣∫ 1

0
K(z, f)

[
F (f, l(f))− F (f, v(f))

]
ρf

∣∣∣∣
≤

∫ 1

0
|K(z, f)|

∣∣F (f, l(f))− F (f, v(f))
∣∣ ρf

≤ K0 L

∫ 1

0
∥l− v∥ ρf = K0 L ∥l− v∥.

Taking the supremum over z ∈ [0, 1] yields

∥T l− T v∥ ≤ K0 L ∥l− v∥.
With ψ ≡ 1 we have Φ(∥T l − T v∥) = ∥T l − T v∥ and Φ(∥l − v∥) = ∥l − v∥, so the
inequality above becomes the integral-type contraction

Φ
(
ρ(T l, T v, z)

)
≤ β Φ

(
ρ(l, v, z)

)
with β := K0L < 1.

Thus the hypotheses of the integral-type corollary (the special case with ψ ≡ 1 for all
s0.) are satisfied. Consequently, T admits a unique FP l∗ ∈ C[0, 1]. The FP equation
T l∗ = l∗ is precisely the integral equation (3.3), so a unique continuous solution exists
on [0, 1]. □

Conclusion

In this paper, we established new fixed point theorems for continuous self-mappings
in complete parametric metric spaces under generalized integral-type contractive con-
ditions. These results extend classical fixed point principles, guarantee existence and
uniqueness of fixed points in several cases, and are supported by illustrative examples.
Finally, their applicability was demonstrated through the solvability of a nonlinear
Fredholm integral equation, confirming the practical relevance of the proposed frame-
work.
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