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POSITIVE m-HOMOGENEOUS POLYNOMIAL IDEALS
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ABSTRACT. We introduce and study the concept of positive polynomial ideals
between Banach lattices. The paper develops the basic principles of these
classes and presents methods for constructing them from given positive oper-
ator ideals. In addition, we present concrete examples of positive polynomial
ideals that demonstrate the relevance of these classes. In particular, we intro-
duce a new class of positive polynomials, referred to as positive (g, r)-dominated
polynomials, which constitutes an important example of a positive polynomial
ideal.
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1. INTRODUCTION AND PRELIMINARIES

Several attempts have been made to extend the theory of operator ideals to non-
linear contexts. After the development of multi-ideal theory for multilinear mappings
and homogeneous polynomials [23], attention naturally turned to the study of pos-
itive classes. In [15], the positive ideal of linear and multilinear mappings was in-
vestigated. These new ideals encompass several important classes of operators, such
as positive p-summing operators [5], positive strongly p-summing operators [3], and
positive (p,q)-dominated operators [I1] in the linear case, as well as Cohen positive
strongly p-summing multilinear operators [7], positive Cohen p-nuclear multilinear op-
erators [%], and factorable positive strongly p-summing multilinear operators [9] in the
multilinear case. Motivated by these studies, we now propose to define ideals for pos-
itive classes of homogeneous polynomials. Our aim is to examine certain families of
positive polynomial ideals and to demonstrate how positivity enhances the theory of
homogeneous polynomials. Following the same procedure as in [15], we introduce these
polynomial ideals in a systematic way. This approach not only unifies several notions
already studied in the literature but also opens new directions for extending classical
results to the nonlinear and positive framework. As in the linear and multilinear cases,
the definition of positive polynomial ideals encompasses several classes, such as Cohen
positive strongly p-summing polynomials [17], positive Cohen p-nuclear polynomials
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[1%], and positive p-dominated polynomials [17], as well as the new class we introduce
here, namely positive (g, r)-dominated polynomials.

The structure of the paper is as follows.

In Section 1, we review the fundamental concepts and terminology used in this paper,
including Banach lattices, linear operators, symmetric multilinear forms, and polynomi-
als. We also recall the definition of positive operator ideals, with particular attention to
positive p-summing operators, as well as the definition of polynomial ideals. In Section
2, we develop the foundations of positive left ideals, denoted 772“, positive right ideals,
denoted PE, and positive ideals, denoted P, for m-homogeneous polynomials. This
framework naturally extends the positive m-linear setting. We then apply the compo-
sition method to construct a positive left polynomial ideal from a given positive left
operator ideal. In addition, we present the factorization method to generate a positive
right ideal of m-homogeneous polynomials from a given positive right operator ideal.
In Section 3, we present concrete examples of positive polynomial ideals, such as Cohen
positive strongly p-summing polynomials, positive Cohen p-nuclear polynomials, and
positive p-dominated polynomials. In particular, we introduce a new class of positive
polynomials, referred to as positive (g, 7)-dominated polynomials. This class satisfies
both the Pietsch Domination Theorem and the Kwapien Factorization Theorem, and
constitute an important example of positive polynomial ideals.

Throughout the paper, E, F' and G denote Banach lattices and X,Y denote Banach
spaces over K (R or C). By Bx we denote the closed unit ball of X and by X* its
topological dual. We use the symbol £(X;Y) for the space of all bounded linear
operators from X into Y. For 1 < p < oo, we denote by p* its conjugate, i.e., 1/p +
1/p* = 1. Let E be a Banach lattice with norm ||-|| and order <. We denote by E* the
positive cone of E, i.e., ET = {z € E:x > 0}. Let x € E, its positive part is defined
by x := sup{z,0} > 0 and its negative part is defined by z~ := sup{—x,0} > 0. We
have x = 27 — 2~ and |z| = 27 + 7. The dual E* of a Banach lattice E is a Banach
lattice with the natural order

7 <5 e (r,2}) < (x,23), VoreEt.

A bounded linear operator u : E — F is called positive if u(x) € F'*, whenever z € E™.
By LT (FE; F) we denote the set of all positive operators from F to F. A linear operator
u is called regular if there exist ui,us € LT(E; F) such that

U = U] — U2.

We denote by L"(E; F') the vector space of regular operators from E to F. The vector
space L"(E; F) is generated by positive operators which is a Banach space with the
norm

|lul|, = inf {HUH ‘v € £+(E; F)ju(x)| <wv(z), Vze E+} ,
By [19, Section 1.3], if F' = K, we have
E* = £(E,K) = L7(B,K).
The canonical embedding ¢ : F — E** such that (i(z),2*) = (z*,z) of E into its

second dual E** is an order isometry from E onto a sublattice of E**. If we consider
E as a sublattice of E** we have for x1,29 € E

71 < @9 = (21,2%) < (19,2%), Va*e E*T.

The spaces C(K) where K is compact and L,(u), (1 < p < oo) are Banach lattices.
Let X be a Banach space. We denote by £7(X) the Banach space of all absolutely



POSITIVE m-HOMOGENEOUS POLYNOMIAL IDEALS 217

p-summable sequences (z;)7_; C X with the norm
n
1
I(@)icallp = QO Nl
i=1

and by £} ,,(X) the Banach space of all weakly p-summable sequences (z;);; C X with
the norm,

n
1
@)izillpw = sup (O {*,z:) )7
x*GBX* i=1
Consider the case where X is replaced by a Banach lattice E, and define
ol (B) = {(zi)ity C B+ (|2i])iy € €, (E)} and ||(zi)iy

Let B, = {2* € B+ : 2* > 0} = B« N E*". If (2;)", C ET, we have

polwl = (i) -

n

1
@) lpul = @) lpw = sup (Y (=%, 2:)")7.

x*EBE* i=1

Given m € N*, we denote by L£(X1,..., X;n;Y) the Banach space of all bounded mul-
tilinear operators from X; x ... x X,, into Y endowed with the supremum norm. A
map P : X — Y is an m-homogeneous polynomial if there exists a unique symmetric
m-linear operator P:X x ™ x X — Y such that

P(x)=P (x(m)x) :

for every z € X. We denote by P ("X;Y), the Banach space of all continuous m-
homogeneous polynomials from X into Y endowed with the norm
1P| = A |P (z)[| = inf {C": |P(2)]| < Cllz|™, x€X}.
T||>

We denote by P;("™X;Y) the space of all m-homogeneous polynomials of finite rank,
that is

k
Pr(MXyY) = {Z@T(m)yi:k:GN,goiEX*,yieY,lgigk:}.
i=1

If Y = K, we write simply P ("X). For the general theory of polynomials on Banach
spaces, we refer to [14] and [20]. By X1®x...8 X, we denote the completed projective
tensor product of Xq,...,X,,. If X = X7 = ... = X,,,, we write (§>7rmX By @7'X =
X ® (M @ X we denote the m fold symmetric tensor product of X, that is,

®TX: {Z)\Z-%-@(-@@xi:neN*,)\iEK,xi€X7(1§i§n)}.
=1

By @:SX we denote the closure of ®”X in & X. For symmetric tensor products, we
refer to [10]. Let P € P (™X;Y), we define its linearization Py, : @:SX —Y by

Py, <x®(m)®x) = P (x),

for all x € X. Consider the canonical m-homogeneous polynomial 4, : X — @)?ZSX
defined by
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We have the following commutative diagram

x £ Y
b\ 1P (1.1)

®7r,sX
In other words, P = P, 0 §,,,. We have ||P|| = || Pz|| and the following isometric identi-
fication holds
P("X;Y) = LB, X;Y).
Blasco [5] introduced the positive generalization of p-summing operators as follows:
An operator T : E — X is said to be positive p-summing (1 < p < co) if there exists
a constant C' > 0 that verifies the inequality

I @)l < C @l (1.2)
with x1,...,z, € ET. We denote by H;(E; X), the space of all positive p-summing
operators from E into X, which is a Banach space with the norm 7T;_ (T') given by the
infimum of the constant C' > 0 that verify the inequality (1.2). We have III_ (F; X) =

L(E; X). O.I. Zhukova [21], gives the Pietsch Domination Theorem concerning this
class. The operator T' belongs to H; (E; X) if and only if there exist a Radon probability

measure p on the set BE* and a positive constant C' such that for every z € E*

nTwmsc<L+

E*

1

P

(a:,ac*>pdu(:c*)> : (1.3)

Positive operator ideal: We provide the definition of the positive ideal introduced
and studied in [15]: A positive left ideal , denoted by By, is a subclass of all continuous
linear operators from a Banach space into a Banach lattice such that for every Banach
space X and Banach lattice E, the components

Bf (X;E):=L(X;E)N B}

satisfy:
(7) BZL (X; E) is a linear subspace of £ (X; F) containing the linear mappings of finite
rank.
(i4) The positive ideal property: If T € Bf (X;E),u € L(Y;X) and v € LT (E; F),
then vo T ow is in Bf (Y; F).
If || - |5+ : Bf — R satisfies:

L

a) (BZ (X;E), |- HB}) is a Banach space for all Banach space X and Banach lattice

b) The linear form T : K — K given by T (\) = X satisfies HTHBI =1,
¢)T€B (X;E),ue L(Y;X) and v € LT (E; F) then
[T oullgr < [0l T g [lull-

The class (Bf, I| - HBZ) is a positive Banach ideal.

The positive right ideal, denoted BE, is obtained by reversing the roles of the op-
erators v and v. In this case, we consider compositions with positive linear operators
on the right and arbitrary linear operators on the left. Similarly, the positive ideal,
denoted BT, is obtained by restricting to positive linear operators on both sides of the
composition. Note that every positive right or left ideal is automatically a positive
ideal.
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Polynomial ideal: An ideal of m-homogeneous polynomials (or polynomial ideal)
Q is a subclass of the class of all continuous homogeneous polynomials between Ba-
nach spaces such that for all m € N*, and Banach spaces X and Y, the components
Q(MX;Y)=P(mX;Y)N Q satisfy:
(1) Q(™X;Y) is a linear subspace of P ("™X;Y) which contains the m-homogeneous
polynomials of finite type.
(74) The positive ideal property: If u € L(X¢; X),P € P("X;Y) and v € L(Y;Y0),
then vo Powis in Q (™ Xo;Yp).
If || - |lo : @ — R* satisfies:
a) (Q(MX;Y),|l-|lo) is a normed (Banach) space for all Banach spaces X,Y and m.
b) The canonical polynomial P™ : K — K given by P (\) = X" satisfies ||P™[|o = 1,
c) lfueL(Xp;X),PeP("X;Y)and ve L(Y;Y)), then

[voPoullg <[lv|llIP]lgllul™.

The class (Q, ]| - ||o) is called a normed (Banach) polynomial ideal. The case m = 1
recovers the classical theory of normed and Banach operator ideals. For further details
on linear operator ideals, we refer to [13].

2. POSITIVE POLYNOMIAL IDEALS

In this section, we introduce positive polynomial ideals and develop abstract methods
for their construction in the setting of m-homogeneous polynomials. We analyze the
positive ideal property through the behavior of the associated linear operators, estab-
lishing a natural link between the linear and polynomial frameworks. These polynomial
ideals extend and complement the theory of positive multilinear ideals studied in detail
in [15].

Definition 2.1. Fix m € N*. A positive left polynomial ideal (or positive left ideal
of m-homogeneous polynomials), denoted by 772“, is a subclass of all continuous m-
homogeneous polynomials from a Banach space into a Banach lattice such that for all
Banach space X and Banach lattice F, the components

7)2' (MX;E)=P("X;E) ﬂpz_,

satisfy:
(i) P (™X; E) is a linear subspace of P (™X; E) containing the polynomials of finite
rank.
(44) The positive ideal property: If P € P/ ("X;E),u € L(Y;X) and v € LT (E; F),
then vo Pouwis in P} ("Y; F).

. . D+ + ; .
If || HPj : P, — R satisfies:
a) (732r (MX;E),| - H7’L+> is a Banach (respectively, quasi-Banach) space for all Banach
space X and Banach lattice E,
b) The canonical polynomial P™ : K — K given by P™ (\) = A" satisfies HPmHPEL =1,
) If PeP/ (MX;E),ue L(Y;X)and v e LT (E;F), then

[vo Poullps <[[vll[|Pllps lull™

The class <772r, I| - HP;) is a positive left Banach (respectively, quasi-Banach) polyno-
mial ideal.
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Remark 2.2. In condition (ii), because every regular operator is a difference of positive
ones, the set LT (FE;F) can be replaced by the space £ (F;F), and condition (i7)
remains the same.

Analogous to the previous approach, we introduce the positive right polynomial ideal,
denoted PE, by swapping the roles of the operators u and v. In doing so, we examine
the composition of positive linear operators on the right-hand side and linear operators
on the left-hand side. Similarly, we define the positive polynomial ideal, denoted P+,
by considering only the positive linear operators, with composition occurring on both
the right and left sides.

Remark 2.3. 1) It is evident that every polynomial ideal is indeed positive polynomial
ideal.
2) Every positive right or left polynomial ideal is positive polynomial ideal.

Proposition 2.4. Let BE be a positive right operator ideal and 73; a positive left
polynomial ideal. The composition ideal PZF o BE is defined as the space of polynomials
P that admit a factorization P = Q o u, with u € BE (E5;X) and Q € 73; (MX; F).
This construction yields a positive polynomial ideal.

Proof. Let E and F be Banach lattices. We will verify that P; o Bf, (ME; F) is a
linear subspace. Let A € K and P € 73; o BE (ME; F). There exist a Banach space X
and elements vy € Bf (E;X),Qo € P; (™X; F) such that P = Qo o ug. Then, AP =
(AQo) oug € Pf o BL(™E; F). Now, let P, P, € Pf o BL(™E; F) such that there exist
Banach spaces X,Y and elements uy € Bf, (E; X),us € B (E;Y),Q1 € P{ ("X F),
and Q2 € P{ (MY; F) with the following commutative diagrams:

E 2 oF E 2 o p
urd Q1 and yy | Qs
X Y

We define A =iy ouy +is0oug, wherei; : X — X XY and is : Y — X X Y are given
by i1 (z) = (2,0) and iz (y) = (0,y) with 2 € X and y € Y. Since uy € Bf, (E; X) and
Ug € BE (E;Y), we have i1 o uj,ig oug € BE (E; X xY). Consequently,

A=1410u; +1i30us EBE(E;X XY).
On the other hand, we define B = Q1 o7 + ()2 o w9, where m1 : X XY — X and 79 :

X xY — Y are given by 71 (z,y) =  and ma (x,y) = y. We have B: (X xY) — F'is

(m)

an m-homogeneous polynomial, where B : (X x Y) x -+ x (X x Y) — F, its associated

symmetric multilinear, is defined by
B= @\1 (ﬂl,(??),m) + 6/2\2 <71'2,(.m.),7r2) .
Indeed, let (z,y) € X x Y, we have
B ((a,y), ", (x,y))

= é\l (771 (z,9y), (m) 7y (z, y)) + C/Q\z (772 (z,y), (™) g (z, y))
= Qrom (z,y) +Q2om (x,y) = B(z,y).

Similarly, since Q1 € PZF (MX; F) and Q2 € 772“ (MY, F), we have Q1 o m,Q2 0 my €
P} (X x Y; F). Consequently,

B=Qiom +Qrom P ("X xXY;F).
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A simple calculation shows that
Pr+P,=BoA,

which implies that

P+ P, € P} o B} (ME; F).
Let Py € P(™E; F) be a finite rank operator. It can be expressed as a combination of
operators of the form ¢™b where ¢ € E* and b € F. Let u = ¢™b. Define B: K — F
by B(A) = A" = (idg (\))™b. Clearly, B € P} ("K; F) and define A : E — K by
A (x) = ¢ (x) which belongs to B} (E;K) . Then, we have

u(z)=BoA(zx) € Pf o B} ("E; F).

By the vector space structure of P; o B} ("E; F) it follows that Py € P 0B}, ("E; F).
Finally, we verify the positive ideal property. Let P = Qgoug € 77;5 o BE (ME;F),u €
LT (G;E) and v € LT (F; H). Then

voPou=(voQp)o(upou).
Since vo Qo € Pf (MX; H) and ug o u € Bf, (G; X), we obtain
voPoue Pl oBL("E;F).
U

Let BE be a positive right Banach ideal and 73; a positive left Banach polynomial
ideal. If F and F are Banach lattices and P € P; o BL(™E; F), we define

1Pllps o = inf {IQllps llulls s P =Qoul. (2.1)

Proposition 2.5. 1) For every P € P oBL("E; F),u € L' (G;E) andv € LT (F;H),
we have
m
[voPoulpt gt < [0l 1Pllpsops llull™-

2) Let P™ : K — K given by P™ (\) = \™. We have HPm”PjoBE = 1.
3) For every P € P} o B} ("E; F), we have
IPIF < [Pllp ot - (2.2)

Proof. 1) Let P € P} o BL(™E;F),u € LT (G;E) and v € LT (F; H). Take a repre-
sentation P = Qg o ug. Then

lvoPoulptas: = I00Q0)o (oo u)lps s

IN

m
lve Qollpy lluo o ullz+

IN

[l 1Qollp llwollgs [lul™ -
Taking the infimum over all representations of P, we obtain
< m
[v e Poulpt gt < [0l |Pllpsops llull™-
2) Note that P™ = (idg)™ o idg. Hence
1P s sz = i)™ 0 il s < 1) ™l i = 1.

On the other hand, let Qg o ug be a factorization of P™ with vy : K — X and Qg :
X — K. Then, there exists zg € X such that

uo ()\) = )\:L“O and QO (330) =1.
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Moreover,

€T 1
ol = o]l and [Qoll > HQO (“) H

llwoll /1|~ llzoll™
Hence,
1Qollpy Iluollz+ = 1Qoll [luoll™ =1

Taking the infimum over all possible factorizations of P, we conclude that
1Pl > 1

3) Let ¢ € F* and = € E. Consider up : K — FE defined by ug (\) = Az. We have
[[uol| = [|=[| and
poPoug(N) = A" {p, P(x)).
Thus ¢ o Powuy = (¢, P (x)) P™. We have
o PN = [{o, P@NIP | props = {0 P (2)) P | ptopt
= |lpoPo uOHPjoB}

< Nl 1P ot o™ = Il 1Pllps o 121"

Then
[P (z)| = sup [g,P(x)] < sup [lo]|[[Pllg+ops lz]™
PEBp+ pEBpx* LR
< NPligtops 2™ -
Consequently, [|P]| < [P 515 - o

Lemma 2.6. The quantity H'HPgoB; defined in (2.1) can equivalently be expressed as
1Pllp o = inf {[|Qllps - P=Qowu and [Jufgs =1}
Proof. First, it is clear that
<i P = =1.
IPllps o < inf {1|Qllps : P = Qouand uly: =1}

Consider a representation of P as Qg o ug. We can rewrite it as P = (|luol/g+ Qo) o
R
(7—29—). Hence

lluoll 4+
Br

[l @0

P > inf{HQﬂpg :P=Qowuand HUHBE = 1}.
This implies

m > { : P = = }
luolgy 1@ollps > inf {[@ps - P = Qowuand fully =1
Taking the infimum over all factorizations P, we get
> 1 N = =
1Pllpogst > inf {[|Qllp - P=Qowuand [Jully: =1}.
O

The following result establishes that H'”PZFOBJBF: , as defined in (2.1), is a quasi-norm.
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Theorem 2.7. Let BE be a positive right Banach ideal and Pf a positive left Banach
polynomial ideal. Then

+
(P o B lprass )
s a positive quasi-Banach polynomaial ideal.

Proof. We show that H'”Pgij; defines a quasi-norm, the remaining properties follow

from Proposition 2.5. Let A € K and P € P} o BL(™E; F). There exist a Banach space
X and elements ug € B, (E; X),Qo € P (™X; F) such that P = Qg o ug. Then

m m
NPt s < 1AQolps ol = 1A 1Qollps uoll
Taking the infimum over all factorizations of P, we get
<
INPlps s < M 1P s o -

For the reverse inequality, assume A # 0. If Qg o ugp is a representation of AP, then
P= % o ug, giving

Qo
IPlpzoms < |4

1
mo< — A
ol < 137 1Qlpy ol
L

Taking the infimum over all factorizations of AP, we obtain
APl o5t < INPHpposs -
By (2.2) if HPHPjoBE =0, then P = 0. Let P1, P, € P} oB%(™E; F). Following a similar

approach to the proof of Proposition 2.4, P, + P, = B o A. We can then establish the
following inequalities

Al

IN

[ivourllgs + llig 0 uallgt

IN

il fluall gt + lléall lluallgs = lluallgs + [luzllgs -
Similarly,

1Bllps < lQuemlips + Q2 0m2llps
< @uillps Imll™ + 1Q2llps Im2l™ = [Qullps + Q2o+ -

N

Now, for each € > 0 we can choose u1, us, @1, Q2 such that
1Qilpg < IP;llp o+ and gl =1 for j = 1,2.

A simple calculation shows that

IPL+ Bollpposy, < I1Blpy 1Al
<
< (IQullps + 1Q2lpa ) (lurllgs + sl )
< 2 (IPtllpp oy + I1Pollprass +2¢)

Since € is arbitrary, it follows that

1PL+ Pallptopt <2 ([1Pillptopt + 1 P2llptops ) -
L°PR L°PR L°PR
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The composition method. Let Bz be a positive left ideal. Let X be a Banach
space, and E a Banach lattice. A polynomial P € P("™X; E) belongs to BZ o P if there
exist a Banach space Y, a polynomial @ € P("X;Y), and an operator u € Bz(Y; E)
such that

x 5 E
QL Su
Y
that is, P = v o ). In this case, we write P € Bj{ oP(MX; E).

Remark 2.8. By an argument analogous to that used in [10, Proposition 3.3], the class
Bj{ o P forms a positive left polynomial ideal.

If Bj{ is a positive left Banach ideal, we define

1Plssop = inf {llullg Q1. (2.3
where the infimum is taken over all possible factorizations of P as described above.
Similarly to [10, Proposition 3.7 ], if BZ is a positive left Banach ideal, the pair

(Bj{ oP. | - | BZoP) forms a positive left Banach polynomial ideal. We have the follow-
ing result.

Proposition 2.9. Let BZ be a positive left ideal. Let X be a Banach space, and E a
Banach lattice. For P € P(MX; E), the following statements are equivalent:

1) The polynomial P belongs to B} o P("X; E).

2) The linearization Pp, belongs to BZ(@:SX; E).

In this case, we have

1Pllgs o = 1Pl 55
Consequently, we obtain the following isometric identification
Bf o P("X;E) = Bf (&, X E).

Proof. 1) = 2) : Let P € Bf o P(™X;E). Then there exist Q@ € P(™X;Y) and
u € Bf (Y; E) such that P = uoQ. Since P;, = uoQy, the positive ideal property implies
Pp € B} (®; ,X; E). Moreover, by (1.1), we have P = Pp,06,, with 6, € P ("X; &, ,X)
and ||0, = 1. By (2.3)

IPullsy = lluoQullg:

<l 1@zl = llullg: QI

A

Taking the infimum over all such representations of P, it follows that
”PL”BX < HP”BIOP'

2) = 1) : Suppose that P, € Bf(@wm,sX; E). Since P = P, 0, it follows that
P e Bf o P("X; E).

Moreover, because ||0,,|| = 1, we obtain

1PLlge = 1Pl 6m] > inf {lull g QU : P = w0 Q} = |[Pllgtp-
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For the surjectivity, let R € Bf(@:sX ; E). Define

Pr(z) = R<x®(-r-n-)®:v>

— RoA, (x<m>m) ,

where A, 1 X x ) x X — ®™X is the canonical (symmetric) multilinear defined by

Ap (T1y 0oy T) =21 @ -+ @ Ty
We have Pr € P(™X; E) and
]/31; = RoAy,.
_ U (m)
We verify that (Pg), = R. Indeed, for any »° \iz; ® -+ @ 2; € @', X,

i=1

n (m) - (m)
(PR)L(Z)\ix‘i(@..-@mi) = Zkl(PR)L(xZ(@@xz)
=1 i=1

= Z Ni Pr (xz) = Z MR (.I'Z ® (m) & xz>
=1 =1
=1

Thus (Pr);, and R coincide on ®]'; X, and by density they coincide on the whole space
~m
R s X O

mT,s<r e

The factorization method. Let BE be a positive right Banach ideal. We define
the class P(BE) as follows: Let Y be a Banach space, and E a Banach lattice. A
polynomial P belongs to P(B)(™E;Y) if there exist Banach space X, an operator
u € BE(E; X), and a polynomial @ € P("™X;Y) such that

E 5oy

ul Q
X
that is, P = @ o . In this case, for every P € P(BE), we define
1Plpesty = mf{lIQU1ullg: }
where the infimum is taken over all possible factorizations of P as described above.

Proposition 2.10. Let BE be a positive right Banach ideal. Then, the pair (P(BE), || - HP(BJIQ))
forms a positive right quasi-Banach polynomial ideal.

Proof. We first verify the positive ideal property. Let P € P(B5)(™E;Y),u € L' (G; E)
and v € L (Y; Z). Suppose P = Qq o uy is a factorization of P. Then

voPou=wvo(Qpouy)ou
Since (ugou) € B (G; X) and (vo Qo) € P ("X;Z), we get
(vo Qo) o (ugou) € P(BE) ("G Z).
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The remaining steps proceed exactly as in the proof of Proposition 2.4. For the quasi-
norm, the argument follows Theorem 2.7, which shows that || - ”P(Bg) indeed defines a

quasi-norm. Il

3. EXAMPLES OF POSITIVE POLYNOMIAL IDEALS

In this section, we present several classes of polynomials that provide concrete exam-
ples of positive polynomial ideals. These classes illustrate the notions and properties
discussed in the previous section and include Cohen positive strongly p-summing poly-
nomials, Cohen positive p-nuclear polynomials, positive p-dominated polynomials. We
also introduce a new class, referred to as positive (¢;r)-dominated polynomials. For
this class, we establish both the Pietsch Domination Theorem and the Kwapienn Fac-
torization Theorem, and we show that it forms an important example of a positive
polynomial ideal.

3.1. Cohen positive strongly p-summing polynomials. Hamdi et al. [17], in-
troduced the notion of Cohen positive strongly p-summing polynomials. Let X be a
Banach space and F a Banach lattice. A polynomial P € P (™X; E) is said to be
Cohen positive strongly p-summing (1 < p < oo) if there exists a constant C' > 0 such
that for any (x;)-; C X and (y});_, C E*T, the following inequality holds:

Z\ (i) yi \<CZ!lwz\\mPP!\(
=1

The space consisting of all such mappings is denoted by Pgoh » (MX; E). In this case,
we define

(3.1)

d;” (P) =inf{C > 0: C satisfies (3.1)}.

Proposition 3.1. The class Pgohp is a positive left Banach polynomial ideal, obtained

by the composition method from the positive left ideal D;. More precisely, for every
Banach space X and Banach lattice E

Plony ("X;E) =D o P ("X; E).
Proof. Directly by Proposition 2.9 and [17, Proposition 6]. O

3.2. Positive Cohen p-nuclear polynomials. Achour and Alouani [2] introduced
the notion of Cohen p-nuclear multilinear operators as a natural extension of the linear
concept originally proposed by Cohen [12]. The polynomial counterpart was later
introduced and studied in [6]. Hammou et al. [18] subsequently developed the positive
version of this notion.

Definition 3.2. Let m € N*. Let 1 < p < . Let F and F be Banach lattices.
A polynomial P € P(™E;F) is said to be positive Cohen p-nuclear if there exists a
constant C' > 0 such that for any (z;)~; C E* and (y)i, C F*T, the following
inequality holds:

Z! W€ sup <Z(w*,wi>mp>pH(yé")?:ﬂlp*,w- (3.2)

x EB i=1

The space consisting of all such mappings is denoted by P]c\;fp (™E; F). In this case, we
define

ny* (P) = inf{C > 0: C satisfies (3.2)}.
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It is easy to verify that every Cohen p-nuclear is positive Cohen p-nuclear, i.e.,
o (B F) C PR, (ME F)
where PJ (ME; F) is the Banach space of all Cohen p-nuclear polynomials.

Proposition 3.3. The class P]C\f_p is a positive polynomial ideal defined by, P]C\,pr =
Pé*rohp o H;;p. That is, for every pair of Banach lattices E and F

P, (MESF) =Pl oI, (ME; F) .
Proof. Directly by [18, Theorem 9. O
3.3. Positive p-dominated polynomials. The concept of positive p-dominated poly-
nomials has been introduced by Hamdi et al. [17]. Let E be a Banach lattice and Y’
a Banach space. A polynomial P € P(™E;Y) is said to be positive p-dominated

(1 < p < o0) if there exists a constant C > 0 such that for any (z;)", C E*, the
following inequality holds:

<ZMPmm%%scsg<§]ﬂmm%% (3.3)
i=1 z*€Bp. i=1

The space consisting of all such mappings is denoted by Pjp (ME;Y). In this case, we
define
6F (P) =inf{C > 0: C satisfies (3.3)}.

We note that if p > m, 5;‘ () is a norm, but for p < m, it is only a quasi-norm.

Theorem 3.4. [17, Theorem 6] Let 1 < p < oo; an m-homogeneous polynomial P :
E =Y is positive p-dominated if there are C > 0 and a probability measure p on B},
such that for every v € ET

|wum§c<é+

E*
Moreover, the smallest C' is 6,5 (P).

m

p

st )

The authors in [17] did not provide a factorization result for this class. In what
follows, we present a version of Kwapient’s theorem concerning the class of positive p-
dominated polynomials. This allows us to establish that this class can be interpreted
through the factorization method from the positive class H;; .

Theorem 3.5. Letm € N* and 1 < p < co. An m-homogeneous polynomial P : E —Y
1 positive p-dominated if and only if, there exist a Banach space X, a positive p-
summing operator u : E — X, and a polynomial Q € P (" X;Y) such that

P=Qou.
Moreover,
65 (P)=inf {||Q|lm} (w)™:P=Qou}.

Proof. Let P : E — Y be an m-homogeneous polynomial such that P = @ o u where
u eIl (E;X) and Q € P(™X;Y) with X is a Banach space. Let 2 € E*. We have

1P @) = Qou(x)
< QI ()™
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Since u is positive p-summing, by (1.3) we obtain

=3

E*

1P @) < QI =3 ()™ ( [, @ay du)

Then, P is positive p-dominated and
55(P) < QI ()™
Taking the infimum over all representation of P, we get
5;(P) < inf {||Q|| 7r;' (W™:P=Qou}.

To prove the first implication. Let P & P;p (ME;Y). By Theorem 3.4, there is a
probability measure p on BE* such that for all x € E* we have

1P (@) < 5 (P) (/B

E*

m

P

(", z)" du)

We now consider the operator ug : E — Ly (Bf., ) which is given by ug (z) (z*) =
x*(z). Notice that for all x € ET, we have

luo @)l = (/B

E*

1
P
(x,x*>”du>

IN

]|
S -
et X = up(F) be the closure in L, (Bf.,p) of the range of ug, and let
u : ¥ — X be the induced operator. Note that u is positive p-summing with 7T;r (u) =1.
Let Qo : uo (F) — Y be the polynomial operator defined on ug (E) by

Qo (uo (z)) = P ().
This is well defined since
1Qo (uo ()| < 6,5 (P) [luo (=)]™

Hence @ is continuous on ug (E) and extends uniquely to a continuous polynomial
Q: X =Y. We thus have P = Q o u, with u € I} (F; X) and Q € P("X;Y), and

IRl (w™ = el
< 65 (P).
That is,
inf {[|Q|| 7 (w)™: P =Qou} <4 (P).
This completes the proof. O

Corollary 3.6. Let E be a Banach lattice and Y a Banach space. The class Pjp
s a positive right polynomial ideal obtained through the factorization method from the
positive Tight ideal Hl‘f. Specifically, for every Banach lattice E and Banach space Y,

Pip(MEY) =P (1)) ("E;Y).
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3.4. Positive (gq;r)-dominated polynomials. The concept of absolutely (p,q,r)-
summing operators was first introduced by Pietsch [22]. It was later extended to
the multilinear setting by Achour [!], and to the polynomial setting by Achour and
Bernardino [1]. A positive counterpart of this notion was subsequently introduced and
investigated in [15]. In this section, we develop and analyze the corresponding positive
polynomial version, which serves as a natural example of a positive polynomial ideal.

Definition 3.7. Let m € N*. Let 1 < r,p,q¢ < oo with % = % + % Let £ and F

be Banach lattices. A polynomial P € P (™E; F) is called positive (g;r)-dominated if
there exists a constant C' > 0 such that for any (z;)?_; C ET and (y}), C F*T, the
following inequality holds:

1P () yi )izl < C o)z g 1)zl - (3.4)

The space of all such polynomials is denoted by P;(q,r) (ME; F). Its norm is given by

d:in(J;r)(P) = inf{C > 0: C satisfies (3,4)}‘

An equivalent formulation of (3.4) is

1P () yi )izl < CNal)izy Ml 11(y7

for every (x;)7_; C E and (y;);_; C F™*. It is straightforward to check that every (¢;r)-
dominated polynomial is positive (¢;7)-dominated. Hence, by [, Proposition 3.10]

Pi("E;F) C Py ("EF). (3.5)

I

)
() (ME;F),u € LY (G;E) and v € LT (F;H). Then
(™G; H) and we have

Proposition 3.8. Let P € 77;

voPou € P;(q,r)

Giar) (Vo P ow) < ol i (P) ful™

Proof. Let (x;)!~; C Et and (y})!_, C F**. Then

n ) n . . )
O lwoPou(z),yf)P)r = O _[(Pou(x), v oyf)P)r
i=1 =1
<y (P) I (u ()i 17, 10 oy )iy,
< dy ey (Pl ™ 1)y 1, 1o )i
<

[Vl ey ey Pl ™ )i 1 1w i

)

thus v o P ou is positive (¢;r)-dominated and
ay (wo Pou) < loll it (P) ul™.
O
: +
The pair (Pd’(q;r),
follows directly from the previous proposition and the inclusion (3.5), while the re-
maining details are straightforward. We now turn to the characterization of positive
(¢; 7)-dominated polynomials through a Pietsch Domination Theorem. To this end, we
apply the General Pietsch Domination Theorem established by Pellegrino et al in [21,
Theorem 4.6].

d;(q,r)) defines a positive Banach polynomial ideal. The proof
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Theorem 3.9 (Pietsch domination theorem). Let m € N*. Let 1 < r,p,q < oo with
;1) = % + % Let E and F' be Banach lattices. The following statements are equivalent:
1) The polynomial P € P (™E; F) is positive (gq;r)-dominated.

2) There exist a constant C > 0,Borel probability measures p on BE* and n on B;**
such that

(P <[ alayam® ([ ooy, (3.6)

E BF
for all (x,y*) € E x F*. Therefore, we have
dzl(';‘r) (P) =inf{C > 0: C satisfies (3.6)}.

3) There exist a constant C' > 0, Borel probability measures p on BE* and n on B;**
such that

(P (] wayan?([ oyt (37)

for all (z,y*) € EY x F**. Therefore, we have

d?&;,r) (P) =inf{C > 0: C satisfies (3.7)}.

Proof. 1) < 2) : We will choose the parameters as specified in [21, Theorem 4.6]

S:P(ME;F)x (Ex F*) x KxK— Rt :

S(P( Y*) s A1, A2) = [Ae] [(P(2),y™)]

Ry : X (B x F*) x K — R : Ry(a* (:c,y*) S A1) = (|z], 2*)™

Ry : Bf. x (Ex F*) x K = RT : Ro(y™, (z,y*), A2) = || (|y*|, y™)-

These maps satisfy conditions (1) and (2) from [21, Theorem 4.6], allowing us to con-
clude that P : E — F is positive (g;r)-dominated if, and only if,

n
1
(Z S (P7 (xi7 Z/;k) 7)\i,17 Ai,?)p)p
i=1
n n 1
* * 4\ m *x * =
< C sup () Ri(z", (wi,yf), d)m) e sup (O Ro(y™, (wi,y7), Xi2)") 7
e €BL. =1 Y EBfun i=1
e., P is Ry, Ro-S-abstract (;L;r)-summing. As outlined in [21, Theorem 4.6], this

implies that P is Ry, Ro-S-abstract (%; r)-summing if, and only if, there exist a positive
constant C)| probability measures [t on BE* and 7 on B}J,C**, such that

y*) s A1 A2)
<C/ Ryi(z*, (z,y") , A\)m d,um/ Ry ( **(l'y)Ag)d?])%.

Consequently
* n * * 1
(P <[ el ([  ylwyan
Bf. B
The implications 2) = 3) and 3) = 1) are immediate. O

As an immediate consequence of Theorem 3.9, we can show that if 7 < gg andr <'s
then

7>+( am (MELF) C 7>+( ey ("B F).
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The following result shows that the class of positive (g; )-dominated polynomials can
be represented as the composition of the class of Cohen positive strongly r*-summing
polynomials Pgoh,r* with the class of positive p-summing operators H; . This provides
a positive analogue of the Kwapien factorization.

Theorem 3.10. Let m € N*. Let 1 < r,p,q < oo with % = % + % Then, P €
P(™E; F) is positive (q;r)-dominated if and only if there exist Banach space X, a
Cohen positive strongly r*-summing polynomial Q : X — F and a positive g-summing
operator u € I (E; X) so that T = Qow, i.e.,

P;f(q;r) ("B F) = Péoh,r* °© H;(mE; F).

Moreover,
dg?(Jtrz;r)(P) = inf {d?}*Jr(Q)W; (W)™:P=Qou}.

Proof. First we prove the converse. Suppose that P = @) o u where u is positive g-
summing and @ is Cohen positive strongly 7*-summing polynomial. By [7, Theorem
2.5], there exists 77 on Bf.. such that, for all x € ET and y* € F**, we have

(P).y") = Q)4
<A@ u@)™ ( /.

BF**

T

<y*’ y**>7‘ d77>

Since u is positive g-summing then, by (1.3) there is a probability measure x4 on B},

such that
@) < 7 (u) ( /B

<$,ﬂf*>qdu>

Q=

<x,m*>w>

(/.

Rk

+
E*

Consequently,

=3
S|

(P@).y")| < 42 (Qf (0" ( L.

E*

<y*7 y**>r dn>
Thus, P is positive (¢;r)-dominated by Theorem 3.9 and

dyit o (P) < i (Q)m) (u)™.

Taking the infimum over all representations P, we get

dgj(;;r)(P) <inf {2 Q) (W)™ : P=Qou}.

We now prove the direct implication. Let P € Pj(q,r) (™E; F). By Theorem 3.9, there

are probability measures p on BE* and n on B}r** such that for all z € ET and y* € F**+
we have

. <$,w*>qdu> q (/B+

E* Fk*

T

(P(a),y")| < it (P) ( / Wy dn>

Define the operator ug : E — Lq (Bf., 1) by uo (z) (z*) = z*(x). For every z € ET,

we have
o ()| = ( /.

E*

Q|

<x7w*>qdﬂ> <l
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—— L ( B 1) . .
Let X = uy(E) , and denote by u : F — X the induced operator. Then, u is
positive g-summing with 7/ (u) = 1. Now define the polynomial operator Qo on ug (E)
by
Qo (uo (2)) = P ().
This definition is consistent because
(@ (o (2)) )| < dif . (P) llug ()] ( /. (y*,y**Vdn)
F**
Hence Qg is continuous on ug (E), and extends uniquely to a bounded polynomial @
on X. Moreover, () is Cohen positive strongly r*-summing polynomial and

Q) < dTt (D).

Finally, we obtain P = Q o u where u € IT} (E; X),Q € P{,,, ..("X; F) and
inf {7 (Q)m7 (W™ P = Qou} < AW (Q)mf ()
= dll,?(fz;r) (P).
Which completes the proof. O

Every positive (g;r)-dominated polynomial can be factored through a Cohen posi-
tive strongly r*-summing polynomial and positive g-summing linear operator. Conse-
quently, the class P;(q ) forms a positive polynomial ideal of type 73; o BE where

T
+ _ pt + _ 1t
P = Pcoh’r* and By, = Hq )
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