Gulf Journal of Mathematics ISSN: 2309-4966
Vol 20, Issue 2 (2025) 147-161 https://doi.org/10.56947 /gjom.v20i2.3255

NEURAL NETWORK AND LEAST SQUARE ESTIMATOR
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ABSTRACT. We propose an alternative and a methodology that joins the expres-
sive power of neural networks with the robustness of least squares estimation to
address regression problems involving a twice-censored setting. Within the context
of modern statistical learning, this approach is particularly well suited for captur-
ing complex and non-linear relationships. We establish mean squared error norm
convergence of the proposed estimator and present a comparative simulation study
demonstrating its superior performance over standard neural network methods.
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1. INTRODUCTION

Artificial neural networks have become essential tools in modern data processing.
Designed to learn from observations and make predictions, they owe their success
largely to their capacity to model difficult and nonlinear relationships. The first
mathematical model, introduced by McCulloch and Pitts (1943) [11], aimed to rep-
resent the behavior of biological neurons. In 1958 [20], Rosenblatt’s perceptron
marked an important milestone, despite its limitations in handling nonlinear prob-
lems. The limitations pointed out by Minsky and Papert (1969) [16] contributed
to a temporary decline in neural network research. However, the following decades
saw the emergence of new approaches, such as adaptive linear neurons (Widrow
and Hoff, 1960 [20]), and, most notably, The revival of neural networks was largely
due to the backpropagation algorithm introduced by Rumelhart and al. (1986) [21],
which enabled the efficient training of multilayer networks. While it is impossible
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to cite the extensive body of work that followed, we highlight a few landmark con-
tributions that significantly advanced the field: Hinton (2006) [8] on deep belief
networks, Krizhevsky and al. (2012) [11] with ImageNet item, Goodfellow and al.
(2014) [6] with generative adversarial networks, and Vaswani and al. (2017) [22]
with the Transformer architecture. These developments have collectively pushed the
boundaries of artificial intelligence. In the same time with these advances, adapting
neural networks to handle censored data has become a growing part of interest, par-
ticularly in survival analysis and reliability studies, where censoring including right,
left, or interval censoring presents a major challenge. For example, Nagpal and al.
(2020) [17] established Deep Survival Machines for censored data with competing
risks, while Pearce and al. (2022) [24] suggested a quantile regression model in non-
parametric case. More recently, Cordeiro and al. (2024) [3] presented a regression
method for interval-censored data with automatic variable selection through sparse
architectures. These works illustrate the emergent diversity and efficiency of neural
networks in handling censored data, improving predictions and the utilization of par-
tial information. Several studies have extended the use of least squares estimation to
various types of censored data by adapting it to different functional classes. Bagirov
and al. (2009) [2] proposed modified least squares estimators for bounded random
variables, accounting for the effects of censoring. Kebabi and al. (2011) [9] devel-
oped least squares estimators specifically designed for mixed censoring situations,
and established their convergence in the Ly norm. Contributions that are more re-
cent have concentrated on expanding the range of function spaces used. In 2021,
Laroussi [12] introduced a penalized smoothing spline estimator for censored regres-
sion, while Douas and al. (2023) [!] proposed a wavelet-based estimator adapted
to twice-censored data. In 2024, Laroussi [13] advanced this line of work by devel-
oping an estimator based on B-spline functions, along with a detailed asymptotic
risk analysis. These approaches demonstrate the versatility and robustness of least
squares estimation across different censoring mechanisms and functional frameworks.
Inspired by years of development in neural network architectures and their recent
applications to censored data, this study presents a novel methodology that combines
the suppleness of neural networks with the robustness of least squares estimation for
regression problems involving mixed censoring. We begin by presenting the structure
of neural function spaces, followed by the construction of a least squares estimator
that includes censoring mechanisms. Theoretical properties, including convergence
in the L, norm, are established, and a comparative simulation study is conducted to
evaluate the estimator’s performance against existing methods.
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2. NEURAL NETWORK SPACE

Consider a random vector X in R¢, and consider Y as a random variable that is
not negative and is bounded by K. We specify a neural network model that has one
hidden layer that contains k, neurons, represented by the function:

kn
Z G oo(wle + v;) + G, (2.1)
i=1

the input vector is represented by X and Y denotes a non negative output. Ini-
tial weight transpored matrix w; connects input layer and hidden layer, v; is a bias
vector of a cells in hidden layer. Similarly, ¢; represents the weight matrix linking
hidden layer and output layer and (; serves in the form of bias vector for the output
layer’s cells (see figure 1). We denotes o(.) as the activation function that introduces
non-linearity into the model, enabling neural networks to learn complex patterns
and relationships in the data. Activation functions are generally classified into three
main types: binary step, linear, and non-linear. Binary step and linear functions are
simple, while non-linear functions such as the sinus and cosinus functions, sigmoid,
arctangent, logistic, and Gaussian squashers offer greater complexity. The choice
of activation function depends on a particular application and the neural network’s
intended behavior.

Input Hidden Layer Linear Layer Output

(D) (o0)
N
Sl

F1GURE 1. Neural network with hidden layer.

Let’s consider the neural network class that is defined by

kn kn,
£, = {ZC’ o (wa + I/i) +Co, kn €N, @l € Rd, v; € R, ZC’ < Ln} (2.2)
i=1 =0

d

we pose wi!X +v; = ijl Vi X7 + 0 and w' = (v;;)

(5
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All functions g bounded by L, > 0 are represented by this set. Let R and L be
non-negative censoring random variables, and assume that Y is not fully observed.
To present estimators of ¢(x) = E(Y | X = z) in the context of i.i.d sampled
data D,, = {(X;, Z; = max(min(Y;, R;), A;)); 1 < i < n}, where A is the censoring
indicator defined as

0 HL<Y <R
A=¢1 fL<R<LY
2 if min(Y,R) <L

Subsequently we will denote by Fj, and Sg respectively the distribution and the
survival functions and r = sup{7 : S(7) > 0} the end point of the support.

The least squares estimator, adapted to censored data, is defined as §,(.) the func-
tion minimizing the empirical loss L. This approach, recently introduced by Laroussi
(2024) [13], extends traditional least squares estimation to handle incomplete data by
incorporating censoring constraints. The estimator is designed to approximate the
true regression function while ensuring robustness in the presence of twice-censored
observations.

) Zif?
_arg;glriﬁzl{/x 0} ZVF(Z:) (2.3)

Where S,, (proposed by Patilea and Rolin (2006) [18]) is an estimation of the
survival (reliability) function Si of R defined as

Dy
s0=T1 (1= 52 )
j:glgt Uj_1 — Nj—

with (Z})1<j<u the list of all unique values you get from the Z;, sorted from lowest
to highest, where (M < n). Also

for

Diy=) liz=zjamy, Nj= Lzez
i=1 =1

So, the Kaplan-Meier estimator, in the presence of left-censoring, spits out this
distribution function usually call it F7, for the random variable L, is defined as follows
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Fu(t) = H (1 - 1{Aj=2}) :

s 7!
].Zj>t

As Y is almost surely bounded by 0 < Y < L, < oo, ¢(x) is constrained to the
interval [0,L,] for any z € RY To ensure the stability and boundedness of the

estimates, we impose suitable constraints on the function space. Specifically, we
define

qn(x) = qu(z, D;) = max(0, min(g,(z), K)), (2.4)

with 0 < K <L, < 0.
In a similar manner of (2.4), we apply a truncated version of our estimator, which is

defined by
¢n" () = max(0, min(g,(z), L,)). (2.5)

In the following, we introduce the assumptions that will be considered throughout
the analysis.

e H1: Y, R and L are assumed to be statistically independent,

e H2: The censoring mechanism (R, L) is assumed to be independent of the
data (X,Y),

e H3: F}, , Sk continuous on |0, 0o,

e H4: 3 a = inf(7),er+ such that Fy(a) > 0,3b = sup(7),er+ and Sg(b) > 0,
and Vi,a < Z; < b for A; = 0.

Hypothesis (H4) appears to be reasonable since a < Z; < b whenever A; =
0. Specifically, this condition ensures that the model parameters can be uniquely
identified.

Assuming hypotheses (H1) and (H4) hold, Patilea and Rolin (2006) [18] demon-
strated that

lim sup |S,(t) — Sr(t)| =0 as.,

n—oo tERJr

and
lim sup |F,(t) — Fr(t)| =0 a.s..

n—oo t€R+

According to assumption (H4), it follows that, for sufficiently large n , we have
Sn(b) > 0 and Fy(a) > 0 almost surely.

3. RESULT OF THE CENSORED NEURAL NETWORK ESTIMATOR USING THE
REGRESSION FUNCTION

The censored neural network estimator exhibits desirable asymptotic properties.
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Theorem 3.1. Under assumptions H1:Hj and given that k, and L, satisfy

ky, Li log(ky, Li)

n

k, — oo, L, = o0 and —0 (3.1)

Then E [ (g.(z) — q(x))* p(dx) — 0 a.s, forn — oo , with E|Y | < coand o denotes

the distribution of X.
4

L
In addition, I\ > 0 such that —*;
-

0 a.s.

— 0 then, forn — oo, [ (qu(x) — q(z))? p(dz) —

Proof. In the context of twice censored data in neural networks, we define the sets
as follows:

Vil ={g€ £,:0<g(x) <L, 2R,

£i£, ={f:R" = Ry, f(z) = max(0,min(g(z),L,)), for some g € £,},

and H, = {h : R? x [0,L,] x {0,1} — R, : 3g € £3£, with h(z,2,A) =
Lpa -0y 229725 W(a, 2, A) € RY x [0, L] x {0, 1}}.

Sr(2)FL(2)’
We have
i, 3 Vo T~ Bl Y| = s 308~ BV
gELY £n, , Zi)F(Zi) heHn |1V
where 32

Bn) = 8 |E (1m0 2022 0y )| = Botx) - 21

Such that : W = (X, Z, A), W, = (X1,21, Ay),... W, = (X, Z, A,), n random
vectors i.i.d with W distribution.
The demonstration of the theorem is grounded using the inequality below.

nZl{A A~ Bl - v

T+ oinf / (gle) — () o). (3.3)

gEYH £n

[ 6@ ~ a(@) otdn) < 2_sup
R4 geELE Ly
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Let us begin by establishing this inequality. As a first step, we observe that

/R g (@) = a(@) pldr) = { E(l2(X) = YP| D) — it E(lg(X) - YP)}

wn
+ inf E ~YP) -~ —-YP).
Lt E(lg(x) = YP) — E(la(x) - V)
(3.4)
And the regression function checks
it Elg(X) Y[~ Ele(X0) - VP = int [ (gla) - ala))” p(do)
E¢ gewn-ﬁn R4
On the other hand
B(,(X) = YP [ D) = _inf B (lg(x) = VP)
BN |4,(X3) — Zi|?
= sup |E(|g:(X) = Y| Dy) = = Ly gpimiZi) — 2il
o (lgn(X) =Y | D) ”Zl O RAVAVA
RS 4,(Xi) = Z]* 1 |Gn(Xs) — Zi|
— liag—on—2 - — lea—
- ; =05 (Z)Fu(Zy) n; =05 (Z)Fu(Zy)
— lea— - — 1
* ; =0 g 7V F(Z:) n; RN AT NS
1 |g(Xi)_Zz'|2 2
— 1 —F X)-Y
e, Ry P (a0 =YT)
4
:ZUn’i'
i=1
We note that a < Z; < b for A; =0 and 1 <i <n, then
|Gn(X3) = Zi| = |(4,(Xi) = Zi) + (@0 (Xi) = ,(X3))]
< gn(Xi) = Zi| 4+ 1Gn(Xs) — g (X3)] -
Since q; € £3 £, and g € Y. £, C £} £,, it’s clear that
Iq Xi) — Z|?
Up1= sup |E (g (X)— Y|2\D Lia, L
L gevita ( Z WS (2 Fu(Z:)
< oup Z o B g - v (3.5
geELY £n n )Fn<Zz)
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and

) Zi|? 2
Una = E - Blg(X) =Y. 3.6
T e iy )Y 0

Given that ¢ (X;) < L, and Z; > a, it follows that
Lia=o1|@n(Xs) — Zi| < Lqa,=0y| s (Xs) — Zi),

This confirms

<0.

Un2 = su Zl i2 Z M
2 b 14 O}S Y S.(Z)F.(Z))

g€YL £n

(3.7)
Indeed, according to the definition of (2.4), it’s evident that

Qn ’L Zi2
Un,3_ Sup [ Z (A o}l Z (A 0} ))F (Z’@)] <0.

(3.8)
Then we obtained the inequality (3.4). It remains to show that the two terms on the
right-hand side of the equation converge to zero almost surely as n — oo. Since the
right-hand side is independent of censoring, and under assumptions (3.1), we follow
the approach of Gyorfi and al. (2002), p. 271 [7], to establish the result.
Finally, we need to determine that

ZQ
lim sup [ Z {A4;=0} |g i) = Zi| —Elg(X)-Y]*| =0a.s.

n—00 geyr £ Su(Z)F(Z:)

As any z € R? and g € £% £, implies that 0 < g(X) < L, so, the functions in H,
are non negative and bounded. Since L, > [, the functions in H,, justify

2L2 + 22 - 412
Sr(a)Fp(b) = Sgr(b)FL(b)

Our goal is to uniformly bound the deviation between an empirical average and its
expectation a given function class. For any arbitrary £ > 0, we obtain:

0<h(z,z,A) <
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4

nZl{A oy >)F<ZZ'>—E{\< ) - 2P)

sup
gELn

{sup Zh — E{h(W)} >§}
gEH
n€2S3(a) F2(b)
F - 1
< 8EN; M’Hmwfl e 1281,
16L,,
ng?Sh(a) FL(b)
( GdeL? )%W T 128L]
<8 ————— e n
— \&Sr(a)FL(b)
Let hi(x,z, A) = 1{A.:0}M and lets hy, ho € H,, for g1, gs corresponding
T Skr(2)FL(z)

functions in £7 £,,, then we take the derivation in the proof and we get

o 91(X3) = Zif? T 192(X5) — Zil?
M0 G 20 F(Z) Y (20 Py (Z)

SSR }:!m Xi) = 2Z)(91(Xi) = g2(X))
_SR Z’gl ) — 92(Xi))]-

Which implies that

Thus
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Where N (&, H,,, W]") and N, <§, H, W{‘) are the covering number, for £ arbitrary

we have

1 n
P {hseulgl - ; h(W;) — E{h(W)}| > §}
n&?Sk(a) FE(b)

§Sr(a)FL(b) ., 2\l 2048E2

§8E {N (T7£ng€n7){1>}6 n
n&Sg(a)FE ()
( 128¢L3 )”m: BT
<8 ——~ e n
{Sr(a)Fr(b)
n&2S%(a)F3(b)

- {Sr(a)F(b)

This implies the first result.

For the second point, we use the same justification as in lemma 16.4 and lemma 16.5
of Gyorfi and al. (2002) [7] about the covering numbers of classes of functions whose
members are the sums or products of functions from othernclasses. This implies the
final result. OJ

4. SIMULATION STUDY

In order to assess the practical performance of the proposed methods, a set of
simulation experiments is conducted under twice censoring scenarios for exponential
and Weibull laws. Several underlying input distributions (uniform and Gaussian)
are used to generate the data, with varying levels of censoring and increasing sample
sizes. Two main models are considered in the simulation study

e First model: the covariate matrix is generated as X = unifrnd(—m, 7, n, 10),
with two sub-models based on different censoring schemes
a) R =exprnd(6,n,1) and L = exprnd(0.5,n,1) — 11,
b) R = wblrnd(6,1,n,1) and L = wblrnd(1,1,n,1) — 11.
e Second model: the covariates follow a standard normal distribution,X =
normrnd (0, 1,7, 10), with two sub-models
a) R =exprnd(17,n,1) and L = exprnd(0.5,n,1) — 1.5,
b) R = wblrnd(10,2,n,1) and L = wblrnd(1.5,8,n,1) — 1.5.
These scenarios are designed to reflect a range of censoring intensities, from mild
to heavy, and allow us to evaluate the sensitivity and accuracy of the estimators in
complex situations.
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4.1. Results. The table (1) compares the performance of two estimation methods,
Weighted Least Squares (WLS) and Neural Networks (NN) for different epochs (1000,
12100 and 15000). In the context of censored data under different censoring distri-
butions (Exponential and Weibull), the performance is measured through the Mean
Squared Error (MSE) for various sample sizes (n = 100,300, 1000) and twice cen-
soring schemes (defined by L, R, and the average number of right- and left-censored
observations).
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TABLE 1. Experimental results according to different distributions

X L&R n | Epochs | MSE WLS | MSE NN | Right | Left
1000 1.3477 22.7548 16 9

100 | 12100 0.1661 2.9844 17 8

15000 0.4247 3.2824 15 9

1000 1.6809 33.9083 23.67 | 9.33

Exponential | 300 | 12100 0.6424 4.741 21.67 | 12
15000 0.7059 3.5512 21.33 | 10

1000 1.2958 37.5387 19.4 | 11.2

1000 | 12100 1.2185 3.3709 17 12.8

Uniform 15000 1.3116 3.0067 18.6 | 11.4
1000 1.3934 31.9446 19 17

100 | 12100 0.1425 2.7873 16 12

15000 1.8490 6.2365 19 10

1000 1.5396 34.0129 21.67 | 9.33

Weibull 300 | 12100 0.6313 3.9781 18.67 | 11
15000 1.8490 6.2365 19 10

1000 1.3669 34.1693 20.4 | 10.9

1000 | 12100 1.5665 3.4181 19.7 | 10.6

15000 1.3170 2.9825 19 11.8

1000 1.4021 10.5532 22 7

100 | 12100 0.3271 3.0479 20 6

15000 0.1065 3.2506 12 8

1000 1.5915 12.7334 20.33 | 6.33

Exponential | 300 12100 1.2085 4.8760 18.67 5)
15000 1.5159 2.3497 21.67 | 4.33

1000 1.8835 11.7661 18.8 6.1

1000 | 12100 1.6878 2.9100 17.6 5.7

Gaussian 15000 21777 3.0019 19.6 7.1
1000 1.3834 5.8166 20.67 | 6.33

100 | 12100 0.1039 0.2621 18.4 5.8

15000 0.0538 0.1644 18.4 5.8

1000 1.0203 7.0328 20.67 | 6.33

Weibull 300 | 12100 0.9319 1.1779 18.4 5.8
15000 0.8479 1.0993 18.4 5.8

1000 1.2247 6.9834 20.67 | 6.33

1000 | 12100 1.4772 1.5065 18.4 5.8

15000 1.2710 1.4202 18.4 5.8
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4.2. Interpretation and conclusion. Across all censoring distributions, increasing
the sample size results in a consistent decrease in MSE for both methods, particularly
for the WLS estimator. This reduction in MSE is more regular and noticeable for
WLS, suggesting its greater stability in large-sample settings. Moreover, it can be
observed that for censoring distributions of the Weibull and exponential types, when
the sample size is n = 1000, the mean squared error (MSE) is relatively high for
neural networks, whereas it remains low for the weighted least squares method,
which confirms the efficiency of the latter. However, the effect of the input Gaussian
distribution lead to relatively moderate MSEs for both methods, especially in larger
sample settings.

In conclusion, we show that the least squares estimator applied to the class of func-
tions represented by neural networks yields consistently good performance, regardless
of the distribution of the input variables and in complex censoring situations.

Acknowledgement. The authors would like to extend their gratitude to the
editor of the journal and to the reviewers for their constructive comments and sug-
gestions.
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