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MONKEYPOX DISEASE WITH SATURATED INCIDENCE
RATES: MATHEMATICAL ANALYSIS

SOUMIA EL MOUJADDID!*, SANAA HARROUDI!? and KARAM ALLALI!

ABSTRACT. In this study, we explore the dynamics of monkeypox disease by
developing and examining a deterministic mathematical model that describes
the interactions between human and rodent populations. First, we demonstrate
the well-posedness of the model. The basic reproduction number is expressed
as a function of the human reproduction number and the rodent reproduction
number. The problem admits three equilibria, namely the disease-free equilib-
rium, the human-only endemic equilibrium, and the endemic equilibrium. We
then analyze the local and the global stability of those equilibria. To further
assess the equilibria stability, different numerical simulations are executed in
order to support the theoretical findings and to highlight the impact of differ-
ent parameters in eradicating the disease.

Keywords. Monkeypox, saturated incidence rate, stability analysis, basic re-
production rate, equilibrium points.

1. INTRODUCTION

The monkeypox virus is an orthopoxvirus closely related to the smallpox virus,
and it causes monkeypox, a zoonotic infection. Historical records trace the first
appearance of human monkeypox to Central Africa in 1970. The disease typically
presents with symptoms such as fever, rash, and lymphadenopathy. Studies show
that, while vaccines exist, the smallpox vaccine can afford approximately 85%
protection against monkeypox [18]. Prior to the identification of human cases,
the virus was first detected in monkeys in 1959 by a research facility in Copen-
hagen, Denmark, where it was recognized as a pox-like illness [12]. Monkeypox
can spread in two ways: from human to human or from animal to human. The
transmission of the virus can occur from human-to-human through respiratory
emissions, contact with infected fluids, environments, or through physical con-
tact with the skin lesions of an infected person [I1]. Animal-to-human infection
may happen through direct exposure to bodily fluids, blood, or skin and mucosal
lesions of an infected animal. Several cases of monkeypox have been reported in
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various African animals, such as dormice, tree squirrels, rope squirrels, and Gam-
bian pouched rats, among others. While rats are considered the most likely source
of transmission, the definitive natural reservoir of the virus remains unidentified
[8]. Compartmental modeling techniques have been extensively used to describe
the spread of infectious diseases within populations. The SIR model, introduced
by Kermack and McKendrick [10], is the simplest and most traditional approach
for modeling disease spread. In the SIR model, people are classified into three
epidemiological states: those who are susceptible to the disease (S), those ac-
tively infected (7), and those who have recovered (R). The susceptible group
(S) includes individuals who are at risk but, have not yet contracted the dis-
ease, the infected group (1) consistes of individuals who can transmit the disease,
and the recovered group (R) represents individuals who have recovered from the
illness. The dynamics of monkeypox transmission have been analyzed using a
simplified STR model [3, 1]. Monkeypox symptoms typically last between two
and four weeks, and the incubation period is usually estimated to be around
two weeks. To better capture the spread of the disease, an additional compart-
ment for exposed individuals (E) is often included. Several studies have used
the SEIR (Susceptible-Exposed-Infected-Recovered) model to investigate mon-
keypox transmission [17, 21].

Recent research has examined the interaction between infected humans and ro-
dents with monkeypox virus using bilinear infection rates. In [15], researchers
developed a model with seven compartments. They studied the stability of the
model, and then they established necessary conditions for the existence of optimal
control. Including the compartment of exposed rodents E, a monkeypox model
was studied in [14], the human population is divided into four compartments in-
cluding exposed and quarantine: Sy, Ej, I, @, and Rj while the rodents are
divided to three compartments S,., F, and I, the authors gave suitable conditions
for the local stability of both disease-free equilibrium and endemic equilibrium,
they studied the global stability of disease-equilibrium and the existence of the
backward bifurcation. Two models describing the transmission of monkeypox
dynamics using control measures have been studied in [1], one of them is de-
terministic and the other is stochastic, each population in this model is divided
into four compartments: Susceptible, exposed, infected and removed, the model
was analyzed, three equilibrium points were calculated and the global stability
of disease-free equilibrium was established. To measure the effectiveness of the
vaccine on monkeypox, a compartmental model was established in [16] applying
control theory, the human population was divided into susceptible, vaccinated,
exposed, infected, and removed, while the rodent population was composed of
susceptible and infected. Equilibrium points were calculated, and their global
stability was proved under certain circumstances. In [2], a dual-strain SEIR epi-
demic model was presented; the model introduces four distinct non-monotonic
incidence functions to evaluate the transmission dynamics of the Central and
West African clades of monkeypox. The model presented in [0] takes into consid-
eration the effect of the interchange between the human and rodent populations,
with imperfect vaccination and nonlinear incidence rates. In [19], the authors
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proposed a monkeypox model including a level of awareness. The human popu-
lation is divided into eight compartments, which include vaccinated, quarantine,
hospitalized, and infected with severe consequences, and the rodent population is
divided into susceptible and infected. The authors of [9] developed a model that
considers the impact of contaminated surfaces and provides an optimal control.

This study aims to expand on the previous work by incorporating saturated in-
cidence rates instead on the form 1‘1—%, where 1 + v1 represents the saturation
effect. The primary motivation for this adjustment is to account for the effects
of a densely crowded infected population. In fact, this type of incidence rates is
more realistic when describing the transmission dynamics, for diseases like mon-
keypox, where public awareness, isolation, and capacity limitations can reduce
transmission. The model includes seven dynamic equations that describe the in-
teractions between susceptible and infected humans, as well as susceptible and

infected rodents. The mathematical formulation of the model is as follows:

% — A — OéhIhSh O./T»]rSh _ IS
dt o 1+VhIh 1+VT],, hh
dE,  aplySy | a.1,.Sh
= — E
dt 1+ Vh[h 1+ VTIT (p + dh) o
dl
d_th :th— (dh+6h+6’)lh,
dR
X d—th = 01, — dy, Ry, (1.1)
ds, al,.S
r:Ar_ — _drsra
dt 1+ I,
dE. al,.S
T — r~T _ d ET
G " igpr THAE,
dl
" —7FE, —d,I,.
N dt ’

In this model, the variables are defined as follows: S} represents susceptible hu-
mans, Fj, represents exposed humans, I, represents infected humans, R, repre-
sents recovered humans, S, represents susceptible rodents, F, represents exposed
rodents and I, represents infected rodents. The parameters in the model are de-
fined as: Ay is the human recruitment rate, A, is the rodent recruitment rate, oy,
is the human infection rate, v, is the human saturated infection rate, «,. is the
rodent infection rate, v, is the rodent saturated infection rate, d; is the human
natural mortality rate, d, is the rodent natural mortality rate, p is the transfer
rate from exposed humans to infected humans, 6, is the human mortality rate
due to monkeypox infection, 6 is the human recovery rate, o describes the rodent-
rodent infection rate, 7 describes the proportion of the exposed rodents becoming
infected and f is the rodent-rodent incidence saturation rate.

The transmission dynamics of monkeypox between humans and rodents are illus-
trated in Fig.1.
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F1GURE 1. Monkeypox infection diagram.

The paper is structured as follows. The problem well-posedness is proved in
the next Section 2. The basic reproduction number and the equilibria of the
problem are given in Section 3. The local stability study is fulfilled in Section 4.
Followed after in Section 5 by the global stability results. Numerical simulations
are performed in Section 6. The paper ends with a conclusion in the last section.

2. THE PROBLEM WELL-POSEDNESS

In this section, we will establish the well-posedness of the model by proving
that system (1.1) admits positive and bounded solutions for all initial conditions.
The positivity of solutions guarantees that the population variables remain non-
negative over time. On the other hand, boundedness ensures that the solutions
do not grow without limit. These two properties confirm that the model is math-
ematically and biologically well-posed.

Theorem 2.1. If, at the time t = 0, the state variables of the system (1.1) are
Sp(0) > 0, EL(0) >0, I,(0) > 0, R,(0) >0, S.(0) >0, E.(0) >0, I,(0) > 0,
then Sy(t), En(t), In(t), Rn(t), S.(t), E.(t), and I.(t) are positive for every
t > 0. Moreover, all solutions are bounded.

Proof. Consider the set T' = sup{e > 0/Vt € [0, ¢] where Si(t) >0, Ex(t) >0,
In(t) > 0, Ry(t) >0, S.(t) >0, E.(t) > 0and L(t) > 0}.

Now, we prove that T' = +o0o0. We assume that 7" is finite; by continuity of solu-
tions, we have, S,(T) =0, En(T) =0, I(T) =0, Ry(T) =0,

S(T)=0, E.(T)=0, I(T) = 0.

If Si,(T) = 0 before the other variables become zero. Therefore,

dSp(T) _ lim Sn(T) — Sn(t) _ lim —Sn(t)

7 < 0.
dt t—T— T —t t—»T7- T —t —
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From the first equation of system (1.1) we have:

dSy(T) anln(T)Sh(T) I, (T)Sy(T)
=N\, — — dpSp(T
dt ( 1+ vy 1, (T) 1+ v, 1,(T) wSu(T);
we obtain,
dSy(T)
=A
a h > 0,

which is a contradiction.
If E,(T') = 0 before the other variables become zero. Therefore,

dEy(T) . Ey(T) — En(?) . —E()
pu— = B < .
dt tl—lgl— T—1 tl—lgl— Tt =0
From the second equation of system (1.1) we have:
dEh(T) _ Ozh]h(T)Sh(T) CYTIT(T)S;L(T)
dt 1+ l/hIh(T) 1+ VTI,«(T)

) (o4 d) Bu(T),

therefore,

dENT) _ (ah]h(T)Sh(T) ar]r(T)Sh(T)> 0
dt 1+ vp Iy (T) 1+ v.I.(T) ’

this leads to a contradiction.
If I;,(T') = 0 before the other variables become zero. Then,

dIy(T) _ lim In(T) — In(t) _ lim —1Ip(t) <o
dt t—T~ —1 t—T- T — 1
From the third equation of system (1.1) we have:
dIn(T)
dt

= pEn(T) — (dp + 0n + 0) In(T),
hence,

dIn(T)

dt
this represents a contradiction.
If Ry (T) = 0 before the other variables become zero. Then we have,

dRu(T) Ry(T) — Ry(t) — Ry (1)

= :OEh(T) > 07

S _ — lim 2% <,
dt tl—lf%l* T—1 o T —t =0
From the fourth equation of system (1.1) we obtain:
dRy,(T
RC’;< ) _ 01,(T) — dy R (T),
t
then,
dRp(T)

=0I,(T 0
o n(T) >0,
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this represents a contradiction.
By the same method we prove the positivity of S,(t), E.(t) and I,(t).
Now, we will prove the boundedness of solutions.

We have,
dNy,
—— = Ay — dp Ny — O 1y.
o h hiNp — Oplp,
Then,
dNp,
__at <.
Ah—th_

By integrating, we have:
t dNn(s)

t
S e / ds.
o A —dnNi(s)  — Jo

n (Ah — thh(t>) Z —dht + In (Ah - thh(O)) .
Which implies that:

Therefore,

Ah — thh(t) > (Ah — thh(O)) e_dht.
Consequently,
A
Ny(t) < d—" + N, (0)e %,
h
By the same method we will have,

A,
No(t) < 77+ Ne(0)e™™".
When t — 400, we will have N,(t) < 3—: and N,.(t) < 2—:.
This proves that N, and N, are bounded and so are Sy, Ey, I, Ry, S,, E, and I,.
O

3. ANALYSIS OF THE MODEL

3.1. The basic reproduction number. The basic reproduction number, de-
noted by Ry, is the average number of new infection cases produced in a com-
pletely susceptible population, by a typical infectious individual [5]. If Ry < 1,
then the average number of secondary infections generated is less than one, con-
sequently, the infection disappears in the long term; whereas if Ry > 1, the
epidemic will spread in the population.

To determine the disease-free equilibrium, we suppose that there is no infection in
the population. The corresponding equilibrium point can then be determined by

putting I, = I, = 0. The disease-free equilibrium is Ey = (3—:, 0,0,0, A= 0, O) .

) dy
We find the expression of R, using the method of next generation matrix [J]
described by Van den Driessche and Watmoughin in [20].
We use the same notation as in [20], F is the matrix representing the rate of ap-
pearance of new infection cases in the infected compartments, and V is the matrix
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of the rate of the transfer of individuals in and out infected compartments.
Since E,, I, E,, and I, are the infected compartments, then:

ap Iy Sy oISy

oD, T Tound, (p+dy) By

F = 0 CY = _th+<dh+5h+9)[h
—j“fﬁsf; ’ (r+d,)E,
0 _TET' + drI'r

Let F and V' be the Jacobians of F and V at the disease-free equilibrium, respec-
tively, hence,

ap A ar\
0 fCLlhh 0 dhh
O 0 0 O
=10 o o el
O 0 0 O
p+dy 0 0 0
V= —p dh + 5}1 + 0 0 0
0 0 T+d, 0]’
0 0 -7 d,
The next-generation matrix is:
panAp apAp TorAp aphp
dp(p+dp)(dp+0p+0)  dp(dp+op+0)  dpdr(drt+7)  dpdy
_ 0 0 0 0
FV t= 0 0 Tal, al,
2(drt7) dr
0 0 0 0

Since R is described as the largest eigenvalue of the characteristic equation
|FV~1 — X4 = 0 then Ry = max {Ry, R, }.
Where

pap Ay, Tal,

Ry = D Ry = ——7—.
" dy, (p+dp) (dp, + 6n, + 0) d2 (d, + 1)

Here R, stands for the human reproduction number, it is the number of infected
humans caused by one infected human in a completely exposed population and
R, represents the rodent reproduction number, which is the number of infected
rodents caused by one infected rodent in a completely exposed population.

3.2. Equilibrium points. In order to determine the equilibrium points of the
system (1.1), we set the derivatives of all state variables to zero. We determine the
values of the state variables at which the model reaches equilibrium by resolving
these equations.



MONKEYPOX DISEASE WITH SATURATED INCIDENCE RATES 371

(A . OéhIhSh Oé,.]rsh
"\ l+wd, 1+,
Oéh[hSh OéT[TSh
— dp) Ep =0

1+Vh[h 1+Vr[r (p+ h) h ’

th—(dh+5h+0)Ih=O,

) _thh = O,

01, — dpRy, = 0, (3.1)
al,.S,
r — - drST = 07
1+ 81,
al,.S,
- d.)E,. =0
\ 7L, —d. I, =0.
Let E* = (S}, B} I, Ry, SE, EX, 1Y) be an arbitrary equilibrium point then :
(S* _ M (ptdn)(dntont9),.
h — 5 h>
dp, pdp,
dp +6n,+0
E;:_ ( h+ h+ >I;;,
P
* 9 *
Rh - d_h_[h,
S = A M[:’
d, T
d,
Er=—I".
\ T
We substitute those components in the sixth equation of system (3.1), then we
dr(Ryr—1)

have the two possibilities, I =0 or I} = ==5=.

- If I = 0 then B} = (SZI, Er Ir,, Ry, 2—:, 0, 0) is a human-only endemic

equilibrium where:

(g _ M (Ru—1) (p+dp) (d + 0n +0)
M dy p (an + dpvp) ’
oo _ G0 (R = 1) (d + 50+ 6)
) hl p (Oéh 4 thh> ’ (3 2)
. 4 (R —1) '
" (g 4 dpy)
o= 0Ra—1)
\ ht (ah + dhl/h)'
- If Iy = Rl then B = (Siy, Ejg, Ligs Rig, Siay By, 1) s the endemic

equilibrium satisfying system (3.1).
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From the above discussion, it is straightforward to state the following result.

Proposition 3.1. The system (1.1) has three equilibrium points:
(1) The disease-free equilibrium Fy = (3—:,0,0,0 Ar 0,0).

) dy
(2) If Ry, > 1 and R, < 1 there exists a human-only endemic equilibrium
Ef = (S;:DE;;I,I,’{I,RZI, ‘C}—:,O,O) satisfying system (3.2).
(3) If R, > 1 there exists a unique endemic equilibrium E3 = (S}, Efs, I}y,
RZ?) S:Z? E:27 [:2) satz’sfyz'ng:

( Ay (P + dh) (dh + 0 + (9)

S* _ ]* 7
h2 dh pdh h2
. (dpton+0) .
Epy = ————"1p,
. —B + VB2 —-4AC
I = 2A ’
* 9 *
RhZ - d_h]h27
o* — &_ d, (1 +d;) (R, — 1)
2 d, (a4 Bd,)
2
—1
E:Q — dT’ (R"’ )7
7 (o + Bd,)
. 4 (R, —1)
\ r2 o+ 6dr .
Where,
A= (p+dy) (dp+6n+0) |an+ Ortnlry
=\p r) (an h Qp, L+l hVh
Oérl/hpI:ZAh CKTI:Q (p + dh) (dh + (Sh + 9)
B=— A — —d dp) (d
anpAp + Tt 0l 015 n(p+dn) (dn
—|—(5h + 9)] .
apli Ay

C=—"-""-=—.
(1 +v,07%)

4. LOCAL STABILITY

In this section, we investigate the local stability using the Routh-Hurwitz crite-
rion [7]. This method consists of analyzing the eigenvalues of the Jacobian matrix
of system (1.1) at each equilibrium in order to determine that all eigenvalues have
negative real parts, which implies local asymptotic stability. This approach allows
us to verify stability without explicitly computing the eigenvalues.
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4.1. Disease-free equilibrium.

Theorem 4.1. If Ry < 1, the disease-free equilibrium Ey is locally asymptotically
stable and it is unstable otherwise.

Proof. The Jacobian matrix of system (1.1) at an arbitrary point is given by:

W I arly ,Sh, rSh
- (13L}L’Ih 1+Vr17> —dy, 0 - (131}%1;)2 0 0 0 - (131/71,7-)2
ap ] v I apS, arS
<1+ih’}h + 1$um> = (p+dn) ront)? 0 0 0 T l)?
0 p —(dp+0n+0) 0 0 0 0
J = 0 0 —dp 0 0 0
I, Sy
0 0 0 - jﬁ,; —d, 0 —5 %W
aly Qo
0 0 0 0 T+ o7, —(r+d,) EVIAL
0 0 0 0 0 T —d,

The corresponding Jacobian matrix at the disease-free equilibrium FEj is given
by:

—dj, 0 —anin 0 0 0 — ozl
0 —(p+dy) anin 0 0 0 T
0 p —(dp+6,+6) 0 0 0 0
Je, =] 0 0 0 —d, 0 0 0
0 0 0 0 —d, 0 atr
0 0 0 0 0 —(r+d,) %=
0 0 0 0 0 T —d,

The characteristic equation is obtained by calculating det (Jg, — Al4) = 0.

The two obvious eigenvalues are A\; = —d; and Ay = —d,, the other eigenvalues
are the roots of the polynomials P(\) = A? + a1\ + ag and R(\) = A2 + ag\ + ay.
Where:

a;=(2d,+7) and ay=d,(1-R,)(d,+ 7).

agz[(p+dh)—|—(dh+5h—|—9)] and a4:(1—Rh) (,O—i—dh) (dh—i-(;h—l—@).

In order to prove the local stability of Ejy, we have to prove that the eigenvalues
of the characteristic equation have negative real parts, in other words a; > 0,

as >0, a3 > 0 and a4 > 0.

We can remark that:

e a; >0 and ap > 0ifandonlyif R, < 1.
e a3 >0 and a4 > 0if and only if R;, < 1.

Consequently all eigenvalues of Jg, have negative real parts hence, if R, < 1 and
R, < 1 then FEj is locally asymptotically stable.
OJ

4.2. Human-only endemic equilibrium.

Theorem 4.2. If R, > 1 and R, < 1, then the human-only endemic equilibrium
EY is locally asymptotically stable.
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Proof. The Jacobian matrix of system (1.1) at the human-only endemic equilib-
rium EY is given by:

— e — dy, 0 —ﬁ 0 0 0 —a,.8;,
i —rd) g2 00 0 arSiy
Tpe = 0 p —(dn +9n+9) 0 0 0 0
Er — 0 0 0 —d, 0 0 0
0 0 0 0 —d, 0 —afe
0 0 0 0 0 —(r+dy) a%
0 0 0 0 0 T —d,

Let A be an eigenvalue of Jg:, the characteristic equation is obtained by calcu-

lating det (jE; — )\Id) =0.

We can remark that we have two obvious eigenvalues \; = —dj, and \y = —d,,
the other eigenvalues are the roots of the polynomials P(\) and R'(\) = \* +
b1 A2 + bo\ + bs.
Where:

o by = {8+ (p+ dp) + (dn + 6, +6).

_ _dpR dpRp(dn+9n+6) _ ap S}
® by = 1+};h1}§;1 (p + dh) + 1+vp I}, + (/0 + dh) (dh + on + 9) p—(1+l/h1h;11)2'
o by — WRulptdn)(dntn+0)  cndnSy,
3 Hvp Iy (1+th;1)2'

To prove the local stability of Ej, we should prove that b; > 0, b3 > 0 and
blbg — bg > 0.
It’s obvious that b; > 0. From system (3.1) we have:

POSpy

A+l ) (4.1)

(p+dh)(dh+5h—i—9):

This proves that if R;, > 1 then b3 > 0 .
Now we calculate b0y — b3,

biby — b3 = [1 Pt (p+ dp) + (dn + 0n + 9)] [1 PR (p o+ dy) + PR

+ |: dn Ry +(p+dh)+(dh+5h+0)} [(p+dh)(dh+5h+6’)

1+Vh[;1
anSp, _ dpRu(p+dn)(dn+0n+6) andnSp,
2 * 3 .
(1+vnl;,) T4vn iy, (14+vnl;,)

Using equation (4.1) we can easily show that if Rj, > 1 then byby — b3 > 0, and we
showed above that if R, < 1, the roots of P(\) have negative real parts, therefore
by Routh-Hurwitz criterion if R, > 1 and R, < 1, all eigenvalues of Je; have
negative real parts so £} is locally asymptotically stable. 0

4.3. Endemic equilibrium.

Theorem 4.3. If Ry > 1 the endemic equilibrium E3 is locally asymptotically
stable.
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Proof. The Jacobian matrix of system (1.1) at Ej is given by:

o aply, arly, o _ 01;,5;*,2 o ‘“SZZ
(H—wl;z + 1+Vr[:z) dh 0 (1+Uh1;2)2 0 0 0 (1+VT1,;*2)2
aplf, arlt, _ apSh, arShy
(1+unfi§z + 1+m12‘2) (p+ d) (14undzy)’ 0 0 0 (14vealzy)’
0 P — (dh + 6, + 9) 0 0 0 0
JIe; = 0 0 0 —dy, 0 0 0
ol _ oS
0 0 0 0 1+617, d; 0 (14p15,)"
all, o aSry
0 0 0 0 T (1 +d,) oo
0 0 0 0 0 T —d,
Here, the characteristic equation is obtained by calculating det (j By — )\Id) = 0.
We have an obvious eigenvalue \; = —dj, the other eigenvalues are the roots of

the polynomials Q(\) = A3 + ;A2 + o\ + ¢z and Q'(A) = A3 + ¢y A2 + s\ + 6.
Where:

= 1+,6’I* + 3d, + 1.

oy = <1+BI* +d, ) (d, —f—T)—l—dr(d + ) (1%?2)2

e c3=d.(d,+7) (1%}2 ) 1+BI*

oo (S B ) 4o )+ )

e oo = (s + i + ) o o)+ (il + il + ) (o
+0) + (p + dp) (dh + 5h +0) — (1p+au}£h2)

o o= (Fimi & 3 4 dh) (p+ di) (dn+ 0y + 0) — ot

To prove the local stability of E;, we should prove that the coefficients ¢, c3, ¢4,
and cg are positive and the same for cico — ¢3 and cyc5 — cg -
From system (3.1) we have:

dr(errT):ﬁ-
r2

PS;;Q O‘hl;z O‘rquz
o+d dy + 0, +0) = + .
( h> ( h h ) 1;22 <]_ + Vh-l;iz 1 + VT];(Z

Then we find that:

c1 >0, c3>0 and cico —c3 > 0.
cy >0, cg>0 and cyc5 —cg > 0.
Hence, Ej is locally asymptotically stable if R, > 1. Il

5. GLOBAL STABILITY

In this section, we establish the global stability of the equilibrium points by
constructing suitable Lyapunov functions and applying LaSalle’s Invariance Prin-
ciple. This method requires identifying a function that is positive definite and
whose time derivative is non positive.

In each Lyapunov function we introduce some coefficients, to simplify terms so
that helps the derivative of the function to be non positive.
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5.1. Disease-free equilibrium.

Theorem 5.1. If Ry < 1, the disease-free equilibrium Ey is globally asymptoti-
cally stable.

Proof. We consider the following Lyapunov function:
V(X) = V(Sh,Eh,Ih,ST,ET,IT) = ath%+ Vg
With,

Vi= S, — 42— Stin (dh5h> + B + X,

Vi S = g = fein (%) + B+ 5

We introduce the coefficients ad/h\h and 5 (1 = to simplify terms and that helps

the derivative of the function V' to be non positive.

Since Inx < x — 1 then ln(dx‘zh) < dZ”:h 1 and ln(d’”s’") < d;\—f” — 1 consequently

Sh — 2: — A}hln(dh?h) >0 and S, — _r _ Tln(drS'r) > 0.
We conclude that V' is a positive- deﬁmte functlon
Notice that:

1
d-(1-Ry)

dvi _ dSh Ahdsh+dEh (p+ dy) dIn

it dt S, at T, at

_ 45 1_ Ay, +dEh+(P+dh)@.
dt thh dt 1% dt

Ah OéhIhSh OéT[TSh OéhIhSh
= (1- Ap — —dyS ZhIhOh
< thh> ( h <1+Vh[h+ 1—|—VTIT) 4 h) + <1+Vh[h

orly5 4dy) (dp + 6, + 0
1+w2)_(p+dh)Eh+(P+dh)Eh—<p h)(; w0,
An ) Ap ap IS o, 1,5},
= —dpSp (1 — — (1=
" h( thh) ( thh) (1—|—yh[h+ 14,1,
ondnSn onleSp \ _ (p+dn) (dn+ 00 +0),
I+uvly 1+, P h
An ) IA LA dy) (dy + 6, + 0
S—dh5h<l— h> +Oéhh h+01rrh_(p+ h)(h+ h+)fh.
S dy dr P
A —1 LA
S—dh5h<1— h) +<Rh )(p+dh)(dh+5h+‘9)1—h+@rr h
nSh p d

And,
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a4, S d T dt
A\ ol A, d, (1 +d,)
=—d,.S,. (1- I,
( drST) d, (1 + B1,) T
2
< a5 (1- A, d. (R 1)(T+d)lr'
d,S, T

We conclude that if R, <1 and R, <1 then V. <.

We can remark that %7 (X) = 0 if and only if X = EO, then by applying LaSalle’s
invariance argument, we confirm that FE, attracts all solutions in the domain,
indicating global asymptotic stability.

OJ

5.2. Human-only endemic equilibrium.

Theorem 5.2. If R, > 1 and R, < 1, then the human-only endemic equilibrium
EY is globally asymptotically stable.

Izroof. We consider the following Lyapunov function
V(X) = V(ShaEhyjhasraEmIr) Vi

hl 1 Rr )v
With,

- Sh
Vi=Sy— S — Siyln (S ) + B, — E}, — Elyln ( (I — I,
hl

Iy
Y .
’“”(Ifsl))

Vy = Va.

) /?+d
f) ( h)
Ehl

Visa positive-definite function.
Notice that:

ﬁ:d_sh 1_5;:1 +dEh 1_E21 +(p+dh)% 1_1;21 .
dt dt Sh dt Eh 1% dt [h

Sltl ahIhSh OérL«Sh E;l OéhIhSh
( Sh ) ( h 1 -+ Vh[h 1 -+ VrIr thh) + ( Eh 1 + VhIh

OzTITSh (p + dh> IZI
— FE —1- E, — I
1+ VTIT (p + dh) h) -+ P [h (p (dh + (Sh + 9) h)
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From system (3.1) we have:

( aply Sy a 1S5
A = r S
L v A ey
. apl}Sy a, 17 Sy
dy) B =
(ot dn) By = ) e T T o (5-1)
(dh+5h+0) _ E;;
( p Iy
Then:
dv; S\ LonlnSh anlnSi | anlSp | onliSi
— L= Sy (1= 4 — +
dt Sh 1—}-1/}1];;1 Sh (1+VhI;:1) 1+thh 1—|—1/TI7"

. OéhIhShE;;l o O-/r]rShE;;l . (p+dh) <]h€]>:1 i ];1Eh> '
Eh (1 —f—VhIh) Eh (1 +Vrlr) Ihl Ih

= —dpSy, (1 - 521)2 + M [4 S InSnER 1 t+wdy 1 Ey
Sh 1+ l/hf;;l

Sy EnI; Sy 14w,  IhyEj
Lt udy, ] ooy Spy [ andySin (L +undy) | andnSy candnSiy
1+ uvpdpy 1+ uvplyy, (1+yh];1)2 1+l 1+ uvpdp,
a1, SLE}, o, 1,57,
By (+u1) 141

The property of arithmetic geometric mean leads to:

|‘4 . S;;l . IhShE;;l 1 —|—Vh];;1 . I;;lEh _ 1+ Vh]h 0
Sh Eh‘[;;lsltl ]- + VhIh _[]—LE;;l ]. + V]—L_[;;l '
Since
B ali Sy ol Siy (L+vply)  aplpShy B anlySiy
1+ w0} (14w lr)” L+wd, 14wl —
Therefore,
v, )
% S aT]TShl'
It leads to,
% T +d,
—(Sh, Ep, I, Sy, B 1) < I, — I,.
dt ( hs ~hs Lh, ) -
<0.

We can see that % (X) = 0 if and only if X = E} then by Lasalle’s invariance
principle, if R, > 1 and R, < 1 then EY is globally asymptotically stable .  [J
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5.3. Endemic equilibrium.

Theorem 5.3. If R, > 1 then the endemic equilibrium E3 is globally asymptot-
cally stable.

Proof. We consider the following Lyapunov function:

V(X)=V(Sh, En, In, Sy, By, I,) = %Vl + V.
With ¢ a positive constant and,

Vi = Sh— S5, — Siyln ( ) + By — E, — Ein ( ) 4 et (7, 1,
(i)
V, = S,—8%—S%n (5—) VB, —Ey—Ehin <%)+(T+ﬁ”) (I — Iy — I, In (,* )) .

V' is a positive-definite function.
Notice that:

%:@ 1_% +dEh 1_E22 +(P+dh)% 1_@ '
dt dt Sh dt Eh P dt Ih

n IS o 1S Ey IS
= 1—5’12 Ah_ahhh_a b d,S, )+ (1= 2k Qpdpoh
Sh 1+Vh]h 1+VTIT Eh 1+Vh[h

o, 1Sy (p+dp) I,*;Q
- AU 74 - 1) .
Tl (p+dp) Eh) + p 1-— . (pEy — (dy, + 0, + 0) I,)

From system (5.1) we have:

dv; S\, g linSis | g IBSi  onlipSi
— = —d, Sy, +3 " 3 i "

dt Sh 1+ l/hIh2 1+ Vv"]rz Sh (1 + Vh]hZ)
Oéh[:QShQ ah[hSZQ CKTITSZQ _ Ckh[hShE;;2 Oér[rShEZQ

S (A +uwd,) 14w, 14w, E,(1+wly)  E,(1+u1,)
— (p+ d) (I'f& + I’%Eh) .
h2 h
— —d,S, (1 _ 522)2 n anlpySi [4 _ Shy InSnEpy » L+ vnlp,
Sy, 1+ vpl}, S Enl;yShs 14+ v,1,,
INE, 14+l aplis Sty anlisShy (L +vnly)  anlnSiy
CLEr, 1+ th;J 14w, 1+ I}, 14 vl
B arlp Sy B . L. SpE}, a, I, S5, N a, IS5, [5 B % I
L+wvly, Ev(l+vd.) 1+vl. 1415 Sy I},
CLSEy 1wl IpB L0+ wh)} eelSh,
Enl5Si, 14wl  LE, L(1+uly)| 1+l
o, 1% 85, (1 + v.1,)
I (1+ ’/7"[:2)2 .
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The property of arithmetic geometric mean leads to:
|:4_ S;;Q [hShEZQ % 1+Vhf;:2 [;,:2Eh - 1+thh:| SO)

S, EhI;ZZS;;Q 14+ v 1y, [hE;kQ 1+ I/h[;:2

and
{5 S I LSiEp  ltwly LB Ih(1 —I—I/TIT)} <0
Sn I, En%nSt,  1+ul, ILE, L(+uly)]| =
Then
d_‘N/l < o 1;Shy O‘T]:22822 .
dt = 1+wvl, I (1+v,1%)°
< o, Sty (A + d,)
[— d’r .
We have:
dVy  dS, S5\ | dE. E5\  (r+d,)dl, I,
22 1— =2 ik O ) S/l B I I
dt dt< ST)ert( E )T T @ I,

B S¥ ol,.S, E7, o, 1.5,
= (1 sr) <A7‘ 1+ Bl dTST) * (1 E> (HBL

(4 d)E)+ @ (1 - %) (7B, — d,I,) .

From system (3.1) we have:

( OCI*S*
Ar — r~r dTS*,
15
al*S*
dT B = #, )
(dr +7) E; % B (5.2)
d, Er
% S
Then:
ava _ S (1_ S:2>2 LIS alnSy al,S;,  al.S.E}
a7 S, 1+ 815 S, (1+pI%) 1+pL  E.(1+3I)

I.E* I E
. dr r=r2 r2°-T )
o )(1:2 L )
S5\ alrns: Sy, LS.Er, 1+pI, I,E
:_drsr (1_ r2> + r2~r2 {4_ r2 T r2 % r2 _ Tr2—r
S, 1+ 41,

S, E.I3,S%  1+p8I, LE;
1+ 41, al®%St,  al’ySh (1+ 1) al,.Sk al,.Sk
_1+ﬁ1:2} 1+ BI (14 BI3)? - 1+5]:2+1+5]r.
The property of arithmetic geometric mean leads to:

{ L Sh_ LSE, 1+48Ly InE. 1461

S, EInS, 11 plL  LE, 1+plh] -
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As,
_ alnSY adp S (L4 B1) | adpShy _ oSy <0
1+ BI7, (1+ BI%)? 1+ B 1+BI ~
Then,
dvs
— <0
dt —
Consequently,
dv ~
%(Sfu Eh7 Ih7 ST7 Era -[7") S ,QZ) + ‘/2
Let 0 < 1 < |Va
Then,
V <0,
Since % (X) = 0if and only if X = E} then by Lasalle’s invariance principle, if

R, > 1, E; is globally asymptotically stable .

6. NUMERICAL SIMULATION

O]

To assert the theoretical results obtained in the previous sections, we execute
numerical simulations using the parameter values listed in Table 1. These simula-
tions aim to illustrate the system’s dynamics and to affirm the stability properties
predicted by the analytical analysis.

Parameters | Figure 2 | Figure 3 | Figure 4 | Figure 5 | Source
Ay, 0.8 0.3 0.3 0.8 Assumed
ap 0.00006 | 0.06 0.06 0.00006 | [13]

Q. 0.09 0.09 0.09 0.09 [11]

Vh 0.05 0.05 0.05 0.05 Assumed
v, 0.03 0.03 0.03 0.03 Assumed
dp, 0.01794 | 0.01794 | 0.01794 | 0.01794 | [13]

on 0.0247 ]0.0247 | 0.0247 |0.0247 | [13]

p 0.14 0.14 0.14 0.14 [11]

0 0.01 0.01 0.01 0.01 [11]

A, 0.2 0.2 0.2 0.2 Assumed
a 0.027 0.027 0.027 0.027 [11]

d, 0.03 0.03 0.03 0.03 [11]

T 0.002 0.002 0.3 0.3 Assumed/ [13]
15} 0.2 0.2 0.2 0.2 Assumed

TABLE 1. Ta

ble of parameters.
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6.1. Disease-free equilibium. In this subsection, we present the numerical sim-
ulation setup corresponding to the human-only equilibrium FEj, based on the
model equations and the second column of Table 1.

g $10

£ £

: :

; S g

X -E %

0 05 =5
Q —[h Q

2 R 2 _Er
g h -

g = —Ir
g 3

3 ‘ %

I v 0

0 200 400 600 800 100( 0 200 400 600 800 1000
Time Time

FI1GURE 2. The disease-free equilibrium stability: The human

monkeypox dynamics (left) and the rodent dynamics (right) (Case:
Rp<1land R, <1).

We have the R, = 0.0466 < 1 and R, = 0.3750 < 1, which implies the
stability of the disease-free equilibrium. Indeed, from Fig. 2, we can see that
the exposed populations and infected populations for both rodent and human
vanish. However, the susceptible populations tend to their maximal levels for both
human and rodent. The convergence towards the disease-free equilibrium Ey =
(44.5931,0,0,0,6.6667,0,0) is observed, which is consistent with the theoretical
predictions, demonstrated in Theorem 4.1 concerning the local stability result
and Theorem 5.1 concerning the global stability result.

6.2. Human-only endemic equilibrium. In this subsection, we present the
numerical simulation setup corresponding to the human-only equilibrium £7,
based on the model equations and the third column of Table 1.

g | 810

230 -5

’ _% 55

&1 h g

5P ;

g :

g 3

3 . o] | |
f 20—

0 100 200 30 400 50 60 0 100 20 00 400 50 600
Time Time

FiGUurRE 3. Human-only endemic Equilibrium stability: The hu-
man monkeypox dynamics (left) and the rodent dynamics (right)
(Case: Ry, > 1 and R, < 1).
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We have the human reproduction number R, = 17.4915 > 1 and R, =
0.3750 < 1, which predicts the stability of the human-only endemic equilib-
rium. Indeed, from Fig. 3, we can see that the number of infected rodent
population tend to zero, similarly the number of exposed rodent population van-
ish, while the number of susceptible rodent tends to the maximal level. How-
ever, the infected human tend to the maximal level and the susceptible tends
to zero. The convergence towards the human-only endemic equilibrium E} =
(1.1883,1.2787,4.8583,2.7081, 6.6667, 0, 0) is observed which is in agreement with
the theoretical findings, demonstrated in Theorem 4.2 concerning the local sta-
bility result and Theorem 5.2 concerning the global stability result.

6.3. Endemic equilibrium. In this subsection, we present the numerical simu-
lation setup corresponding to the human-only equilibrium £}, based on the model
equations and the fourth and fifth column of Table 1.

330 815

g g

E; -5, g

| B[ AN

X —I %

2 ' 3

210 Bl 55

g 3

ol 20 : : :

0 50 100 ) M 0 50 100 150 200
Time Time

FIGURE 4. Disease endemic equilibrium stability: The human
monkeypox dynamics (left) and the rodent dynamics (right) (Case:
Rp>1and R, > 1).

According to the fourth column of Table 1, we have the human reproduction
number Ry = 17.4915 > 1 and R, = 5.4545 > 1, which predicts the stability of
the endemic equilibrium. Indeed, from Fig. 4, all the model components remain
at a strictly positive level, and we can see that the susceptible populations for
both rodent and human tend to zero. However, the infected populations tend to
their maximal levels for both human and rodent. The convergence towards the
endemic equilibrium Ej = (0.5123,1.3344,5.0697, 2.8259, 2.2121, 0.4050, 4.0496)
is observed which is in agreement with the theoretical findings, demonstrated in
Theorem 4.3 concerning the local stability result and Theorem 5.3 concerning the
global stability result.
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g 8%
Eq) =5i E ~5
: || g E
a -1, a
% X
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5P 5
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0 5 100 150 200 0 5 100 150 200
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FIGURE 5. Disease endemic equilibrium stability: The human
monkeypox dynamics (left) and the rodent dynamics (right) (Case:
Ry <1land R, > 1).

According to the fifth column of Table 1, we have the human reproduction

number R; = 0.0466 < 1 and R, = 5.4545 > 1, which predicts the stability
of the endemic equilibrium. Indeed, from Fig. 5, all the model components re-
main at a strictly positive level, and we can see that the susceptible populations
for both rodent and human vanish. However, the infected populations tend to
their maximal levels for both human and rodent. The convergence towards the
endemic equilibrium E} = (2.3297,3.4790, 13.218, 7.3679, 2.2121, 0.4050, 4.0496)
is observed which is in agreement with the theoretical findings, demonstrated in
Theorem 4.3 concerning the local stability result and Theorem 5.3 concerning the
global stability result.
It can be seen from figures 4 and 5 that if R, > 1 the endemic equilibrium point
Ej3 is asymptotically stable and even if R;, < 1 the disease continue to spread in
human population which means that R, > 1 has an impact not only on rodents
population but also in humans population.

7. CONCLUSION

In this paper, we have studied a two-group monkeypox model including a sat-
urated incidence rate. We investigated the basic reproduction number Rg, which
is the maximum of the human reproduction number and the rodent reproduc-
tion number, denoted as R; and R, respectively. We calculated the equilibrium
points and established their stability. We found that if Ry < 1, i.e, Ry < 1 and
R, < 1 there exists a unique equilibrium point, which is the disease-free equilib-
rium Fjy and it is globally asymptotically stable; if R, > 1 and R, < 1, there exist
two equilibrium points, the disease-free equilibrium Ej which is unstable and the
human-only endemic equilibrium FE7 which is globally asymptotically stable and
if R, > 1 the disease-free equilibrium Ej is unstable and there exists an endemic
equilibrium F3 which is globally asymptotically stable. The results of this study
show that the transmission of monkeypox in the human population is affected
by the human infection rate and the rodent infection rate, i.e, the disease in the
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population of rodents has an impact on the behavior of the disease in the human
population, while the transmission of monkeypox in the population of rodents is
only affected by the rodent-rodent infection rate because there is transmission of
the disease from rodents to humans but there is no transmission of the disease
from humans to rodents. We showed that the existence and stability of the en-
demic equilibrium depend just on R, and presented numerical simulations which
support our theoretical results.

10.

11.

12.

13.

REFERENCES

. Bankuru, S. V., Kossol, S., Hou, W., Mahmoudi, P., Rychtar, J., & Taylor, D. (2020).

A game-theoretic model of Monkeypox to assess vaccination strategies. PeerJ, 8, €9272.
https://doi.org/10.7717/peerj.9272

Bentaleb, D., Khatar, Z. & Amine, S. (2024). Epidemiological modeling of monkey-
pox clades: a dual-strain SEIR approach with stability, bifurcation, and sensitiv-
ity analysis. Model. Earth Syst. Environ, 10, 6949-6963. https://doi.org/10.1007/
s40808-024-02162-5

Bhunu, C.P., Mushayabasa, S. & Hyman, J.M. (2012). Modelling HIV/AIDS and mon-
keypox co-infection. Applied Mathematics and Computation, 218(18), 9504-9518. https:
//doi.org/10.1016/j.amc.2012.03.042

Collins, O. C. & Dufty, K. J. (2024).Dynamics and control of mpox disease using two mod-
elling approaches. Modeling Earth Systems and Environment, 10(2), 1657-1669. https:
//doi.org/10.1007/s40808-023-01862-8

Diekmann, O., Heesterbeek, J. A. P., & Metz, J. A. J. (1990).On the definition and the
computation of the basic reproduction ratio r0 in models for infectious diseases in heteroge-
neous populations. Journal of Mathematical Biology, 28, 365-382. https://doi.org/10.
1007/BF00178324

Elsonbaty, A., Adel, W., Aldurayhim, A. & El-Mesady, A. (2024).Mathematical mod-
eling and analysis of a novel monkeypox virus spread integrating imperfect vaccination
and nonlinear incidence rates. Ain Shams Engineering Journal, 15(3), 102451. https:
//doi.org/10.1016/j.asej.2023.102451

Gradshteyn, 1.S & Ryzhik, I.M. (2000).Routh-Hurwitz Theorem, in: Tables of Integrals,
Series,and Products. San Diego. Academic Press.

Grant, R., Nguyen, L-B. L. & Breban, R. (2020). Modelling human-to-human transmission
of monkeypox. Bull World Health Organ, 98(9), 638-640. https://doi.org/10.2471/BLT.
19.242347

Hasan, A. H, Aldila, D., & Aziz, M. H. N. (2024). Optimal control and stability analysis of
monkeypox transmission dynamics with the impact of contaminated surfaces. Front. Appl.
Math. Stat, 10, 1372579. https://doi.org/10.3389/fams.2024.1372579

Kermack, W. O., & McKendrick, A.G (1932). Contributions to the mathematical theory of
epidemics. II. The problem of endemicity. Proc. R. Soc. Lond, Series A, 138(834), 55-83.
https://doi.org/10.1098/rspa.1932.0171

Liu, G. & Li, H. (2024). Dynamical analysis of a class of monkeypox epidemic model.
Thermal Science, 28(4B), 3367-3383. https://doi.org/10.2298/TSCI2404367L

Mahase, E. (2022). Monkeypox: What do we know about the outbreaks in Europe and
North America? BMJ, 377:01274. https://doi.org/10.1136/bmj.01274

Okongo, W., Abonyo, J. O., Kioi, D., et al. (2024). Determining the effect of contaminated
environment and direct transmission on the dynamics of monkeypox virus. Commun. Math.
Biol. Neurosci, 2024. https://doi.org/10.28919/cmbn/8220


https://doi.org/10.7717/peerj.9272
https://doi.org/10.1007/s40808-024-02162-5
https://doi.org/10.1007/s40808-024-02162-5
https://doi.org/10.1016/j.amc.2012.03.042
https://doi.org/10.1016/j.amc.2012.03.042
https://doi.org/10.1007/s40808-023-01862-8
https://doi.org/10.1007/s40808-023-01862-8
https://doi.org/10.1007/BF00178324
https://doi.org/10.1007/BF00178324
https://doi.org/10.1016/j.asej.2023.102451
https://doi.org/10.1016/j.asej.2023.102451
https://doi.org/10.2471/BLT.19.242347
https://doi.org/10.2471/BLT.19.242347
https://doi.org/10.3389/fams.2024.1372579
https://doi.org/10.1098/rspa.1932.0171
https://doi.org/10.2298/TSCI2404367L
https://doi.org/10.1136/bmj.o1274
https://doi.org/10.28919/cmbn/8220

386 S. EL MOUJADDID, S. HARROUDI, K.ALLALI

14. Peter, O. J., Kumar, S., Kumari, N., et al. (2022). Transmission dynamics of Monkey-
pox virus: a mathematical modelling approach. Model Earth Syst Environ, 8, 3423-3434.
https://doi.org/10.1007/s40808-021-01313-2

15. Peter, O. J., Madubueze, C. E., Ojo, M. M., et al. (2023). Modeling and optimal control
of monkeypox with cost-effective strategies. Model Earth Syst Environ, 9(2), 1989-2007.
https://doi.org/10.1007/s40808-022-01607~-z

16. Qian, M., Li, D., Hao, Z., et al. (2025). An epidemiological model of monkeypox: model
prediction and control application. BMC Infect Dis, 25, 485. https://doi.org/10.1186/
512879-025-10873-y

17. Savinkina, A., Chitwood, M., Kwon J., et al. (2023). Planning for Mpox on a college
campus: A model-based decision-support tool. Annals of internal medicine, 176(3), 340—
347. https://doi.org/10.7326/M22-2734

18. Saxena, S. K., Ansari, S., Maurya, V. K., et al. (2023). Re-emerging human monkeypox:
a major public-health debacle. Journal of medical virology, 95(1), e27902. https://doi.
org/10.1002/ jmv.27902

19. Somi, K., & Sinha, A. K. (2024). Modeling and stability analysis of the transmission dy-
namics of Monkeypox with control intervention. Partial Differential Equations in Applied
Mathematics, 10, 100730. https://doi.org/10.1016/j.padiff.2024.100730

20. van den Driessche, P. & Watmough, J. (2002). Reproduction numbers and sub-threshold
endemic equilibria for compartmental models of disease transmission. Mathematical Bio-
sciences, 180(1), 29-48. https://doi.org/10.1016/S0025-5564(02)00108-6

21. Yuan, P., Tan, Y., Yang, L., et al. (2022). Modeling vaccination and control strategies for
outbreaks of monkeypox at gatherings. Frontiers in Public Health, 10. https://doi.org/
10.3389/fpubh.2022.1026489

! LABORATORY OF MATHEMATICS AND APPLICATIONS, FACULTY OF SCIENCES AND TECH-
NOLOGIES, UNIVERSITY HASSAN 1T OF CASABLANCA, MOHAMMEDIA, 146, MOROCCO.

Email address: elmoujaddid.soumia@gmail.com

Email address: karam.allali@fstm.ac.ma

2 ENCG orF CASABLANCA, UNIVERSITY HASSAN II, CASABLANCA, MOROCCO.
Email address: sanaa.harroudi@gmail.com


https://doi.org/10.1007/s40808-021-01313-2
https://doi.org/10.1007/s40808-022-01607-z
https://doi.org/10.1186/s12879-025-10873-y
https://doi.org/10.1186/s12879-025-10873-y
https://doi.org/10.7326/M22-2734
https://doi.org/10.1002/jmv.27902
https://doi.org/10.1002/jmv.27902
https://doi.org/10.1016/j.padiff.2024.100730
https://doi.org/10.1016/S0025-5564(02)00108-6
https://doi.org/10.3389/fpubh.2022.1026489
https://doi.org/10.3389/fpubh.2022.1026489

	1. Introduction
	2. The problem well-posedness
	3. Analysis of the model
	3.1. The basic reproduction number
	3.2. Equilibrium points

	4. Local stability
	4.1. Disease-free equilibrium
	4.2. Human-only endemic equilibrium
	4.3. Endemic equilibrium

	5. Global stability
	5.1. Disease-free equilibrium
	5.2. Human-only endemic equilibrium
	5.3. Endemic equilibrium

	6. Numerical simulation
	6.1. Disease-free equilibium
	6.2. Human-only endemic equilibrium
	6.3. Endemic equilibrium

	7. Conclusion
	References

