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LOGARITHM OF THE GREATEST PRIME FACTOR
RAFAEL JAKIMCZUK! *

ABSTRACT. In this article we prove asymptotic formulae for sums where ap-
pear log" P(n), where P(n) is the greatest prime factor of n. In this way we
generalize a formula of N. G. De Bruijn. Our methods are very elementary, we
only use the concept of integral of a continuous function. We do not use the
theory of complex functions.

1. INTRODUCTION

Let P(n) be the greatest prime factor in the prime factorization of n. For
example, P(23.5.11%) = 11, P(5) = 5.

Let 0 < A <1 a fixed real number. Let €)(z) be the set of positive integers not
exceeding x such that in their prime factorization only appear primes p pertaining
to the interval [0, x’\]. That is, €)(z) is the set of positive integers not exceeding
x such that the greatest prime factor of these positive integers pertain to the
interval [O,x)‘]. These numbers are called smooth numbers. The number of
positive integers pertaining to the set €,(x) we denote N (A, z). It is well-known
[3] the following formula

N\ z) =Nz + f(x)x (1.1)

where f(x) — 0. Note that f(z) depend of A\. Therefore the positive integers in
the set €,(x) have positive density ¢(A) (this function of A is called Dickman’s
function). It is a positive, strictly increasing and continuous function on the
interval (0,1]. Besides clearly ¢(1) = 1. On the other hand, the following limit
holds

lim §(A) = 0 (1.2)

Let B(n,p) be the number of positive integers s not exceeding n such that the
prime p is the greatest prime factor of s (that is, P(s) = p). Then

Z B(n,p)=n-1

2<p<n

and

Nwn) = 3 Blnp)

2<p<n’
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N. G. De Bruijn [1] proved the following asymptotic formula

Z logpB(n,p) = ZlogP = anlogn + O(n)

2<p<n
where the constant a is defined in [1]. Therefore we have
Z log pB(n, p) ZlogP ~ anlogn (1.3)
2<p<n

In this article we study the sum
>~ log*pB(n,p)
n*<p<n
where 0 < o < 1 is a fixed real number and the sum
Z log” pB(n,p) = Zlog P(i
2<p<n

We shall need the following lemmas.

Lemma 1.1. Let Y .2, a; and Y ;> b; be two series of positive terms such that
lim; o0 58 = 1. If 3770, b; is divergent then we have the following limit

Z? 1aZ

lim =1
n—oo Z'L 1
Therefore Y ;= | a; is also divergent.
Proof. See [, page 332] . O
Lemma 1.2. Let k be a positive integer. We have the following asymptotic
formula
Z logF p ~ xlogh ™ & (1.4)
p<xz
Proof. We have
Z loghi = / log® x dx + O(log* n) (1.5)
i=1 1

since the left side is a sum of rectangles of basis 1 and height log”i and the
function log® x is strictly increasing.
On the other hand (L’Hospital rule) we have
“loght dt
lim LL —

z—oo  gloghx

(1.6)

Equations (1.5) and (1.6) give

Zlogki ~ nlogfn (1.7)

=1
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Equation (1.7), Lemma 1.1 and the prime number Theorem (p,, ~ nlogn) give

n

Z loghp = Z log" p; ~ Z log"i ~ nlog"n ~ p,log" ' p, (1.8)
i=1

pSpn =1

The function zlog" ™' z is strictly increasing. Therefore if € [py, pps1) We have
(see (1.8))

ZPSPTL logk p < Zpgx ]_ng p < ZPSPTL logk p

Purrlog" ™ pus T wlog™ a7 pulogtp,
Now, the left side and right side have limit 1. Therefore (1.9) implies (1.4). O

(1.9)

Lemma 1.3. Let k be a positive integer. We have the following asymptotic

formula
log"p 1
Z . P Elogk:c (1.10)
p<z
Proof. We have
n 1 k—1 - n k—1 1
Yyt z/ %% T gz +0Q1) ~ > logtn (1.11)
1 1 x k

=1

since the left side is a sum of rectangles of basis 1 and height @ and the

logF—1z

function is strictly decreasing from a certain value of x.
Equation (1.11), Lemma 1.1 and the prime number Theorem (p, ~ nlogn)
give
log® p " log" p; " loghi “log" i 1, 1. 4
LT Y g T YEe sy
P<pn i=1 i=1 i=1
(1.12)

The function log® z is strictly increasing. Therefore if = € [Dn, Pni1) we have (see
(1.12))

P D Y D
PSPn_ p o ZPST p o EPSPn p

% logk Prn+1 N % logk r % logk Pn
Now, the left side and right side have limit 1. Therefore (1.13) implies (1.10). O

(1.13)

2. MAIN RESULTS

Theorem 2.1. Let % < a < 1 a fived real number. The following asymptotic
formula holds

Z log® pB(n, p) ~ aqxnloghn (2.1)
ne*<p<n

where

1
Aoy = % (1-a*) = / 2*1 da (2.2)
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Proof. The set of multiples of p not exceeding n is

n
{p.l,p.Q,p.B, RN \‘—J }
p

If p > n'/? then p > 52> {%J Consequently B(n,p) = L%J Therefore

> log"pB(n.p) = > logp{J

ne<p<n n*<p<n

= n Z - 3 log p(—— EJ) (2.3)

ne*<p<n n*<p<n

p
We have (see (1.10))

3 log"p _ Zlog’“p -y log" p

n*<p<n p p<n p p<n¢« p
1 1 1
=z loghn — Eak log® n + o(logh n) = z (1 —a*)log" n + o(log"n) (2.4)

and (see (1.4))

Z log® p (— — {EJ> < Zlogkp < enlogh™tn

n*<p<n p<n
that is
Z log" p <— - {—J) = O(nlogF'n) (2.5)
ne®<p<n
Equations (2.1) and (2.2) are an immediate consequence of (2.3), (2.4) and (2.5).
O

Theorem 2.2. Let 0 < a < % a fized real number. The following asymptotic
formula holds

Z log® pB(n, p) ~ aqxnloghn (2.6)

n*<p<n

ok = % (1 - <%>k> + /:/2 & <£) o1 dz (2.7)

Proof. Let € > 0. Let us consider the chain of inequalities

where

1
04:50<51<52<“'<5k=§
where Bi11 — f; <€, (i =0,1,...,k—1). We have
k-1
> log"pBn,p)=>_ | > log"pB(n,p) |+ > log"pB(n,p)
ne<p<n i=0 \ pBi <p<nfiti nl/2<p<n

(2.8)
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where (see Theorem 2.1)

1 1\* D iz cp<n log" pB(n,p) 1 1\*
E<1—<§>>—e< o <7 1—<§> te  (29)

For sake of simplicity we put (see (2.8))

k-1
Am)y=> " > log"pB(n,p) (2.10)
i= nbPi <p§n5i+1

Let us consider the inequality

nfi < p < nfin (2.11)
Inequality (2.11) implies the following inequality
ni=h < U o pi=ps (2.12)
p

Inequalities (2.11) and (2.12) imply the following two inequalities

Bit1

Bi —Bi
p < nPit1 = (nl—ﬁiﬂ) 175111 < (E) =811 (2.13)
p
BN
i 1-8;
p> nbi = (nlfﬁz‘)lfﬂi > (E) (2.14)
p

The set of multiples of p not exceeding n is

{p.l,p.Q,p.B, N EJ }
P
{1,2,3,..., F } (2.15)
P

Let C(n,p) be the number of numbers in the set (2.15) such that in their prime
factorization appear only primes not exceeding p. Consequently

B(n,p) = C(n,p) (2.16)
Equations (2.16), (2.13), (1.1) and (2.12) give

Let us consider the set

B Bit1 ny ﬂ n
B(n.p) = Cn,p) < N (—1 " p> ¢ (1 —m) p
f(ﬁ) o <¢ (—5"“ ) +e) = <f (9) —e) -
p)p 1 —Bin p p p
« ()

In the same way, equations (2.16), (2.14), (1.1) and (2.12) give

B(n,p) = C(n,p) = (cb( & ) —e) % (2.18)

1=Gi
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Note that the function h(z) = ¢ ({£) is strictly increasing and continuous on
the interval [0,1/2]. Besides h(0) = 0 and h(1/2) = 1.
Now, we have (see (1.10))

log” log” log” 1
Z ngp: Z o8 p_z in:E(Z“ 5k)log n+0(log n)

nBi <p<nPi+1 p<nPi+l p<nbi

(2.19)
Equations (2.17) and (2.19) give

k Biv1 10gkp
Z log” pB(n,p) < (¢ <1 — B@'Jrl) —i—e) n Z 5

nBi <p<nfit+1 nbi<p<nPiti
Bit1 1 1
= ¢(1—E¢+1 E( ¥ — B8F) nlog” n—i—ek( 1 — BF) nloghn
+ o(n log® n) (2.20)
Equations (2.18) and (2.19) give

B; log" p
S women ((29) )5, =

nPi <p§nﬂi+1 nPi <p§nﬁi+1

i 1 1
- gb(lf@)%( fﬂ—ﬁf)nlngn—eE( 1 ﬂk)nlog n

+ o(nlog"n) (2.21)

We have (mean value Theorem)

k1 B; 1 k—1 5,
: k k-1
;gb(l—@’l)%( i+1 5@ Zzzd)(l_ﬁz)ﬁ (614,_1—51)
/
B /1 2¢(1fx> 1 g

k—1

Bi+1
X)) ) ) e e
i=0 Y Pi t
k=1 rBina T B B;
o< 5[ (o) e () ) @
-1
Z (¢ (1 flgﬂ) Y= (1 fzﬁl) B 1) (Bi+1— Bi)
1
Bi-i—l — 6@
> (o () e (25) )
1\ «
_ e( 5) —gb(l_a) ak_1> <€ (2.23)

IN

N
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Therefore, equations (2.22) and (2.23) give

Zcb (1 = 61) k- B > /:/2¢ (%) o1 dz — ¢ (2.24)

Note that (mean value Theorem)

k-1 1 k—1 1\ AL ket
0 < Z E z+1 Z 61—&-1 z+1 >~ <§> (62-&-1 - Bz)
=0 =0 1=0
1 1\ A1
Equations (2.10), (2.21), (2.24) and (2.25) give

a2 (S0 (1 25) L)) bt
i=0 v

k-1
— € (Z( 1 ﬁf)) nlog®n + o(nlog" n)

=0

1/2
> (/ ¢ (1 - > gt dx) nlog®n — 2enlogh n + o(nlog" n) (2.26)
“ -z

we have (mean value Theorem)

k—1

Z¢< Biv1 )1 Bk <k§i¢( Bit1 ) LB — By)
g 1 — 5@—1— z+1 —= P 1— 51‘-&-1 i+1 i+ 4
/
_ /12¢<1f‘r) k—1 dx
Bi+1 .
D A e R e e L

where
Bit1 5 T
0 i+1 ngl o k—1 d
) 'o/ﬁi (¢(1—5i+1> o ¢(1—$)x !
1

- kZ(@ﬁ( Bivi ) k_l_gb( B )@k 1)(5, _8)

I 1= i) 1-p5 e
-1

< 62@(1%;) - ¢<1f1@)6’“ )

_ e((%>klgb(1aa) ak_1> <e (2.28)
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Therefore, equations (2.27) and (2.28) give
k—1 1/2
Bit1 1 k: / T k—1
— d 2.2
Equations (2.10), (2.20), (2.29) and (2.25) give
k-1 8 1

n) < as )— M) ) nloghn

)—<;¢<1_61+1 k(l+l /8) g

k—1

+ € <Z( 1 5”3)) nlog®n + o(nlog n)

1=0

1/2
< (/ ¢ <1 ° ) gt dx) nlog®n + 2enlog® n + o(nlog®n) (2.30)
N —x

Equations (2.26) and (2.30) give

1/2 . 1/2 .
/ o} ( > 2"l dr — 3¢ < / o (—) 2" dx — 2e + o(1)
o 1—2 o 11—

1/2
A /a & (ﬁ) 2 da + 2 + o(1)

nloghn

1/2 . -
< 10) 2" dx + 3e
o 1—2z

This last equation and equations (2.8), (2.9) and (2.10) give equations (2.6) and
(2.7), since € is arbitrarily small. 0J

Corollary 2.3. The following asymptotic formula holds

Z log® pB(n,p) Zlog P(i) ~ agnlogfn (k>1) (2.31)

2<p<n

ap = % (1 — (%)k> +/01/2¢ (%) " dr (k> 1)

Proof. In this proof, for sake of simplicity, we put ¢ (&) 21 = p.
Let € > 0. We choose a < e.
The set of multiples of p not exceeding n is {p.l,p.Q,p.S, ceyD L%J } Therefore

where

we have the inequality B(n,p) < %, and consequently we have (see (1.10))

Oék

k 10gkp k k
Z log" pB(n,p) <n Z = —nlog"n + o(nlog" n)

k
2<p<ne o<pena P

Hence
22<p<n0‘ log* pB(n, p) < Oé_k
nloghn ~ ok

0< +0o(1) <a+o(l) <2« (2.32)
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On the other hand, we have (see Theorem 2.2)
1 1 k 1/2 a
—(1-1{= dr — dx —
k( <2>>+/Opx/0pxe
1 1\"* 1/2
)

Zna<p§n logk pB (n7 p)
nlog®n

1 1\" 1/2
E(l_(§>>+/ pdr+e€
1 1 k 1/2 o
= —[1—-{(= +/ pdx—/pdm+e
(1-G) ) o

If we sum (2.32) and (2.33)
1 1\* 1/2
(1= de —
2 ( (2) >+/O p dr — 3e
k 1/2 o
) +/ pd:z:—/ pdr —e
0 0

IN

IN

then we find that

VAN
| =
RS

—_

|
7N
N | —

IN
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(2.33)

INA [\
| = | =
N~

— —

| |
/N N
N | = N
N——

= =
N~ ~—

+ +

D\ D\
= =
[N} no

R R

QL QL

= =

+ +

® o

|
c\p
R}
QL
)
N———
+
o
+
@)

/Oagb(%)ﬁk_ldiﬂﬁacb(lfa)ak_lﬁakéb(lfa

)=

Note that if £ = 1 equation (2.31) becomes equation (1.3), where

1 1/2 T
a—a1—§+/0 ¢<m) dl’

Let us consider the following function F(z). F(z) = ¢ () 2" 1 if (0 <z <

1

1/2) and F(x) = 2*71if (1/2 < 2 < 1). Using this function we can write Theorem

2.1 and Theorem 2.2 in the following unique theorem.
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Theorem 2.4. Let 0 < a < 1 a fixed real number. We have the following
asymptotic formula

> log* pB(n,p) ~ aainloghn

ne<p<n
where agy = [ F(x) da.
In the same way we can write Corollary 2.3 as follows

Corollary 2.5. We have the following asymptotic formula
Z log" P(i) ~ aznlog®n
i=2

where ay = [ F(z) dz.

3. ON THE LOGARITHM OF THE LEAST PRIME FACTOR

Let p(n) be the least prime factor of the positive integer n.
In a previous article [2] we prove the following theorem.

Theorem 3.1. We have .
> “logp(i) = ng(n)
i=2

where g(n) — oo and g(n) = o(logn). Therefore

3

logp(i) = o(nlogn)
=2

In exactly the same way (see [2]) can be proved the following more general
theorem.

Theorem 3.2. We have

> log* p(i) = ng(n)
=2
where g(n) — oo and g(n) = o(log"n). Therefore
Z log" p(i) = o(nlog® n)
i=2
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