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WELL-POSEDNESS AND FINITE VOLUME APPROXIMATION
OF ELASTIC-ELASTIC INTERACTION MODEL WITH JUMP
EMBEDDED BOUNDARY CONDITIONS

AHMED AYOUB BOUKELIA!* and MOHAMED KARA'!

ABSTRACT. This paper addresses an elastic—elastic interaction problem gov-
erned by jump-embedded boundary conditions (J.E.B.C.) on the interface be-
tween two subdomains, based on the fictitious domain principle. We develop
a variational formulation and prove the existence and uniqueness of weak so-
lutions using the Lax—Milgram theorem. A penalized problem is introduced
to approximate spring-law-type interface conditions, and strong convergence
is established, with error estimates explicitly depending on the positive penal-
ization parameter. A finite volume discretization is proposed, preserving local
conservation in interior control volumes (CVs), while treating interface CVs
separately due to the jump conditions. Numerical experiments demonstrate
convergence rates between first and second order under various interface con-
ditions, confirming the theoretical results. The proposed framework provides
a reliable foundation for further developments in elasticity interface modeling.
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1. INTRODUCTION

Elastic interactions between multiple materials or components are central to
a wide range of physical and engineering systems, including biomechanics, ge-
omechanics, and composite structures. In many such systems, distinct elastic
subdomains interact across interfaces where discontinuities in displacement or
stress naturally arise. Accurately capturing these discontinuities poses substan-
tial mathematical and numerical challenges.

The well-posedness of mathematical models for the Stokes / Brinkman problem
with J.E.B.C. at fluid-porous interfaces has been rigorously analyzed in [I, 2],
including the Whitaker—Ochoa-Tapia and Beavers—Joseph interface conditions.
These works focus on fluid—porous interaction problems and provide a unified
variational framework for various physically relevant interface conditions. In con-
trast, the treatment of linear elasticity problems involving an elastic medium
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coupled with an extended domain through J.E.B.C. has been addressed using
fictitious domain approaches in [3, 9, 7], extending the methodology to elasticity
interfaces.

In this paper, we investigate the well-posedness of an elastic—elastic interac-
tion problem governed by jump-embedded boundary conditions. We then study
the asymptotic convergence of the model toward an elastic—elastic transmission
problem with spring-type interface conditions. We begin by formulating the
variational problem and establishing its well-posedness using classical tools from
functional analysis. The analysis is then extended to special cases, such as the
spring-law interface and its penalized approximation, for which we demonstrate
strong convergence and derive a priori error estimates.

To address the computational aspects of our framework, we develop a finite
volume method (FVM) specifically tailored to this class of problems, drawing
on established techniques [5, 3, 1]. Our FVM implementation offers three key
advantages: first, strict enforcement of local conservation laws; second, robust
handling of complex interface geometries; and third, a unified approach to various
transmission conditions.

We validate our approach through extensive numerical experiments examining
vertical, L-shaped, and rectangular interface configurations, which collectively
demonstrate the method’s accuracy and convergence properties under systematic
grid refinement.

The novelty of this work is that, to the best of our knowledge, it is the first to
rigorously establish the well-posedness and convergence analysis of elastic—elastic
interaction models governed by J.E.B.C., combined with a finite volume dis-
cretization specifically designed to ensure local conservation and accurately han-
dle complex interface geometries. This new framework generalizes existing ficti-
tious domain approaches beyond fluid—porous systems to purely elastic coupled
problems with discontinuous interface conditions.

The remainder of this work is organized as follows. Section 2 establishes the
well-posedness of our elastic—elastic model with J.E.B.C.. Section 3 introduces the
spring-law-type interface conditions, while Section 4 provides a rigorous conver-
gence analysis from the J.E.B.C. model to the spring-law formulation. Section
5 details our finite volume discretization methodology, and Section 6 presents
comprehensive numerical validation across different domain configurations. We
conclude with a summary of key findings and a discussion of promising future
research directions, particularly regarding extensions to nonlinear and dynamic
problems.

2. A WELL-POSED ELASTIC—ELASTIC PROBLEM WITH JUMP EMBEDDED
BOUNDARY CONDITIONS
We work on the composite region
Q = Ql U E U QQ,
where §2; and €)y are two subdomains joined along the interface Y. For each
i€ {1,2}, let
[, =00\ %



WELL-POSEDNESS AND F.V. METHOD FOR E-E INTERACTION 177

be the portion of 92; not lying on ¥. We denote by v the normal outward
unit vector on 02, and by n the normal outward unit vector on the interface X,
oriented from €2y into €2s.

For i = 1,2, let 0;(u;) = C; : (u;) denote the Cauchy stress tensor in the linear
elasticity domain €;, where u; is the displacement field, e(u;) = 3(Vu; + Vu,)
is the infinitesimal strain tensor, and C; is the fourth-order elasticity tensor,
assumed to be symmetric and uniformly elliptic. The elastic—elastic transmission
problem with jump-embedded boundary conditions, based on a fictitious domain
approach, is posed on the interface ¥ and reads:

—V.oi(u)=f1 in Oy, (2.1)
—V - o3(u) = fo in o, (2.2)
u=0 onI;Uly, (2.3)

[o(u) - n]s = Muls —g on X, (2.4)
o(u)-nlg =S[uls —h on¥, (2.5)

with f; € L*(€;)? and u|g, = u; for i = 1,2.
The jump and the arithmetic mean over X are defined as follows:

[uls = uols — wils, [o(u) - n]s = o2(u2) - n — o1 (1) - m,
Uy = (uols + wils)/2, o(u)-nls = (o1(w1) - n+ 0a(uz) - n) /2.

The functions g, h € H'/?(X)? represent interface force terms and M (z), S(z) €
R4 are IL>° measurable functions with symmetric matrix values. These, together
with C; and C,, are assumed to satisfy the following ellipticity conditions: for
1=1,2, let aq, as, My, Sp > 0 be constants such that

C; € L=®(Q)™4 and Ci(z)¢: € > ail€, ae. in Q;, V&R (Al)
M(2)€-€ > Molef?,  S(x)€-€ > Soléf*, ae onX, VEeRY, (A2)
where | - | denotes the Frobenius norm.

Remark 2.1. Throughout the paper, we denote by u the global displacement field
defined in the union domain 2 = 7 U {2y, such that

ulo, = u, ulq, = us.

For notational convenience, we write u without subscripts and interpret it piece-
wise on each subdomain. Similarly, all expressions involving u, such as Vu, £(u),
and the bilinear form a(u,w), are to be understood as acting separately on {24
and €y, with appropriate traces defined on the interface .

Weak Formulation: The functional space required for the weak formulation is
introduced below

W= {w S L2(9>d : w‘Ql S Hé,l‘l (Ql)dv w’92 S H&,FQ(QQ)d}v

with the norm:
lwllf = [Vwl[§ o, + IVl g,
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Hence, the variational formulation becomes: Find u € W such that for all

we W,

a(u,w) = L(w), (2.6)
with
a(u, w) :/Q Cie(u) : e(w) dx —1—/9 Coe(u) : e(w) dx
+/2Mﬂ|g-@|gds+/25[[u]]g-[[w]]gds,
and

é(w):/Qf~wdx+/zg~w\gds+/zh~[[w]]gds,

where [, f-wdr = [ fi-wdz+ [o fo-wda.
Before we proceed with the solvability theorem, we state the following result,
which will be used in its proof.

Proposition 2.2. Let u € H(Q)?, and define
c(u) = %(Vu (V)
as the symmetric gradient of u. Then the following estimate holds:
le()llzz@) < [[Vullrz - (2.7)
Proof. For each x € ), we write:
Vu =e(u) +wu), with w(u) = (Vu—Vu')/2,

so that e(u) is symmetric and w(u) is skew-symmetric. The Frobenius inner
product of these two matrices vanishes:

(e(u), w(u)) =0,
and therefore, by the Pythagorean identity for matrices,
[Vul? = e(u)]” + |w(w)[* = [e(u).
Integrating over €2 taking square roots yields the desired inequality. Il

Now, we present the following global solvability theorem.

Theorem 2.3 (Global Solvability of the Elastic/Elastic Model with J.E.B.C.).
Let the volume forces f; € L*(S,)® for i = 1,2, and let the interface forces
g,h € HY2(X)4. If Cy, Cy, M, and S satisfy the assumptions (A1)-(A2), then
the problem (2.1)—~(2.5) admits a unique weak solution u € W that satisfies
the variational formulation (2.6).

In addition, there exists a constant C' > 0, depending only on the structural
parameters (but not on the data), for which the following bound holds:

lullw < C (Il fllog + 1All/25 + llgll/2z) -
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Proof. Coercivity of a(-,-): Let u € W. The bilinear form gives:

a(u,u) = [ Cie(u):e(u)de+ [ Cie(u) : e(u) de
o1 Q2

+/Mﬂ|2'ﬂ|gd8+/5[[u]]z'[[u]]gds.
2 2

From the uniform ellipticity assumption (A1) and by applying Korn’s inequality
on each subdomain €2;, we obtain, for ¢ = 1, 2,

/«xmdeMZammm%i
X

k3

(o'
> C_ZQHVUHE),Q“

where C; > 0 is the Korn constant in Hjp ()¢ € H'(;)?, and o; > 0 is the
ellipticity constant of C;.
For the interface terms, the coercivity assumption (A2) on M and S gives:

[ s als ds = Mofalsl s, [ Slals - [ulsds = S fals s
by b

Combining all contributions, we obtain:
aq (%)
a(u,u) > 0—12||VUIIS,Q1 + O—QQHVUIlﬁ,QQ

+ Mo[ls][5s + Soll [ul= 6 =
> colulliy
where ¢y := min {g—%, 3_22} > 0.
This establishes the coercivity of a(-,-) on W.

Continuity of a(-,-): To establish continuity of the bilinear form a(u,w) on
W x W, we demonstrate the existence of a constant ¢; > 0 such that

la(u, w)| < erfjullw|lw|lw  for all u,w € W.

The bilinear form consists of volume and interface terms. For the volume con-
tributions, we use the boundedness of the elasticity tensors C; and Cs,, together
with inequality (2.7), to write:

e(wllo.aslle(w)llo0:

| Gt sw)de| < €,
Q;

< Ai|[Vullo.e,[[Vw

0,825

for some constants A; > 0 with i = 1, 2.
The interface terms are handled using the trace inequality. Since the functions
u e W satisfy ulg, € Hyp ()7, and since ¥ C 0€; is Lipschitz for i = 1,2, the
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trace inequality, combined with the Poincaré inequality, implies that

+ [[Vua|loa,) < cllullw,
[Valns) < el o
+ [ Vuallog,) < &llullw.

As a result, the interface terms in the bilinear form satisfy

/ Mﬂ|2 : E|Z ds ~
3

[l [0 =—Hul\z +uz[sflos < e (

ITulsllox = [luzls —wilsllos < e (

0[50 < Curllullw||wllw,

and

< [1Sllecslllulslloslwlslos < Csllullwllwllw.

[ Stuls - wlsds

Combining the volume and interface estimates, we conclude that all contributions
of the bilinear form are bounded by a constant times ||u||w|w|/w, and thus a(-, -)
is continuous on W x W.

Continuity of /(-): We now prove that the linear form

:/f-wdx—i-/h-[[w]]gds+/g-w|gds,
Q > >

is continuous on W.
Using the Cauchy-Schwarz inequality and the trace regularity of functions in
W, we estimate:

[f(w)] <

Therefore, by applying the Poincaré inequality to the volume term and using
inequality (2.8) for the interface terms, there exists a constant ¢ > 0 such that:

/2 + lgllzsllwls)yzs.

[U(w)| < ¢ (||f||0,sz +[|All1/2s + ||9H1/2,2) [w|lw,

which proves the continuity of ¢ on W.
The existence and uniqueness of the solution are guaranteed by the Lax—Milgram
theorem.

A priori estimate. Let u € W be the unique solution to the variational problem:
a(u,w) = L(w) forall we W.

By coercivity of the bilinear form a(-, -) and continuity of £(-), there exists ¢y > 0,
¢ > 0 such that

collullfy < e ( 2.5+ lglliyzs) lullw.

Assuming that |lully # 0, there exists a constant C' > 0, independent of the
data, such that

lullw < C (Iflloge + lIhlly2s + lgll2s) -
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3. THE ELASTIC/ELASTIC PROBLEM WITH INTERFACE JUMP CONDITIONS OF
SPRING-LAW TYPE

We now consider the problem consisting of equations (2.1)—(2.3), along with
interface jump conditions inspired by spring-law-type interface models:

[o(u) -n]s = Auls —g and Ju]x =0 on X, (3.1)
which gives the following problem denoted by (P,):
(—=V-oi(u) = fi inQy,
=V -o3(u) = fo in o,

u=0 on F1UF2, (-Pl)
[o(u) -nls = Aulz =g on %,
[uls =0 on X,

\
where A satisfy the same assumption as M above, and g € H'/?(X)? is a given
interface force.

Remark 3.1. In the case where [u]s = ¢ on ¥ with ¢ € H'/2(X)?, we can apply
a change of variable
Uy :=uy in £, Uy = Uy — v 1n g,
where v € H'(2,)? is the lifting (inverse of the trace mapping) of q.
Hence, it follows that
[a]s =0 and [o(a) -n]y=Adlx—g on X,

where §:= g+ 02(v) - n — (1/2)Ag.
The proofs in the remainder of this paper are made for the zero-jump condition
across the interface.

The corresponding weak formulation of problem (F;) reads:
Find u in the subspace V' of W, such that:

Cie(u) :e(w)dr+ | Coe(u) : e(w) dx + / Auly - wlx ds
2 Q2 %
(3.2)
:/f—wdx+/g~wds, Yw eV,
Q 2

where V={weW: [w]g=0 onX}.

Corollary 3.2 (Well-posedness for S-L.1.C. model). Let f; € L*(Q;)¢ fori = 1,2,
and let g € HY?(X)4. If C, and Cy satisfy assumption (A1), and A satisfies
assumption (A2), then there ezists a unique solution u € V to the weak form
(3.2).

Furthermore, for some constant C' > 0 the following estimate holds:

lullw < C (Iflog + llgllizz) -

The proof of this corollary will not be presented here, as it is straightforward
and follows directly from the Lax-Milgram theorem.
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4. PENALIZED PROBLEM OF ELASTIC—ELASTIC MODEL WITH J.E.B.C.

Let us consider the penalized problem, denoted by (P.), given by (2.1)-(2.5)

1
with h =0, M = A and S = —I. The weak form of the penalized problem (P,)
r

reads, for all r > O:
Find u, € W such that:

Cie(uy) s e(w)dr + | Coe(u,) : e(w) dx + / M, |y, - w|s ds
s

Ql QQ
1
—l——/[[ur]]g'[[w]]gds:/f'wdx—l—/g-wds, Yw e W.
rJs Q s

Equivalently, the solution of (3.2) arises as the limit of the penalized problem
(4.1) as the penalty parameter r tends to zero. The theorem below makes this
convergence precise.

(4.1)

Theorem 4.1 (Convergence to the elastic/elastic model with S-L.I.C.). Let f; €
L*(Q)? fori = 1,2, let g € HY?(X), and for each r > 0, let u, € W be the
unique weak solution of the penalized problem (P,) (i.e., the solution of (4.1)).
Then, as r — 0, the sequence (u,) converges strongly in W to the unique
solution u of the weak form (3.2), with [u]s = 0 satisfied automatically.
Moreover, there exist two constants C > 0 and C'(f1, f2,9) > 0, independent
of r, such that:

|ur —ullw < CVr, and ||[u]slos < C'r.

Proof. We aim to show that the family (u,.),~o C W, consisting of solutions to the
penalized problem (P,), converges strongly in W to the unique solution u € V' of
the limit problem, with [u]y, = 0. Before starting, let us assume that ||u,|lw # 0
and ||Ju, — us|lox # 0; the cases where these quantities vanish are trivial and
require no special handling.

Uniform estimate: Choosing w = w, in the weak form (4.1) and applying
Korn’s inequality and the coercivity of C; and Cs, we get for i = 1,2

/Qi Cie(u) : e(u) dx > a; /Q le(u) > dx > _/ YVl de,

where o; > 0 and C; > 0 are the coercivity constant of C; and Korn’s constant
respectively, for + = 1,2. That yields

1
c’o/ \Vu\%lx—i—/Mm]g-mhds—l——/[[m]]g-[[ur]]gds
Q1UQ2 3 r >

< C(Ilfllog + lglli/zs) llurllw,

(4.2)

where ¢, = mm{

oy C} and C' > 0.

Using the coercivity of a(-,-), we obtain:

1
cllurlliy + ~Ilwlslos < € (1 fllog + 9lli2s) lurllw- (4.3)
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Dropping the interface term in the left-hand side and divide both sides by ¢||u,||w
to obtain, for a constant ¢ > 0:

el < ¢ (I fllos + llgllijzs) - (4.4)

Again dropping a term in the left-hand side of (4.3), but this time we drop
¢||w,|lw, then by using inequality (4.4) to the bound ||u,||w in the right-hand side
of (4.3) we obtain:

IMurlsllos < C'Vr (4.5)
where C" = C'(f1, f2,9) > 0 is a constant depending of the data.

Convergence as r — 0: From the uniform bound (4.4), the family (u,),~o C
W is bounded in the Hilbert space W. Therefore, by the Banach—Alaoglu the-
orem, there exists a function v € W and a subsequence (still denoted wu,) such
that

u, —u weakly in W asr — 0.

Moreover, by the compact embedding W — L?(Q)¢, this convergence is strong
in L2(Q)%.

1
In addition, from the uniform bound (4.5), the rescaled family (%[[ur]]g>

r>0
is bounded in the Hilbert space L*(X)?. Thus, by the Banach—Alaoglu theorem,

there exists a function ¢ € L?(¥)? and a subsequence (still indexed by r) such
that

— ) weakly in L*(£)? asr — 0.

1
\/F[[ ]]E
Moreover, we have Ju,]s — 0 as 7 — 0. Since the trace operator is continuous
from W to L*(¥)?, and [u,]s converges strongly to zero in L?(X)?, it follows that

[[’U,]]E =0.
Therefore, u belongs to V-C W.

Taking the limit 7 — 0 in the weak formulation (4.1) with w € V and noting
that @|y = uly, we recover the limit problem:

Cie(u) r e(w)dz+ [ Coe(u) : e(w) d:}c—l—/ Mu-wds = / frw dx+/ g-wds,
> Q >

Ql QQ
which admits a unique solution in V' as stated in corollary 3.2.
Error estimate: Let u, and u be the solutions satisfying their respective
variational formulations, we subtract them to obtain:

/ Clla(ur—u)]2d:v+/ Cgle(uT—u)\zdij/M\mm—u]st
2 Qo X

0 = sl = [ 0 o~ lsds.
Using the coercivity of C;,Cy and M and Cauchy-Scwharz inequality, we get
o [ letur = w) do + Mol ~ ull
01UQ, (4.6)
+%H[[ur —ulslfs < 1¥loxllur — ulsllos,
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where o = min{ay, as}.
Dropping some positive terms in the left-hand side and multiplying by /|| [u, —
u]]zn()z we get:

1[ur = ulsllos < 7l[¥]los- (4.7)
Since Ju]x = 0, we have
Iur = ulsllos = [lurds — [ulsllos = [Tur]sllox,
and thus the error estimate becomes
[[urlsllos < 7l[¥los-

Applying Young’s inequality ab < a?/2r + b?r/2 to the right-hand side of (4.6),
we obtain

_ 1
o + Mol — ullss + —lI[ur — ulsllos

aplle(u, — u)
1 T
< §||[[ur —ulsllh s+ §||¢||3,z-

Now subtract 3| [u, — u]||§ s from both sides:

o 1 r
aolle(ur — )5 a + Molla — ullg s + oyl — ulllfs < §||¢||8,2-

Applying Korn’s inequality to the first term and dropping the other terms on the
left-hand side, we obtain

(7)) T

goll(ur —u)lly < 5l los,

where Cy = max{C4,Cy} > 0 with C; and Cy are Korn’s constants in {2y and Q5
respectively. That leads to the final estimate

”u'r - u“W S C\/F7

where C(¢0) > 0.
Thus, the proof is complete. O

5. FINITE VOLUME DISCRETIZATION

We introduce a finite volume-based treatment of the linear elastic/elastic prob-
lem with J.E.B.C. over the domain €2 = Q; UX U2y. Each subdomain is divided
into a uniform Cartesian grid of non-overlapping rectangular control volumes K,
with cell center denoted by xk, and neighboring cells L with center x, enabling
second-order accurate approximations using simple stencil-based schemes. This
approach is widely applied in previous research in fluid dynamics [, 4, 3] or in
elasticity [0].
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5.1. Admissible meshes. Let O = Q; UX U Qy C R be a bounded open set
(square for d = 2 or cube for d = 3). Let D = (M, &, P) denotes an admissible
mesh (with M = M; U Ms) as defined in [5], that is, for i = 1,2:

(); is partitioned into a finite sequance of convex subsets M; of R? (squares for
d = 2 or cubes for d = 3). The elements K € M, are called control volumes of
nonzero measure mg.

Each control volume K € M; has the set Ex of edges (segments for d = 2
and squares for d = 3) e of size m, and each edge ex of K has a unit normal
vector n, i outward to K. All edges in the mesh are collected in the set £ =
Uxke Miomy € = Eint U Eert U Es, where &y include the interior edges (edges that
does not coincide with I'y, I'y and ), &, contains the exterior edges (edges that
coincide with I'; or I'y), and &y is consists of the edges of which overlap with X.

We refer with P to the set of points (Xx)xenm, satisfying the orthogonality
condition.

The Euclidean distance d(xg,ex) is denoted di.. For any K € M, and
L € Nk (Ng the neighboring control volumes of K), we denote by ek € EgUEL
the common edge between K and L we then abbreviate ngr, := ng g1, we also
set dir = di kL + dr x| the Euclidean distance d(xg,xr).

5.2. Treatement of Internal cells. In our model, the stress tensor is given
by the classical isotropic elasticity law o(u) = A(V - u) I + 2ue(u), with ¢ =

1
5 (Vu + (Vu)T). For a face e € &, shared by cells K and L both in M; (or

both in My), with unit normal n. ; from K to L, we approximate the gradient
of w in the direction of n. x by

Urp — Ui

Vu‘e ~ ®ne,K7

dKL

where ® denotes the tensor (or dyadic) product, dk, is the distance between the
centers of K and L, and we denote by ux and uy, the cell-centered finite volume
approximations of the displacement field u in the cells K and L, respectively.
This gives a directional approximation of the displacement gradient.

From this, the symmetric strain tensor is approximated by

1

and the divergence of u is approximated by

e(u)le =~ [(ur, — ug) @ Ne e + Nex @ (ugp — ug)],

(UL - UK) *Ne K

dKL

(V-u)le =

Substituting into the stress tensor, we obtain the following discrete approxi-
mation of the normal stress on face e with respect to cell K:

U — UR) - Me
N Al = Uk) Mk N x+—m— (g, — uge) + (ur — w) - ne ) ne i) -
dKL dKL

An analogous formula holds for oy, - n. i (i.e., stress evaluated from cell L, but
still projected in the direction of n. k).
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At the outer boundary of the domain, Dirichlet conditions are enforced by
prescribing the value of the unknown ugx at boundary control volumes adjacent
to the Dirichlet boundary. However, at the interface ¥, where jump and average
transmission conditions are imposed, we do not use the above flux expressions
directly. Instead, we derive the interface fluxes by enforcing the transmission
conditions (2.4)—(2.5), and combine them with the cell-centered unknowns wg
and wur, as shown is the next subsection.

5.3. Treatment of the Interface Conditions on >. Let e € &5 be the com-
mon face between the control volumes K € M; and L € M,. We denote by
nex the unit normal on e that points outward from K and by n.;, = —n.x
the outward normal from L. Define the normal stresses with respect to the same
geometric normal n. g by

TK = OK Ne,K s TL = 0L Ne,K s
where o = 01(ug) and o, := o9(ur).
The continuous interface conditions read
[o(u) - n]s = Ma|,—g,
o(u) - n‘z = S [ulls — h.
Because the finite-volume method stores unknowns at cell centres, the natural
first-order approximations on e are
Ui + Uy,
—5

Using the same normal n. g for both sides, the jump and average of the normal
stress become

[[u]]z ~ Uur — Ug, ﬂlE%

T + TK
—2 .

Substituting these discrete counterparts of the jump and average into (2.4)-
(2.5) yields the linear system

lo(u) -n]s =7 — Tk, o(u) - n‘zz

M

TL—TKZT(UK‘FUL)_Q’

(5.1)

T, + TK
2
Solving (5.1) for 7 and 77, and recalling the definitions of 7x and 7, and the
fact that both are expressed with respect to the single normal n. 5, we arrive at
the discrete interface flux condition
Ok - Nerx = (S — 1M)uL —(S+ 1]\/[)uK —g+ 1h,
4 4 2 (5.2)

1 1 1
71 e = (S SMYu — (S = 2ty —g - 1.

Widely encountered cases in the literature related to classical elastic-elastic
interaction problems can be derived from these conditions, and are special cases
of the more comprehensive framework presented. By appropriately choosing the
parameters in the interface conditions, we recover several well-known scenarios,
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Case N° Interface conditions Parameters on X
1 no-slip and stress continuity conditions h=g=0,M=0,5= %I
2 slip and stress continuity conditions h=0,g= %q, M=rlS= %I
3 no-slip and stress discontinuity conditions h #0,9=0,M =7rl,S = %]
4 slip and stress discontinuity conditions h # 0,9 = %q, M=rlS= %[
5 Separate Fourier conditions S = ;lM = %I

TABLE 1. Interface condition cases

which provide important insights and applications in various physical contexts.
For that, let » > 0 be a real penalty parameter and let I be the identity matrix,
different cases based on the choix of S, M, g and h are summerized in table 1.

5.4. Linear algebraic system. The final algebraic system is assembled for each
displacement component resulting in:

(5 &) @)= (%) 9

where U, and U, are the descrete unknowns, and F}, F} are the descretization of
source term using the mid-point rule, consistent with the FVM framework (we
note that both vectors U, and U, both contain unknowns from €, and 2, classi-
fied in a specific order based on our programming, and the vectors F, and F, also
contain both source terms f; and f5 and some lines also contain the interface con-
tributions g and h). The linear system is solved iteratively using Preconditioned
Conjugate Gradient, GMRES or Incomplete Cholesky preconditioned solvers.

6. NUMERICAL TESTS

In this section, we present numerical experiments to validate the accuracy
and efficiency of the proposed model. The tests are performed on both homo-
geneous and heterogeneous isotropic media, with comparisons to analytical solu-
tions where available. The discrete relative error in the L2-norm and the associate
convergence rate are computed as:

log (Ehk+1) B lOg (Ehk)
log (hkﬂ) — log (hk:)

where U,, is the vector of exact solution of the limit problem computed in the
centers of CVs, and Uy, is the vector of numerical solution.

B, = HUeJ: - Uh||L2(Qh)

(6.1)

, and cv.rate =
H Ues HLQ(Qh)

-
ugl), u® ,

In what follows, u; is originally composed of two components u; = ( ;

but for simplicity we suppose the components are equals (i.e. ugl) = ugz) for
i = 1,2). We choose Young’s modulus E = 1.5429 x 10°M Pa and Poisson’s

ratio v &~ 0.2857, the Lame’s coefficients corresponding to this values are A =
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8 X 10°M Pa and p = 6 x 10°M Pa for some engineering materials (e.g., tita-
nium alloys, stiff steels or high-performance ceramics). To better understand the
geometric configurations addressed in the following test cases, we illustrate in
Figure 1 three typical interface layouts between two subdomains.

QQ FQ —)T QQ FQ
- 2 b o
Fl Ql — Fl Ql Fl Ql
(A) Vertical Interface (B) L-shaped Interface (¢) Rectangular Interface

FiGUure 1. Hlustration of different interface configurations be-
tween two subdomains.

6.1. From Penalized Interface to Continuity Condition. In the first set
of numerical experiments, we investigate the convergence of the proposed penal-
ized interface formulation toward the classical continuity condition. This test is
designed to validate the effectiveness of the penalization approach in approximat-
ing strong coupling conditions as the penalization parameter tends to zero. To
this end, we consider two distinct interface geometries: the L-shaped interface,
where the interface exhibits a corner structure connecting horizontal and vertical
segments, and the rectangular embedded interface, where the interface surrounds
a fully enclosed subdomain. These two configurations, illustrated in Figure 1,
represent challenging geometries for interface problems and allow us to assess the
method’s accuracy in both standard and complex interface topologies. The con-
vergence behavior is quantified by computing the difference between the solutions
obtained with the penalized interface and those satisfying the exact continuity
condition.

Test Case 1: L-Shaped Interface. We first validate the finite volume scheme on a
unit square domain € = [0, 1.5]? which is devided in two non-overlapping subre-
gions Q; = Q,UQ, and Qy = [1, 1.5)%, with Q, = {(z,y) € Q2|0 <z < land 0 <
y<15}and Q, ={(z,y) € 2] 0<y<1land 0 <z < 1.5}. Qis meshed with
uniform square cells of grid steps h ranging from 1/9 to 1/60. We consider the
following interaction problem

'—V-al(u):fl n Ql,
= f2

=V - o3(u in Qy,
u=0 onI Uly, (PL)
[o(w)-nls =g ons
1

\ o(u) -nly = 5[[’111]]2 on X.

where o (u) = oa(u) = A(V-u)I +2ue(u). As stated in theorem 4.1, the solution
of (Pp) tends to the solution of problem (F;) with continuity condition ([u]s = 0).
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The analytical solution of the problem (F)) is
uy(z,y) = 10zy(z — 1)(y — 1)(z — 1.5)(y — 1.5),
us(z,y) = 10(z — 1)(y — 1)(z — 1.5)(y — 1.5),

where u; is the exact solution in €2; for ¢ = 1,2. The source terms f; and f, are
constructed to satisfy the equations in Problem (P;), and g is defined by

52u+ Ny —1)% (y - 2)

, ifre=1, 1<y < 1.5
Suly — 1) (y — 3) )

g(r,y) =

5/w(x—1)(l‘—%) ify=1 1<z <15.
5)\(56 . 1)2 (x N %) ) 9 — —

The problem (F) is solved with different step-sizes h and a penalty parameter
r = h/(2u+ \). Table 2 summarizes the relative L>-norm errors for varying grid
steps h.

TABLE 2. Relative errors for solutions of test case 1.

h 1/9 1/18 1/30 1/60
el 55850 x 1072 1.8189 x 1072 9.9357 x 10~ 4.8002 x 10~

A5 SN
2220000, S SN
220000008 4 4 ORI
72000005000 0 S OSNN
LR ER SR
: o0 NSNS
weli) 000X 9IRS
QS

N
KRR
ORI

KRS
LSRRI
ZRILHRRIKRS
GOS0

RIS

52
LIRS
3'32%‘.‘2:“ 3

S0R0ERIS

(A) Analytical solution (B) Numerical solution
F1GURE 2. Analytical and numerical solutions of test case 1.

In addition to the results presented in Table 2, Figure 2 shows a comparison
between the analytical solution of Problem (/) and the numerical solution of
Problem (P.). As can be seen, the two solutions are almost identical, demon-
strating the high accuracy and robustness of the discretization method, as well
as the effective convergence of the numerical solution of Problem (F.) toward
the analytical solution of the no-slip interaction problem (7). In Figure 3, the
subfigure (a) depicts the projection of both analytical and numerical solutions on
y = x, while subfigure (b) demonstrates a convergence rate between 1 and 2 (i.e.
1 < cv. rate < 2) of the penalized problem (P, ), which validate the results in
Table 2 and Figure 2.
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06

05

s.0x10 10”
log(h)

(A) Projection of solutions in the seg-
ment y = x (B) Convergence rate

FI1GURE 3. Projection of solutions on y = x and convergence rate
of test case 1.

Test Case 2: Rectangular Interface. For this case the interface ¥ will take an
rectangular shape. For that, let Q = [0, 1]? be a rectangular domain subdevided
in Qy = [1/3,2/3])* and Q; = Q\Qs.

We reconsider the problem (Fp) is the new domain configuration, which will
be denoted by (Pg). The analytical solution of the corresponding limit problem
(P) is chosen as

w(z,y) = 10zy(z — 1)(y — 1) (w—%) (y— %) (x—g) (y— ;)
(-3 (-3 (-3) 3.

where wu; is the exact solution in €2; for ¢ = 1,2. The source terms fi, fo and
the stress jump ¢ are constructed to satisfy the equations in Problem (Pg), The
problem (Pg) is solved with different step-sizes h and a penalty parameter r =
h%/(2uu+X). Table 3 summarizes the relative L2-norm errors for diverse grid steps
h and r dependent of h.

TABLE 3. Relative errors for solutions of test case 2.

h 1/9 1/18 1/30 1/60
W 5.5850 x 1072 1.8188 x 10~2 9.9356 x 10~3 4.8002 x 1073

In Figure 4, the subfigure (a) illustrate the projection of both analytical and
numerical solution on the segment y = x for h = 1/45, which shows a good
accuracy and robustness, while subfigure (b) demonstrates a convergence rate
close to 1 of the penalized problem (Ppg) for different step sizes 1/9 < h < 1/45
and for a fixed r = min(h)?/(2u + \), which validate the results in Table 3.
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FIGURE 4. Projection of solutions on y = x and convergence rate
of test case 2.

6.2. From Penalized Interface to Discontinuity Condition. In the second
set of numerical experiments, we examine the convergence of the penalized inter-
face formulation toward the classical discontinuity interface condition ([u]s # 0).
To evaluate this behavior, we consider a simplified geometry involving a vertical
interface between two subdomains. This configuration, shown in Figure 1, facili-
tates the assessment of the method’s ability to recover the expected discontinuous
behavior. This test shows the numerical penalized solution approximates the ex-
act solution satisfying the discontinuity condition as the penalization parameter
tends to zero.

| be a rectangular domain
0,1], and let the interface

Test Case 3: Vertical Interface. Let 2 = [0,1.5] x [0, 1
subdevided in ©Q; = [0,1] x [0,1] and Qy = [1,1.5] x |
Y ={zx=1} x[0,1].

The same previous problem, now denoted by (Py), is reconsidered in the new
configuration. The analytical solution of the respective limit problem (F;) with
[u]s = isin(ry) — y(y — 1) is given by

3
u(z,y) == (x — 5) sin(my),
us(z,y) = y(y — 1) cos(mz).

The source terms f; and f, are constructed to satisfy the equations in problem
(Py), and the stress jump g is defined, for every y € [0, 1], by

o) = <@ sin(my) + A [—5 cos(my) + (2y — 1)})
p (=5 cos(my) + (2y — 1) + §sin(my)] )

In Figure 5, We examine how the convergence rate varies as the penalization
parameter is decreased, setting r = min(h)/(K(2u + \)) for different grid step
sizes h ranging from 1.5/9 to 1.5/60 and for K values in {1, 10,25,50,100}. The
results in the figure indicate that the convergence rate generally lies between
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slopes of 1 and 2 for K = {5,10,50}, while for K = 100 and the finest mesh
h = 1.5/60, the performance deteriorates, yielding lower convergence rates.

llu_{ex} — u_h[| /[|u_{ex}|

10 T T T T T T T T T
5.0x10 2 10

Discretization step h

FiGURE 5. Effect of penalization to the cv.rate in test case 3.

7. CONCLUSIONS

This work has rigorously established the well-posedness of elastic—elastic in-
teraction problems governed by jump-embedded boundary conditions (J.E.B.C.),
providing a unified mathematical framework for coupled systems with discon-
tinuous interface responses. By leveraging tools from functional analysis, we
demonstrated the strong convergence of the J.E.B.C. model toward spring-type
transmission conditions and derived a priori error estimates for its penalized ap-
proximation.

Numerical experiments across diverse configurations (vertical, L-shaped, and
rectangular interfaces) confirmed the method’s robustness, accuracy, and conver-
gence under grid refinement.

To the best of our knowledge, this study is the first to bridge the gap between
theoretical analysis and computational methodology for purely elastic J.E.B.C.
systems, generalizing earlier fictitious domain approaches beyond fluid—porous
interactions. Future work should focus on extending this framework to more
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complex multiphysics scenarios, such as interaction models with moving bound-
aries and interface, ot fluid-elastic interactions (FSI).
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