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ON CERTAIN DOUBLE INTEGRALS INVOLVING
GENERALIZED HYPERGEOMETRIC FUNCTIONS AND
LOGARITHMIC POWERS

SHWETHA S SHETTY'! and SHANTHA KUMARI KURUMUJJI?

ABSTRACT. In this paper, we evaluate certain novel double integrals that in-
corporate generalized hypergeometric functions and powers of the logarithmic
functions, which are formulated using classical functions such as the Gamma
function, Psi function, and Hurwitz zeta functions. These integrals are derived
by utilizing advanced techniques such as series expansions and logarithmic dif-
ferentiation. The double integrals are represented using the n-th derivative
expressions of the gamma function ratios. A well-known double integral due
to Edwards serves as a key foundation for deriving the results presented in this
work.
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1. INTRODUCTION AND PRELIMINARIES

We begin by adopting the standard notations C,R,Z to denote the sets of
complex numbers, real numbers, and integers, respectively. We also write N :=
{1,2,3,...}, Ny := NU {0}, and Z; := Z~ U {0} = {0,—1,-2,-3,...}. For
every complex number u, the Pochhammer symbol [1, 12, 11] denoted as (u),, is
defined as,

u)
|1, (n =0, u is a nonzero complex number),
_{ wu+1)---(u+n—-1), (neNuelC),
(1.1)
where I'(u), known as the Euler gamma function, valid for ®(u) > 0, is defined
by the integral

D(u) = /000 t“ et dt, (1.2)
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and serves as an extension of the factorial concept to the complex domain. For
a detailed explanation of the Pochhammer symbol, including special cases for
negative integers and zero, see [11, 11].

Using the Pochhammer symbol, the generalized hypergeometric function, de-
fined and expressed with p parameters in the numerator and ¢ in the denominator

as[? Y Y ? ]7

R S (13)
“ L),

3

where w; #0,—1, -2, --

We interpret an empty product as 1 by standard convention. The variable z
along with the numerator parameters hy, ..., h,, and the denominator parameters
wy, ...,w, appearing in (1.3), are assumed to be complex numbers, with the
condition that.

w; € C\Zy, forallj=1,...,¢q.
The ratio test reveals that (see, [2, 3]), the series (1.3)

(i) converges universally across all values of z € C, if p < ¢;
(i) converges for |z| < 1 and diverges for |z| > 1if p =g + 1;
(iii) converges absolutely for |z| =1, if p=¢+ 1 and R(d) >0

where . )
§=> w;— Y hy
j=1 j=1

For a detailed discussion of the convergence of (1.3), including the divergent case
p > q+ 1 and the conditional behavior on the unit circle |z| = 1 when p = ¢+ 1,
governed by R(), refer to [14, 11].

The digamma function, commonly known as the Psi function [3], is the deriv-
ative of the natural logarithm of the Gamma function, given by

_T'(z)
l I'(z — 1.4
where I"(z) represents its derivative of Gamma function (1.2) and z € C\Z, .

The polygamma functions [1, 3], which are the higher-order derivatives of the
digamma function, are defined as,

P(2) = d"(¢(z)) _ d™*' (logI'(2))

dzn dzntl ’
where n € Ny and z € C\Z .
Specifically,

(1.5)

is the digamma function, and

¥0() = = =,
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is the trigamma function.
The Hurwitz zeta function [I, 8], which generalizes the polygamma function,

is denoted by ((s,h) and is defined as

o

C(s,h) = ;ﬁ (1.6)

where s € C with R(s) > 1, and h is a complex number such that h ¢ {0,—1,—-2,...}.

The poly gamma function [1] can be written as a series, expressed by

W) = (1l YD (17)

The above representation is valid for all integers n > 0 and for all z in the
complex plane, excluding the non-positive integers. This can be rewritten using
the Hurwitz zeta function [1, 8] as

¥O(z) = (~1)" i+ 1,2), (1.8)

where n € N, and z € C\Z, .
As evident from (1.8), it follows that

d* o
P [log (H L'(h; + z))

j=1

m

= ¥ D (h; + 2), (1.9)

j=1

where m, k € N.
For k > 2, this can be further expressed as,

d* =
ps [log (H L'(h; + z))

J=1

= (=DF (k—=1)! f:((k:,hjjtz), (1.10)

J=1

A detailed explanation of these special functions can be found in [10].

The mathematical theory of special functions includes a wide array of summa-
tion formulas essential for evaluating various forms of integrals, both definite and
indefinite, particularly those involving hypergeometric functions and their asso-
ciated functions. In the present work, the following summation theorems for the
generalized hypergeometric functions, 4F3 and 5F} as established, for example, in

the book authored by Slater [13], are employed.
h, 1—1—%, w, ¢ _
+Fy [ %, h4+1—w, h+1l—c’ }
(1.11)
Th+1—-w)l'(h+1—c¢)
S Th+1D)Ih+1—w—c¢)
provided R(h — 2w — 2¢) > —1,
and
h, 1+’§l, w, ¢ d _
5F4[g hal—w, htl-c h+1—d’1]
2 (1.12)

Eh+1—w)r(h+1—c)r(h+1—d)r(h+1—w—c—d)
Fh+1)Ih+1-w—cl(h+1—-w—-d)'(h+1—-c—d)
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subject to the condition R(h —w — ¢ —d) > —1.
This work also incorporates a Beta-type integral due to Edwards [7], formulated
as

J R R N (EE)

which holds under the condition that (k) > 0, and R(w) > 0.

In 2002, Brychkov [5] introduced two approaches to evaluate definite and indef-
inite integrals that include elementary functions, special functions, and the log-
arithmic function. In the past decade, specifically in 2015, Choi and Rathie [(]
provided evaluations for several single integrals involving the Gauss hypergeo-
metric function o F; and n-th power of logarithmic functions. A year later, in
2016, Kim [9] published several double integrals with generalized hypergeometric
functions and n-th power of logarithmic functions. The authors established their
results by employing the Hurwitz zeta and Psi functions. Motivated by the con-
tributions of Brychkov [5], Choi and Rathie [0], and Kim [9], this study builds
upon Edward’s well-known double integral, which serves as a key foundation for
deriving the results presented in this work. To ensure the paper is self-contained
and to improve the readability of the derivations, in section 2, we provide proofs
for four double integrals previously presented by Kim [9] without derivation. In
Section 3, we extend these results to include new findings involving powers of
logarithmic functions.

Remark 1.1. In the following sections, we frequently encounter the arguments

‘1(’1(:3, and ((113;)) in the context of hypergeometric functions. For the sake of

brevity, we will refer to these expressions as X (t,y), Xa(t,y), respectively, where

Xi(t,y) = M and  Xs(t,y) = M

(1—ty) (1—ty)

These simplified notations will be used throughout the next two sections.

2. DOUBLE INTEGRALS OF EDWARD’S TYPE WITH GENERALIZED
HYPERGEOMETRIC FUNCTIONS

Several results cited in the literature are stated without accompanying proofs.
This section reviews the double integrals presented by Kim [9], for which detailed
proofs were not provided in the original work. The explicit forms and correspond-
ing proofs of these integrals are presented below, enabling readers to follow our
work in the subsequent section.
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Theorem 2.1 (Kim [9]). For R(w) > 0, R(h—2w—2¢) > —1, and R(h+1—2w) >
0, the following double integrals are valid.

F(w)'(h+1—-2w)I'(h+1—-c¢)
- Th+1DIh+1—w—c)

and

1 rl
/ / yh+172w(1 _ t)h72w(1 _ y)wfl(l - ty)wih
0 Jo

h
EE Xty | dedy (2:2)

X 3F3 [ Z’
T l'(h+1—-2w)l'(h+1—c¢)
- T(h+DI(h+1—-w—c)

We now proceed to provide the proofs of these double integrals, ensuring a
comprehensive understanding of their derivations.

Proof. Our proof starts by considering the given double integral (2.1). To proceed
with its evaluation, we denote the left-hand part of the equation (2.1) by I
and express the hypergeometric function 3F5 in terms of its series representation
using (1.3).

h, 1+% - +5), () K
E: ’ 27 ;=X (t Xi(t, ,
32[%’ h+1—c 1( ?J] kz:% % h+1—c) k'( 1(t,y))

where (h); represents the Pochhammer symbol (1.1).
Substituting this series expansion into /;, we obtain,

I - / / (1= ) (1 - )

. (@)) ((;:1)_0() )Z! (=Xa(t, )" d dy




406 SHWETHA S SHETTY, SHANTHA KUMARI KURUMUJJI

By interchanging the summation and integration under appropriate convergence
conditions, we obtain,

e (D)) (14 5), (e
]1_2 (&), (h+1—c)k!

/ / B A C B R (%fl_;;;)kdt dy

(1+ 5 ()
:2:: () (h+1—c) k!

/ / w+k . w+k71<1 _ y)thw(l _ ty)wfkfhdt dy
Following the evaluation of the inner Beta-type integral using (1.13), we get

i (=D (h)x (14 %), (OrT(w+k)C(h+1 - 2w)
(5), (h+1—c)k! I(h+1—w+k)

)k

[1 —
k=0

Using the identity (1.1), we can rewrite the ratio of Gamma functions as
F(w+ k) B ['(w) (W)
h+1—w+k) T(h+1—-w)(h+1—w)
Substituting this into the expression for I, we get

I — i (1) (h)k (1 +%), (e T(w)T(h 41— 2w) ()
- (3), (h+1=c) k! C(h+1l-w) (h+1—-w)

k=0
Factoring out constants independent of k, the expression becomes

I'(w)I'(h+1—2w) i (=D (h)x (1+5), (w)k ()

I = :
! P(h+1—-w) &= (4), (h+1-w)(h+1—c)k!

We now recognize the summation in this expression as the generalized hyperge-
ometric series

(DR (T4 E), k(e o1+l w o |
kX;(%)k(h+1_w)k(h+l—c)kk!_4F3[% ,—1].

Hence, the integral I; becomes

L(w)D(h+1 - 2w) h, 1+2 w ¢

a3 | =11 .
I'h+1—w) 5, h+1—-w, h+1l-c

Using the result in (1.11), the generalized hypergeometric function 4F3 in (2.3)

can be evaluated, leading to the right-hand side expression in (2.1).
This concludes the derivation of (2.1). O

1 =

(2.3)

Similarly, we can prove the other integral given in (2.2).
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Theorem 2.2 (Kim [9]). For R(w) >0, R(h+1—-2w) >0, and R(h+1—w —
) > 0, the following double integrals are valid.

/ [ -t -

h, 1+2, c, d '

F(w)I?(h+1—Qw)F(h—i-l—c)F(h—l—l—d)F(h—l—l—w—c—d)
Fh+1)Ih+1—w—c)(h+1—-w—-d)T'(h+1—c—d) ’

/ [ g - e

h, 1—|-§, C, d .
><4-F13|:h h+1—c, h+1_d7X2(tay):|dtdy (25)

9
_Tw)l(h+1-20)lh+1—-c)l'h+1—-d)I'(h+1—-w—c—d)
- Th+1DI(h+1—-w—-c)l(h+1—w—dIl(h+1—c—d)
Proof. To derive (2.4), we denote the left-hand part of the equation by I, and
express the hypergeometric function 4F3 in terms of its series representation,

h, 1+% ¢ d .
4F3{@, h+1—c h+1—d’X1(t’y)]
= (1+2), (o) (d)
=2 h 2, (Xt y)"
— 2 +1—c) (h4+1—d)gk!

Substituting this series expansion into I3, we obtain,

I = // (1—8)"1 1 — )" 21 — ty) ™"

(1+35), (O (d)s
XZ h—l—l—c) (h+1—d)k! (Xl(t,y))kdtdy'

Now, interchanging the summation and the integration under appropriate condi-
tions of convergence, we obtain,

< (M (1+5), () ()
IQ_Z(@) (h+1—=c)(h+1—d)k!

2

/ / 11— y)h2“’(1—ty)“’h<<yl(1__t;§>kdtdy.

The resulting integral is identified as a Beta-type integral. Upon evaluating this
integral using (1.13), we get
I i (h)e (14 %)k () (d)i ['(w+Ek)(h—2w+1)
(), (htl—o(ht1—d)kl T(h—w+k+1)
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Using the identity (1.1), by rewriting the ratio of Gamma functions and summing
the resulting series, we obtain,

[(w)C(h+ 1 —2w)

I = F
? Fh+1-w) °°

h, 1—1—%, w, ¢, d
Bh+l—w, h+1l—c, h+1-d

1] . (2.6)

The 5F, hypergeometric function can be evaluated using the result in (1.12),
leading to the right-hand side of (2.4). Thus, we arrive at the desired result,
completing the proof of (2.4). O

Similarly, we can prove the other integral (2.5).

3. MAIN RESULTS

This section presents the derivation of four double integrals that involve gen-
eralized hypergeometric functions and the n-th powers of logarithmic functions
by utilizing generalized hypergeometric functions with arguments +£X,(¢,y) and
+X5(t,y), each with different sets of parameters. In deriving these integrals, we
make use of a double integral attributed to Edwards [7], as given in (1.13). Our
results are expressed in terms of the product of Gamma function ratios and the
n-th derivatives of these ratios.

We now define the function A, which will appear in the statement of Theo-
rem 3.1.

Let
- T(w)T(h+1 - 2w)
A= Fh+1—w-—c) (3:1)
Then, the n-th derivative of A with respect to w is given by
o A n—1 n—1 gr—k-1p k1—1 kl _1 OF1—ka—1,,
o~ [Z {( Ky ) ST 2 K ko ) duki—ka=1
k1=0 ka=0 (3.2)
kn1-1 Fer—1—kn—1 '
kn—l -1 8 T
Z k., Owkn—1—kn—1 ’
kn=0
where
B:%:zp(w)—zw(hﬂ—2w)+z/;(h+1—w—c), (3.3)
and
B k=D {(=1)"* k gk koh+1—2
W—(”— — D)D" (0 — k,w) + C(n—kh+1-2w) (3.4)

—((n—kh+1—-w-—0c)}.
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Theorem 3.1. Letn € N, ®(w) > 0, R(h—2w—2¢) > —1 and R(h+1—2w) > 0.
Then the following double integral holds.

[t e e (V02

;=X (¢, y)} dt dy (3.5)

h, 1+ %, c

X3F2[%, h+1-—c¢

_T(h+1—-c)o"A

I'(h+1) ow™’

where the term A is the ratio involving the product of Gamma functions as given
by (3.1).

Proof. Our approach begins by differentiating each side of (2.1) n times with
respect to w, which leads to,

[t e e (V02

;=X (¢, y)} dt dy (3.6)

h, 1+% ¢
X3F2[ 7 2
%, h+1—-c
_T(h+1—-c)o"A
L'(h+1) ow’

where the expression for A is provided in (3.1).
Through the logarithmic diferentiation of A with respect to w, we obtain ,

0A d(logA)
— =A = AB
ow ow

- D(w)l(h 41— 2w)

S D(h+1—-w-—oc)
where, B is defined as in (3.3).
From (3.7) we have,

(3.7)

[Y(w) —2¢(h+1—-2w)+Y(h+1—w—c)],

ow'  ow L \ow/)  ow! (AB),

which is expanded using Leibniz’s theorem to obtain,

MA S n—1) A IR
Jun Z ( k ) Owk un—k-1’ (3:8)

oA o ((’M) o

an—k—l B
where, p = is as given in (3.4).
By substituting the expression for 5.4 from (3.8) into (3.6), we obtain the desired
result in (3.5). O

Next, we define a function P, which will appear in the statement of Theo-
rem 3.2.
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et C(w)I'(h+ 1 —2w)
w +1—-2w
- T(h+l—-w—c) (3.9)
Then the n-th derivative of P with respect to w takes the form
" P (=1 TTRTQRIS k=1 R IQ
=P A S
S )R () s
Eyo1—1 (3.10)
kn,1 -1 8’““*1_’“"_1Q
) b ) geae ] (]
ken=0
where
d(log P
Q:%:w(w)_2¢(h+1—2w)+1/1(h—|—1—w—c), (3.11)
and
8n7k71Q i .
g — (0= k= DH(=D)" 0 = kw) #2775 (= k41 = 2w)

—C((n—k,h+1—-—w—20c)}.
(3.12)

Theorem 3.2. Forn € N, ®(w) > 0, R(h—2w—2¢) > —1 and R(h+1—-2w) > 0,
the following double integral holds.

I T EPTE

h

X 3k { g: 2_:_?_ CC

['(h+1—c)o"P

 T(h+1) Ouw’

where the term P is the ratio involving the product of Gamma functions as given
n (3.9).

; —Xo(t, y)] dt dy (3.13)

Using a similar approach as in the proof of Theorem 3.1, by differentiating
both sides of (2.2) n times concerning w, and following analogous steps to those
in the preceding proof, we can establish Theorem 3.2.

We proceed to define the term R, which appears in the statement of Theorem 3.3.

Let
 Tw)l'(h+1—-2w)l'(h+1—w—c—d)
= Fh+l—w—cl(h+1—w—d) (3:14)

Then the n-th derivative of R with respect to w takes the form
O"R n—1 n—1 an,klfls k1—1 kl —1 aklfkgfl S
awn - R [Z { < kl ) awn—kl—l Z [( ]{jQ > awkl—kz—l e

k1=0 ko=0

(3.15)

kn—1—1 k'n_l _ 1 akn—lfknfls
Z k;n Owkn—1—kn—1

kn=0
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where
d(log R
S = (gi ) ) — (b1 —w— ¢ — d) — 26(h + 1 — 2u) 5.16)
+h+1—w—c)+p(h+1—w—d),
and
anfkfls ‘ - -
gt = (= k= DH{ (=) = Ry w) + 277 (n =k h 41 = 2w)

—C((n—kh+l—-w—-c)+((n—kh+1—w—c—d)
—((n—kh+1—w—d)}.
(3.17)

Theorem 3.3. Forn € N, R(w) > 0, R(h+1-2w) > 0 and R(h+1—w—c—d) >
0, the following double integral holds.

/01 /Olyw(l — )71 — )" (1 — ty) " log” <y(1 —t)(1— ty))

(1—y)?

h, 1+% ¢ d
) ) ) . 1
X4F3 |: %7 h+1—c, h+1—d 7X1(t7y):| dt dy (3 8)

I'h+1—-c¢)l'(h+1—d)0"R
F(h+1D)I(h+1—c—d)ow’

where the term R is the expression as given in (3.14).

Proof. To prove the result, we begin by differentiating both sides of (2.4) n times,
concerning w, which yields,

/01 /Oly“’(l — 1)1 — )2 (1 — ty) P log™ (y(l —t)(1 - ty))

(1—y)?
h
X 4 Fy { g 21%_ CC gH 4 ;Xl(t,y)} dt dy (3.19)
'h+1—-¢)'(h+1—-d)0"R
I'(h+1DI(h+1—c—d)ow™’
where the expression for R is provided in (3.14).
Differentiating R logarithmically with respect to w, we have,
OR d(log R)

=R————F =RS
ow ow
T)l(h+1-w—c—dl(h+1-2uw)
T Thtl-w-—ol(h+1—w—d) (3.20)

X [Y(w)—Y(h+1—w—c—d)—2¢p(h+1—2w)
+Y(h+1—w—c)+p(h+1—-w—d),
where S is as provided in (3.16).
Referring to (3.20), it follows that,
OR Ot (8R) ot

% = w1 (RS)>

ow" Qw1
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which is expanded using Leibniz’s theorem as follows,

n n—1 k n—k—1

own k Owk Qwn—Fk-1’

n—k—1

Here, the term — is identical to the expression provided in (3.17).

Qwn—Fk
Substituting the expression for from (3.21) into (3.19), we arrive at the
wn
desired result (3.18). O]

We proceed to define the term FE, which appears in the statement of Theo-
rem 3.4.

Let
Fw)l'h+1—w—c—d)'(h+1-2w)
E= 22
F'h+1l—w—c)l'(h+1—w—d) (3:22)
The n-th derivative of F is given by
anE n—1 n—1 6n7k1,1F k1—1 l{}l 1 8k:17k2*1F
ow" E [Z {( ky > Swn—Fk1—1 Z {( ko ) Owki—k2—1 "
k1=0 ko=0
R (3.23)
() )
kn—1—kn— ’
k=0 kn aw 1
where
~ O(logE)
F = 5 = (w) =2¢(h+1-2w)+¢Y(h+1—w—rc) (3.24)
+Yh+1l—w—d)—p(h+1—w—c—d),
and
an—k—lF X L

—(n—=kh+1l-w—-c)+C(n—kh+1-w—c—d)
—((n—Fkh+1—-—w—d)}.
(3.25)

Theorem 3.4. Forn € N, R(w) > 0, R(h+1—2w) > 0 and R(h+1—w—c—d) >
0, the following double integral holds.

[ [y et e (U200

y2(1
h, 1—|—%, c, d '
X 4F3 [ hoohtl-ec, htl-d ,Xg(t,y)} dt dy (3.26)

T'(h+1—cT(h+1—d)o"E
T(h+ )I(h+1—c—d) 0w’

where E is the term as given in (3.22).
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Using a similar approach as in the proof of Theorem 3.3, upon taking the n-th
derivative of both sides of (2.2) concerning w, and following analogous steps to
those in the preceding proof, we can establish Theorem 3.4.

4. CONCLUSION

In this work, we derived four distinct finite double integrals incorporating the
generalized hypergeometric function and the n-th powers of logarithmic functions.
By employing advanced techniques such as series expansions, logarithmic differ-
entiation, and Leibniz’s theorem, we successfully expressed the results in terms
of Gamma functions and their higher derivatives. The obtained results demon-
strate a connection between hypergeometric functions and logarithmic deriva-
tives, which may be of interest in future theoretical developments.

Acknowledgement. The authors thank the editor and anonymous reviewers for
their constructive feedback and insightful suggestions, which greatly contributed
to improving the manuscript after revision.
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