Gulf Journal of Mathematics ISSN: 2309-4966
Vol 20, Issue 1 (2025) 161-175 https://doi.org/10.56947 /gjom.v20i.2935

ON ESTIMATES FOR THE DISCRETE EIGENVALUES OF
TWO-DIMENSIONAL QUANTUM WAVEGUIDES

MARTIN KARUHANGA'* AND CATHERINE ASHABAHEBWA?

ABSTRACT. In this paper, we give upper estimates for the number and sum
of discrete eigenvalues below the bottom of the essential spectrum counting
multiplicities of quantum waveguides in two dimensions. We consider both
straight and curved waveguides of constant width, and the estimates are pre-
sented in terms of norms of the potential. For the curved quantum waveguide,
we assume that the waveguide is not self-intersecting and its curvature is a
continuous and bounded function on R. The estimates are new, particularly
for the case of curved quantum waveguides.

1. INTRODUCTION

1

loe(R™), consider the self-adjoint operator

Given a non-negative function V' € L
on L*(R")
- A=V, vV >0. (1.1)
The essential spectrum of (1.1) is the interval [0,00) and its discrete spectrum
consists of isolated negative eigenvalues of finite multiplicity [23]. A problem of
physical interest is to obtain estimates for the number of these eigenvalues count-
ing their multiplicities, and their sum in terms of regularity properties of the
potential. For three and higher dimensions, an upper estimate for the number of
negative eigenvalues is given by the well known Cwikel-Lieb-Rozenblum (CLR)
inequality but this inequality is known to fail in two dimensions [1, 24]. So far,
the best estimates of the CLR type in two dimensions involve two terms; one
in terms of the weighted L' norm and the other is given in terms of the Orlicz
norms of the potential [18, 26, 27]. Results similar to the CLR inequality for
Schrodinger operators with magnetic field can be found for example in [2, 28].
The Lieb-Thirring (LT) inequalities give upper estimates for the sum of nega-
tive eigenvalues of (1.1) and they are known to have useful applications in the
study of stability of matter [8, 25]. In the present paper, we present CLR and LT
type inequalities for a straight and curved quantum waveguide in two dimensions
with mixed Dirichlet and Neumann boundary conditions. Similar estimates of
the CLR type have been presented in [17]. For studies relating to the existence of
eigenvalues below the bottom of the essential spectrum for quantum waveguides,
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see for example [4, 6, 11, 15, 16]. The results in this paper provide new estimates,
particularly, in the case of curved quantum waveguides, and they have potential
extensions to different configurations such as waveguides with local deformations
by introducing impurities modelled by a Dirac perturbation [9, 10, 17, 18], waveg-
uides with magnetic fields [2, 28] and waveguides coupled by a window [3, 13].

The operator studied in this paper is described below as follows:

Let Q :=R x (0,d),d > 0 be an infinite two-dimensional strip and V : R*> — R
be a nonnegative function integrable on bounded subsets of 2. We consider the
motion of a quantum particle in €2 modelled by the operator

H=-A-V, V>0 (1.2)
on the Hilbert space L*(€) subject to the boundary conditions

u(,0) =0, P (e.d) = 0 (1.3
where n denotes the outward normal unit vector. Because of the presence of the
boundary conditions in (1.3), the essential spectrum of the operator in (1.2) is the
interval [%, o0). Therefore, to estimate the number and sum of the eigenvalues
below the bottom of the essential spectrum of (1.2), it is sufficient to obtain
estimates for the number and sum of negative eigenvalues of the shifted operator

7.(2

Q=-A— 15—V, V20 (1.4)

on L*(Q) with boundary conditions in (1.3).

In obtaning estimates of the CLR type, the operator is decomposed into two
independent operators. The first is defined by restricting the quadratic form
associated with (1.4) to the space of functions of the form w(z)sin 75y where
sin o5y is the eigenfunction corresponding to the first eigenvalue A\ = % of the
one-dimensional Laplacian on L?*(0,d) subject to boundary conditions u(0) =

0, j—;‘(d) = 0. The second one is defined by the class of functions orthogonal to
sin 2oy in the L?(0,d) inner product.

2. PRELIMINARIES

Definition 2.1. Let (€2, %, ) be a measure space and let ¢ : [0, 00) — [0, 00)
be a nondecreasing function. The class of measurable functions f : {2 — C such
that

t/WU@Wm<m
Q

is called the Orcliz class K, (€2). The Orlicz space L,(€2) is the linear span of
Ky (92).



ON ESTIMATES FOR THE DISCRETE EIGENVALUES 163

Definition 2.2. A continuous nondecreasing convex function ¢ : [0,00) —
[0, 00) is called an N-function if

lim M:()and lim w:oo
t—s0t+ ¢ t—so0

The function ¢ : [0,00) — [0,00) given by ¢(t) = sup(st — ¥(s)) is called
s>0
complementary to .

Let ¢ and ¢ be mutually complementary N-functions and let L,(£2) and Ly (€2)
be the corresponding Orlicz spaces. Then, the following norms are equivalent on

Ly (€2).
‘mMWﬁW{MﬁW43A@WS1}

| flls.0) = inf {n : /ng (%) dp < 1}.

If 11(Q) < oo, the following norm is equivalent to the norm on L, ()[27].

1152 = sop {| [ sau] + [ oty < e}, 2.)
For our purpose, we shall use the following pair of N-complementary functions
o(s) =l =1 s, w(t) = L+ [t In(L+[¢]) = |t s,t € R (2.2)

Definition 2.3. Let I, I C R be nonempty intervals. We shall define the space
Ly(I1, Ly(13)) to be the space of functions f : I; x I — R such that

Whmww:zﬂﬂﬂﬂ<w (2.3)
1

and

Let H be a Hilbert space and ¢ be a sesquilinear form with domain D(q) C H.
Let

N_(q) = sup{ dim M : gq[u] < 0Vu € M \ 0}, (2.4)

where M is a linear space of D(q). If g is the quadratic form of a lower semi-
bounded self-adjoint operator A with no essential spectrum in the interval (—oo, 0),
then (2.4) gives the number of negative eigenvalues of A counting their multiplic-
ities [5].

3. ESTIMATES FOR STRAIGHT QUANTUM WAVEGUIDES

The study of eigenvalues properties of straight quantum waveguides with mixed
boundary conditions has been extensive in recent years, see for example [7, 16].
The presence of boundary conditions produces isolated eigenvalues below the bot-
tom of the essential spectrum, therefore, providing estimates for their number is
essential for physical applications. In this section, we determine upper estimates
in presence of Dirichlet and Neumann boundary conditions. Similar estimates
can be found for example in [14, 17].



164 MARTIN KARUHANGA'* AND CATHERINE ASHABAHEBWA?2

The quadratic form associated with ( 4) is given by

glu] = /(\Vu\Q ) ddy — / V{ul2dady (3.1)
Q 4d2 Q
with domain
D(q) = {u € W3 (Q,dzdy) : u(x,0) =0, gn (z,d) = 0} N L*(Q, Vdxdy).
Let H := {u € WJ(Q,dzdy) : u(z,0) =0, 2“(z,d) = 0} and define

H, = PH and Hy = (I — P)H, where
2 (4 s
Pu(z,y) = (a/o u(z,y) sin ﬁydy) sin oY = h(z) sin 2—dy, YueH, (3.2

where

2d
Then P is a projection. Below we give auxilliary results necessary for the proof
of the main result of this section.

d
h(z) := 2/0 u(z,y)sin —ydy

Lemma 3.1. Let @& denote the direct orthogonal sum. Then H = Hi & Hs.

Proof. We need to show that (f,g) = 0 and (Vf,Vg) = 0in L?(Q) for all f € H,
and for all g € Hs.

(ha) = [ hla)sin Joo(i = PuCe.y) dady

= [ ([ y)sm—dydy) &

= 0.
(Vof,V.g) = /Qﬁwh(x) sin ;dy(I—P)ﬁxu(x,y) dxdy

d —
= /&Eh(:c) (/ Oyu(z,y)sin Ly dy) dx
R 2d
9 d
— E/Raxh </ Opu(z,y sm—ydy/ sin Q—dydy) dx

= 0.
Similarly, using integration by parts and applying the boundary conditions in
(1.3), one gets (V, f, V,g) = 0. O

Lemma 3.2. The subspace My is orthogonal to sin Joy in the L*((0,d)) inner
product.
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Proof. For all g € Hs, we have

2d

d 9 [d - d
= /0 u(z,y) sin —dydy— 3/0 sin —dydy/ u(z,y) sin —dydy
= 0.

d
. T
<g,smﬁy> = /(I—P) (2, y) sin —y dy
0

O

It follows from lemma 3.1 that for all u € H, u = v+ w, v € Hi, w € Hos.
Thus, one has

2 _ 2 2
vl = Zfulyasdy = (9o = Totoydsdy + [ (90l = Tful)isdy

and
/V|u|2da:dy:/V|v+w|2dxdy§2/V|v|2da:dy—|—2/V|w|2dxdy.
Q Q Q 0

Hence, the quadratic form in (3.1) gives
il = [Vl = fodody 2 [ VioPardy
Q 4cl2

/Q(|Vw|2 4d2|w| )dxdy—Q/V|w|2dxdy.

Let
_ 2 _ 2
Q1 |v] = /Q(\Vv| 4d2|”u| Ydxdy 2/ V0v|*dzdy,
D(q;) ={v € H; : v(x,0) =0, 2 (z,d) =0} N L*(Q, Vdady)
and
@w] = /(|Vw|2 —|w )dxdy—2/ V|w|*dzdy,
0 i
D(q2) ={v € Hy : w(z,0) =0, Z (z,d) =0} N L*(Q, Vdzdy).
Then
qlu] = qi[v] + go[w]. (3.3)

If N_(gq) denotes the number of isolated eigenvalues in the interval (—oo,0) of
the operator (1.4) counting their multiplicities, then

N-(g) < N-(q1) + N-(g2). (3.4)
Define a sequence of partitions {2 }ren of Q by Qp := (k,k + 1) x (0,d) and
consider the following eigenvalue problem on L2(£2;);
—u" = Mu in €,
u(z,0) =0,
%u(z,d) = 0.
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Let A\ < Xy < ... < )\, < ... be the elgenvalues of the above boundary value
problem. Then it is easy to ﬁnd that Ay = /5, Ay = min {7* + 4;2, 4d2} > A\
so that Ay — A\ = 72 min {1, dQ}. The Min-Max principle implies that for all
u € W5 (Q) with u L sin J5y, we have

)\2/ lu|*dzdy < \Vul2dzdy.
Qp Q
This in turn implies

/ (Vaf? — MuP)dedy = / (IVaf? = Nofu2)dady + (Ao — Ay) / P dady
Q 0 Q

> (=) [ JuPdsdy
Q

2
= 7% min {1,ﬁ}/ﬂ|u|2dxdy.

Hence
/|u|2da:d < L max <1 d—2 /(|Vu|2 — |u|?)dzd
0 vo= ' Ad2 4
_ 2
= o [ (vaP - 1 T ul)dedy, (3.5)
for all u € Wy (€) with u L sin J5y, where €y = % max {1, %2}

Lemma 3.3. There exists a constant Cy > 0 such that

oPdody < Ca ([ (9 = Tolu)deay)
O O 4d
for all v € W3(Q) with u L sin Zy.
Proof. It follows from (3.5) that for all u € W5 () with u L sin Ty

2 o 2
/Qk(\w dedy — /Qk(|Vu| 4d2|u] )d:z:dy+/ 4d2|u| \dady

1. 22
max{ D }/Q(|Vu\ 4d2|u’ Ydaxdy.
O

Lemma 3.4. [18, Lemma 4.3] Let J, := (k,k+ 1),k € N and I := (0,d). Then
for any V> 0 and any m € N, there exists a finite cover of Q. by rectangles
Ry, 7 =1,2,...,mqg such that mo < m and

IN

ViwPdady < Com™ |Vl eoin) | (Vol +fuP)isdy (36
Qp Qp

for all w € W} () such that w(z,0) = 0, w'(z,d) = 0 with @ fRU wdxdy =0

and C3 is a constant independent of V.
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Define a partition of R by the intervals
Ik - [216717216]7 k> 07 [0 = [_17 1]7 [k = [2|k|72|k|71]7 k <O.

Define the following quantities;

2
By = 3/10 </0 V sin? Ziydy) dx,
9 d
Oy = 3/1 (/ |:B|Vsin2%ydy> dr,k #0,
x \Jo

Co = VlLiwroay-
Theorem 3.5. For any V > 0 there are constants Cy, C5, Cg > 0 such that

N_(q) <1+06<Z 5k+2ck>. (3.7)

Br>Ca Cp>Cs

Proof. Since ¢, is the restriction of the quadratic form ¢ to the subspace Hi, we
have

qlv] = /|h’( s1n—| dxdy + — /|h cos—dedy—4d2/|h sm—| dxdy
0

— 21 Vlih '—Qdd
/Q |(;1:)sm2d] xdy

= /|h/(m)|2dx/ sin —ydy—|—4d2/|h |d:v/ cos? —ydy
—_— 2 — —_— —
4d2/‘h dac/ sin? ydy 2/[h \dx/ V sin? 2alydy
_a 12T 2 oo T
= 2/R|h(:v)\ dx 2/ﬂ{]h($)| dx/o V sin 2dydy
d .
_ ¢ (/ |h’(:c)|2dx—2/V|h(:c)|2dx>
2 \J/r R

where
~ 2
V(z) = d/o V sin? ﬁydy

Therefore, the form ¢; is a quadratic form associated with the one-dimensional

self-adjoint operator
2

3 2V on L*(R).
It follows from the definitions of (5, and S, that
Bo = / V(z)dx and By = / 2|V () dz, k # 0.
Iy Iy,
Hence there is a constant C'; > 0 such that

N_(q) <1+ Z VB, (3.8)

Br>C4
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see for example [14, 26, 27]. Tt remains to obtain the last term in the right hand
side of (3.7). This is achieved by restricting the form ¢ to the subspace H,.
Lemma 3.3 and (3.5) imply that for all w € Wy () with w L sin oy

7T2

[ vt fuPydody < ¢ ([ (val - Tplufiandy).

where Cg = max{C},Cy}. By Lemma 3.4, we have that for all w € W5 () N
C'(§) satisfying the mq orthogonality conditions
2
T

2/ Vlw|*dzdy < Com™'[|V||Ly(s.L,1) (/ (IVwl* - @\w\Q)dxdy) :
Qk Qk

where Cy = 203Cs. Let m = [Co||V ||, (s,L,) ] + 1, where [z] denotes the
largest integer not greater than x, then similarly to [18, Lemma 3.2.14], we have

N_(q2) < Co||V £y (p,Lo(1)) + 2- (3.9)
Again, taking m = 1, we have
2

2/ Vw|*dzdy < Col|V || Ly(ge,L0() (/ (|Vw|? — —2|w|2)d:pdy) .
Q Qi 4d

VI, r,m) < Cig, then

7T2

2/ Viw|ldady < / (Vwl? = = |wf?)dzdy.
This implies that N_(gs) = 0. Otherwise, (3.9) gives
1
N_(g2) <2 <§C9HVHL1(J;C,L1¢(I)) + 1) = CioCr, (3.10)
where Cg = 3Cy. Hence for all C5 < C%w it follows by [18, Lemma 1.6.2] that

N_(g) <Cwo > G, (3.11)

Ck>05

Hence (3.7) follows from (3.4), (3.8) and (3.11), where Cy = max{C7,Cyp}. O

Let o« > 0. Then scaling the potential V' by «a gives the following semi-classical
growth for N_(q)

N_(q) = O(«) as a« —» o0, (3.12)

see e.g.,[26] and the references therein. One can easily show that the finiteness of
the first term in (3.7) is necessary for (3.12) to hold (cf.[17, Theorem 6]). However,
finiteness of the second term does not necessarily mean that (3.7) satisfies (3.12)
and vice versa [26, Section 9 |. On the other hand, no estimate of the form in

(3.7) can hold for any Orlicz norm weaker than the norm of V' in the second term
[26, Theorem 9.4].
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4. ESTIMATES FOR CURVED QUANTUM WAVEGUIDES

The spectral properties of curved quantum waveguides with various boundary
conditions have been studied by different authors. It is well known that the
presence of eigenvalues below the bottom of the essential spectrum depends on
both the geometry of the waveguide and choice of boundary conditions. More
information regarding these results can be found in [11, 12, 21] and the references
therein.

4.1. The configuration space and the Laplacian. Let v be a unit speed
curve , that is, a C? smooth embedding v : R — R? : {s — (71(5),72(5))}
satisfying |¥(s)] = 1 for all s € R. The normal unit vector field is defined by
N = (=92,7) and T" = (7y1,72) gives the tangent field. The pair (T, N) gives
the Frenet-Serret frame [20]. The curvature k of 7 is defined through the Frenet-
Serret formulae by k(s) = det (§,%) as a continuous function of the arc-length
parameter s. We define a curved strip of constant width d as ' = L()), where

L:R* — R?: {(s,u) — v(s) + uN(s)}.
We shall make the following assumption:

(A): Q' is non-self intersecting and k& € L>*(R) with d||k+|w < 1, where ky =
max{0, £k}.

The above assumption implies that s — L(s,u) for a fixed u € (0,d) traces
out a parallel curve at a distance |u| from v and u — L(s,u) for a fixed s € R
is a straight line orthogonal to v at s. In addition, the mapping L : Q — €' is
a C'-diffeomorphism and its inverse determines a system of coordinates (s, u) in
the neighbourhood of «. Through the Frenet-Serret formulae, the metric tensor

G of €V is given by
G(s,u) = ((1 — 16’6(8))2 (1)) (4.1)

The determinant of G is given by |G| = (1 — uk(s))? and its inverse is

1 _
&= (7 ).

The area of the element of the curved strip is defined through
dQY = VGdsdu = (1 — uk(s))dsdu.

The second component of assumption (A) implies that the metric tensor G in
(4.1) is uniformly elliptic. In particular, for all (s,u) € €, we have

1 — dlky|loo < 1— uk(s) < 1+ d||k_|w. (4.2)
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The expression for the Laplacian on the strip equipped with the metric tensor
(4.1) is given by

“Bn = (0.0 (V@G‘l (g))

o 0z _uk(s) 2 k(s)
= A we)E  A—ukp Rt Tt @)

The domain of (4.3) is the subspace of the WZ(Q) whose elements satisfy the
boundary conditions (1.3)[22]. The Schrédinger operator in (1.4) on the strip

with metric tensor G becomes

71.2

=—-Aqg— — — > 4.4
Q=-Ba— 15—V, V20 (4.4)
subject to the boundary conditions in (1.3). If ¢’ is the quadratic form corre-

sponding to @', then for every f € L*(€, (1 — uk(s)dsdu)), we have

qIf] = / 191 dsdu—i—/|8 fI2(1 — uk(s ))dsdu—4d2/|f| (1 — uk(s))dsdu

1 — uk(s)
— /QV\f|2(1 — uk(s))dsdu,

D(¢) = {f €Wy (Q (1 —uk(s)dsdu): f(x,0) =0, g—ﬁ

4.2. Estimates for the number of eigenvalues. By the ellipicity property in
(4.2), it follows from (4.5) that

/ > - .
T 1+d||k - / 0 f P dsdu + (1 — dllky |l) / 0, f P dsdu

2

— Er i) [ (fPdsdu = (14 dlb ) [ VifPdsdu
Q Q

) 1
mln{m, 1-— d”k—l—Hoo} (/ |6Sf|2dsdu+/ |auf|2d8du)

2

T / fPdsdu — (1 + dk_|lc) / VIf|2dsdu

Y

4d?
Let
1
:= mi —— 1 —dl|ki ]| ¢ -
i min {1
Then
2
IIf] = m /\83f]2dsdu+/\8uf]2dsdu— T (1—|—deHoo)/\f|2dsdu
e Q 4md2 Q
1
- —(1+d||k:_||oo)/V|f|2dsdu. (4.6)
m 0

The right hand side of (4.6) represents a quadratic form of a lower semi-bounded
self-adjoint operator

AN -V, V' >0 (4.7)

(4.5)

(z,d) =0} N L*(Q, V(1 — uk(s)dsdu).
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on L*(2, dsdu), where \| = 4md2(1 +d|[k_||s) and V' = 1+d7||nk llow)
Let ¢ be the quadratic form corresponding to (4.7). Then

q'[f] = qlf]-
Hence, it follows by (2.4) that
N_(q") < N-(qp)- (4.8)

The transverse eigenfunction corresponding to \| is given by

7l
[Tl
= - .

n(u) = sin J;u, where
b= / sin? —udu

and let H' denote the domain of ¢g. Define P :H — H) by

ml i
( / f(s,u)sin —ydu) sin o= j(s)sin 2" (4.9)

Let

for all f € H', where

d
s) = %/g f(s,u)sin ;T—Clludu.

Then P is a projection. Let H), = (I — P)H’, then similarly to lemmas 3.1 and
3.2, we can easily show that H' = H)| & Hj, and that the subspace H) is orthog-

onal to sin Zhu in L*((0,d)) respectively.

Let the intervals I, and J, be defined as before. Let

= E (/d V (s, u)sin® 7T—lu du) ds
Yo - B I . ) 2 )

= E (/d 5|V (s, u) sin? 7T—lualu) ds, k#0
Ve - B I 0 ) 2 ) )

Dy = [[Vlzi(nLpm)-
Theorem 4.1. For any V > 0 there exist constants Ci1, Cio > 0 such that

N_(q’)§1+013( S Vit Y. Dk>, (4.10)

Y& >C11 Dy>Ch2
where C13 is a constant depending on the curvature k.

Proof. 1f ¢(, and ¢, are the restrictions of the form ¢ to the subspaces H} and
H!, respectively, then

N—(%) < N—(Q61) + N—(Q(Im) (4.11)
(cf. 3.3).
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Now, for all g € H), we have

l2 d l
qoilyl = B/R\j/(s)lzds—QE/RU(s)F (/0 V (s, u) sin® ;T—dudu> ds

= o ([1reras -2 [ vaseras),

where
v = 5 [ Vit Tua
L(s)=— s, u) sin® —u du.
B Jo 2d
Hence, ¢(, represents the well studied one-dimensional self-adjoint operator

"= Vi
on L*(R). The definitions of vy and v, imply that
Yo = /1 V.(s)ds and ~;, = : |s|Vi(s)dx, k # 0.
Thus, there is a Constarjt (14 > 0 such that k
N_(ghy) €14 Cu > Ve (4.12)

Ye>C11

On the subspace #Hj, partitioning €2 into rectangles {€2;} and following a similar
procedure leading to (3.10), one can show that there is a constant Cy5 > 0 such
that

N_(qpe) < CislV |y L0y = C15Dk, (4.13)
where C}5 = [1°C}y. Thus for all C}5 < C%s’ it follows similarly to (3.11) that
N_(46s) < Cis > D (4.14)
Dy >C12

Hence, (4.1) follows from (4.11), (4.12) and (4.14), with C13 = max{C}4,Ci5}. O

4.3. Estimates for the sum of eigenvalues. We begin this section by stating
the following result called the Lieb-Thirring inequality that we shall require in
the proof of our estimate.

Lemma 4.2. [25, Theorem 4.38] Let k > 0 and let {\,(—A —V)_} be a nonde-
creasing sequence of negative eigenvalues of the lower semi-bounded self-adjoint
operator —A —V, V > 0. Then, for n > 2 there is a constant Cig > 0 depending
on k and n such that

SOM(=A = V)E < Cugls, n)/ V(2)"+3 da (4.15)

n

for any V € L2 (R®

).
Similarly, let {\,(Q)-} denote a nondecreasing sequence of negative eigenvalues
of the operator in (1.4). Then taking x = 1 and n = 2, it follows from (4.15) that

S TM(Q)- < Cug| VI, YV > 0. (4.16)
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The following result can be found for example in [19].

Lemma 4.3. Let Ty and Ty be lower semi-bounded self-adjoint operators on a
Hilbert space H and let a; and as be their associated quadratic forms respectively.
If D(a2) C D(ay) and for allu € D(as), we have that ai[u] < as[u], then Ty < Ts.
Consequently, A\,(T1)- < \(T2)_ and

Z/\ (T1)- <Z>\ (Ty)_ (4.17)

Theorem 4.4. Let {\,(Q')_} be a nondecreasing sequence of negative eigenvalues
of the operator in (4.4). Then, there is a constant C1; > 0 depending on the
curvature k such that

D @)= < Crir|[ V72, YV > 0. (4.18)

Proof. By (4.2) and (4.5), we have that

(1) < pmre [0 Pdsdu+ (L dlicll) [ (0. Psdu
A
2
— E = dlkel) [ IfPdsdu— (1= dlkidl) [ VifPdsda
1
< max{—,1+d||k_||oo} (/ |8Sf|2dsdu+/ |auf|2dsdu)
1_d||k+||oo
2
— TRkl [ 1Pdsdu= (1=l [ VifPdsu
2
2 2 2
- M( [ 1ousasaut [ ourPasiu— =l [ 1 dsdu)
1
— U= dlkl) [ VifPdsd, (4.19)
i .
where
M :=maxq ——— 1+d|k_ OO}.
{l—dnmnm -

The right hand side of (4.19) gives a quadratic form associated with the lower
semi-bounded self-adjoint operator

Pli= —A— X~V V>0 (4.20)
on L2(€), dsdu), where Xt = —Z— (1 — d||k || ) and V* = Y0= d]|\|4k+Hoo)

IMd?
If p’ is the quadratic form corresponding to (4.20), then

¢[f1 < P[]
Consequently, (4.17) gives

D (@) <D (P (4.21)

n n
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Using (4.16), one has

(1 — df|k+]|)?
E An(P') - < Cig M; IV 172(0)-
Hence, (4.18) follows with
1 —d||ky]]s0)?
017 _ 016( ]’\|42+H ) )

0
In (4.18), the series on the left hand side converges for any 0 < V € L?(Q)

with the curvature contributing greatly by inducing more eigenvalues than those

in

the straight case. Therefore the motion of the quantum particle is stable and

the particle remains confined within a certain for a significant certain amount of
time. Theorem 4.4 can easily be generalized by the dual-Thirring inequality for
any L*-orthonormal sequence in the domain of the quadratic form ¢’ where the
optimal estimating constants are in a one-to-one correspondence, see for example
25, Theorem 7.12].
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