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ON THE GRAPH OF (C- LATTICES

LAKPA SHERPA'!, VILAS KHARAT?, MANISH AGALAVE?, RUPALI YEOLE* and
NARAYAN PHADATARE®*

ABSTRACT. Let L be a C-lattice. In this paper, we associate to each C-lattice
L, an undirected simple graph P(£) in which the vertex set is the collection
of all non-trivial proper elements of £ and two different members a and b of
vertex set of P(L) are adjacent if and only if a Vb is a prime element of £. Also,
we obtain the interrelationship between some algebraic properties of C-lattice
L and graph-theoretic properties of P(L).

1. INTRODUCTION AND PRELIMINARIES

In ([9], [17]), Dilworth and Ward introduced multiplicative lattice as an abstract
framework for studying the ideal theory of commutative rings with identity. Let
(L, <) be a complete lattice with lower element 0, and top element 1,. A lattice £
is multiplicative lattice with respect to a binary operation * (called multiplication)
satisfies the following properties:

(1) axb<aAb.

(2) axb="bxa.

(3) (axb)xc=ax(bxc).

(4) ax1; = a.

(5) a* (Vaerba) = Vaer(a x by), where a,b,b, € £ and I is an indexing set.
Henceforth, we shall write a * b = ab.
Now, let’s review some definitions. An element x € L is called proper if x < 1.
A proper element p € L is said to be prime if ab < p implies that a < p or b < p,
where a,b € L. We will indicate by (L) the collection of prime element of £. A
proper element m € L is said to be mazimal, if m < x and x is proper implies
that m = x. Let Max(L) denote the collection of all maximal elements of L.
Note that if Max(L) = {m}, then L is called local. In [10], Johnson and Sherette
proved that, if m € Max(L), then m € ¢(L). This implies that Max(L) C o(L).
An element ¢ € L is compact if for any {ay}ren C £ and ¢ < Vyepxy, implies that
¢ < VI iay,, where n € ZT. If each element of L is the join of compact elements
of £ implies that £ is compactly generated. In [1], a multiplicative lattice L is
called C-lattice, if £ possesses the following properties:

(1) Top element 1, of L is compact and serves as the multiplicative identity.
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(2) L is generated under join by a multiplicatively closed subset C of compact
elements of L.

An element a € L is said to be nilpotent if a™ = 0, for some n € Z*. Note that
if O of L is the only nilpotent then L is called reduced multiplicative lattice.

Naturally, the study of the intersection graphs G(F) is more challenging when
F' is an algebraic structure. In the last few decades, many mathematicians ac-
cepted these challenges and studied such graphs on various algebraic structures.
During these interdisciplinary investigations, many researchers obtained numer-
ous characterizations and representations of special classes of algebraic structures
in terms of graphs. In [0], Bosak took the initial move in this way in 1964. Nu-
merous graph structures pertaining to the ring structure may be found in ([2],
8, 15 [, (1), [12], [13] and [14]).

In [7], Chakrabartya et al. used a collection of nontrivial ideals of ring, say
L(R) to define and investigate the intersection graph G(R) of given ring. The
intersection graph G(R) of L(R) is the undirected simple graph whose vertices
are all non-trivial left ideals of R and two distinct vertices are adjacent if and
only if the corresponding left ideals have a nonzero intersection (see [7]). The
work of Chakrabartya et al. in [7] is further extended by Akbari et al. in [1].
Akbari et al. used the same intersection graph G(R) as in [7] and characterized
all rings for which the intersection graphs of ideals are not connected. Among
other outcomes, it is proved that, for a reduced ring R, the clique number of the
graph G(R) is equal to the chromatic number of G(R).

In [15], Saha M. et al. used prime ideals of a commutative ring R with identity
to define new graph called the prime ideal sum graph of R. The prime ideal
sum graph PIS(R) of R is an undirected graph in which vertices are non-trivial
proper ideals of R and two distinct vertices I and J are adjacent if and only
if I + J is a prime ideal of R. Saha M. et al. used the graph PIS(R) to
study the connections between the graph-theoretic properties of this graph and
some algebraic properties of rings R. Also, the study of the clique number, the
chromatic number and the domination number of PIS(R) for some classes of
rings are obtained (see [17]).

In this paper, we introduce the graph P (L) of a C-lattice L as a generalization
of the prime ideal sum graph PIS(R) of R and obtain some connections between
the graph-theoretic properties of this graph P(L) and algebraic properties of
a C-lattice £. Tt is noted that, under some circumstances the graph P(L) is
complete. Also, we prove that the girth of P(L) regulate the number of distinct
prime elements of L.

A graph is an ordered pair G = (V| E) where V is the set of all vertices in the
graph and E is the set of all edges joining the two vertices in the graph. If a
and b are adjacent in the graph we denote it by a ~ b. If a ~ b for all distinct
a,b € V then we say that graph G is complete.If E = () then G is empty and G
is null graph if V' = (). A chain of adjacent vertices a ~ v; ~ vy ~ -+ ~ v, ~ b
between any two distinct vertices a and b is called path. Number of edges in the
path is called length of the path. A cycle is a path that begins and end at the
same vertex. A length of the shortest cycle of the graph G is called girth of G. A
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graph without cycle is said to be acyclic. For acyclic graph G, girth(G) = oco. If
for any two distinct vertices a and b there exists a path then that graph is said to
be connected otherwise disconnected. The length of the shortest path from a to b
is called distance from a to b and it is written as d(a, b). If path between any two
vertices a and b is absent then we write d(a,b) = co. Maximum distance in the
graph G is called diameter of the graph G. It is denoted by diam(G). Universal
vertex is a vertex in the graph G which is adjacent to every vertex in the graph.
The degree of vertex a in G is number of edges incident to that vertex and it
is denoted by deg(a). If for some vertex a € V, deg(a) = 0 then that vertex is
known as isolated vertex.

For more information on graph theory, the reader may refer ([10]).

2. GrRAPH P(L) OF L

We begin this section with the definition of the graph P (L) of a C-lattice L.

Definition 2.1. Let £ be a C-lattice. The graph P(L) of L is a graph whose
vertices are nonzero proper elements of £ and two distinct vertices a and b are
adjacent if and only if @ V b is prime element of L.

Example 2.2. The multiplicative lattice £ and its graph P (L) are shown below.

1) =1,
c=<2> d=<3>
a=<4> b=<6>
0)y=0
. 10lalblc|d]|1l,
0]0|010]0]0O] O
a|l0lal0Olal0] a
b|0|0|0|0|b|Db
c|0la|0lal|b]| c
d|0|0|b|b|d|d
1£ Olalb|c|d 15

Fig.(2.1): Multiplicative Lattice £

Note that, o(L£) = {¢, d} is the collection of all prime element of L..

Remark 2.3. [1] If £ is a compactly generated multiplicative lattice with 1, com-
pact, then maximal elements exist in £, and every maximal element is a prime
element.
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Fig.(2.2): Graph P(L)

We need the following two Lemmas throughout the paper.

Lemma 2.4. Let L be a C-lattice. Then meet of two mazimal elements of L is
not prime.

Proof. Suppose that m; and ms are two maximal elements of £ and p is a prime
element of £ such that p = m; Ams. Then my - mo < my Amsy = p. Therefore by
definition, we have m; < p or my < p, a contradiction to the maximality of my
and ms. O

Lemma 2.5. Let L be a C-lattice. If every proper element of L is nilpotent, then
L has unique prime element.

Proof. Suppose that each proper element of £ is nilpotent. Then v/0 = Vi{a €
Lla™ = 0,a # 1} is the only maximal element of £ and hence it is prime. Now,
suppose that £ has a prime element, say, p distinct from /0. Then by definition,
we have V0 = Np € o(L£)} and hence V0 < p. Since /0 is maximal element of

L, we have p = v/0. Consequently, £ has unique prime element. O

Theorem 2.6. Let L be a C-lattice. Then the graph P(L) has a universal vertex
if and only if one of the following condition holds:

(1) L s local.

(2) L has exactly two maximal elements my and my such that my A my is
non-trivial minimal element and that there is no non-prime element, say
x, such that my A mo < x.

Proof. Suppose L is local with unique maximal element m. Then for any a € L,
we have aVm = m. Since m is a prime element £, we have a ~ m. Consequently,
vertex m is universal.
Now suppose that 2 holds. Let a = m; A ms and b is a non-trivial element such
that a # b. Assume that b < my. Since a is minimal, we have a < a Vb < my.
But it is given that, a V b is prime element of £ and hence a is a universal vertex.
Conversely, suppose that the graph P(L£) has a universal vertex, say, a. If
L is local, then we are through. Now, suppose that £ possesses at least three
maximal elements, viz, mq, mso, mg. It is clear that, a can not be a maximal
element because two maximal elements are not adjacent. Since L is a C-lattice,
there is a maximal element, say, m such that a < my. If a £ mo, then avVms =1,
because ms is maximal. This implies that, a is not adjacent to ms, contradiction
to the fact that a is a universal vertex. Therefore, we have a < mj; A ma A ms.
Case-1: Let a # my AmgAms. Then aV (mq A mg A mgz) = my Amg Amg. Since
a is a universal vertex in P (L), by definition, m; A mg A m3 is prime element in
L. Therefore mimoms < mq A ma A msz and mq A mo A ms is prime element of £
implies that m; < m; for i,j € {1,2,3} and i # j, a contradiction.
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Case 2: Let a = my Amg Amg. We assume that b = m; Ams. By Lemma 2.4, we
have b is not a prime element of £. Thus a V b = b implies that a is not adjacent
to b, which is a contradiction to the fact that a is a universal vertex in the graph
P(L).

The above Cases implies that £ has exactly two maximal elements say m;
and mo. Now, we contend that a = my A my is minimal. Suppose a non-trivial
element b € L, such that b < a = my; A my. Since a is a universal vertex, we
have bV a = a = my A my is prime, which is a contradiction. Consequently, a is
minimal.

Now, suppose that b is a non prime element with a = m; Amy < b < m; where
i = 1or 2. Then a Vb = b. Therefore a ~ b, i.e., a is not adjacent to b, a
contradiction to the fact that a is a universal vertex. Consequently, there does
not exist such b. Il

Lemma 2.7. Let £ be a non reduced C-lattice. Then /0 is adjacent to each
m € o(L).

Proof. By definition, we have v/0 = A{a € o(£)}. Therefore, for any p € (L),
we have v/OVp = p. This implies that, /0 is adjacent to each element of o(£). O

Following Theorem, gives equivalent statement that the vertex 1/0 is universal.

Theorem 2.8. Let L be a non-reduced C-lattice. Then the following are equiva-
lent:

(1) Each x < 1, of L is nilpotent.
(2) L has only one prime element.
(3) (£,V0) is a local.

(4) V0 is a universal vertez in P(L).

Proof. 1 = 2 Suppose that any proper element of L is nilpotent. Then the only
maximal element v/0 = V{a € L|a" = 0,a # 1} of £ is also prime. Because,
if £ has another prime element, say, p other than /0. Then by definition of
V0 = Np € o(L)}, we have V0 < p. Since V0 is maximal element of £, we have
p = /0. This implies that, £ has unique prime element.

2 = 3 Suppose that £ has unique prime element, say, p. Clearly, v/0 is the only
maximal element of £. Consequently, (£, /0) is local

3 < 4 Follows from Theorem 2.8.

4 = 1 Suppose that /0 is a universal vertex in P(£) and a € £ is non nilpotent.
Then a ﬁ \/6, therefore a VV v/0 = 1, which is not a prime and hence a ~ \/6, a
contradiction. Consequently, every proper element of £ is nilpotent. O

Theorem 2.9. Let L be a C-lattice and x is non-trivial proper element of L.
Vertex x of P(L) is isolated if and only if x is both mazimal and minimal element.

Proof. Suppose that a € L is an isolated vertex in P(L£) and suppose that a is
not a maximal element of £. Since L is C-lattice, there exist a maximal element
m of L such that a < m. Therefore, a V m = m. This implies that a is adjacent
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to m in P(L), a contradiction to the fact that a is an isolated vertex in P(L).
Consequently, a € £ is maximal element.

Now, suppose that a € £ is not minimal. Since a is maximal element of L,
we have b € £ such that 0 < b < a. This implies that bV a = a. But a is
maximal and hence prime element of £, therefore a ~ b which is contradiction,
consequently @ is minimal element of L.

Conversely, suppose that a is both maximal and minimal element of £. Suppose
that, vertex a is not isolated. Hence 3 b(# 0) < 1, with b # a such that a V b
is prime element. If b £ a, then as a is maximal, we have a Vb = 1,. Since 1,
is not prime, we get a contradiction. Now, suppose that, b < a. As a is minimal
element, we have, either b = a or b = 0, again a contradiction. [

In the following theorem we characterize the complete graph P(L).

Theorem 2.10. Let £ be a C-lattice. The graph P(L) of L is complete if and
only if L is local and every proper element p of L which is not a prime is minimal.

Proof. Suppose that the graph P(L) is complete. Then the graph P(L£) has a
universal vertex, say u. Therefore by Theorem 2.6, we have, either L is local or
L has exactly two maximal elements, say, m; and my with m; A ms is non trivial
minimal element and there does not exist a non prime element which properly
contains m; A mo. Since two maximal elements are not adjacent in the graph
P(L) of L, we have no two maximal elements in £, and hence L is local.

Now, suppose that ¢ is proper element of £ such that ¢ is not prime. Then
we contend that ¢ is minimal, indeed if ¢ is not a minimal element of £. Then
we have b € L such that 0, < b < ¢q. Therefore ¢ Vb = q. Since ¢ is not prime,
we have ¢ and b are not adjacent, we get a contradiction to the fact the graph
P(L) is complete. Consequently, each proper element of £ which is not a prime
is minimal.

Conversely, suppose that (£, m) is a local C-lattice and every proper element ¢
of £ which is not a prime is minimal. Let a and b are two distinct proper elements
of L. Then it is clear that, a,b < m. If a Vb = ¢ < m is not prime. Hence,
¢ is minimal. Also, a,b < ¢ and a,b are non zero elements. Thus a = b = ¢, a
contradiction. Thus a V b is prime and hence a ~ b. Thus P(L) is complete. [

Theorem 2.11. Let L be a C-lattice and for any two distinct prime elements my
and ma of L, miAmgy # 0z. Then the graph P(L) is connected with dim(P (L)) <
2.

Proof. Suppose that x and y are non-zero proper elements of L. If z Ay is
maximal element of £, x ~ y in P(L), because every maximal is prime element
of L. Otherwise, suppose that x A y is not a maximal. Since L is C-lattice, we
have maximal elements say, p1, k1, of £ with x < p; and y < k;. Now, we have
the following cases:

Case — 1) If py = ky. Then there is a path x ~ p; = k; ~ y of length 2.

Case — 2) If p; # ky. Since K; is maximal element of £, we have k; V x = 1.
Also, since py Aky # Oz, we have xV (p1 Aky) = xVpr AxVk =xVp Als = ps.
As every maximal is prime element of £, we have = ~ p; A k;. Similarly, we can
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prove that p; A k; ~ y. Consequently, there is a path x ~ p; A k; ~ y such that
length equal to 2. O

Theorem 2.12. Let L be a C-lattice and z,y are non-trivial proper elements of
L such that x || y. If x is adjacent to y in the graph P(L), then girth(P(L)) = 3.

Proof. Suppose that non-comparable elements a,b € £ are adjacent in the graph
P(L). By definition, a V b is a prime element of £. Since a and b are non-
comparable, we have a,b < a Vb, and hence a ~aVb~b~aie., a,band aVb
forms a triangle in P(L). Consequently, girth(P(L)) = 3. O

Following Corollary follows from the Theorem 2.12.

Corollary 2.13. Let L be a C-lattice. If the graph P(L) contains no cyclic or
the girth of P(L) is greater than 3. Then there are no non-trivial proper elements
say, x,y of L such that x || y adjacent in P(L). Furthermore, for any non-trivial
proper elements of L are adjacent if they are comparable.

Theorem 2.14. Let L be a C-lattice. If girth(P(L)) = n, then the number of
different prime elements of L are at least |n/2].

Proof. From the Theorem 2.12, for any non-trivial proper elements z,y € £ such
that = || y are adjacent, then girth of P(L) is 3. Therefore by definition, the
join of any two non-comparable elements is a prime element of £ and hence £
contains at least |3/2| = 1 prime element.

Now suppose that girth(P(L£)) > 3. Then by Corollary 2.13, any non-trivial
proper comparable elements are adjacent. Let a1 ~ ay ~ az ~ .... ~ a, ~ a;
is the cycle of length n in the graph P(L). It is clearly observed that neither
ap < ag < az < ... < ap, < a; nor a; > ay > as > .... > a, > a; can hold.
Without loss of generality, we have a;,a3 < as and as is a prime element of L.
We have the following two cases:

Case 1: Let aq,a3 < as and a3z < ay. Then ao, a4 are prime elements.

Case 2: Let aq,a3 < as and a4 < asz. Then ao, as are prime elements.

Thus in any case, we get at least 2 elements to be prime among ay, as, a3 and ay.
That is, among any four consecutive elements of the cycle, two of them must be

prime. This process gives that the number of prime elements of £ are at least
n/2]. O

Following Corollary follows from the Theorem 2.14.

Corollary 2.15. Let L be a C-lattice. If |o(L)| = k. Then P(L) contains no
cyclic or girth of P(L) is less than or equal to 2k.

Theorem 2.16. Let L be a C-lattice and Max(L) be the set of all maximal ele-
ments of L. Then Max(L) is the smallest dominating set of P(L) and~y (P(L)) <
|Maz(L)|. Furthermore, v (P(L)) = 1 if and only if L is local or Max(L) =
{my,ma} such that my A my is non-trivial minimal element of L and there is no
p & o(L) with my A mgy < p.

Proof. As L is a C-lattice, for a € £ we have a maximal elements say, m, of L
with a <m. So aV m = m. But every maximal is prime, therefore a is adjacent
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to m. This implies that any vertex of P(L) is in Max(L) or has a neighbor in
Max(L) and hence Maxz(L) dominates P(L). Also, it is clearly observed that,
for m € Max(L), Max(L) \ m does not dominates P(L). Therefore, Max(L) is
the smallest dominating set for P(£) and so v (P(L)) < |Maz(L)|.

0

Corollary 2.17. Let L be a C-lattice. If L has exactly two minimal elements
which does not satisfy the conditions of Theorem 2.16, then v (P(L)) = 2.

Proof. Assume that £ contains exactly two minimal elements which does not
satisfies the conditions of Theorem 2.16. Then 7 (P(£)) < 2. By Theorem 2.6,
v (P(L)) # 1. Hence v (P(L)) = 2. O

Conclusion

In this paper, we have investigated the graph associated with a multiplicative
lattice and explored how its structure reflects underlying algebraic properties.
By analyzing the interplay between lattice elements and their graphical repre-
sentation, we established meaningful connections between algebraic behavior and
graph-theoretic characteristics such as connectivity, diameter, and clique struc-
ture. These results contribute to a deeper understanding of how algebraic systems
can be studied through combinatorial and graphical frameworks, opening avenues
for further research in both lattice theory and algebraic graph theory.
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