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DECAY ESTIMATES OF A HIGHER-ORDER VISCOELASTIC
WAVE EQUATION WITH GENERAL STRONG DAMPING AND
SOURCE TERMS

TAYEB LAKROUMBE!*

ABSTRACT. In this paper, we consider the initial-boundary value problem for
a higher-order viscoelastic wave equation with general strong damping and
general strong source terms

u + (=A)"u — /0 h(t = s)(=A)"u(s) ds — p(t) g1(Auy) — ga(Au) = 0

in a bounded domain. Under appropriate conditions on u, g1, g2 and on the
kernel h, we establish the existence of global solutions by using the energy
method combined with Faedo-Galarkin procedure. Furthermore, we utilize a
direct method based on a the multipliers technique and Martinez’s inequality
to show a decay estimate for the energy of our problem, which depends on the
initial energy and pu.

1. INTRODUCTION

In this work, we treat the global existence and decay properties of solutions
for the following boundary value problem of a nonlinear higher-order viscoelastic
wave equation with general strong damping and general strong source terms

( t
uy + (—A)"u — / h(t — s)(—A)™u(s) ds
0
—p(t) g1(Auz) — g2(Au) = 0, in Q@ xRy, (1.1)
o' '
8A:Au:0,i:0,l, ..... ,m— 2, on 02 x Ry,
VZ
\ U’t:o = Uo, Ut|t:0 = Uy, in €,
where (.); = Z F and m € N* — {1}, Q is a bounded domain in

R™ (n > 1) with a smooth boundary 012, v is unit outward normal vector on 0
i

u

and —— denotes the i-order normal derivation of u, h, u, g1, go are one-variable
v

functions satisfying some conditions to be sepicified later.

Date: Received: Apr 18, 2025; Accepted: May 6, 2025.
* Corresponding author.
2020 Mathematics Subject Classification. 35J05; 35G31; 35D30; 35B40.
Key words and phrases. Higher-order viscoelastic wave equation, Strong source term, Kernel
term, Decay estimates, Initial energy.
260



DECAY ESTIMATES OF A HIGHER-ORDER VISCOELASTIC WAVE EQUATION 261

The equation presented in the problem (1.1) is a versatile model that describes
a wide range of phenomena in physics, engineering, and biology. It combines the
terms of fractional derivative, memory effect and nonlinear dynamics to obtain
complex interactions in systems with spatial and temporal dependencies. Its ap-
plications are broad and span areas like viscoelastic materials (such as modeling
the mechanical behavior of polymeric materials), anomalous diffusion in complex
systems (for example modeling diffusion of molecules in cells), nonlinear control
systems (like modeling the dynamics of robots), heat transfer and diffusion in
complex media (e.g. geothermal systems, heat flow in porous rocks ), and nonlin-
ear elasticity and wave propagation (for instance rubber, suspended structures)

(See [ b ) ) ) ) ])'
We will present some publications through which we treated this problem. in
1968, Sattinger [11] studied the existence of global weak solutions of

uy — Au = f(u), x e, t>0,

with initial and Dirichlet boundary conditions. Furthermore, Lasiecka and Toundykov
[6] developed an intrinsic approach to derivation of energy decay rates for the
semilinear wave equation with localized interior nonlinear monotone damping
g(uy) and a source term f(u) of the following problem

wy — Au+ xg(uy) = f(u), in Q x[0,7],
u(0) = uy,
ur(0) = uy.

Amroun and Benaissa [!] investigated the global solvability and energy decay of
the equation :

u = A2u+g(u) =bululf"?  in Qx[0,+oc], (1.2)

with initial and Dirichlet boundary conditions, under the following hypothesis
2n — 2
b>02<p<A4ooifn=12340r2<p< 2

ifn > 5, gis an

increasing C''(R) function satisfying

cls] < lg(s)| <eofs|” if |s| > 1 withl <r < 400 ifn=1,23,4

4
"2 i n >,
n—4

orl <r<

where ¢y, ¢y are positive constants. For the equation (1.2) when g(s) = as|s|™ 2
(@ > 0,m > 2) Messaoudi [| 1] showed that the solutions with any initial data
continue to exist globally in time if m > p and blow up in finite time if m < p
and the initial energy is negative. To prove the global existence he used a new
method introduced by Todorova [15] based on the fixed point theorem.

In 2015, Ye [20] studied the global existence and blow-up of solutions for higher-
order viscoelastic wave equation with a nonlinear source term of the following
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problem
t

gy + (—A)™u — / g(t — s)(=A)"u(s)ds = [ulP"%u, in Q xRy,

0
u(z,0) = uo(x), “i(x,0) = wi(x), in 0,
6M%:O,i:(),l, ..... ,m—1, on 00 x Ry,
ovt

where m > 1 is a natural number, p > 2 is a real number. The existence of
global weak solutions for this problem is established by using the Faedo-Galerkin
method. Meanwhile, under suitable conditions on relaxation function g and the
positive initial energy as well as non-positive initial energy, it is proved that the
solution blows up in the finite time and the lifespan estimates of solutions are
also given.

Moreover, Guo and Yuan, Lin [!] consider an initial-boundary value problem for
a nonlinear viscoelastic wave equation with strong damping, nonlinear damping
and source terms as follows

+o0
uy — Au+ / g(s)Au(t — s)ds — e Auy
0
+ eo|uy| ™ Uy = e3|ulP2u, in Q x R,
u =0, on 002 x Ry,
ul=o = up, Utlt=0 = u, in €2,

where Q@ C R™(n > 1) is a bounded domain with a smooth boundary 0€2,

m = 2,p>2 e,69 =0, g3 > 0, they proved a blow up result for the solution
with negative initial energy if p > m, and a global result for p < m of the above
problem. In addition to that, Tebou [16] studied the following problem

Y + A%y — a(2)| Ay P2Ay, =0, in Q@ x Ry,
u=Ay =0, on O x R, (1.3)
Yli—o = Y, Ytlt=o = yl, in .

The author proved existence, uniqueness and smoothness results for (1.3), by
using an appropriate perturbed energy coupled with multiplier technique, he di-
rectly proved exponential and polynomial decay estimates for the underlying en-
ergy.

The rest of the paper is organized as follows. In the next section, we give some
assumptions and notations and lemmas which will be used later. In section 3, we
present the main results, where we use the Faedo-Galerkin approximation scheme
to prove the global existence and multiplier technique to obtain the energy decay
estimate.

2. PRELIMINARIES AND ASSUMPTIONS

In this section, we shall give the precise hypotheses on A, and g, g2, some
notations and definition, and important lemmas which will be needed in this

paper.
(H1) h: R, — R, is a decreasing function and h € C%(R, ), satisfying
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/ 1"
h,h € L®(R,),
+oo
/ h(s)ds =a < 1. (2.1)
0

(H2) 1 : R — [1,400] is a C'- class function such that ;i and ﬂ, are bounded,
I

+oo
/ p(t) dt = +o0.
0

(H3) g1 : R — R is a increasing continuous function satisfying g; € C"™ }(R),

ggk) is bounded for all 0 < &£ < m — 1 and there exists ¢; > 0, ¢ = 1,2, 3,4 such
that

alzl’ <lgi(@)] < colzV7 (2] 1), eslz] < lgu(@)] < eaz|” (2] > 1), (2.2)

n
where p> 1, 1 <g< +xifn=1,2,or 1 <¢<

+2
if n > 3.
5 ifn

(H4) g, : R — R is a continuous function satisfying g, € C™1(R),

gék) is bounded for all 0 < kK < m — 1 and there exists ¢5 > 0 such that

VseR:|gas)| < csls] and 0 < G(s) < sga(s), (2.3)
where G(s) :/ g2(t) dt.
0

Lemma 2.1. (Sobolev-Poincare inequality) Let q¢ a number with
2n

2<qg<t+0oifn=12 0r2<q<
Cs = (2, q) such that

s < CullVulloy for alluw € HY(@.
Lemma 2.2. For all u € H}(Q) N H*(Q), we have

5 if n > 3, then there exists a constant
n J—

IVull 20y < cllAullm-1i0) < ¢[|Aull ),
where H-1(Q) = (HY(Q))'.
Lemma 2.3. Let Q' be a bounded open set of R? x Ry, 1 < q < 00, g € L)
and (gn) a sequence of functions of LI(Q)) which satisfy
3C>0,YmeN: ||gullpaq)<C, gmn— g ae on QO
then
Im — g weakly in Lq(Ql).

Lemma 2.4. (Martinez inequality) Let E : Ry — Ry be a decreasing function,
and ¢ : R, — R, a strictly increasing function of class C such that

©(0) =0, p(t) —> 400 as t —> +o0.
Assume that there exists o > 0 and C > 0 such that for all S > 0 we have

[ s e < SEose)
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then E has the following property : for allt € R,
E(t) < E(0)el=¢%® if a =0,

) < 20)[ ]

Let us introduce two Hilbert spaces H,,, V,, by setting
Hy,={ve H"(Q)/v=2A=00n0Q}, |v|u, = V" 'Av| 120,
Vin ={v e H™Q)/v=2Av=A"=00n 00}, [v|v,=IVA™| 120,

we have

if o > 0.

Vo, C H, C HY(Q)C H, C V.,
with dense and compact imbedding.
If v € L*(Q2), we denote by |[v]|r2@q) = [|v]|.

Definition 2.5. We define the energy associated with the solution of the problem
(1.1) by the following formula

B(t) = %[||Vut||2 +(1- /Oth(s) 4s) Jully, + oV Aut) + 2/

Q

G(Au) d:v} :
where ¢ denote the binary operator defined by

t
ho V™ Au(t) = / h(t — )V Au(t) — V™ Au(s)||* ds.
0

3. MAIN RESULTS

3.1. Global existence. In this subsection, we establish the existence of global
weak solution for the problem (1.1) by using the Faedo-Galerkin method.

Theorem 3.1. Suppose that (H1)-(H4) hold. Assume further that
(uo,u1) € Vi X Hy,. Then the problem (1.1) admits a global weak solution u
satisfying
w € L®0,T; H*™(Q)N H,,) , u € L=(0,T; H,,),
and
Ut € LOO(O’T7H5(Q)),
for T > 0.

Proof. Step 1 : Approximation solutions. Let T > 0 be fixed and let
{wj; 7 € N} be a basis of Hj(Q2), H, and V,,, i.e. the space generated by
Wi, = {wy,ws, ..., wy} is dense in H}(Q), H,, and V,,. We construct approxi-
mate solutions u*, k =1,2,3,..., in the form

u®(t) = ZCj’k(t)ijC)?
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where ¢;;, is determined by the following approximate problem corresponding to

(1.1)
¢
Oz/m@w+%—AYmW—l/h@—sX—Aﬁm%MﬁdS
Q 0 (3.1)
— u(t) gl(Auik)) — gg(Au(k))]wdx for any w in W,
with initial conditions
k
u®(0) u(()k) = Z(uo,wj>wj — up in V,,, as k — +o0, (3.2)
j=1
k
ugk)(O) = ugk) = Z(ul,wj>wj — wy in H,, as k — +00. (3.3)
j=1

Replacing u®)(t) by 25:1 cjr(t)w;(z) in (3.1), we obtain a system of ordinary
differential equations, since W, is a base, therefore det{w;,w;} # 0, then ac-
cording to the general results of the differential equations we are assured of the
existence a solution of (3.1)-(3.3) in an interval [0,%;], 0 < ¢, < T. In the next
steps, we shall prove that these solutions are global.

Step 2 : A priori estimates.

a) A priori estimate 1. Taking w = —2 Aul® in (3.1), we get

OEW(¢)
ot

Integrating over [0, ] where t < t;, exploiting the assumptions (H1) and (H2),
Vi C Hy C H3(Q), (3.2) and (3.3), we arrive at

1 1,
= —n(t) / N g (Au) de — Sh(D)[|uP ||, + Sh o VT Au® (1)
Q

VU + (0= a1, +2 [ ) 80 (3 o ds
D(t) +2 / / u(s)Au (s) g1 (Aug (5)) dee ds
0 Jo (3.4)
<2Hv¢“w+auvm4A(“W
<2Cu, |l 20y, |ul”)12,
<Olu

where C is a positive constant independent of k and ¢t € [0, T, the estimate (3.4)
implies that

u® is bounded in L>=(0,T; H,,), (3.5)

i Augk)gl(Au,gk)) is bounded in L'([0, T] x ). (3.6)
It follows from the above formula and the assumption (H2) and (2.2) that

,ugl(Augk)) is bounded in L*([0, 7] x Q). (3.7)
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Using (2.3), the Lemma 2.1 and the embedding L>(0,T; H,,) — L*(0,T; H,,),
we get

‘ t
/ / Au®) (s) go(Au®) (s)) da ds < Cs/ 1A ()] ds
0 Ja 0

t
< 5 C20m=) / 1971 A (8)]? ds
0

< esC2m DB |20 1
<

Cscmcf(mfl)H“(k)H%oo(o,T;Hm),
we deduce from (3.5) and (2.3) and the above formula that
Au® go(Au®) is bounded in L'([0,T) x Q), (3.8)

g2(Au™) is bounded in L*([0,T] x Q). (3.9)

b) A priori estimate 2. Differentiating the first equation in (1.1) with respect

to x and we substitute u by u®), we multiply the result by Vugf ) and integrating
over {2, choosing t = 0, we obtain

IVl O + [ Va7 0 do +u0) [ VAV 0)g] (Buf) da
Q@ Q
+ / VAuék)Vugf)(O)g;(Auék)) dr = 0.
Q

By Cauchy’s inequality with e, from the assumptions (H3), (H4), the Lemmas
2.1 and 2.2, we have

/ / k 1 m_(k
L= (L Ol L@ + 93] IVl O))2 < = [I7A™ )
! m— m— k / m— / m, (k
+ ()19 | oo @y C2m =D [V L AU + (€ Co) 2D | gl poe (ry | VA™ S |2

1

choosing ¢ = 7 ’
2(1 + p(0)]| gy 1o ) + |92l oo m))

, we get

k / / ’ m—
IVl O < (1+ p(O)llgh e + gallioeqey) | (1 + (€ C)%m D

(3.10)
' k ' m— k
<[\ galle)lug” 1, + mO) gl C2™ 210l
taking into account (3.2) and (3.3), we conclude from (3.10) that
u™ (0) is bounded in HL(). (3.11)

c) A priori estimate 3. Differentiating the first equation in (1.1) with respect
to t and we substitute v by u®), we multiply the result by —2 Augf)(t) and
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integrating over {2, we obtain

0
= (Vi [P + 1 l,.)
t
v [ [ W= ay e s o dras
o (3.12)
+2h(0)/(—A)mu(k)Au§f) dl‘+2ul(t)/Autt gl(Augk))dx
Q
+ 2 pu(t) / (Aus)2 g, (Au) da + 2 / Au® A gl (Au®) da.
Q@ 0

On the other hand, we have

t
/ /Q Bt — s)(=A)™u® (s)AuP (t) dz ds + h(0) /Q (=A)™u® AuF dz
0
t
=— / / B (t = s)V™ Au®) )V Aufy) (8) d ds — h(0) / vV ARV Augy) d
Q Q
t
_9 [/ / W (t— s)Vm_lAu(k)(s)Vm_lAugk) (t) dx ds + h(0) / vV APV AW da
0 JQ Q

+ h(0)Ju™ |3, + h'(0) / Vv Au®) () v Auf (t) da
Q

¢
-l—/ /h"(t—S)Vm_lAu(k)(S)Vm_lAugk)(t) dx ds.
0o Jo

Inserting the above equality into (3.12), we obtain

0 - -
[V + ), - 2 / / 9 AU (5) T Au () d ds
—Qh(O)/Vm_lAu vm—lAugk dl’}
= ( o
2kl / VA (T A 0 de =20 (0) | Aol (Al da
Q

/ Aul® Al gy (Au®) d — 2 pu(t) / (AuP)2g, (Au®) de.
Q
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Integrating the above equality over [0,¢] where ¢t < t;, yields
Vi1 + |3,

—2h( / /Vm LAU® (5) V™1 Aw k)( )dx ds
—2// / (r — )V T Au® (5) V"L Aul ()dxdsdT
+2/0 /Qh/(t—s)vm1Au(k)(s)vm1Autk (t)dxds (3.13)
+2h(0 )/ [Vm_lAu(k v ALY — vt Al v 1Au(k]dx
2 / | #8260 (du () do + [V O)1F + s,
) 2/0 /QAut’“(s)Autf (5) ga(Au)(5)) do.

Utilizing Cauchy’s inequality and the embedding L*°(0,T; H,,) < L*(0,T; H,,),
the assumption (H1) and (3.5), we get

/ /Vm LAU® (5) VL An k)( )dx ds

t
0) / [u® %, ds — 1 (0) / 12, ds

t (3.14)
< KO [l oy + [ Nty 5]
¢
o) [ i1, ds.
0
And
t T
—2/ / /h/’(T—S)Vm_lAu(k)(S)Vm_lAugk)(T) dx dsdr
0o Jo Jo
t T
2/ /‘leAugk)(T)/ K (1 —5)V™ L Au® (s) dS‘dQJdT
// / (1= s)V™ AU (s )ds] d:cd7+/ [ H?{mds
(3.15)

<||h”||%oo(R)/0/Q/O(Vm_lAu(k) V2 ds dx dr + /||u ||H

t
ST o / lu® 2, ds + / 12, ds
t
<CB+/ g |3, ds.
0
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By Cauchy’s inequality with & and the embedding L>(0,T; H,,) — L*(0,T; H,,),
the assumption (H1) and (3.5) we see that

t
2/ /h,(t—s)vm1Au(k)(s)vm1Au§k)(t) dx ds
2
25||ut (== —/ / (t —s)V™" 1 Au®) (5) ds| dx

: W e
L
0

<2e a2+ Ci(e).

(3.16)

Using Cauchy’s inequality with € and V,,, C H,,, taking into account (3.2), (3.3),
(3.5), we get easily

0) / VT LAUP T AGY — v AGI VT A de
Q

(k)12
k I k k (3.17)
< 2h(0) = I, + T2 + Co, 3, + il 13,

h(0)e ™ |12, + Cale).

Applying the Green’s formula and Cauchy’s inequality, employing the Lemma
2.1, the assumptions (H2)-(H4) and (3.5), we obtain

- 2/ / $) g1 (AuM (5)) + Aug? (s) gy (Au®)(5)) | Augy (5) da ds
= 2/ / Vutt VAut ( )g;(Augk)(s))dxds
+2/0 /QVAu(k)(s)Vugf)(s)Augk)(s) gg(Au(k)(s))—i—VAu,Sk)(s)Vugf)(s) g;(Au(k)(s))d:cds
: / R k)
< ey 91 1 2o iy / Vg ()] + |V Au® ()] ds
t
+ 119a | = (m) / IV AUP (5) ]2 + ||Vl (s)]2 + | Aug® ()| ds
t
+ 1 gall Loy / IV AU (5)]2 + [Vl ()] ds

t
/ ’ 1" / k
< (1A s 1 ey + g ey + lghlzee | / RIOIE
[0 e 19 e+ )2 g iy O]

t t
< IV A G s+ 1) e €2 19 A ) s
0 0
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—2 s) i (At (s)) + AuM () go(AuP (s5)) | Auly () da ds
/ Jo i }

04/ HVutt ||2d8—|—05/ HU ||H dS"—Cﬁ

Combining (3.13)-(3.18), we deduce that
t
(1= @R(0) +2)e| [u (B)]%, + IVl (1)]2 < (~#'(0) + 1+ Cs) / I (s) 3, ds

k k k
+ Oy [ IV (s)[? ds + [[Vulg) (0)] + [l

2+ Cr+Cle),

choosing ¢ = and taking into account (3.3) and (3.11), the previous

2(24+2h(0))
inequality implies

t
[u™ (@12, + | Vg (1)) < 2max(—h'(0) + 1+ Cs, Cy) / g™ ()12,

+ |V (s)]* ds + G,
applying Gronwall’s Lemma on the above estimate, we deduce that
u™ is bounded in L*>=(0,T; Hy,), (3.19)
u'? is bounded in L=(0,T: H(Q)). (3.20)

d) A priori estimate 4. Taking w = (—A)™u") in (3.1), we have

Oz/u@@Aﬁlwdwﬁ/(AWM“(AW@“M
Q Q

t
= [ [ hte = )y o) -y @) deds — ) [ (Bul) -yl ds
0o Ja Q
- [ s a)m da,
Q
applying the Green’s formula on the above equality, we obtain
t
1
mk)2 m, (k)12 AN, (B 2 (A, (k)
3r (17717 (1= [ h(s) ds) IAma P+ ho (~8)"a] = 31 o (=)™
— Eh(t)HAmu(k)||2 — pu(t) / Vm_lgl(Augk))Vm_lAugk) dx — / Vm_lgg(Au(k))Vm_lAugk) dzx,
Q

Q

integrating the last equality over [0,t] where ¢ < t; and using Cauchy’s inequality,
we obtain under the assumptions (H1)-(H4)

t
V7?2 + (1 - / A(s) ds ) [A™ D2 + o (=AY u® < [V |2 + | a7l
0

t t
il o [ 197 862 ds + €, [0 180 P ds,
0 0
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utilizing (2.1), the Lemmas 2.1 and 2.2, the embedding L*>°(0, T’; H,,) < L*(0,T; H,,),
the last estimate implies

m k
(1-a)A™u® 2 < Colluf” 1%, +Crollub” I, +Crallut 1w 0.1, +Crz ™2 e 0 1,

taking into account (3.2) and (3.3), (3.5) and (3.19), we deduce from the above
inequality that

u® is bounded in L>(0,T; H*™(Q)). (3.21)
Step 3 : Passage to the limit. Now we easily conclude from (3.5), (3.19),

(3.20) and (3.21) that there exists a subsequence of {u®}, still represented by
the same notation, such that

u®) — u weak star in L>(0,T; H,, N H*™(12)), (3.22)

u™ sy, weak star in L>=(0,T; Hy), (3.23)

ugf) — g weak star in L>(0,T; Hy (). (3.24)

As u® is bounded in L>(0,T; H,,) (see (3.5)) and the injection of H,, in H} ()

is compact, we have
u® — u strongly in L*(0,T; H}(Q2)). (3.25)

It follows from (3.22), (3.24) and (3.25) that for each fixed w € L*(0,T; H3(Q)),
we have

/ / ul®) mu(’“)—/Oth(f—S)(—A)mu(’“)(s)ds]wdxdt_>
/0 /g e + (—A)"u = /Ot h(t — s)(=A)™u(s) dS]wdxdt as k — +o0

It remains to show that for each fixed w € L*(0,T; H}(2)), we have

/ / t)g1 (AuM) + QQ(Au(k))}de dt —
(3.26)

/ / t) g1 (Auy) —|—gg(Au)]wdx dt as k — +oo.

We conclude from H,, C H}(Q) and (3.5), (3.19) that u®) and u™ are bounded
in L°°(0,T; H()), u\¥ is bounded in L>=(0,T; HZ()) (see (3.20)). In the
other hand, we have L*(0,T;H}(Q)) C L*(0,T; H} (), then u®, v and
u,gt are bounded in L2(0,T; H}(2)). Consequently u*) and u,gk) are bounded in
H([0,T]x). By the Rellich-Kondrachoff Theorem’s, the injection of H*([0, 7] x
Q) in L2([0,T] x Q) is compact, then there exists a subsequence {u(®}, still rep-
resented by the same notation, such that

(u(k),ugk)) — (u,u;) strongly in (L*([0,T] x Q2))?,
which implies
(u®, u™) = (u,u;) ae. on ([0,T] x Q)% (3.27)

Since p, g1, g2 are continuous, from (3.27) we have

(g2(Au®), gy (Au)) = (g2(Au), pgy (Auy)) ace. on ([0,T) x Q)% (3.28)
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Au® go(Au®) — Au go(Au) a.e. on [0,7T] x Q,
pAUP gy (AuY = pAuy g1 (Auy) ace. on [0,T] x Q.
It follows from (3.6), (3.8), (3.29) and the Fatou’s Lemma that
(Aw go(Au), pAuy gy (Auy)) € (LH([0,T] x Q)7
exploiting the last formula and (2.2), (2.3), we have
(g2, ign (D)) € (L([0,T] x )2 (330)
By (3.7), (3.9), (3.28), (3.30) and the Lemma 2.3, we get
(92(8u®), g1 (Aui®)) = (g2(Au), g1 (Auy)) weakly in (L2((0, T] x ©))%
which implies (3.26). Hence, for all w € L*(0,T; H}(Q)) :

/OT/Q [uttJr(_A)mu_/Ot h(t—s)(=A)™u(s) ds—pu(t) g1 (Aug)—ga(Au) |w dz dt = 0.
O

(3.29)

3.2. Energy decay estimate. In this subsection, we shall investigate the as-
ymptotic behavior of the problem (1.1). To achieve this, we will use the multiplied
method.

Lemma 3.2. Let u be a solutions of the problem (1.1). Then the energy functional
defined by the Definition 2.5 satisfies

/ 1 1.,
E () = —u(t) / N gy (D) do — Sh(0) [}, + 5 o V" Au(t) < 0.
Q

Proof. Multiplying the first equation in (1.1) by —Aw; and integrating over 2,
we get

19 ; t 2 .
S IVl + (1—/0 A(s)ds)llullh, +ho Vv Au(t)+2/QG(Au)dx]

1 1.,
S / N gu (D) — Sh(t) |l + 5 o V" Aue).
Q

Since ¢ is increasing, then if Au, < 0 we obtain ¢;(Au;) < ¢1(0), according to
the first formula of (2.2), we have g;(0) = 0, consequently Au;g; (Au;) > 0. In the
same way we get Auygy (Awug) > 0 when Aw, > 0, therefore fQ Ay g1 (Auy) dz = 0.
By exploiting (H1) and (H2), we conclude that F'(t) < 0. O

Theorem 3.3. Assume that (H1)-(H4) hold. Let (ug,u1) € Vi, X Hy,. Then for
the global weak solution of the problem (1.1), there ezists a positive constant C
such that

VieR,; E(t) < B(0)e!=Clon(ds if P =1,

P+1
2+ C(P—1) [} u(s)ds

To prove this theorem, we need to prove the following three lemmas.

_2
VteR,; E(t) < B(0) ]”‘1 it P>1.
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Lemma 3.4. For all0 < S <T < 400, we have the following estimate

T T
BE5 u(t) dt < / / B () Au g (Aur) da dt
S Q
T N t

+3 B i, / h(s) ds]a
+%/ST [E?M(t) /Oth(siu(tS)me ds]dt (3.31)
+ [Epz_lﬂ(t)/ﬂmutdx]s

T P—1 — / -1
<TE¥E p(t) + EPT;L (t)) / Auuy dx} dt
Q

E21[/QQ,u(tNVutP—u2(t)Augl(Aut) dm]dt.

t
Proof. We define ¢ with the form ¢(t) = / () ds, we multiply the first equation
0

in (1.1) by —,u(t)AuE% and integrating over [S,7T] x Q, using integration by
parts, we obtain

/ST —E%,u(t) /Q Au [utt + (—A)"u — /Ot h(t — s)(—A)"u(s) ds — u(t)gr (Auy) — gg(Au)] dx dt

P—1

T T p
= —[E?u(t)/Auutdx} —1/ E 7 p(t)ho V™ 1 Au(t) dt
Q s 2Js

T
- / o [/ 2 ()| Vg |* — p2(t) Au gy (Auy) dm] dt
s Q
Te/P—1 ps P—1 ’ P-1
+/ [(—ETE p(t)+ E = p (t)) / Auutdx]dt—/ /E?u(t)Augg(Au) dx dt
s 2 Q s Ja
T t
+ / E = u(t) [||Vut||2 + (1 - / h(s) ds) ullz,, +ho V™ Au(t) + 2/ Au go(Au) dx] dt
s 0 Q
1 P-1

5 [ o Il [ h)ds s [ nate - i, as]
— 0,
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it follows from (2.3) that

T T
2/ E%u(t) dté/ /Epfu(t)Augg(Au) dx dt
s s Ja
1 T Pl ) t
t5 | BT u@luld, | [ his)ds|d
2 Js 0
1 T Pl t )
t5 | BT @] [ )l - )3, ds|de
2 Js 0
£-1 T 1 g Pl m—1
+ |E77 u(t) QAuutdx}S+§ g E72 pu(t)ho V™ Au(t) dt
Tr/P—1 , o
—/ (—E TF u(t)—i—E%u (t))/Auutdm]dt
s 2 )
T
—i—/ Epzl[/2u(t)\Vut\2—/LQ(t)Augl(Aut) dx}dt,
s Q

1
we know that §h o V™ 1 Au(t) < E(t), therefore (3.31) is obtained. O

Lemma 3.5. For all 0 < S < T < 400, we have the following inequality

—/ST [(%E E,u( )+EP21//(t)>/Auutdx}dt
[E T p(t /Auutd:v / /E T p(t)Au go(Au) dx dt
vy [ B O] [ 006 as] i 3.2

vy [ B O] [ ot - 91, ds]ae
< CBET (0)E(S).

Proof. Using Cauchy’s inequality and the Lemma 2.1, the decreasing of E, for all
t e Ry, we get

T
s 2 Q

1 T P-1 P—1 f S
< —Z i =t 2(m—1) = Jo "*\°) 4>
S 2/3 (5 E T Eu + 8 Mt))[@ 1_f0 8 ||u||Hm+c 7] a
T 2(m—1)
(P_l)cs P—-1 / P+1 ,
< - =

T

”MHL“’(RH(P_ 1)082(m71) Pl Pl /
< — 2 _
< ar D |- E L o’ p* (S)/S W () dt,
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the above estimate implies

T
_/ (QE E,u( )+E})51M'(t)>/Auutda:dt
g Q

2
(P — 1)02(771 1) » o (3.33)
[ I—a)(P+1) +2C, } il E72 (0)E(S).

Similarly, we have

pP—1

B u(t) / Awuyde < E7 (0)|llo~ s / A ] de
Q Q
P—1

1 Py . 1—fth(s)ds
< Sl BT (0) | €200

1-— fot h(s)ds

’2 P-1
) Irllioee B (0)E(E),

’2
lulls,, + Co [ V||

<

Og(mfl)
SE

hence

P-1 T Cg(m_l) 12 P-1
B ) [ duvwds]| < [+ O llame0 BT O)ES) + BO),
Q S 1 a

therefore

P-1 T 2C2(m=1) P-1
[E : u(t)/QAuutde < [1—+20 }HMHLMM)E = 0)E(S). (3.34)

We obtain from (2.3) and the Lemma 2.1, (2.1), (H2), the decreasing of E that

/ST/QEleu(t)Augg(A) d:cdt+%/STEleu(t)[/0t h(s) ds]

1 T Pl t
< [ullh,, dt+ 5 / B u(t)| / h(s)llu(t — 5)1I%,, ds| dt

T, 1— [Ph(s)ds
< e C2mY) / E%lu(t)—fot () ull?, dt
s l—fo (s)ds

T o1 1_
+a/ B () Lo 1) ds || 12, dt
S 1_f0

+%/9TEW<t>[/0th<t—s jz—juw 92, ds] dr
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/ /E St Aqu(A)dde%/STETM(t)[/Oth(s)ds]

1

1 (T _r
lulfy e+ [ B )] [ 1)t = o)1, ds]ar

2¢sC2M=Y 49y
1—a

E"z (0)E(S) / p(t) dt

S
+ ENS) /STM(t) [/Ot h(t — s)% ds}dt

esC2m Y 4 34 1
<2 e BT OEGS) [

S

(3.35)

452V 4 6a Po1
< T all= R+>H oo @) B2 (0)E(S).

From (3.33)-(3. 35) we obtain (3.32), where

4¢;C2 Y 4 6a 202D (p— 1)cim Y 2
13 1—a ”'u HL Ry) T 1—a + 1-—a)(P+1) +4C, |[[plle R+)

OJ

Lemma 3.6. For all0 < S <T < +o00, we have

/STEle [LQu(t)\Vut\Q — 12() Au g1 (Auy) dx] dt 56)

<Cuc [ B+ c B 0)(5),
S
where C1y,€,C(€) will be determined later.
Proof. For t € R, fixed arbitrarily, we set
O ={z € Q; |Au| <1}, and Qy = {x € Q; |Auy| > 1}.
By employing the Lemma 2.2 and the embedding L¥T(Q) — L*(Q2) and the first
inequality in (2.2), we obtain

B ) [ 209upds < 2T o[ [ Ao+ [ 8wl
Q

P—1 P+1 1
BT [eane” (| 10" de) T L audlo(au) ]
€3 JQ,

1,
<E 5 [CQ C ,ullzﬁ(t)(/ ()|Aut||gl<AUt)|dx> P+1 —|E |}
P+1 o ca
¢
12 - 1
< S g BT | 4 E B,
o

since pu(t) > 1 and £ P+1 < 1, then u%(t) < wu(t), applying Young’s inequal-
ity with € on Bz |E |P+1, exploiting the decreasing of F, the above inequality
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implies
= 2 "o, Pl
B u(t) [ 2]Vl de < <2 et B
) o (3.37)
CIQCQI 1 P—1 ’ .
— |—=C:llpllre®,y + —E 2 (0)|E.
01P+1 C3

Utilizing the Holder’s inequality and the second inequality in (2.2), the embedding
L%(Q) = L7 (Q), the Lemma 2.1 and the assumption (H2), we get

—E}tlu(t)/Augl(Aut) dx

P—1

< Bt )[ | |Adllgr(Au) |da:+/ \AUHgl(Aut)\dw]
1

P

;1
< B o) 1l g ([l ) ™
1 Q
@l O\ i
" ||Au||Lq+1(QQ)(/ (D) 'F i)
P-1 +1 P+1
< BT u(0) |0 oy el Tl ([ 18ullon(Aan)| d)

e ul, ([ |dullo(du)] )]
Q

et P+1 m—1 ,q+1
V20O e VI
v1— 1-—
tm—1 m—
VIO o M g o, VIO I,
S v1—a

1—a
applying Young’s inequality with € on E§|E'|P%r1 and E2 |E'|qfql, exploiting the
decreasing of F/, the last formula implies

I _q
7‘E,‘q+1’

/$m—1
V20" Cy, 5 “HMHEEM

—EPEIMQ(t)/Augl(Aut)dxé [

1—a
ﬁc;n 1 q+1 L q-gol . )
i o ).y 9
vV1—a
rm—1 Pr1 ZIerll 1 +1 if
V20" Cq, e rr el R,y o V200 e |l i w, ,
- C + c|E.
1—a v1—a

We conclude from (3.37) and (3.38) that

T T
/ E’Bl[/2u(t)\vut|2—u2(t)Augl(Aut>dx} dt < 0145/ W(t)E"F dt + C(e)E
S Q S

0)E(S),
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2 \/_Clm 10 P+1 ,LL P;—)l \/iom 1 q+1 'u qurol -
shere e A IR e [ <R

clp+1 1—a 1—a
1 /e - V2O Cly el Poil . V200! q“HMqu’ol
O(e) = _+< Q1|’U2||L (R+)C’E © L R+)C€+ Lo (Ry) C€>
Cs Clp+1 1—a 1—a
x B2 (0).

Proof of the Theorem 3.3. By choosing ¢ <
(3.32) and (3.36) that

1
—, we deduce from (3.31),
Cia

ie.
T
P—1 1 P-1
L/E2*W@ﬁ<—E2@W@L
s C
where C' = 1=0Cue We set p(t) = /t (s) ds (see page 14), then ¢'(t) = u(t)
013 ‘I‘ C(E) * <l0 0 M p g ’ SO /"L Y

P—
taking a = 5 (we have &« = 0 when P = 1, and a > 0 when P > 1), applying

Martinez inequality on the last estimate, we get the result of Theorem 3.3. [
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