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MIXED WAVE - DIFFUSION - WAVE EQUATION:
SOLVABILITY OF AN INITIAL-BOUNDARY PROBLEM

ERKINJON KARIMOV!* and MUZAFFAR TOSHPULATOV?

ABSTRACT. We analyze the unique solvability of the direct problem for the
wave-diffusion-wave equation, considering initial, boundary, and transmission
conditions. This problem is associated with a mathematical model of gas flow
in a channel, governed by a combination of wave and diffusion equations. Our
primary method of investigation is the separation of variables, with proof of
the uniform convergence of the resulting series as a central aspect of our study.
To ensure this uniform convergence, we impose specific conditions on the given
functions. A key component of the solution is the bivariate Mittag-Leffler-
type function, whose properties play a crucial role in our analysis. Although
the operator used in the spatial variables is relatively simple, our approach
remains applicable to more general operators and domains.

1. INTRODUCTION AND AUXILIARY INFORMATION

In this section, we justify the actuality of the chosen topic, present a comparison
analysis of related works, and provide key information on Prabhakar fractional
calculus and bivariate Mittag-Leffler-type functions.

1.1. Motivation. Fractional partial differential equations (FPDEs) have attrac-
ted special attention in recent decades due to their ability to model complex phe-
nomena that involve memory effects and anomalous diffusion [19]. Among these,
the time-fractional wave-diffusion equations represent a class of equations that
interpolate between wave and diffusion, depending on the fractional order of the
time derivative [0]. These equations are characterized by the presence of a frac-
tional derivative in time, typically of the Caputo or Riemann-Liouville type, which
introduces non-local behavior and captures the intrinsic memory of the system
[20]. More general fractional derivatives also gain a certain interest due to their
generalization behavior and the possibility of covering cases with fewer assump-
tions on process parameters [3]. In particular, the Prabhakar fractional derivative
is a powerful mathematical tool that extends classical and fractional calculus by
incorporating a generalized memory kernel based on the three-parameter Mittag-
Leffler function. Its ability to model long-range memory effects, non-exponential
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relaxation, and complex transport phenomena makes it essential in Physics and
Engineering (wave propagation, viscoelasticity) [24]; Dynamical Systems (control
theory, oscillators, anomalous transport)[26]; Economics and Finance (market
dynamics, economic growth models, memory-driven financial models) [27].

1.2. Comparison analysis of related works. First of all, we have to note
the works [21] (Prabhakar integral), [18] (RL-Prabhakar derivative), [1] (Caputo-
Prabhakar derivative), [7] (Hilfer-Prabhakar derivative), and [1] (psi-Hilfer-Prab-
hakar) in which Prabhakar fractional-order integral and integral-differential op-
erators were introduced and investigated.

Cauchy problems for differential equations involving the Prabhakar fractional
derivatives were investigated in [22], [12] (regularized Prabhakar), and [5] (Hilfer-
Prabhakar).

The initial boundary problem involving the regularized Prabhakar derivative
for the subdiffusion equation (see [17]), for the diffusion wave equation (see [29]),
and for the mixed equation (see [28]) has been investigated. In [I2] and [28],
direct problems for a combination of wave and diffusion equations involving the
regularized Prabhakar derivative were considered. The main differences of the
present investigation are as follows:

e the correct formulation of the initial-boundary problem for the new com-
bination of two waves and one diffusion equation (one needs to consider
the initial and transmitting conditions carefully);

e the system of algebraic equations concerning unknown Fourier constants
required a new solvability condition;

e more regularity conditions on the given data have been imposed;

e the convergence of infinite series has been proved similarly, but with more
clarification on constants.

Inverse source problems for the subdiffusion equation involving the same de-
rivative were considered in [I1]. Nonlocal and inverse problems for generalized
telegraph equations with the regularized Prabhakar derivative were investigated
in [15], [16]. Leaving a huge amount of work devoted to studying the diffusion and
the wave equation, we note recent publications such as [3] (anomalous diffusion
laws on the hypersphere), [30] (multi-term subdiffusion).

In the present work, we study a direct problem for a combination of two-wave
and one-subdiffusion equations involving the regularized Prabhakar derivative.

We also note works [9], [10], where bivariate Mittag-Leffler type functions were
targeted. Since these functions play a crucial role in studying direct and inverse
problems for PDEs involving the Prabhakar fractional derivatives, studying their

properties remains very actual. In the present work, we use certain properties,
studied in [17], [13], and [12].

1.3. Prabhakar integral and integral-differential operators. In this sub-
section, we will introduce only definitions.
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Definition 1.1. The Prabhakar fractional integral operator Plgf’%df(x) for
a, f € C with positive real part and 7,0 € C arbitrary is defined as follows [21]:

P () = / o= P B (6 — O F(E)de, x>0, (L)

where f is any function such that this integral converges and Eg 5(2) is the 3-
parameter Mittag-Leffler function, which is defined as follows:

Fas(2) = ; r (O(Z)+ 5) T

Here o € C with positive real part and 3,7 € C, (v), is the Pochhammer symbol

V), =7+ (v+2)...(y+i—-1) = %’
(=7); = <_1)i (y—i+1),= <_1)i %

Definition 1.2. The Prabhakar fractional derivative operators of Riemann-
Liouville type and Caputo type, 7€ D%’ 79 and P Rpoo? 79 are defined as follows

], [15):

« o,MN— d
PG f () = T (@),

dn

By, n—L3B,—v,0

PRD(CJX:EB’Y f(f,(]) = ﬁplgx . f('r>a

where o € C with positive real part and § € C with non-negative real part and
n—1<Re(f)<n,neNand~,deC.

1.4. Bivariate Mittag-Leffler type function. We recall bivariate Mittag-LefHler

type function Ey(z,y) presenting its double series form as follows:
_Ev2 ( 71, O, Bla V2, G2

T
(51,0[3,B2,52,0é4,53 63 )

_ 71 + Ot1m + fin) T (72 + aom) _ z . Yy
Z Z )T (61 + asm + fon)  T'(dy +aum) T (65 + fBsn)

m n

m=0 n=0
is a bivariate Mittag-Leffler type function (see for details [17] or [12]).
For this function, the following statements are true:
Lemma 1.1. [12] Let R(6;1) > R(y1) > 0. If ag = ay and Py = Py, then the

following integral representation holds true:
EQ ’}/1,@1,61;’}/2,0(2 |x _
(51,@3,&2;62,@4;53,&3 ’y
1
1

= R oy T O R () B, (56) e
0

(1.2)
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Moreover, if x <0, y <0, then for any k > 0

77, 151,0 |Az”
E <
‘ 2<5+k+1,67a;%7;1,1 |0y” ¢

holds.
Here ¢ is any positive real number and Eg, 5,(2) is the two-parameter, and
o0 Zm
E'yg,az 2) = (72)(12771
4,02 ( ) mz— F(a4m + (52)

is the four-parameter Mittag-Leffler function [19].

2. FORMULATION OF A PROBLEM
We consider the following mixed equation:

PODGPY N (t2) — gy (), (t7) €
0=1¢ PEDEP T u(t,x) — up (t,2), () € O, (2.1)
PODGEI O (1,2) — gy (t,7), (£, 2) €

in a rectangular domain 2 = 2, U Q2 U Q3 U J; U Jo, where
Ji={t,x):t=T1,0<z <1}, h={(t,z) : t=T5,0 <z <1},
O ={t,x):0<z<1,0<t<Ti}, ={(t2):0<z<1,T1 <t<T},
Qy={(t,z): 0<x< 1, Ty <t<T}, T, 15, T, c,,9, b1, B2, f3 € R such that
0<Ti<To<T,1<(1<2,0<b,<1,1<p3<2.

Problem. To find a regular solution of equation (2.1) in €, satisfying the
following initial, boundary and transmitting conditions:

u(0,z) =p(x), 0<z <1, (2.2)
u(t,0)=wu(t,1)=0,0<t<T, (2.3)
o PC youB2.6 — 1
tll%anrO D u(t, r) = HllTrlniout (t,x), 0 <z <1, (2.4)
: i PCaf2,7,0
tilTI;l+0ut (t,x) = tJ)}IIglfO D72 u(t,x), 0 <o <1 (2.5)

Definition 2.1. Function u(t, ) is called a regular solution of (2.1) in Q, if
u(t,z) € C(Q), uge(t, 2) € C(Q), PFCDLP Py (t,2) € C (), PCD%EZ’WSU (t,x) €
C(QU Jy U Jy), PCD%ES’%‘SU (t,x) € C (Q3) and satisfies (2.1) in .

Remark 2.1. In space variable, one can consider a more general operator
rather than Lu = g—;. The only condition to such an operator is that it should
be a positively defined elliptic operator with a discrete spectrum. The tool that
we have used in this research will be valid for that case, as well. Consequently,
one needs to change the definition of a regular solution. We refer the reader to
the works [23]-[14], which consider more general operators in space variables.

Motivation related to the gas dynamics. It is well known that gas flow
in a channel can be described by the wave equation [25]. In some cases, after
a certain period, damage to the channel may cause the process to transition to
diffusion before returning to its previous state. In such situations, a combination
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of wave-diffusion-wave equations can be used. In our formulation, one of the ini-
tial conditions is known (see (2.2)), and the transmission conditions are standard
when the process changes its behavior (see (2.4) and (2.5)).

3. FORMAL SOLUTION

Since the equation is linear and the considered domain allows us to use the
method of separation of variables, we look for a formal solution in a classical way.
Namely, we search for a solution to the formulated problem as follows:

u(t,z)=> Uy (t)sinkrz, (tz)€Q, (3.1)
u(t,z) = i Vi (t)sinkmz, (t,x) € Qq, (3.2)
u(t,z) = Y Wi (t) sinkrz, (t,z) € Q. (3.3)

Here Uy(t), Vi(t) and Wy(t) are unknown functions to be found.

We note that the representation above is linked to the Sturm-Liouville problem,
corresponding to space variables, once a method of separation of variables is used.
According to the boundary conditions of the formulated problem, we will get
eigenfunctions as {sin kmz}°,, which form an orthonormal basis in Lo space.
Therefore, any smooth function, including u(t,x) can be represented via this
system.

We substitute (3.1), (3.2) and (3.3) into (2.1) and will get the following frac-
tional differential equations:

PG U () + (km)* U (8) =0, 0 <t < Ty, (3.4)
PEDGEV () + (hm)* Vi (1) =0, Ty <t < Ty, (3.5)
PODR T Wi (1) + (km)* Wi (1) =0, Ty <t <T. (3.6)
General solutions of (3.4),(3.5) and (3.6) can be written as follows (see [12]):
Uk (t) = 1Ak + QAkt - 1Ak (l{}ﬂ')z tﬁll“ (’7)
7.7.1,1,0 (ke :
XEZ ( Bl+17517a77777171 ‘ ot 2Ak (k’/T)
p1+1 . 77’77171a0 —(/{37T)2t’81
x 9T () EQ( Bt 2 Byl 5o : (3.7)

Vi (t) = 1By — 1By - (kr)* - (t = T1)™ T ()

PR —(km)* (1 = Th)”
X E2( B2+ 1, B2, 7,7, 1,1 ‘ 5(t—T))" ; (3.8)
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Wi (t) = 1Fy 4 oFy, (t — To) — 1 Fy (kn)* (t — To)* T (v)

777717170 — (kyn—)Q (t—Tg)ﬁS B )
XE2< B3+ 1,583, a,7,7,1,1 ‘ (S(t—TQ)a QFk(l{Zﬂ')
— Ty)P . 7,71, 1,0 — (k7r)2 (t — T2)/33
X (t TQ) F(W) E2 ( 53+2,ﬁ3,0&,7,"}/’1,1 ‘ 5(t—T2)a .

(3.9)

Here Ay, 9 Ak, 1By, 1F), oF) are unknown constants to be found. To find them,
we will first use
lim OUk (t) = lim Vi (¢)

t—T1— t—T1+0
(this follows from the continuity of the function u(¢, x) on J;) and due to (3.7),(3.8),
we will obtain:

_ 2 b 7,7, 1,1,0 - (kﬂ-)2 Tlﬁl
lAk + 2AkT1 lAk (kﬂ—) Tl b (7) E2 ( ﬁl + ]-7 517 a7, 1; 1 ‘ 5T10z
2
_ 2 B1+1 Y, 17 17 0 - Ufﬂ-) Tlﬁl =
9 A (kﬂ) T F('V) Es ( B1+2, 61, a,7v,7,1,1 o1 =15k

(3.10)
Now we use the condition (2.2) which can be written as Uy (0) = ¢, where
o =2 fol ¢ (x) sin kraxdx. This will give us 1Ay = @g. In order to use condition

(2.4) we need to evaluate Uj, (). After certain evaluations, we obtain (see for
details [12]):

4 - 7, 1,1,0 — (km)?* 5
00 == s G T ) B (000 TR

— (km)* % ) . (3.11)

— oAy (k)T () B ( 7,7 1,1,0 v

Bl + 1761705777’77 ]-71

Now we evaluate lij{n oP CD%"?Q’%(;U (t,x). For this aim, we pass to the limit
t=T1+

as t — T1+ and from the equation PCD%/;%WSU (t,7) — Uge (t, ) = 0, considering
Vi (Th) = 1By, we will get

lim PEDEETV (1) = = (k)1 By

Hence, the transmitting condition (2.4) or . lim PCD%fm’év,yC (t) = lim U (t)
—T140 t—T1—0

gives us

— (km)? 1By, = 24y, — 1A, (k1) TYP 71T ()

7,1, 1,0 — (kT T, 1
8 E2 < 2;1’751 a7y, Y 1.1 ’ <5121a ! ) _2Ak (kﬂ')QTl’B F(ﬂy)
777717170 —(k‘ﬂ')2T161
. E2 ( ﬁl + 1,51,@,’7,"}/, 17 1 ) (5T1a (312)

or considering the representation of 1 By, we have
—1 Ay (k7)? = (k)% 2 ATy + 1 Ay (k) T T (7)
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7,7,1,1,0 — (km)® Ty 4 i+l
X Fy ( 61—1—1,61,04,%%1,1 ’ 8T, + 9 Ay (kﬂ') T, F(fy)

s 717170 - kﬂ-zT/Bl =
XEQ( 2112 br,a, 7,7, 1,1 (5721a 1 ) = A, — 1Ay (k) Ty 7T (7)
7Yy 17 17 0 - (kﬂ->2 Tlﬁl _ 2 B
XE2 ( ﬁl, 51’ @, 7,9, 1’ 1 ' 5T1a 2Ak (lfﬂ') T1 r (’7)
g (1 LLo — (kn)* 1o
2 /81_{_1751704’7777171 (5T104 .
Rearranging similar terms, we obtain
_ 2 4 B1+1 Y 17 17 0 - (kjﬂ-)2 TllBl —
(k)" 2 Ak Ti+2 Ay (k)" Ty T () By ( Bi+2, B, a7, 7, 1,1 oIy
_ 2 B1 77’7717170 - (kﬂ—)2T161
2Ak + 24k (km)" 'L (7) Ey < B+ 1,61, 0,7,7,1,1 0T
_ 2 4 81 MR 17 17 0 - (kﬂ)z Tlﬁl
=1 Ay (k) (km)" 1 ARTT'T () By ( B1+ 1,81, a,7v,7,1,1 o

_ 1,1,0 — (km)* TP
— A (k 2 T B1 1F E Y Ly L 1 ‘
! k( 7T) ! (7) 2 51»51,047%%171 5T1a

We will find 5 A, from the above-given expression as

_ 2 4 B1+1 777717 170 B (l{,’ﬂ')2T161
2 Ak (= (k)" Tyt (km)" TV T () E2( Bi+2, 010,77, 1,1 0Ty

— 2m B
= 1Ak (]{,‘71')2 — (kﬂ')4 1AkT1ﬂ1F (7) E2 ( Y 17 1; 0 (k?ﬂ') T1 >

_ 2m B 777717170
1—'—(k7r) Tl F(f}/) E2( /814-].;6170577777171

51+17ﬁ17a77777171 5T1a

_ 1,1,0 — (kn)*Ty™
— A (k) T, P17 E BEMERTES 1 ‘
! k( 7T) ! (7) 2 ( ﬁ17ﬁ17&a7777171 5T1a
Since 1Ay = g, if A # 0, we could find 5 A, as follows:

— Pk 2 b 777717170 —(k7T>2T1ﬁ1 .
24 =, ((lm) HAE o) £ ( Bi+1, B, 0,7,7,1,1 5T 1

f1-1 777717170 —(]{7()27—'161
+T7 T () E2( A R 5T . (3.13)
Here
1,1,0 —(k7r)2 75
A, =T — (k QTﬂH‘lF E DEMEETRES 1
k 1 ( 7T) 1 (7) 2 Bi+2 B a7, 1,1 5Tf‘
1 1,1,0 — (km)> T
__Tﬂll" E' MRS 1 ' 314
Ty ) < Bi+1,B1,0,7,7, 1,1 ‘ 5T (3.14)

Since the parameters of the bivariate Mittag-Leffler function Ey(-) involved Ay
satisfy all conditions of Lemma 2.3 presented in [13], we can use the statement of
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Lemma 3.1 (see [13]). That is, in the integral representation of Fs, two Wight-

type functions appear. Using their asymptotics, we can obtain asymptotics of

E5, consequently stating that klim Ay, =Ty > 0 is true. We refer the reader to
—00

the proof of Lemma 3.1, presented in [13], for details.
Now we start our evaluations to find unknown constants 1 Fy, and 5 F},. For this
aim, we will use u (¢,z) = C (Q), which gives us lim V; (¢) = lim Wj (¢):
t—To—0 t—T>+0
1B, — 1By, (k‘ﬂ)2 (T3 — T1)52 I'(7)

Y 17 17 0 - (kﬂ—)2 (T2 - Tl)BQ
E. o = F}.
% 2< ﬁ2+176270577777171 6(T2_T1> Pk

In order to use transmitting condition (2.5), we need to evaluate limit of CD%{EQ’WSVk (1)
as t — Ty — 0. Therefore, we pass to the limit as t — T5— and from the equation

(3.5) we obtain:

lim PCDEPV (1) = — (kn)?* lim Vi) =~ (k)2 Vi (T2)

t—T5—0 t—Th—

= — (km)? <1Bk — 1By (km)* (T — 1) T ()

(B, ( THLLO N CORCEE LAY
52+17ﬁ2705777’77171 5(T2_T1)a

Now let us evaluate W/ (t):

W' (t) = oFy — 1 Fy (lm)z (t— T2)63_1 [(v)

7,7, 1,1,0 — (km)* (t = To)™ 2
FE « —oFy (k
e ( 537&370577777171 ‘ 5(t_T2) ? k< Tr)
VS %7.1,1,0 — (km)* (t = T)™
x (t T2) F(/y) E2 ( 63+17ﬁ3aa77777171 ‘ 6(t_T2)a .

Hence, the transmitting condition (2.5) gives us
— (kmr)? <1Bk — 1By, (k) (Ty = T1)* T (7)

Y 17 17 0 - (kﬂ-)2 (T2 - T1)52 —
XE2 < ﬁ2+1,52,06,"}/,’}/,1,1 ‘ 5(T2_T1)a _2Fk
or

oF) = —(km)* 1 Fy. (3.15)

Based on Lemma 2.3, given in [13], we write the following estimates:
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E. 7?771a170 (kﬂ' t—TQ
2 534_17537057771’1 t_T2
C [ (2 — 3s0) T (B — af) T (y =0 —0)
(k) (t — Tp) ™"+ (=5)° T(Bs+1— (a + Bg)) ’
E 77 % 17 1? O (l{?ﬂ' -
2 63+27ﬁ37a77777171 t_TQ
C T (22— 3,0) T (%2 —af) T (v — 0 — ) (3.16)
(km)? (t — Tp)7+*7 (=5)° T(Bs+2—0(a+ 63>> |

Estimates and other representations of the function Es (z,y) involved in the
solution are discussed in detail in [13].

4. CONVERGENCE OF INFINITE SERIES

To prove a uniform convergence of infinite series (3.1) let us start with the
following estimation:

u(t,z)| =

Z U (t) sin krx
k=1

<N U)],0<t < T
—1
To complete this estimation, we need to estimate |Uy (¢)|. For this aim, first using
(3.7) we get
Ui ()] < [14k] + [2Ak| t + |1 Ag] (km)* 9T ()

MR 17 17 0 - (kﬂ-)Q t,Bl 2 ,81+1
E2 ( ﬁ1+17617a77777171 ot +|2Ak|<kﬂ-) t F<7)

g (100 ~ (k) e
2 /81+276170577777171 ot ’

Now, using the upper bound of the function E,, we will get

X

Uy, (8)] < || + |2Ax| t + | x| ()220 t0r=F10=0b p)
+ |2Ak| (k’ﬂ')2729 tﬁ1+1—/319—a9H2, (41)

1 - —B16—a
|2 Ag| < m<|¢k’ (km)> 0 TP POy 4 | +

[pul (k)™ Tfl_ﬁle_ae_lH?,) (4.2)

where,
C T (22300 (&2 —af) T (y—~0—0)
(—6)’ T(Bi+1—0(a+p)) ’
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C T (22300 (22 —af) T (y—~0-0)

(—6)? T'(B1+2—0(a+p)) ’
(&~ 0T (& —af)T (y—~0—0
ngr(/y) Cg (2 /81) (2 Oé) (7 2 )
(—6) I'(B1—0(a+p))
Now we consider the following estimates at 6 € [0, ;),
Lemma 4.1 If ¢ € C™[0,1] such that ¢* (0) = ) (1) =0, i =0, ..., [m/2]

and "V (x) € Ly (0,1), then

Z‘Sok‘ (k)™= <Z 2+2m9 +H90m+1 f’f)||§a

where m s a natural even number and it could be zero, as well.
Proof. Let the function f(z) is continuous on [0,1] and f(z) = > fgsinknz,
k=1
1
where f, = 2 [ f(z)sinkrzdz. Using integration by parts and assuming that
0

1
f(0) = f(1) = 0, one can easily get f, = —% J f'(z) cos kradx. If one uses the
0

well-known inequality 2ab < a? + b?, the following inequality will be obvious:

2

fel € 75 /f ) cos kmwdx

Consequently, easy to deduce that

2

/ f'(x) cos krxdx
k=1

Z | fil < Z (k
k=1 k=1

Based on Parseval’s equality, i.e. > |fil> = || f(2)|3, assuming that f'(z) €
k=1
L(0,1), we obtain

[ee] o0 1 ) 5
SIS Y G +IF I

This proves Lemma 4.1 for the case m = 0. Other cases can be proved similarly.
We note that we have chosen a specific power m(1 — ) for further usage, and
a restriction on m, namely, it should be only even, is linked with writing the
statement in a compact form, making it useful for usage in further evaluations. [J

Considering (4.1), (4.2) and ‘ < e > 0, we obtain
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Z |Uk (t)| < Z |%0k| (1 + tG) + Zte |90k:| (k?ﬂ')_% Tfl—,ﬁﬁ@—a@—ng +
k=1 k=1 1
Z |(,Dk;| (kﬂ_>2—29 (Tfl_ﬂle—aeHlte + tﬂl—ﬂle—ag (Hl + t€H2>> +
k=1
D e lonl (b0 TP H
k=1

> elon| (km) 0 TP A0 m0e By (4.3)

k=1
Using Lemma 4.1, in this particular case, we obtain

0o 1 ) 00 1 )
Uk (£)] < ( + ¢’ (@)]] ) (1+te) + < — o T I (@)
Z ; (kﬂ_)Q 2 ; (k,ﬁ)2+49 2
— —ab— > 1 " 2
Tfl B10—ab 1tH3€ —+ (Z (kjﬂ.)—49+2 + ’ (2 (l’)”g
k=1
1—P1v—«o — — = ]' 2
<T1f3 B10 9H1t€+t61 B10—ab (Hl +t€H2)> + (Z (kﬂ')m —+ H(pv (LE)H2
k=1

+‘90

= 1
TR0y 0t ) Hye (Z e
= (k)

Now let us look at the estimate of Vj (¢):

u(t,z)| =) Vi(@)sinkrz| <> Vi ()] , Ty <t < Ty;
k=1 k=1
According to (3.8) we obtain:
o) o) o) - Caia C
DIV <Y LBl + > Bl (k) (¢ = T)> 7T () — 5%
st st st (=9)
(52—&-1 By 9) (ﬂ2+1 Oz@) (’Y — 0 — 6’)
(B2 +1—0(a+p2)) '
Introducing the following notations:
I (2 - 50) T (2 —af —v0—0
51: C ( 2 62 ) ( O[) (’7 Y )F(’}/),

(—8)" [(B+1=0(a+f2))

we rewrite the above representation Vj (t) as follows:

Z Ve (8)] < Z |1 Bi| + Z 1 By| (k)22 (¢ — Ty) 2200 g,

k=1
Now we consider the estimate of 1Bk using its representation:

X

" 2
(x)H ) TP P00 I e
2
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1Bl < [r] + ARl Th + loow] (k)* ™ TP P70 Hy 4 |y Ay | (ko)™ T P70
Therefore, we can rewrite the above-presented estimate as follows:

STIVEOI <Y lonl L+ Tve) + > elnl (k) 2 Ty P00 gt
k=1

k=1 k=1

Z |90k| (km_)2—20 <T151—519—a9+1H16 + Tlﬁl_ﬁlg_ang_’_
k=1

T1ﬂ1*5197a0+1H26 + (t _ T1)62*ﬂ29*0u951 + Tie (t _ T1)52—529—a9 Sl) +

Z |pr| (ferr)® =40 Ty Pr= o= <T1ﬁl_ﬂ16_a9H2H3 + (= Ty) R0 H351>e+
k=1

Z |on| (o)~ <T12’81_2510_2a9+1H1H2€ A R : (Y T
k=1

Tlﬁl—ﬁle—ae (t — TI)BQ—BQO—aH H.S, + Tlﬁl—ﬁle—ae-i—l (t — Tl)ﬁz—ﬁzb’—aG HyS, 6) n

o
Z |§0k-’ (kﬂ_)4—60 T12B172ﬁ1972a9 (t . T1>ﬂ2—629—0c9 SlH2H3+
k=1

Z |§0k’ ¢ (kﬂ_)ﬁ—ﬁﬂ (t . T1>62—620—a9 T12ﬁ172,81972049+181H1H2.
k=1
Using the estimate in Lemma 4.1, we get the following:

PADIE (Z i e <x>u§) (1+Ti0)+

k=1

> 1 . Cida > 1
(ZW + o <as>|r§> Ty 0o Hge + (Z— |

1012
k=1 v (k) i

(Tlﬁl—ﬁle—aaﬂHle LT PBie-al [ | T AP0t (g y)PePal—od g

o > 1 2
Tle(t—Tl)Bz P20 951) + <ZT+2+ ’ > X
1 (k) 2

. (Tlgﬂl—wle—zae HyHy + TyP1=P10-00 (t— Tl)ﬁz—ﬁze—aG H, Sl) X

(5 st I 1)

k=1

"

¢ (v)

<T1251_2519—2a9+1H1H26 i Tlﬂl—ﬂlé'—cw—i-l (t— Tl)ﬁz—ﬁze—ae H,Sye+
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Tlﬁ1*519*049 (t— Tl)ﬁg—ﬁge—ae H,S, + Tlﬁrﬁlefaeﬂ (t— Tl)ﬁz—ﬁze—ae HQSle> 4

S) 1 s
(Z s+l (x)H§> Ty #2020 ()RR S Hy Hyt
— (km)

(Z (lm)1129+2 H VII ”2) ,82 B20—ab T2,81 —2p10— 2a9+1S H, Hye.
k=1

Now we make a step to prove uniform convergence of the solution in 23, namely

=) Wi (t)sinkrz| <Y Wi (1), <t <T.

For this, considering (3), we need to look at the estimation of the W, (¢):
Wi (O] < WE] + |2 Fil (8= T2) + [ Fi] (k) (¢ = T2)™ D(7) %

777717170 —(kﬂ') (t—Tz) 2 . Ba+1
E2 ( 63+17/B37a77777171 ’ 6(t—T) t |2Fk|(l€ﬂ') (t T2) X
— (km)? (t — Tp)™ )‘

g ( L LO
2 53 +27ﬁ37a7777717 1 5(t _T2)a

L'(v)

According to (3), we obtain:

(Wi (8)] < |1 Fi| + [2Fe] (¢ = To) + |1 Fie| (k)® 77 (8 = Ty)#7%7°7T (1) x

C T (B B0 (BE —af) D (y—~0—0)
(—8)° [(Bs+1—0(a+pB))

C T (2500 (B2 —ad) T (y—~0—0)

(—6)° D(Bs+2—0(a+ps)) '

Introducing the following notations:

+ o Fy| (km)> % x

(1 = Ty) 50001 T ()

C T (B —B0)T (BH —af)T (v -0 —0)
(—0)’ I'(Bs+1—6(a+B3)) ’

C T(22—50) T (&2 -a0)T(y—10-10)
(—6)° I'(Bs+2—6(a+ b3)) 7

we rewrite the above representation of |Wj (t) | as follows:

S3=T(v)

‘Wk (t)‘ < yle‘ + ‘2F‘k (t — TQ) + ‘1Fk’ . (kﬂ')2_20 . (t _ T2)53—639—a9 ] 52+
+ |9 Fy| - (lm)z—ze (t— T2>63—639—a9+1 S

To get the estimation of W (¢) via the given function, we first need to estimate
1F k and 2F k-
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Let us estimate 1F}:

1 Fi| < okl + [oAr] Ty + x| (bm)* = TP 700,

+ o Ay| (k)22 TP gy o] (k)22 (Ty — Ty) P70 5y 4
+ o Aw| (km)* > (Ty = Ty)™ %070 ST 4 o] (k)10 T 70700 ¢
(T2 - Tl)ﬁz_ﬁze_ae S1Hy A+ |2 Ak (/ﬂr)4_49 Tfl_ﬁl(’_aeﬂ X

(T, — T1)> %% S\ H,.

Now, let us look at the estimate of 5 F}. For this, we use the equation (3.15)

2 Fi| < lonl (k1) + (k) |2 ARl Ty + |i| (k)™ T 70 Hy +

I Ay (kﬁ)z;fz& Tlﬂl—ﬁle—aeﬂl_b + ol (lm)‘lf?g (Ty — T1>,827ﬁ297a0 S+

|2 Ay | (k7)4_20 (T — Tl)BQ_BQQ_ae STy + |kl (kﬂ)6_4e Tf“ﬁla""e X

(T, — Tl)BQ_Bze_ae S1Hp + |2 Ak (kw)6_49 Tfl_ﬂl(’_a"“ (T, — Tl)ﬁz—ﬁzé—ae y
S1H,.

Now, using the above estimates and Lemma 4.1, after certain evaluations, we
obtain the following estimate for Y2 |[Wj (¢)]:

> > 1 ’ 2 > 1 " 2
> W] < (Z G Tl <x>||2) (1+Tie) + (Z ot e <x>H2> x
((t —Ty) (14 Tye)) + (i (k)% + ||¢’ (x)Hi) TP e 4
k=1 \NT

" 2 — —Q
® (f)Hz) <T151 pro-af (Hl (1+Tve) +

(z o

TyHae + (t — Tp) H3€> + (Ty — 11?7072 8 (1 4 Tye) +

m 2 —
o <x>H2> T

c <T1ﬁl_61€—o¢9H2H3 + (T2 _ T1)1827529*a9 Sl + (t _ T2)537636*019 SQH?,) +

i \Ba—Ba0—ab . 1
(t—Ty) Sy (1+T, )) + (Z T +‘

k=1
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(Z —(kﬂ)lwﬂ + HgoV (@Hi) (Tflﬁleae (Tl (t — Tg) € (H1 + HQ) +

(t = To) Hy + (1 + The) (t — T3) ((Tz — TP imet g

Bib—a = 1
=) (3 e )
k=1

<T161—610—a0 <T1 Hie (Tfl—ﬂle—ae Hy + (Ty — Ty) #2000 Sl) n

(Ty — T1)> 72070 S\ (H,y + (HoTy + Hy)e) + TP 9720 (¢ — 1) HyHge +

(t — Ty)PsPao=ad (H1S2 (14 Ty) 4 c (TEHQSQ +(t—Ty) H353>) N
T

(t — T2)63_639_a9 (T2 — Tl)ﬁz_ﬁQQ_ag 5152 (1 + T16)> +

(Z (]{;)+26+2 + ||QDV (.T)”z) Tlﬁl_’gle_aeH?) <T161_610_a951H2€+
k=1 \FT

(t — Ty)o 70790 5o <T1H2 + (Ty — Ty)> P00 Sl> ) +
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[eS) 1 i
<Z (k?r)TH + ”('OVH (x)Hi) (Tfhﬂleae (Hl (t—1Ty) (Tfl Bro—ab+lp o o

k=1

(T2 _ Tl)ﬁrﬁgefaa T,Sye + (T2 . Tl)ﬁ2*,3297a9 Sl) + (t . TQ) (T2 B Tl)ﬂzfﬁgefae %

Sy (H1 + H2T16)> + (t _ T2)5375397a0+1 Sy x

(Hl (1 -+ T1€) + T1H2€ —+ <T2 — T1)52_62e_a9 Sl (1 + T1€)>> +

(Z (,m);um + ¥ (I)H;) x

k=1

<T3ﬂ1—2519—2o¢0[—[26 ((TQ — T1)52—526’—a0 S, (TlHl I (t B T2) H3)_|_
(t _ T2)63_’839_°‘9 T152H1> + Tlﬁl—,ﬁle—ae (t . T2)53—539—a9 %

( (Ty — T1) %0720 88y (Hy + Tve (Hy + H,)) +

t —Ty) (Ty — T})?* 729720 5.7 H, S
Tlﬁrﬁle—ae (t—Tg)H2H3Sg€> +( 2)( 2 1)T 14141303€ i
1

~ ) o o
(Z — i + HSOVH (x)H2> T1251 23102 (T2 . T1)52 Ba € %
k=1 (km)

—Bef—a 1
(t = Tp) 477" S8, Hy Hy + (Z (k)17 + HWIX Cﬂ”i) X
k=1

<T12ﬁ1—2519—20¢9+1H1H2€ <(T2 . Tl)ﬁgfﬁgefae (t . TQ) Sl + (t . T2),337,339*Ou9+1 Sg) +

Tlﬁl—ﬁﬁ—ae (T2 B T1)52—529—a9 (t . T2)53—539—019+1 S, H,S; (1 + 2T16)> +

(Z ;16(#2 + o <x>H§> T01-2010-206 (1 _ y\Pa—Bab=0d g fr o

= (km)
—Befc > 1
(t_TQ)ﬁs B30 GE(TlHQSQ + (t_TQ) HgSg) -+ (Z(l{:)m + H‘;OXI (l,)H§> «
k=1 \FT

T12B1—2519—2a9+1 (TQ _ Tl)/BQ_ﬁQe_ae (t _ TQ)'83_639_a6+1 3153H12
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We should also show that u,, also converges uniformly. Because our equation

also contains ;.
tae| = | (k7)? - Gy (1) - sin ko Z 2GR ()],
k=1 =1

where via G (t) we denote Uy(t), Vi(t) and Wi(t).

We will omit similar evaluations, stating that due to the multiplied term (k7)?,
we need to require two more derivatives from the given function p(z).

The uniform convergence of infinite series, corresponding to ¢ D0y (¢, x),
PCD%%’%JU (t,x), PCD%;%’WSU (t,x) can be obtained from the equation (2.1).
Namely, based on (3.1), (3.2) and (3.3), one can get

(o.@)
PEDG 0w (b ) =Y PODGI U (t) sin ke,

k=1
PC aﬂgvé PC aﬂgvé :
D7y g D7y Vi, (t) sin ke,
PCD%;,?S»'Y’ § PCDCMﬁS,’V ,0 ( ) £) sin krx.

Considering (3.4), (3.5) and (3.6), we deduce

[e.9]

DG (1) < D (km) U ()],

k=1

FODEE (1) < DD kI (1)

k=1
)PCD%fS’%‘Su (t, x)‘ < S (k2 IWi (1) .
k=1

Since the latter series corresponds to the function u,, (¢, z), the remaining proof
will go similarly.

We note that the uniqueness of the solution to the problem can be proved based
on the completeness of the sine Fourier series in Ls (0, 1).

Theorem 4.1 . If Ay # 0,0 <0 < 3,6 <0,y > 0/(1—0), 200 < A
(A =By, B2+ 1, B3), ¢ (x) € C*[0,1] such that ¢ (0) = p*) (1) = 0 (i = 0,6)
and X1 (1) € Ly (0,1), then the problem has a unique solution, represented by
infinite series (3.1),(3.2) and (3.3).

5. CONCLUSION

We have investigated the unique solvability of the initial boundary value prob-
lem for the time-fractional wave-diffusion-wave equation. To solve this problem,
we mainly employed the method of separating variables. Several conditions were
established for the derivatives of the given function ¢ (z) to ensure solvability.
The constraints 0 < 0 < %, 0 <0, 2a6 < )\, arising from the estimate used for the
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function Es (z,y) caused difficulties to prove the convergence of infinite series, and
require additional conditions on the derivatives of ¢ (x). Although these condi-
tions became more restrictive, we demonstrated that the multiple series involved
in the solution converge uniformly by applying Lemma 4.1. Consequently, we
have proved the existence of a unique solution to the problem, imposing stronger
regularity on the given function. However, note that we are solving the problem
with the minimum available data (one initial condition, two boundary condition,
and standard transmitting conditions).
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