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DIRECT SUM OF LOWER SEMI-FRAMES IN HILBERT
SPACES

HEMALATHA M!, P. SAM JOHNSON! and HARIKRISHNAN P.K.3*

ABSTRACT. In this paper, structural properties of lower semi-frames in sepa-
rable Hilbert spaces are explored with a focus on transformations under linear
operators (may be unbounded). Also, the direct sum of lower semi-frames,
providing necessary and sufficient conditions for the preservation of lower semi-
frame structure, is examined.

1. INTRODUCTION

In a separable Hilbert space, there are several essential classes of sequences
that play a pivotal role in the analysis, representation, and reconstruction of
elements. These include Bessel sequences, frames, lower semi-frames, and Riesz-
Fischer sequences, all of which are interconnected and widely applicable across
various disciplines, such as signal processing, functional analysis, and quantum
mechanics. The concept of frames was first introduced by Duffin and Schaef-
fer in 1952 in their study of non-harmonic Fourier series, where they aimed to
generalize orthonormal bases. Frames gained significant attention in the early
1990s, Daubechies et al. reintroduced frames in their study on wavelet theory.
With frames, each element of a Hilbert space can still be expressed as a linear
combination of the frame elements, even though the elements are not linearly in-
dependent. This makes frames especially practical for real-world problems where
redundancy, robustness, and flexibility are required. Over time, the concept of
frames has been further generalized into different forms to meet the demands of
various applications. Notable generalizations include fusion frames, generalized
frames, K-frames, continuous frames, and continuous fusion frames. These gener-
alizations have led to significant advancements in areas such as distributed signal
processing, image compression, and quantum information theory. For a detailed
exploration of frame theory and its applications, see references [0, 8, 11].

In 2011, Casazza, Christensen, and other mathematicians took frame theory
a step further by characterizing sequences using their associated frame-related
operators. These operators provide a systematic way to understand the struc-
ture and properties of frames and related sequences. An important question in
frame theory concerns methods for generating new frames from existing ones.
For example, given two frames in a Hilbert space H, a natural idea is to consider
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their sum. However, the sum of two frames does not necessarily result in another
frame for H. Researchers have addressed this problem by providing conditions
under which the sum of two frames forms a frame. Obeidat et al. (2009) and
Najati et al. (2013) [11, 13] established necessary and sufficient conditions for the
sum of two frames to form a new frame, and Young et al.2013, [7] studied about
direct sum of frames. Additional results on this topic were explored in [10, 1].
Panayappan [15] studied the tensor sum and tensor products of frames in 2014.

In 2012, Antoine and Balazs [1, 2] introduced a broader class of sequences called
semi-frames. Semi-frames relax the requirement that frames must satisfy both
upper and lower bounds. Instead, they require only one bound, making them
a more flexible tool for analysis. These semi-frames are also give reconstruction
formulae on separable Hilbert spaces. One significant implication of semi-frames
is that they allow frame-related operators to be unbounded, which opens up new
possibilities for studying frame theory in the context of unbounded operator the-
ory. The motivation of this work is to generate more frame-like sequences using
the operator, sum, and direct sum.

This paper is arranged as follows. In Section 2, we revise the necessary defi-
nitions and results in the literature, which are required in the sequel. Section 3
contains results based on operators that preserve the frame-like properties of the
sequences. In Section 4, we discuss the properties of the sum of sequences. We
provide the necessary and sufficient conditions for the direct sum of sequences in
Section 5.

2. PRELIMINARIES

In this section, we start by defining the notations used in this paper, revisiting
essential fundamental concepts in frames and a few established results that will
facilitate understanding the subsequent sections. “Throughout the paper, we use
the notations such as N be the set of natural numbers. Let H, Hy, Ho, H{, H}, be
separable Hilbert spaces. We denote H; & Hy = {x @y : x € Hy and y € Hy} and
define (x1 ® y1, 22 ® yo) = (x1,y1)n, + (T2, y2)p,. For two subspaces K and Ko
of H, we let K; + K, denote the (set-theoretic) sum of two subspaces, K; ® K,
denotes the internal direct sum of subspaces, where as K; &% K, denotes the
internal orthogonal direct sum of subspaces. For two sequences F' = {f,, }en and
G ={9n}nen, F &G = {fn ®gn:n € N}. Let T be a linear operator on H. The
space of all bounded linear operators from H; to Hy is denoted by B(H;, Hy).”
Dom(T), R(T), T* denotes the domain of T', the range of T and the adjoint of
T respectively.”

Definition 2.1. [1, 5, 6] Let F' = {f,}nen be a sequence in H.

(i) F is said to be a complete sequence for H if span{ f,}nen = H.
(i1) F is said to be a frame for H if there exist constants 0 < A < B < 0o such
that

AIFIZ < STUE FOP < BIFIP,  for all f € H.

neN
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(iii) F is said to be a Bessel sequence for H if there exists a constant B > 0 such

that
S KF f)P < BIFIP, - for all f € H.
neN
(iv) F is said to be a lower semi-frame for H if there exists a constant A > 0
such that

AIFIP <D IS F)1P forall f € H.

neN
F is said to be a lower semi-frame sequence for H if {fu}nen s a lower

semi-frame for span{ fu }nen-
(v) F is said to be a Riesz-Fischer sequence for H if there exists a constant

A > 0 such that
A el < I enfall?

neN neN
for all finite scalar sequences {c,}nen € €27.

For any given sequence F' = { f,,},en € H, we can associate the following three
operators :

(i) The synthesis operator D : Dom(D) C > — H is defined by,

Dom(D) = {{cn} € chfn is convergent in H}

n=1
Dic,} = icnfn, for {c,} € Dom(D).
n=1

(ii) The analysis operator C' is defined as the adjoint of the synthesis operator
D. This means that C' = D* is always a closed operator.
(iii) The frame operator S is defined as S = DC.
Definition 2.2. [9] Let A be a densely defined closed operator on H. The reduced

minimum modulus for A is v(A) = inf {M cf#0€ Dom(A)N N(A)L}.

111
Proposition 2.3. [12] Let A be a densely defined closed operator on H. Then
the following statements are equivalent:
(i) (A) > 0.

(i) R(A) is closed.
(i1i) R(A*) is closed.

Proposition 2.4. [1] Let {f,}nen be a sequence in H. Then the following state-
ments are valid.

(1) {fn}nen is a complete sequence for H if and only if C' is injective.
(11) {fn}nen is a lower semi-frame for H if and only if C' is injective and R(C)
is closed.
(111) { fn}nen is a Riesz-Fischer sequence for H if and only if C is surjective.

Definition 2.5. [7] Let F' = {f,}nen and G = {gy, }nen be frames for Hy and Ho
respectively.
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(i) Let F' and G’ be frames for H| and H} respectively. Then the pair (F,G) is
said to be similar to the pair (F',G") if there are invertible T € B(H,, HY)
and S € B(Hs, H)) such that T(F) = F' and S(G) = G'. The pairs are
unitarily equivalent if T and S can be taken to be unitary.

(i1) (F,G) is said to be a strong complementary pair if there are Parseval frames
F' for H] and G' for H} such that F'®G'" is an orthonormal basis of H® H,
and (F, Q) is similar to (F',G')

(111) (F,QG) is said to be a complementary pair if F®G is a Riesz basis of Hy @ Hs.

(iv) (F,G) is said to be a strongly disjoint (orthogonal) pair if there are Parseval
frames F' for H] and G’ for H) such that F' & G’ is a Parseval frame for
H| & H} and (F,G) is similar to (F',G').

(v) (F,G) is said to be a disjoint pair if F & G is a frame for Hy & H,.

(vi) (F,Q) is said to be a weakly disjoint pair if F'® G is complete in Hy & Ho.

Theorem 2.6. [I1] Let F' = {f,}nen and G = {gn }nen be frames for Hy and Ho
respectively.
(i) F and G are strongly complementary if and only if (*(N) = R(C})®+ R(Cy).
(ii) F and G are complementary if and only if (*(N) = R(C}) & R(Cy).
(i1i) F and G are strongly disjoint (orthogonal) if and only if R(Cy) L R(Cs).
(iv) F and G are weakly disjoint if and only if R(Cy) N R(Cy) = {0}.

3. GENERATING SEQUENCES USING OPERATORS

In this section, we explore the properties of operators that preserve the charac-
teristics of general sequences. This investigates the behavior of various structured
sequences in a Hilbert space H, such as complete sequences, lower semi-frames,
frames, and Riesz-Fischer sequences, under the action of densely defined linear
operators. A fundamental result establishes that any densely defined closed op-
erator on H can be realized as the analysis operator associated with a suitably
chosen sequence. Further, it is shown that for a complete sequence {f,} C H,
the image sequence {Lf,} remains complete if and only if the operator L has a
dense range. In the case of lower semi-frames, the stability of the structure under
the action of an operator depends crucially on the properties of both the opera-
tor and its adjoint. Specifically, if L has a dense range and its adjoint L* has a
closed or surjective range, then the image sequence {Lf,} retains the lower semi-
frame property. These conditions are also shown to be sufficient for preserving
the Riesz-Fischer property.

Let {f.}nen be a sequence in H with the analysis operator C, the synthesis
operator D and the frame operator S. Let L : Dom(L) C H — H be an opera-
tor with dense domain. For the sequence {Lf,},en, the corresponding analysis,
synthesis and frame operators are C'L*, LD and LSL* respectively.

Proposition 3.1. Let L be a densely defined closed operator on H. Then there
exists a sequence {fn}nen in H such that L serves as the analysis operator for

{fn}neN-

Proof. Since L is densely defined closed operator, L* is densely defined and
(L*)* = L. Let {e,}nen be the standard orthonormal basis for ¢ and define
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fn = L*e,. The analysis operator for {f, }nen is {{f, fn) }nen = {{f, L*epn) }nen =
{{Lf,en)}neny = Lf for all f € Dom(L). Hence, L is the analysis operator for

{fn}nEN~ Ol

Proposition 3.2. Let {f,}nen be a complete sequence in H, and let L be an
operator with dense domain. Then R(L) is dense in H if and only if {Lf,}nen
18 a complete sequence in H.

Proof. The analysis operator C for { f,, }nen is injective. Since H = N(L*)® R(L)
and R(L) is dense, it follows that N(L*) = {0}. Consequently, L* is injective,
which implies that C'L* is also injective. Therefore, {Lf,}nen is a complete
sequence in H.

Conversely, suppose that {Lf,},en is a complete sequence in H, then C'L* is
injective. If f € N(L*), then f € N(CL*). Given that N(CL*) = {0}, it follows
that f = 0. Hence, L* is injective. 0

Proposition 3.3. Let {f,}nen be a lower semi-frame for H and let L be an
operator with dense domain on H. If R(L) is dense in H and R(L*) is closed,
then {Lfn}nen is also a lower semi-frame for H.

Proof. Our assumption on {f,},en implies that C' is injective, closed operator
with closed range. Consequently, C~! is bounded on R(C)). By the Proposition
3.2, CL* is injective. Now, let g, € R(CL*) such that g, — ¢ as n — oo.
Then, there exists h,, € Dom(CL*) such that g, = CL*h,,. Since R(C) is closed,
there exists h € Dom(C') such that CL*h, — Ch. Moreover, L*h,, — h because
C~!is bounded. As R(L*) is also closed, there exists A’ € Dom(L*) such that
L*h, — L*KW. Therefore, CL*h, — CL*h/, which implies R(C'L*) is closed.
Thus, {Lf,}nen is a lower semi-frame for H. O

The converse of the Proposition 3.3 is not true in general. Consider the follow-
ing example.

Example 3.4. Let H = ly and {f,} = {ne,}, where {e,} is the standard or-
thonormal basis for ly. It is known that { f,} is a lower semi-frame for {y. Define
an operator L : Dom(L) C ly — {y as L(e,) = 2. Then, L is densely defined and
self-adjoint (L* = L). The sequence {(1,0,0,...),(1,3,0,...),...} converges to
(1,3,%,...,%,...) ¢ R(L). Therefore, R(L) is not closed. However, the sequence
{Lf.} = {en} forms a frame for (.

If we modify the sequence in Example 3.4 to {f.} = {e,} then {Lf,} = {*},
which is not a lower semi-frame for /5.

Proposition 3.5. Let {f,}nen be a sequence in H with the analysis operator C.
Let L be an operator with dense domain on H such that R(L) is dense in H and
R(L*) = H. Then {Lf,}nen is a lower semi-frame for H if and only if {fn}nen
s a lower semi-frame for H.

Proof. The analysis operator for {Lf,}nen is CL*. Since R(L) is dense in H,
L* is injective. By our assumption on the sequence {Lf,},en gives that C'L* is
injective, which implies that C' is injective on H. Since R(L*) = H, R(CL*) =
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R(C) is closed. This shows that {f,, }nen is a lower semi-frame for H. Conversely,
the result follows from the Proposition 3.3. 0

Proposition 3.6. Let { f,}nen be a frame for H and L be an operator with dense
domain on H. If {Lf,}nen is a lower semi-frame for H, if and only if R(L) is
dense and R(L*) is closed.

Proof. Let C' be the analysis operator for {f,}nen. Then Dom(C) = H and
C' is injective. Since {Lf,}nen is lower semi-frame, C'L* is injective. Hence,
this implies that L* is injective, R(L) is dense. Let {gn}nen € R(L*) such that
gn — g € H as n — oo. Since Dom(C) = H and R(CL*) is closed, {gn}nen €
Dom(C') and there exists h € Dom(CL*) such that C'g,, — CL*h. Then g, —
L*h because C~! is bounded. Therefore R(L*) is closed. The converse follows
from the Proposition 3.3. O

Proposition 3.7. Let {f,}nen be a lower semi-frame H and L be an operator
with dense domain on H. If R(L*) is closed, then {Lf,}nen is a lower semi-frame
sequence for H.

Proof. Since span{Lf,}nen € R(L), R(L) = span{Lf,}nen ® Span{Lfn}neNL.
Let f € span{Lfn}neNL, which implies {(f, Lfn)}nen = 0. Then L*f = 0,
because { f,, }nen is a lower semi-frame. Injectivity of L* on R(L) gives that f = 0.

Therefore, span{Lf,}nen = R(L). Now consider {Lf,},en on R(L). Then the
analysis operator C} is,

Crf ={{f, Lfn) bnenw = {{L7f, fa) nen = CL” for every f € Dom(L") N R(L).

Therefore Cy = CL*( 1R

Assumption on {f,}n,en gives that, C' is an injective closed operator with a

closed range. Then C~' is bounded. Since H = N(L*) @ R(L), let L' =
L*|Dom(L*)mW7 L’ is injective, which implies C is injective. Now, let g, € R(C})

such that g, — g as n — oo. Then there exists h, € Dom(L*) N R(L) such
that g, = CL*h,. Since C! is bounded and R(L) is closed, there exists
h € Dom(C) such that CL*h,, — Ch and L*h,, — h. Since L* is closed and

Dom(L*) = N(L*) & Dom(L*) N R(L), L’ is closed, and R(L') = R(L*). Since,

R(L') is closed and L' is injective, there exists h' € Dom(L*) N R(L) such that
L*h, — L*W" and h,, — h'. Therefore ¢ = CL*h’. Then g € R(C}). Therefore

{Lf,}nen is a lower semi-frame for R(L). O

Example 3.8. Let H = (5 and define {f,} = {ne,}, where {e,}nen is the
standard orthonormal basis for H. Define the operator

L:tly—ly as L(xy,z9,...) = (21 + 22,0,23, 24, .. .).

Then, Dom(L) = H, and the range of L is R(L) = span{ey,0,e3,ey4,...}. Next
the adjoint of L is given by L*(z1,xa,...) = (1,21, X3, T4, . . .), which implies that
the range of R(L*) = span{e; + eq, e3,€4,...} and R(L*) is closed, Dom(L*) N
R(L) = HN R(L) = R(L). The sequence, {Lf,} = {e1,2e1,3es,...}. Now, let
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f = (ZL’l,O,l‘g, . ) € R(L),

DAL =) Inwal® + 3l 2 ) |zl = IIf)1%
n=3

neN neN

Therefore, { L fu}nen is a lower semi-frame for R(L).

Proposition 3.9. Let {f,}nen be a sequence in H and L be an operator with
dense domain on H with R(L*) = H. Then {Lf,}nen is a lower semi-frame
sequence for H if and only if { fn}nen is a lower semi-frame for H.

Proof. By assuming that {Lf,},en is a lower semi-frame sequence, we can con-
clude that the analysis operator C'L*| -~z 18 injective and R(CL*| ., - \nmD))
= R(C) is closed. Since CL*|p,,1ynmzy a4 L] poprnrpy Poth are injective,

so is C. Therefore, {f,}nen is a lower semi-frame for H.

Conversely, if {f,, }nen is a lower semi-frame for H and R(L*) = H, then By the
Proposition 3.7, {Lf, }nen is a lower semi-frame sequence for H. O

Proposition 3.10. Let {f,}nen be a Riesz-Fischer sequence for H. Let L :
Dom(L) C H — H be an operator with dense domain with R(L*) = H. Then
{Lfn}nen is a Riesz-Fischer sequence for H.

Proof. Given our assumption on { f,, },en we conclude that C'is surjective. Since
R(L*) = H it follows that Dom(CL*) = Dom(C)NR(L*) = Dom(C'). Therefore,
R(CL*) = R(C) = H. Thus, {Lf,} is a Riesz-Fischer sequence for H. O

4. GENERATING SEQUENCES USING SUM

In this section, we investigate the stability of lower semi-frames and Riesz-
Fischer sequences under various operator-induced perturbations in a Hilbert space
setting. We present several results that provide sufficient conditions for the preser-
vation of the lower semi-frame property when the original sequence is modified
by operators with specific analytical properties. In particular, we show that if
{fn} is a lower semi-frame and L is a densely defined operator satisfying certain
spectral and range conditions, then the perturbed sequence { f,, + Lf,} remains a
lower semi-frame. This is extended to cases where the perturbation involves the
sum of an unbounded and a bounded operator, provided that the norm of the
bounded operator is controlled relative to the spectral bound of the unbounded
operator’s adjoint. Additionally, we establish a similar stability result for Riesz-
Fischer sequences and demonstrate that the sum of a lower semi-frame and a
Bessel sequence also forms a lower semi-frame under completeness and norm con-
ditions.

Proposition 4.1. Let {f,}nen be a lower semi-frame for H, and let L be an
operator with dense domain on H. If R(I + L) and R(L) are dense in H, and
v(L*) > 1, then {f, + Lfn}nen is also a lower semi-frame for H.

Proof. The analysis operator for { f,,4+ L f, }nen is C(I+L*). Let f € Dom(I+ L"),
then [|(1+L*) f[| = [[|IL*fI[ = [[f]]| = (v(L*) = DI f|| Thus, v(I +L*) = v(L*) — 1.
By the Proposition 2.3, R(I + L*) is closed and by the Proposition 3.3, we can
conclude that {f, + Lf,} is a lower semi-frame for H. O
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Corollary 4.2. Let { f, }nen be a lower semi-frame for H and let L be an operator
with dense domain on H. If R(L) is dense and vy(L*) > 1, then {fn, + Lfn}nen
s a lower semi-frame sequence for H.

Proof. The assumption v(L*) > 1 implies that ||L*f]| > ~(L*)||f]| for all f €
Dom(L*). Let f € Dom(I + L*) "N (I + L*)*. Then, ||(I + L*)f|| > ||L*f]| —
NIl = (v(L*) = 1)||f]|. Therefore, v(I + L*) = v(L*) — 1. That is, R(I + L*)
is closed. Our assumption in L shows that I + L is also an operator with dense
domain in H. Then the Proposition 3.7, shows that {f, + Lf,,} is a lower semi-
frame sequence for H. O

Proposition 4.3. Let {f,} be a lower semi-frame for H. Let Ly : Dom(L;) C
H — H be an operator with dense domain on H and let Ly be a bounded operator
on H, If R(Ly + Ly) is dense , and v(L}) > ||La||, then {(L1 + La) fn}nen is a
lower semi-frame for H.

Proof. From the hypothesis, it follows that (L; + Ly)* is injective. Let f €
Dom((Ly + La)*). As v(L}) > ||Lo|| and (Ly + Lo)* € Lj + L3, we have ||(L; +
Loy Sl = 137 5 L3fl = 1Z3f) — 123711 > (v(ZD) — NLalDIf. Therefore,
R(Ly + Ly)* is closed. this means that {(L1 + L) f, }nen is a lower semi-frame
for H. O

Corollary 4.4. Let {f.}nen be a Ries-Fischer sequence for H. Let L be an
operator with dense domain on H. If R(L*) = H and y(L*) > 1, then {f, +
Lfn}nen is a Riesz-Fischer sequence for H.

Proof. From the hypothesis, we observe that L is injective and (I + L) is also
injective. Consequently, R(I + L*) is dense in H. Consider the sequence {f, +
Lfu}nen in H. Let f € Dom(I + L*). Then, (I + L)f| = [IL* ] — | fIll =
(v(L*)=1)|| f]]- Therefore, v(I+L*) = y(L*)—1. By the Proposition 2.3, R(I+L*)
is closed. Since R(I + L*) is dense, R(I + L*) = H. By the Proposition 3.10,
{fn+ Lfn}nen is a Riesz-Fischer sequence for H. O

Proposition 4.5. Let { f,, }nen be a lower semi-frame for H with analysis operator
Cy and lower frame bound «, and let {g,}nen be a Bessel sequence in H with
analysis operator Cy and Bessel bound (. If {fn + gn}tnen is complete in H and

Va > /B, then {fn + gnlnen is a lower semi-frame for H.

Proof. Let the sequence { f,,+gn }nen in H. The analysis operator for this sequence
is given by {<f7 fn + gn>}n€N = {<f7 fn>}n€N + {<f7 gn>}n€N = Cl + C’2- Since
{f1n+ gn}nen is complete, it follows that Cy + Cy is injective. If \/a > /f3, for any

f e H G+ C)f | 2 [ICUf I = ICA NIl = ICuf I = IIC2f 1l = (Vi = \/_)Ilfll

Therefore, {f, + gn}nen is a lower semi-frame for H.

5. GENERATING SEQUENCES USING DIRECT SUM

We explored the direct sum of sequences as a generalization of the set theoretic
sum. We attain necessary and sufficient conditions for preserving the frame-like
structure of the sequences under direct sum. Through these results we get that
if H can be written as the direct sum of subspaces of H and the sequences in the
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subspaces satisfy certain conditions, then the frame-like structure of sequences
can be hereditary. We begin this section by considering sequences {f, }nen C Hy
and {gn}neny C Hy with analysis operators C and Cs, respectively. Then the
analysis operator for {f, @ gn}tnen C H1 & Hy is C': Dom(C) C Hy & Hy — {5
defined by

C(f @g) - {(f @gmfn @gn>}n€N = {<f7 fn>H1 + <gagn>H2}n€N = le + 029'

Then, Dom(C) = Dom(C4) & Dom(C5) and R(C) = R(C}) + R(C5).
We are adapting the definitions 2.5 of certain frames characterized by Deguang
and Larson in [7] for general sequences and defining in the following manner.

Definition 5.1. Let { f, }nen and {g, }nen be sequences in Hy and Hy respectively
with analysis operators Cy and Cy respectively. Then

(i) {fatnen and {gn}nen are said to be strongly complementary if R(Cy) &+
R(Cg) = 62.
(11) { fu}nen and {gn}nen are said to be complement if R(Cy)NR(Cy) = {0} and
R(Cy) + R(Cy) = (5.
(111) { fu}nen and {gn}nen are said to be strongly disjoint if R(Cy) L R(Cs).
(1v) {fn}nen and {gn}nen are said to be disjoint if R(Cy) N R(Cy) = {0}.

Proposition 5.2. Let {f,}nen C Hi and {gn}nen C Ha be disjoint sequences.
Then { fr @ gn}nen is a complete sequence for Hy @ Hy if and only if { fu }nen and
{gn}nen are complete sequences for Hy and Hy respectively.

Proof. The completeness of the sequence {f,, ® g }nen implies that the analysis
operator C' is injective, that is N(C) = {0}. Let f € N(C}) and g € N(Cs),

{<f D g, [n® gn>}n€N = {<f7 fn>}n€N + {<g>gn>}n€N =0.

This implies that f@g € N(C) and f@g = 0. Therefore, C; and Cy are injective,
which in turn gives { f,, }nen and {g, }nen are complete in H; and Hs respectively.
Conversely, assume that f&g € N(C). Then, {(fDg, [,Bgn) }nen = {{f, fu) }nen
+{{g, gn) }nen = 0. Since the sequences { f,, }neny and {g, }nen are complete in their
respective spaces, it follows that {(f, fu)m, fnen € R(C1) N R(Cy) = {0}. Thus
f € N(Cy) = {0}, and similarly, ¢ = 0. This confirms that C' is injective and
therefore, the sequence {f, ® ¢, }nen is complete in H; @ Ho. OJ

Corollary 5.3. Let K, and K, be closed subspaces of H such that K&+ K, = H.
If {fu}nen and {gn}nen are complete sequences for Ky and Ko respectively such

that { fu}nen and {gn tnen are disjoint, then {f, © gn}nen is a complete sequence
for H.

Proof. Since K; and K, are closed subspaces of H, K; and K, are complete.
Consider H; = K7 and Hy = K5 in Proposition 5.2, then H;® Hy = H. Therefore,
{fn ® gn}nen is a complete sequence for H. O

Proposition 5.4. Let {f,}nen € Hi and {gn}nen C Ha be lower semi-frames.
If {fu}nen and {g,}nen are disjoint sequence, then {f, @ gntnen C Hy @ Hy is a
lower semi-frame.
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Proof. Let C; and Cy be the analysis operators for {f, }nen. and {g, }nen respec-
tively. By the Proposition 5.2, {f, ® g, }nen is a complete sequence in Hy; & H,.
Now, let {z, @ Yn}nen € R(Cy) + R(C3) such that {z, & yp}tnen — = € L.
Since R(C}) is closed, £y = R(Cy) @+ R(C1)*. Then there exists 2} € R(C}) and
rh € R(C})* such that z = 2/, + z¥,.

Since {xp, ® Yntneny — ¢ = &) + 5 as n — oo, x, — 2} and y, — .
Since R(Cy) is closed, ly = R(Cy) &+ R(Cy)*t. Then there exists zf € R(Cy) and
7y € R(Cy)* such that = 2] + 4. Since {2, ®Yp fneny — * = 2] +24 asn — oo,
x, — x4 and y, — z{. By algebra of limits, z,, — 2| = 24 and y, — 2}, = zf
as n — o0o. Therefore, {x, @ yYn}nen — = = 2 + 25, € R(C1) + R(Cy) as
n — oo. From this, we can conclude that {f, ® g, }nen is a lower semi-frame for
H, ¢ H,. [

Proposition 5.5. Let {f,}neny € Hy and {gn}tnen C Ha be strongly disjoint
sequences. Then {fn ® gn}nen is lower semi-frame if and only if {fn}nen and
{gn}nen are lower semi-frames for Hy and Hy respectively.

Proof. Since the sequence {f, @ ¢, }nen forms a lower semi frame for Hy @ Ho,
the range R(C) = R(C}) + R(Cy) is closed. By Proposition 5.2, it follows that
{fn}nen and {g, }nen are complete sequences in Hy and Hj respectively. Now, let
{Zn}nen € R(Ch) be a sequence such that {z,} — x as n — co. We can express
each term as z, as x, + 0. Then {z,},en € R(C1) + R(Cs) and {z,} — = as
n — 0o, which implies that x € R(C) + R(C5). That is, there exists x|, € R(CY)
and zi, € R(Cy) such that x = 2] + zf. Therefore {z,} — x| + 2}, as n — 0.

Since R(CY) and R(C3) are orthogonal, we have {z,,} — | as n — oo. This
implies that 2, = 0 and = 2} € R(C}). Therefore, R(C}) is closed. Similarly, we
can show that R(Cs) is closed. Thus, {f,}nen and {g, }nen are lower semi-frames
for H; and H, respectively.

Conversely, from the Proposition 5.4, we conclude that {f, & g, }nen is a lower
semi-frame for H; © H,. O

Corollary 5.6. Let K, and K, be closed subspaces of H such that K1 ®+ K, = H.
If {futnen and {gn}tnen are lower-semi frames for Ky and Ky respectively such
that {fn}nen and {gn}nen are strongly disjoint, then {f, @ gn}tnen is a lower
semi-frame for H.

Proof. Since K; and K, are closed subspaces of H, K; and K, are complete.
Consider H; = K; and Hy = K5 in Proposition 5.5, then H;® Hy = H. Therefore,
{fn ® gn}nen is a lower semi-frame for H. O

Example 5.7. Let {e,}nen be the standard orthonormal basis for y. Let Hy =
span{es, : n € N} and Hy = span{ez,+1 : n € N}. Consider {fn}lnen =
{2nea, tnen and {gntnen = {(2n+1)eon i1 tnen. The analysis operator for { f, }nen
is Ci(z1,x9,...) = (21,0,3x3,...) and R(Cy) = H; and the analysis operator
for {gn}nen is Co(x1,29,...) = (0,219,0,4xy,...) and R(Cy) = Hy. Therefore
R(Cy) L R(Cy). Since R(Cy) and R(Cy) are closed, {fn}nen and {gn}nen are
lower semi-frames for Hy and Hy respectively. Then, {fn @ gn}nen = {n€n nen
which 1s a lower semi-frame for 5.
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Proposition 5.8. Let {f,}nen C Hy be a Riesz-Fischer sequence and { g, tnen C
Hj be any sequence. Then {f, ® gn}nen is a Riesz-Fischer sequence for Hy & Hoy

Proof. Let C and Cy be the analysis operators for {f, }nen. and {g, }nen respec-
tively. From our assumption, R(Cy) = f5. Assume that the analysis operator
for {fn D gn}neN is C. Then R(C) = R(Cl) + R(OQ) = 62 + R(Cg) = 62. This
concludes that {f, ® gn}nen is a Riesz-Fischer sequence for H; & Hs. O

Conclusion

In this paper, we established conditions on a class of unbounded operators that
preserve the frame-like properties of sequences in Hilbert spaces. The primary
motivation for this study stemmed from the question of whether a sequence in
a Hilbert space can inherit the same structural properties as sequences in its
subspaces. This inquiry led to an exploration of the direct sum of sequences,
where we derived necessary and sufficient conditions for maintaining frame-like
structures.
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