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REPDIGITS AS ABSOLUTE VALUE OF DIFFERENCE
BETWEEN LUCAS AND FIBONACCI NUMBERS

CHARLES WEND-WAOGA TOUGMA1∗ AND SALIFOU NIKIEMA2

Abstract. In this paper, we investigate the Diophantine equation

|Ln1 − Fn2 | = d

(
10m − 1

9

)
,

where (Ln)n≥0 and (Fn)n≥0 are respectively Lucas and Fibonacci sequences,

d ∈ {1, . . . , 9} and m ≥ 1. All solutions of the aforementioned equation are
provided.

1. Introduction

Let g ≥ 2 be an integer. Recall that a natural number N is a g rep-digit if all
of its base g-digits are equal; that is, if

N = a

(
gm − 1

g − 1

)
, for some m ≥ 1 and a ∈ {1, 2, . . . , g − 1}.

Such integer N is simply called rep-digit when g = 10.
Let F0 = 0 and F1 = 1. The Fibonacci sequence {Fm}m∈N is given by

Fm+2 = Fm+1 + Fm, (1.1)

for each m ≥ 0. The first terms of this sequence are

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1507, ...

We let {Lm}m≥0 be the Lucas sequence given by

Lm+2 = Lm+1 + Lm, (1.2)

for m ≥ 0, where L0 = 2 and L1 = 1. The following numbers are the first terms
of this sequence:

2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778, 9349...

Many papers on Diophantine equations already studied the three above types
of numbers: rep-digits, Fibonacci and Lucas [2], [3] [4], [6], [8], [9], [10], [11], [12],
[13], [14], [15], [17], [18], [19]. Most of these works considered a number of a first
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kind as a sum or a difference of two numbers of the same type. In this paper
we follow such ideas but we consider difference of two numbers which are not
in the same kind. More precisely, we determine all solutions of the Diophantine
equations

d

(
10m − 1

9

)
= Fn1 − Ln2 (1.3)

and

d

(
10m − 1

9

)
= Ln1 − Fn2 (1.4)

in integers (n1, n2,m, d) with m ≥ 1 and 1 ≤ d ≤ 9. In fact, our paper is
positionned in the general context of the diophantine equation

S(1)
m + εS(2)

n = S(3)
r . (1.5)

where ε ∈ {1,−1} and each one of S(1), S(2) and S(3) can be Fibonacci numbers
F or Lucas numbers L or repdigits D. Paper [8] investigated S(1) = S(2) = D,
S(3) = F with ε = 1 while authors in [2] considered the same equation with
S(3) = L. The assumptions of these two works were continued in [10] with
ε = −1. One can deduce solutions for S(1) = S(2) = F , S(3) = D and ε = 1 from
[14] while the equation was solved with S(1) = S(2) = L, S(3) = D and ε = 1 in
[19]. The problems of the two last articles were considered with ε = −1 in [3].
So these aforementioned works always assumed that 1 S(1) = S(2). In the present
paper, we suppose S(1) 6∈ {S(2), S(3)}. Our main results on equation (1.3) and
(1.4) are the following.

Theorem 1.1. The largest repdigit which is a difference of Fibonacci and Lucas
numbers is

222 = 233− 11 = F13 − L5. (1.6)

Theorem 1.2. The largest repdigit which is a difference of Lucas and Fibonacci
numbers is

55 = 199− 144 = L11 − F12. (1.7)

The paper is organized as follows. In Section 2, we recall some elementary
properties of Fibonacci and Lucas numbers, Matveev’s result on lower bound for
linear forms in logarithms of algebraic numbers, as well as a variant of reduction
method due to Baker and Davenport. The proofs of Theorems 1.1 and 1.2 are
achieved in Sections 3 and 4 respectively.

2. Preliminaries

2.1. Fibonacci and Lucas sequences. The Binet formula of Fn and Ln is given
respectively by

Fn =
αn − βn√

5
for all n ≥ 0 (2.1)

and
Ln = αn + βn for all n ≥ 0 (2.2)

1.i.e., for example, if S(1) is a Fibonacci number so is S(2). Similarly when S(1) is a Lucas
number or a repdigit.
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where α = (1 +
√

5)/2 and β = (1 −
√

5)/2 are the roots of the characteristic
equation x2 − x− 1 of Fn and Ln. Furthermore, we have

αn−2 < Fn < αn−1 (2.3)

and
αn−1 < Ln < αn+1 (2.4)

2.2. Linear forms in logarithms. Let η be an algebraic number such that
f(X) = a0(X − η(1)) · · · (X − η(k)) ∈ Z[X] be its minimal polynomial over Z
where η(1), · · · , η(k) are its conjugate roots and a0 is a positive integer. The Weil
height of η is given by

h(η) =
1

k

(
log a0 +

k∑
j=1

max{0, log |η(j)|}

)
.

Let L be an algebraic number field of degree dL. Let η1, η2, . . . , ηl ∈ L not 0 or 1
and d1, . . . , dl be nonzero integers. We set

D = max{|d1|, . . . , |dl|} and Γ =
l∏

i=1

ηdii − 1.

Let A1, . . . , Al be positive integers such that

Aj ≥ h′(ηj) := max{dLh(ηj), | log ηj|, 0.16}, for j = 1, . . . l

With these notations, we get the following consequences of Matveev’s theorem.

Theorem 2.1 ([5], Theorem 9.4). If Γ 6= 0 and L ⊆ R, then

log |Γ| > −1.4 · 30l+3l4.5d2
L(1 + log dL)(1 + logD)A1A2 · · ·Al.

2.3. The Baker-Davenport lemma. Here, we present de Weger’s variant [20])
of the reduction method of Baker and Davenport.

Let ϑ1, ϑ2, β ∈ R be given, and let x1, x2 ∈ Z be unknowns. Let

Λ = β + x1ϑ1 + x2ϑ2. (2.5)

Let c, δ be positive constants. Set X = max{|x1|, |x2|}. Let X0, Y be positive.
Assume that

|Λ| < c · exp(−δ · Y ), (2.6)

X ≤ X0. (2.7)

When β = 0 in (2.5), we get

Λ = x1ϑ1 + x2ϑ2.

Put ϑ = −ϑ1/ϑ2. We assume that x1 and x2 are coprime. Let the continued
fraction expansion of ϑ be given by

[a0, a1, a2, . . .],

and let the kth convergent of ϑ be pk/qk for k = 0, 1, 2, . . .. We may assume
without loss of generality that |ϑ1| < |ϑ2| and that x1 > 0. We have the following
results.
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Lemma 2.2. (See Lemma 3.2 in [20]) Let

A = max
0≤k≤Y0

ak+1.

where k is an integer such that k ≤ −1 +
log(1 +X0

√
5)

log(1+
√

5
2

)
:= Y0.

If (2.6) and (2.7) hold for x1, x2 and β = 0, then

Y <
1

δ
log

(
c(A+ 2)X0

|ϑ2|

)
. (2.8)

When β 6= 0 in (2.5), put ϑ = −ϑ1/ϑ2 and ψ = β/ϑ2. Then we have

Λ

ϑ2

= ψ − x1ϑ+ x2.

Let p/q be a convergent of ϑ with q > X0. For a real number x we let ‖x‖ =
min{|x − n|, n ∈ Z} be the distance from x to the nearest integer. We have the
following result.

Lemma 2.3. (See Lemma 3.3 in [20]) Suppose that

‖ qψ ‖> 2X0

q
.

Then, the solutions of (2.6) and (2.7) satisfy

Y <
1

δ
log

(
q2c

|ϑ2|X0

)
.

3. The proof of Theorem 1.1

Let us assume (1.3). We verified with Maple that there is no solutions in the
interval n1 ∈ [15, 300]. So, from now on, we may assume n1 > 300. On the
other hand, we have n2 ≥ 2 since by [3], Fn1 − L0 = Fn1 − F3 = d

(
10m−1

9

)
and

Fn1 − L1 = Fn1 − F1 = d
(

10m−1
9

)
have no solution when n1 > 300.

Lemma 3.1. For n ≥ 2 we have Fn+1 < Ln

Corollary 3.2. If Fn1 − Ln2 ≥ 0 then n1 ≥ n2 + 2.

Lemma 3.3. If n1 = n2 + 2 the equation (1.3) has no a solution.
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Proof. It’s enough to solve Fn+2 − Ln = d
(

10m−1
9

)
. We have

Fn+2 − Ln = αn+2 + βn+2 − αn − βn√
5

=
αn
(

3−
√

5
2

)
− βn

(
3+
√

5
2

)
√

5

=
αnβ2 − βnα2

√
5

=
αn−2 − βn−2

√
5

= Fn−2.

Thus Fn−2 − F0 = d
(

10m−1
9

)
. By [3], Theorem 2, this last equation has no

solution. �

Corollary 3.4. If the equation (1.3) has a solution, then n1 ≥ n2 + 3.

Lemma 3.5. All solutions of the equation (1.3) satisfy

0.20n1 − 1 < m < 0.21n1 + 1. (3.1)

Proof. We have

d

(
10m − 1

9

)
=
αn1 − βn1

√
5

− (αn2 + βn2)

By Corllary 3.4 we have n1 ≥ n2 + 3. Thus

√
5d

(
10m − 1

9

)
= αn1 − βn1 −

√
5αn2 −

√
5βn2

≥ αn1 − αn2+2 − |β| (1 +
√

(5))

≥ αn1 − αn2+2 − 2

≥ (1− αn2+2−n1)αn1 − 2 ≥ (1− α−1)αn1 − 2

≥ (α− 1)αn1−1 − 2

Hence

10m ≥ 9 ((α− 1)αn1−1 − 2)√
5d

+ 1 ≥ (α− 1)αn1−1

√
5

≥ (α− 1)αn1−3

so that

m log(10) ≥ (n1 − 3) log(α) + log(α− 1)

≥ (n1 − 4) log(α)

which leads to

m ≥ (n1 − 4) log(α)

log(10)
≥ 0.20n1 − 1 (3.2)
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On the other hand, we have
√

5d

(
10m − 1

9

)
= αn1−βn1−

√
5αn2−

√
5βn2 < αn1

since n2 ≥ 2, n1 > 300. Hence

10m <
9αn1

√
5d

+ 1 < 4.025αn1 + 1 < 4.65αn1

It follows that

m <
ln(4.65)

ln(10)
+ n1

ln(α)

ln(10)
< 0.21n1 + 1

�

Lemma 3.6. All solutions of the equation (1.3) satisfy

n2 < n1 < 6.4 · 1029 and m < 1.3 · 1029.

Proof. We first use the Binet formulas (2.1) and (2.2) on equation (1.3) to get

d

(
10m − 1

9

)
=
αn1 − βn1

√
5

− αn2 − βn2

i.e.,
√

5d(10m − 1) = 9(αn1 − βn1 −
√

5αn2 −
√

5βn2). (3.3)

We examine (3.3) in two different steps as follows.

Step 1. Equation (3.3) gives
√

5d10m − 9αn1 =
√

5d− 9βn1 − 9
√

5αn2 − 9
√

5βn2

which we rewrite as∣∣∣√5d · 10m − 9αn1

∣∣∣ =
∣∣∣√5d− 9βn1 − 9

√
5αn2 − 9

√
5βn2

∣∣∣
Thus, dividing both sides by 9αn1 , we get∣∣∣∣∣

√
5d

9
10mα−n1 − 1

∣∣∣∣∣ ≤
√

5β + β2 +
√

5 +
√

5β2

αn1−n2
<

4.86

αn1−n2
(3.4)

Put

Γ1 :=

√
5d

9
10mα−n1 − 1. (3.5)

We compare this upper bound with the lower bound on the quantity Γ1 given by
Theorem 2.1. Observe first that Γ1 is not zero, for if it were, then

√
5 = qαn,

with some q ∈ Q, and hence α2n = 5q−2 ∈ Q, which is false for any n > 0. We
take

η1 =

√
5d

9
, η2 = α, η3 = 10, d1 = 1, d2 = −n1, d3 = m,

where η1, η2, η3 ∈ Q(
√

5) and d1, d2, d3 ∈ Z. The degree of L := Q(
√

5) is
dL = 2.
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By Lemma 3.5, we deduce that m < n1. Therefore, we can take D = n1. We
have

h(η1) ≤ h(9) + h(d
√

5) ≤ 2h(9) + h(
√

5),

which implies that
h(η1) < 5.2.

On the other hand

h(η3) = log(10) and h(η2) =
log(α)

2
.

Thus, we can take

A1 := 10.4, A2 := 0.5 and A3 := 4.7.

By Theorem 2.1, we get

log |Γ1| > −1.4·306·34.5·22(1+log 2)(1+log n1)10.4·0.5·4.7 > −2.38·1013(1+log n1).

Comparing this last inequality with (3.4) leads to

(n1 − n2) logα < 2.4 · 1013(1 + log n1). (3.6)

Step 2. Equation (3.3) becomes

10m − 9√
5d

(αn1 −
√

5αn2) = − 9√
5d

(βn1 +
√

5βn2) + 1,

which we rewrite as∣∣∣∣∣10m − 9αn1

(
1−
√

5αn2−n1

√
5d

)∣∣∣∣∣ =

∣∣∣∣− 9√
5d

(
βn1 +

√
5βn2

)
+ 1

∣∣∣∣ < 14.1.

Thus, dividing both sides by 10m, we get∣∣∣∣∣1− 9αn110−m

(
1−
√

5αn2−n1

√
5d

)∣∣∣∣∣ =
1

10m

∣∣∣∣− 9√
5d

(
βn2 +

√
5βn1

)
+ 1

∣∣∣∣ < 14.1

10m
.

(3.7)
Put

Γ′1 := 1− 9αn110−m

(
1−
√

5αn2−n1

√
5d

)
. (3.8)

Suppose that Γ′1 = 0. We then have
√

5d = 9 · 10−m
(
αn1 −

√
5αn2

)
.

Conjugating in Q(
√

5), we get

−
√

5d = 9 · 10−m
(
βn1 +

√
5βn2

)
.

Consequently, we obtain

2d10m

9
√

5
= Fn1 − Ln2 .
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ie.,
√

5 =
9(Fn1 − Ln2)

2d10m
which leads to a contradiction since

√
5 6∈ Q. Thus,

Γ′1 6= 0. With the notations of Theorem 2.1, we take

η1 = 9

(
1−
√

5αn2−n1

√
5d

)
, η2 = α, η3 = 10, d1 = 1, d2 = n1, d3 = −m,

where η1, η2, η3 ∈ Q(
√

5) and d1, d2, d3 ∈ Z. The degree of L := Q(
√

5) is
dL = 2

Since 1 ≤ n2 ≤ n1 and m < n1, we can take D = n1. We now discuss the Aj’s
for j = 1, 2, 3. We have

h(η1) ≤ h

(
9

(
1−
√

5αn2−n1

√
5d

))
≤ h(9) + h(

√
5) + h(d) + h(1−

√
5αn2−n1)

≤ h(9) + h(
√

5) + h(9) + h(
√

5) + (n1 − n2)h(α) + log 2

≤ 6.7 +
(n1 − n2)

2
log(α);

i.e.,

2h(η1) < 13.4 + (n1 − n2) log(α).

Thus, using inequality (3.6) we obtain

A1 := 2.5 · 1013(1 + log n1).

As before, we can choose

A2 := 0.5 and A3 := 4.7.

Theorem 2.1 implies that

log |Γ′1| > −5.7 · 1025(1 + log n1)2.

Comparing this last inequality with (3.7) leads to

m < 2.5 · 1025(1 + log n1)2

By Lemma 3.5, we have hence

0.20n1 < 2.5 · 1025(1 + log n1)2 + 1

which implies

n1 < 1.3 · 1026(1 + log n1)2

so that

n1 < 6.4 · 1029

�

Lemma 3.7. All solutions of (1.3) satisfy n1 − n2 ≤ 170.
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Proof. We rewrite equation (3.3) into the form

9αn1 −
√

5d10m = 9βn1 + 9
√

5αn2 + (9
√

5βn2 −
√

5d)

> 9
√

5α2 − 0.01− 9
√

5β2 − 9
√

5

since n1 > 300, n2 ≥ 2. Hence

9αn110−m√
5d

− 1 = −10−m +
9βn110−m√

5d
+

9αn210−m

d
+

9βn210−m

d
.

By (3.4) √
5dα−n110m

9

∣∣∣∣1− 9αn110−m√
5d

∣∣∣∣ < 4.86

αn1−n2

so that

0 <
9αn110−m√

5d
− 1 <

9× 4.86√
5d10mα−n2

(3.9)

On the other hand, by (3.3) we have

αn1 =
√

5

(
d

(
10m − 1

9

)
+ αn2 + βn2

)
+ βn1

≤
√

5 (10m − 1 + αn2 + 1) + βn1

≤
√

5(10m + αn2) + βn1 .

Thus
αn1 − βn1

√
5

≤ 10m + αn2

so that

αn1−n2

(
1√
5
− (−1)n1

√
5

β2n1 − 1

αn1−n2

)
≤ 10mα−n2 .

Since n1 ≥ n2 + 3 and n1 > 10 we have

10mαn2 ≥
(

1√
5
− 0.01− 1

α3

)
αn1−n2 > 0.2αn1−n2

i.e.,
1

10mα−n2
<

1

0.2αn1−n2
=

5

αn1−n2
.

Hence by (3.9)

0 <
9αn110−m√

5d
− 1 <

9× 4.86
√

5

αn1−n2
<

97.9

αn1−n2
.

So we have

0 < η−1
1 ηn1

2 η−m3 − 1 <
97.9

αn1−n2
.

Put

Λ = −m log 10 + n1 logα + log

(
9√
5d

)
.
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We obtain that
αn1

√
5
− d10m

9
=
d10m

9

(
eΛ − 1

)
> 0,

so

0 < Λ < eΛ − 1 = Γ <
97.9

αn1−n2
,

which implies that

0 < −m log 10 + n1 logα + log

(
9√
5d

)
<

97.9

αn1−n2
< 102 exp(−0.49 · (n1 − n2)).

Thus, we see that
|Λ| < 102 exp(−0.49 · Y )

holds with Y := n1 − n2 < n1 < 6.4 · 1029 by Lemma 3.6.
We also have

Λ

log 10
=

log(9/(d
√

5))

log 10
+ n1

logα

log 10
−m.

Thus, we take

c = 102, δ = 0.49, X0 = 6.4 · 1029, ψ =
log(9/(d

√
5))

log 10
,

ϑ = − logα

log 10
, ϑ1 = logα, ϑ2 = log 10, β = log(9/d

√
5).

The smallest value of q > X0 is q = q63. We find that q64 satisfies the hypothesis
of Lemma 2.3 for d = 1, . . . , 9. Applying it, we get n1 − n2 = Y ≤ 170. �

We end this section with the proof of Theorem 1.1

Proof of Theorem 1.1. We have

10m − 9√
5d

(αn1 −
√

5αn2) =
−9(βn1 +

√
5βn2) +

√
5d√

5d
>
−9(0.01 +

√
5× 0.01) +

√
5√

5
> 0,

since n1 > n2 > 10. By (3.7)∣∣∣∣∣
√

5d

9αn110−m
(
1−
√

5αn2−n1
) − 1

∣∣∣∣∣ < 14.1

10m
×

√
5d

9αn110−m
(
1−
√

5αn2−n1
) =

14.1
√

5d

9αn1
× 1

1−
√

5αn2−n1

<
14.1
√

5

αn1(1−
√

5α−3)

since n2 − n1 ≤ −3. Thus∣∣∣∣∣
√

5d

9αn110−m
(
1−
√

5αn2−n1
) − 1

∣∣∣∣∣ < 66.8

αn1
(3.10)

Put
Λ′ = −n1 log η2 +m log η3 − log η1
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and

Γ′ :=

√
5dα−n110m

9
(
1−
√

5αn2−n1
) − 1 = eΛ′ − 1.

From equation (3.10), we have that

0 < Λ′ < eΛ′ − 1 = |Γ′| < 66.8

αn1
.

Hence, we have

0 < −n1 log η2 +m log η3 − log η1 < 66.8 exp(−0.49n1).

We consider X0 = 6.4 · 1029. Let

ψ′ =

log

(
√

5d

9(1−
√

5αn2−n1)

)
log(10)

c = 66.8, δ = 0.49,

ϑ =
logα

log 10
, ϑ1 = − logα, ϑ2 = log 10, β = log

( √
5d

9
(
1−
√

5αn2−n1
)) .

The integer q = q62 > X0 obeys all conditions of Lemma 2.3. As n1 > n2, we
obtain n1 ≤ 144. This contradicts the assumption that n1 > 300. Therefore, the
theorem is proved. �

4. Proof of Theorem 1.2

We use same the method as proof of Theorem 1.1. So let us assume (1.4).
Similarly, we use Maple to verify that there is no solutions in the interval n1 ∈
[15, 300] which allows us to assume n1 > 300 for the following. On the other
hand, by F. Lucas [12], Theorem 2, and K. Bhoi, P. K. Ray [3], equation (1.4)
has no solution when n2 ∈ {0, 1, 2}. So we also suppose for the following that
n2 ≥ 3.

Lemma 4.1. For n ≥ 3 we have Fn+2 > Ln

Corollary 4.2. If the equtation (1.4) has a solution then n2 ≤ n1 + 2.

Lemma 4.3. If n2 ∈ {n1 + 1, n1 + 2}, the equation (1.4) has no solution.

Proof. First, it is enough to solve the equation Ln − Fn+1 = d
(

10m−1
9

)
. We have

d

(
10m − 1

9

)
=
αn(
√

5− α)− βn(
√

5 + β)√
5

=
−βαn + αβn√

5

=
αn−1 − βn−1

√
5

= Fn−1
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which lead to contradicton since F. Luca [12] proved that F0, F1, F2, F3, F4, F5, F6

and F10 are the only repdigit in the Fibonacci numbers. On other hand, Ln −
Fn+2 = d

(
10m−1

9

)
leads to

d

(
10m − 1

9

)
=
αn(
√

5− α2)− βn(
√

5 + β2)√
5

=
−β2αn + α2βn√

5

=
−αn−2 + βn−2

√
5

= −Fn−2.

We get a contradiction since d
(

10m−1
9

)
> 0 and −Fn−2 ≤ 0. �

Corollary 4.4. If the equtation (1.4) has a solution, n2 ≤ n1.

Lemma 4.5. All solutions of equation (1.4) satisfy

0.20n1 − 1 < m < 0.21n1 + 2. (4.1)

Proof.

d

(
10m − 1

9

)
= αn1 + βn1 − (αn2 − βn2)√

5
By Corollary 4.4, we have n1 ≥ n2 when n1 ≥ 2. So

√
5d

(
10m − 1

9

)
=
√

5αn1 +
√

5βn1 − αn2 + βn2

≥ αn1+1 − αn2

≥ (1− αn2−(n1+1))αn1+1 ≥ (1− α−1)αn1+1

≥ (α− 1)αn1

Hence

10m ≥ 9(α− 1)αn1

√
5d

+ 1 ≥ (α− 1)αn1

√
5

+ 1

≥ (α− 1)αn1−2

so that

m ln(10) ≥ (n1 − 2) ln(α) + ln(α− 1)

≥ (n1 − 3) ln(α)

i.e.,

m ≥ (n1 − 3) ln(α)

ln(10)
≥ 0.20n1 − 1 (4.2)

On the other hand, we have

d

(
10m − 1

9

)
= αn1 + βn1 − αn2 − βn2

√
5

< αn1 + |β|+ |β|√
5
< αn1 + 1.
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Hence

10m <
9αn1 + 9

d
+ 1 < 9αn1 + 10 < 9αn1+1

since n1 > 300. It follows that

m <
ln(9)

ln(10)
+ (n1 + 1)

ln(α)

ln(10)
< 0.21n1 + 2

�

Lemma 4.6. All solutions of equation (1.4) satisfy

n2 ≤ n1 < 5.4 · 1029 and m < 1.14 · 1029.

Proof. We use the Binet formulas (2.1) and (2.2) on equation (1.4) to get

d

(
10m − 1

9

)
= αn1 + βn1 − αn2 − βn2

√
5

i.e.,
√

5d(10m − 1) = 9(
√

5αn1 +
√

5βn1 − αn2 + βn2). (4.3)

We examine (4.3) in two different steps as follows.

Step 1. Equation (4.3) gives
√

5d10m − 9
√

5αn1 =
√

5d+ 9
√

5βn1 − 9αn2 + 9βn2

which we rewrite as∣∣∣√5d10m − 9
√

5αn1

∣∣∣ =
∣∣∣√5d+ 9

√
5βn1 − 9αn2 + 9βn2

∣∣∣
Thus, dividing both sides by 9

√
5αn1 , we get∣∣∣∣d910mα−n1 − 1

∣∣∣∣ < 1.8

αn1−n2
(4.4)

Put

Γ2 :=
d

9
10mα−n1 − 1. (4.5)

We apply Theorem 2.1 with Γ2. Observe first that Γ2 is not zero, for if it were,
then 1 = qα−n1 , with some q ∈ Q, and hence αn = q ∈ Q, which is false since
n1 > 0. We take

η1 =
d

9
, η2 = α, η3 = 10, d1 = 1, d2 = −n1, d3 = m,

where η1, η2, η3 ∈ Q(
√

5) and d1, d2, d3 ∈ Z. The degree of L := Q(
√

5) is
dL = 2.

By Lemma 4.5, we deduce that m < n1. Therefore, we can take D = n1. We
have h(η1) ≤ h(9) + h(9) ≤ 2h(9) which implies that 2h(η1) < 8.8. Thus, as in
the previous section we can take

A1 := 8.8, A2 := 0.5, A3 := 4.7.
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From Theorem 2.1, we obtain

log |Γ2| > −1.4·306·34.5·22(1+log 2)(1+log n1)8.8·0.5·4.7 > −2.01·1013(1+log n1).

Comparing this last inequality with (4.4) leads to

(n1 − n2) log(α) < 2.019 · 1013(1 + log n1). (4.6)

Step 2. Equation (4.3) becomes

10m − 9√
5d

(
√

5αn1 − αn2) =
9√
5d

(
√

5βn1 + βn2) + 1,

which we rewrite as∣∣∣∣10m − 9

d
αn1

(
1− αn2−n1

√
5

)∣∣∣∣ =

∣∣∣∣ 9√
5d

(√
5βn1 + βn2

)
+ 1

∣∣∣∣ < 14.1.

Thus, dividing both sides by 10m, we get∣∣∣∣1− 9

d
αn110−m

(
1− αn2−n1

√
5

)∣∣∣∣ =
1

10m

∣∣∣∣ 9√
5d

(√
5βn1 + βn2

)
+ 1

∣∣∣∣ < 14.1

10m
. (4.7)

Put

Γ′2 := 1− 9

d
αn110−m

(
1− αn2−n1

√
5

)
. (4.8)

Suppose that Γ′2 = 0. We then have 10m − 9
d
√

5

(√
5αn1 − αn2

)
= 0 so that

αn1 − αn2

√
5

=
d110m

9
.

Conjugating in Q(
√

5) leads to βn1 + βn2√
5

= d110m

9
. Hence Ln1 − Fn2 = 2d110m

9

which is absurd since Ln1 − Fn2 = d1(10m−1)
9

. Thus, Γ2 6= 0. With the notations
of Theorem 2.1, we take

η1 =
9

d

(
1− αn2−n1

√
5

)
, η2 = α, η3 = 10, d1 = 1, d2 = n1, d3 = −m,

where η1, η2, η3 ∈ Q(
√

5) and d1, d2, d3 ∈ Z. The degree of L := Q(
√

5) is
dL = 2

Since 1 ≤ n2 ≤ n1 and m < n1, we can take D = n1. We have

h(η1) ≤ h

(
9

d

(
1− αn2−n1

√
5

))
≤ h(9) + h(d) + h(

√
5) + +h(αn2−n1) + log(2)

≤ h(9) + h(
√

5) + h(9) + (n1 − n2)h(α) + log 2

≤ 5.9 +
(n1 − n2

2
log(α);

i.e.,

2h(η1) < 11.18 + (n1 − n2) log(α).
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Thus, by using inequality (4.6) we obtain

A1 := 2.02 · 1013(1 + log n).

As before, we can choose

A2 := 0.5 and A3 := 4.7.

Theorem 2.1 implies that

log |Γ′2| > −4.7 · 1025(1 + log n1)2.

Comparing this last inequality with (4.7) leads to

m < 2.1 · 1026(1 + log n1)2

By Lemma 4.5, we have hence

0.20n1 < 2.1 · 1026(1 + log n1)2 + 1

which implies

n1 < 1.1 · 1026(1 + log n1)2

so that

n1 < 5.4 · 1029

By Lemma 4.5, we have

m ≤ 0.21n+ 2 ≤ 1.14 · 1029.

�

Lemma 4.7. All solutions of equation (1.4) satisfy 0 ≤ n1 − n2 ≤ 168.

Proof. We rewrite (4.3) into the form
√

5(9αn1 − d10m) = −
√

5d− 9
√

5βn1 + 9αn2 − 9βn2

≥ −9
√

5− 1 + 9αn2 − 9 |β|3 since n2 ≥ 3, n1 > 300

≥ 9α3 − (9
√

5 + 1 + 9β3) > 0

Hence

9αn110−m

d
− 1 = −10−m − 9βn110−m

d
+

9αn210−m

d
√

5
− 9βn210−m

d
√

5

By (4.4)

dα−n110m

9

∣∣∣∣1− 9αn110−m

d

∣∣∣∣ < 1.8

αn1−n2

so that

0 <
9αn110−m

d
− 1 <

9× 1.8

d× 10mα−n2
≤ 9× 1.8

10mα−n2
(4.9)
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On the other hand, by (4.3) we have

αn1 = d

(
10m − 1

9

)
− βn1 +

αn2 − βn2

√
5

≤ 10m − 1− βn2

√
5

+
αn2

√
5
− βn1

≤ 10m +
αn2

√
5
.

Thus

10m ≥ αn1 − αn2

√
5

= αn1

(
1− αn2

αn1

√
5

)
>

(
1− 1√

5

)
αn1

so that

αn1−n2

(
1− 1√

5

)
< 10mα−n2 .

Hence by (4.9)

0 <
9αn110−m

d
− 1 <

1.8× 9×
√

5√
5− 1

× 1

αn1−n2
<

29.31

αn1−n2

We have

0 < η−1
1 ηn1

2 η−m3 − 1 <
29.31

αn1−n2

where

η1 =
d

9
, η2 = α, η3 = 10.

Put

Λ = −m log 10 + n1 logα + log

(
9

d

)
.

We obtain that

αn1 − d10m

9
=
d10m

9

(
eΛ − 1

)
> 0,

so

0 < Λ < eΛ − 1 = Γ <
29.31

αn1−n2
,

which implies that

0 < −m log 10 + n1 logα + log

(
9

d

)
< 29.31 exp(−0.49 · (n1 − n2)).

Thus, we see that
|Λ| < 29.31 exp(−0.49 · Y )

holds with Y := n1 − n2 < n1 < 5.4 · 1029 according with Lemma 4.6.
We also have

Λ

log 10
=

log(9/d)

log 10
+ n1

logα

log 10
−m.

Thus, we take

c = 29.31, δ = 0.49, X0 = 5.4 · 1029, ψ =
log(9/d)

log 10
,
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ϑ = − logα

log 10
, ϑ1 = logα, ϑ2 = log 10, β = log(9/d) 6= 0 if d = 1, . . . , 8.

The smallest value of q > X0 is q = q63. We find that q64 satisfies the hypothesis
of Lemma 2.3 for d = 1, . . . , 8. Applying it, we get n1 − n2 = Y ≤ 168. We now
take 0 ≤ n1 − n2 ≤ 168.
When d = 9, β = 0. We must apply Lemma 2.2. Then, we take Y0 := −1 +
log(1+X0

√
5)

logα
and find that A = 106 satisfies the hypothesis of Lemma 2.2. Applying

it, we get 0 ≤ n1 − n2 = Y ≤ 155 �

Proof of Theorem 1.2. We have

10m − 9√
5d

(
√

5αn1 − αn2) = 1
9βn1

d
+

9βn2

d
√

5
> 0,

since n1 > 300, n2 ≥ 3. By (4.7)∣∣∣∣∣
√

5d

9αn110−m
(√

5− αn2−n1
) − 1

∣∣∣∣∣ < 14.1

10m
×

√
5d

9αn110−m
(√

5− αn2−n1
) =

14.1
√

5d

9αn1
× 1√

5− αn2−n1

<
14.1
√

5

αn1(
√

5− 1)

since n2 ≤ n1. Thus∣∣∣∣∣
√

5d

9αn110−m
(√

5− αn2−n1
) − 1

∣∣∣∣∣ < 25.6

αn1
(4.10)

Put

Λ′ = −n1 log η2 +m log η3 − log η1

and

Γ′ :=

√
5dα−n110m

9
(√

5− αn2−n1
) − 1 = eΛ′ − 1.

From equation (4.10), we have that

0 < Λ′ < eΛ′ − 1 = |Γ′| < 25.6

αn1
.

Hence, we have

0 < −n1 log η2 +m log η3 − log η1 < 25.6 exp(−0.49n1)

where

η1 =
d
√

5

9(
√

5− αn2−n1)
, η2 = α, η3 = 10.

We consider X0 = 5.4 · 1029. Let

ψ′ =

log

(
√

5d

9(
√

5−αn2−n1)

)
log(10)

, c = 25.6, δ = 0.49,
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ϑ =
logα

log 10
, ϑ1 = − logα, ϑ2 = log 10, β = log

( √
5d

9
(√

5− αn2−n1
)) .

The integer q = q63 > X0 obeys all conditions of Lemma 2.3. As n1 ≥ n2, we
obtain n1 ≤ 167. This contradicts the assumption that n1 > 300. Therefore, the
theorem is proved. �

5. Conclusion

Our paper completely solve two diophantine equations which are part of the
diophantine equation

S(1)
m + εS(2)

n = S(3)
r . (5.1)

where ε ∈ {1,−1} and each one of S(1), S(2) and S(3) can be Fibonacci numbers F
or Lucas numbers L or repdigits D. Many authors already studied such equation.
The assumption S(1) 6∈

{
S(2), S(3)

}
is the fundamental difference between our

work and the previous which dealt with the equality S(1) = S(2). However,
despite many papers on the subject, the equation (5.1) is not totally solved. It
will be interesting to investigate more in future works.
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