Gulf Journal of Mathematics ISSN: 2309-4966
Vol 19, Tssue 2 (2025) 168-180 https://doi.org/10.56947 /gjom.v19i2.2665

IDEMPOTENT GRAPH OF 2 x2 MATRIX RING WITH
INVOLUTION

ANITA LANDE! and ANIL KHAIRNAR?*

ABSTRACT. Let R = M5(F), where F is a finite field. In this paper, we inves-
tigate the idempotent graph of a ring R denoted by I*(R). We demonstrate
that I*(R) is disconnected, having the components either complete bipartite
graphs or complete graphs. A characterization is obtained for the regularity
of I*(R). We determine the adjacency and Laplacian spectrum, the energy of
I*(R) and prove Beck’s conjecture.

1. INTRODUCTION

Exploring the relationship between different structures and analyzing the alge-
braic properties of rings through graph-theoretical properties is an interesting area
of research. Although commutative rings have been extensively studied, expand-
ing these ideas to non-commutative rings, notably *-rings, introduces significant
challenges. The idempotent graph links ring theory and combinatorics by visu-
ally representing idempotent relationships in non-commutative rings. Compared
to other graphs like the zero-divisor and unit graphs, it offers a new perspective.
This study helps bridge algebra and graph theory. Studying the zero-divisor
graph of x-rings is a difficult task, particularly for non-commutative rings. By
examining the structure of idempotent graphs, we can try to explore the structure
of graphs in non-commutative rings.

A mapping * is called an involution on R, if (a + b)* = a* + b*, (ab)* = b*a*,
and (a*)* = a for any a,b € R. A x-ring is a ring equipped with an involution
%. An element ¢ € R with a> = a is called an idempotent. The elements 0
and 1 are termed trivial idempotents, while any idempotent other than 0 or 1
is considered non-trivial. T Beck [5] initiated the concept of zero-divisor graphs
for commutative rings, primarily for the purpose of studying graph coloring. He
conjectured that its chromatic number and clique numbers are same. However,

Anderson et al. [2] demonstrated that the conjecture is not valid by providing a
counterexample. Anderson and Livingston [3] defined this graph for commutative
rings. Redmond [16] extended this concept to non-commutative rings. Patil and

Waphare [15] assigned a simple graph for *-rings, denoted by I'*(R), whose vertex
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set consists of all nonzero left zero-divisors in R, and two vertices x and y are
adjacent if xy* = 0. The set of idempotent elements in R is denoted by Id(R).
Akbari et al. [!] introduced the graph for a ring R, denoted by I(R). In [I1],
authors studied the idempotent graph denoted by GId(R). The study of these
graphs is explored in [1, 4, 6, 8, 9, 10, 11, 13, 14]. In [9], authors studied the
generalized projections in Z,.

We begin by introducing the necessary definitions required for the subsequent
discussion. A graph G is called connected if there is a path between any two
vertices of (G. If degree of every vertex is k, then a graph is called k-regular,
where k is referred to as the valency of G. If there is an edge between any pair of
vertices, then a graph is called complete. If the vertices of a graph can be divided
into two disjoint sets, such that no two vertices within the same set are adjacent,
then it is called bipartite graph. Let K, and K,,, denotes the complete graph
and complete bipartite graph respectively. For a simple graph G with n vertices
labeled as vy, vs, ..., v, the adjacency matriz A(G) = [a;;] is an n X n matrix,
1, if v; and v; are adjacent

where: a;; = )
0, otherwise.

The multiset of eigenvalues of A(G) is called adjacency spectrum. Let D denotes
the diagonal matrix with entries as degrees of vertices, then L(G) = D — A(G) is
Laplacian matriz of G. The multiset of eigenvalues of L(G) is Laplacian spectrum
of G. The energy of graph is the sum of the absolute values of its adjacency
eigenvalues, and is denoted by £(G). The minimum number of colors require to
color the vertices of GG in such a way that no two adjacent vertices receive the
same color is called chromatic number of G, and is denoted by x(G). The size
of the largest clique (a complete subgraph) within G is denoted by w(G), and is
called clique number of G. For further details on graph theory concepts, readers
may refer to [7].

Throughout this paper, F denotes a finite field of order n = |F| = p*, for
prime p and positive integer k, and R = M,(F). Let A" denote the transpose of
a matrix A. In this paper, we assign a simple graph I*(R) to a ring R, whose
vertices are non-trivial idempotents, and two vertices A and B are adjacent if
AB' = 0. A characterization is obtained for the regularity of I*(R). We show
that I*(R) is disconnected, and its components form either complete bipartite
graphs or complete graphs. Furthermore, we explicitly determine the adjacency
and Laplacian spectrum, and calculate the energy of I*(R). Additionally we
provide a proof of Beck’s conjecture for I*(R).

2. IDEMPOTENT ELEMENTS IN M, (IF)

We use the following notations:

. 0 o (10 {0 O e (1 a e« (0 a
ey 1) 2 (o) 2o (01) e 0) e 65
10 b c 00 01
Fa_(a 0)’E”’C_(b(1—b)c‘1 1—b)’M_<1 0)’N_(o 0)’

o
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Ny, = (_11 _]{;1), where a, b, ¢, k € F\ {0}, and b # 1.

k
Let Z(R) denote the set of non-trivial idempotent elements in the ring R. Recent
studies [12, 11] have examined idempotent elements in Ms(IF). The classification
of idempotent elements in the ring My (F) is given below.
Lemma 2.1. [12] Every idempotent element in Z(Ms(FF)) has one of the following
forms.

(i) Ey, E°, E,, E*, F,, F* for some a € F\{0},
(i7) Ep. for some nonzero b e F\{0,1}, ¢ € F\{0}.
Next, we count the idempotent elements in Z(Ms(TF)).
Lemma 2.2. The number of non-trivial idempotent elements in Ms(F) is n(n+1).

Proof. The non-trivial idempotent elements in Z (M, (F)) are listed in Lemma 2.1.
We count their cardinalities: |Ey| = |E°| = 1, since a € F\ {0}, |E,| = |E?| =
|F.| = |F*] =n—1. Now ¢ € F\{0}, b € F\{0, 1}, therefore |E, .| = (n—1)(n—2).
By adding all these, the count of non-trivial idempotent elements in My(F) is
n(n+1). O
Note the following observations:
(1) (Eo)t = E0> (EO)t = EO: (Ea)t = Fa7 (Ell)t = FaaMt = N7 (Nk)t =
N_i k.
(2) Fo,Eq, = F9E% = 0.
(3) EgE% = F,,Ey = E°E,, = FYE" = ME,, = F, M = NE% = E, N =
EyE° = MFEy= NE° =0.

3. THE IDEMPOTENT GRAPH

The study of adjacency spectra, Laplacian spectra, and graph energy helps us
understand graph structures, connections, and stability in different fields. These
properties give important mathematical insights and have practical uses in sci-
ence, engineering, and technology. The second largest adjacency eigenvalue affects
how a graph expands, which is important in expander graphs. The second small-
est Laplacian eigenvalue, called algebraic connectivity, shows how well the graph
is connected. In chemistry, energy helps analyze the stability of molecules. It is
also used in physics, biology, and sociology to study complex systems.

Akbari et al. [1] assigned a simple graph I(R) to a ring R. The vertex set of
this graph contains the non-trivial idempotents of R, and vertices a and b being
adjacent if ab = ba = 0. Patil et al. [I1] studied idempotent graph GId(R),
having vertices as non-trivial idempotents of R, and two distinct vertices a and
b are adjacent if ab = 0 or ba = 0. Note that I(R) is a subgraph of GId(R).

In this section, we extend the concept of idempotent graphs to x-rings and
determine the spectrum and energy of I*(R).

Definition 3.1. We assign a simple graph I*(R) to a #-ring R, having vertices
non-trivial idempotent elements of R, and the vertices a and b are adjacent if
ab®* = 0.
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FIGURE 1. The graphs I(R),GId(R), *(R)

If R is a commutative ring, then I(R), GId(R), and [*(R) are identical graphs.
The following example demonstrate that I(R), GId(R), and I*(R) are not iden-
tical.

Example 3.2. Let R = Ms(Z5). Here, the non-trivial idempotent are given by:

(0 0\ o (10 00\ ., (11 (10
= (o 1) =0 ) =097 =0 o) 7= (1 o)

F' = 8 1) }. The graphs I(R), GId(R) and I*(R) are shown in Figure 1.
Recall the following result from Number Theory. A positive integer a is said to
be a quadratic residue modulo n if there is an integer x such that z? = a (mod n).

For a prime p, —1 is quadratic residue modulo p if and only if a? = —1 for some
a € Fpk \ {0}

Remark 3.3. For a prime p, let F,» denotes a field with p* elements. Then:

(1) If p = 4r + 1, then there are exactly 2 elements in F with a® = —1.

(2) If p = 4r + 3, then there is no element in F with a? = —1.

(3) If p=2, then (a +1)*> =a*+ 1 =0 implies a = —1 = 1.
[

In [14], it was demonstrated that the graph GId(R) exhibits regularity. How-
ever, the graph I*(R) is not regular, as illustrated in Example 3.2 (Figure 1).
Let N(A) = {B € Z(My(R))\{A}: AB* = AB' = 0} be the neighborhood of A
in I*(R). If p = 4r + 3, the following result shows that I*(R) is regular.

Lemma 3.4. Let R = My(F) and p = 4r + 3. Then I*(R) is n-regular graph.

Proof. We determine the degrees of the elements in I*(R).
Since p = 4r + 3, there is no element in F satisfying a? = —1.
(].) N(Eo) = {A S Z(MQ(]F)) E(]At =0, e, AE() = 0}
Therefore N'(Ey) = {E°, F,: a € F\ {0}}. Hence [N (Ep)| = n.
(2) N(E®) = {A € Z(My(F)): EYA' =0, i.e., AE®=0}.
Therefore N (EY) = {Ey, F*: a € F\ {0}}. Hence |N(E°)| = n.
(3) N(E,) ={A € Z(My(F)): E,A" =0 i.e., A(E,)" = AF*=0}.
Here E~*F* = 0. Observe that £_,~1F* = 0. Thus, E_,-» € N(E,) if
E_, 1 # E,ie., if a> # —1 in F. Next, if Ey. € N(E,), then E, .F* = 0.
This results in the equation ba + ¢ = 0 or ¢ = —ba. Therefore,
N(E,) = {E " E_41,Ey_po: b € F\ {0,1}}, for a # —a~'. Hence
N (Ea)| = n.
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FIGURE 2. Neighborhoods of idempotent elements in I*(R)

(4) N(E*) ={A € Z(My(F)): E*A* =0 i.e., A(E*)" = AF, = 0}.
Note that E_,F, = 0 and E=* 'F, = 0. Next, if E,. € N(E,), then
E, . F, = 0, which yields ¢ = —ba~!. Therefore
N(EY) ={E_o, E=* " Ey_pg1: b€ F\ {0,1}}. Hence [N (E*)| = n.

(5) N(F®) = {A € Z(My(F)): FoAt =0 i.e., A(F*)t = AE, = 0}.
Note that E°E, = 0 and F.E, = 0, for c € F\ {0}. If E},.E, = 0, this
yields ¢ = 0, which is a contradiction. Hence E,.E, # 0 for any b, c.
Therefore N'(F*) = {E° F.: b € F\ {0}}. Hence |N(F*)| = n.

(6) N(F,) ={A € Z(My(F)): F,A* =0 i.e., A(F,)' = AE* = 0}.
Note that EgE* = 0 and FPE® = 0 for b € F\ {0}, and E, .E* # 0 for any
b, c. Therefore N'(F,) = {Fy, F¢: b € F\ {0}}. This gives IN(F,)| = n.

(7) N(Ep.) ={A € Z(My(F)): E, A" = 0}.
Note that £, E, # 0 implies (E,)" = F* ¢ N(Ey.). Similarly, E, .E* # 0
also implies (E*)! = F, ¢ N(Ep.). Next, E,.(E,)" = 0 holds if and
only if a = —cb™'. Also, E,.(E*)" = 0 holds if and only if a = —bc™'.
Additionally, Ej.(Eq, )" = 0 holds if and only if bay + ajc = 0 i.e.,
aj = —bctag. Therefore N(E,,.) = {E_qu,E*bc_l,Eaky_akbcq: ap €
F\ {0,1}}. Hence [N (Eq,q,)| = n.

Thus, if p = 4r + 3, then [*(R) is n-regular graph. 0

In the following result, we establish that if p = 4r 4+ 3, then I*(R) is both
disconnected and a regular bipartite graph.

n+1

Proposition 3.5. Let R = My(F) and p = 4r + 3. Then I*(R) has

connected components, and each component is K, .

Proof. Define the sets: X = {FEy, E° F,,F*} and Y = {E,,E*, E.;: a,b €
F\ {0},a # 1}. From the neighborhoods defined in Lemma 3.4, Figure 2 and
Figure 3, observe that no vertex in X is connected by a path with a vertex in
Y. Thus X and Y forms two disconnected components in [*(R). Hence I*(R)
is disconnected. Additionally, the vertices in X forms complete bipartite graph
with the partition of vertices {E°, F,} and {Fy, [}, see Figure 3. Moreover,
U={E"" E,, Eypar, E* Ey1, By 4o} and



IDEMPOTENT GRAPH 173
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FIGURE 3. The components X and Y of I*(R).

V = {E_afl,E_a,Eb7ba,E_a_1,E_a,EbV_bafl} gives a partition of vertex set Y,
such that no vertices within U are adjacent, and no vertices within V' are adja-
cent. (Refer to Figure 3 for visualization). Thus Y is bipartite. By Lemma 3.4,
I*(R) is regular with valency n. Hence each component of I*(R) is K, ,

Next, by Lemma 2.2, there are n(n + 1) non-trivial idempotent elements in
I*(R). Since the components of [*(R) are K, ,. Therefore each connected compo-
nn+1) n+1

nent of I*(R) contains 2n vertices. Hence there are 5 connected
n
n+1
components in I*(R). Thus, if p = 4r + 3, then [*(R) has il connected
components, and each component is I, . O

Spectral properties of k-regular graphs are used in network synchronization,
graph partitioning, and expander graph analysis. Regular graphs often have
symmetric spectra, making them useful in designing efficient algorithms for spec-
tral clustering and optimization. Let A be an eigenvalue with multiplicity s, then
we denote it as A\®). Recall the following:

Suppose G is a simple undirected regular graph with valency k. Then:

(i) The largest eigenvalue of the adjacency matrix of G is equal to k.

(ii) The multiplicity of an eigenvalue k is equal to the number of connected
components in G.

(iii) The adjacency spectrum of K, is a multiset: {(n — 1)) (=1)»=D},

(iv) The adjacency spectrum of K, , is a multiset: {n(l), (0)¢ (20— 2 —nMy.

(v) The Laplacian spectrum of K, is a multiset: {0, (n)("=D}.

(vi) The Laplacian spectrum of K, is a multiset: {0() (1) ,(n)®n=2) (2n)M},
Now, we apply this to analyze the spectrum of I*(R).

Proposition 3.6. Let R = M(F) and p = 4r + 3. The adjacency spectrum of
I*(R) is a multiset:

{0, 0", (=m0}

and the Laplacian spectrum of I*(R) is a multiset:

{005, (2n) ("8, (-0 L
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FIGURE 4. I*(My(Zs)).

n+1

Proof. The graph I*(R) has
K, (see Proposition 3.5). Thus n is the largest eigenvalue of I*(R), and its mul-

connected components, and each component is

1
tiplicity is ntl The eigenvalues of K,,,, are given by: (n)®) 0@7=2) (—n)W).

Thus the adjacency spectrum of I*(R) is a multiset:

2 ntl

{0, (=m) ]

Furthermore, the Laplacian eigenvalues of K, ,, are 0V, (2n)® (n)2"=2). Hence
the Laplacian spectrum of I*(R) is a multiset:
{0, 20, (e}
0

Using the above result, we compute the energy of I*(R).

Corollary 3.7. Let R = My(F) and p = 4r + 3. Then the energy of I*(R) is
gwen by: E(I*(R)) = n(n+1).

Proof. Since the energy of a graph is given by the sum of the absolute values of

its adjacency eigenvalues. Hence £(I*(R)) = (%) n+ () n=n(n+1). O

As an illustration consider the example given below:

Example 3.8. Let R = My(Z3). The idempotent elements in R are listed below:

(0 0\ .o (10 (00 00\ ., (11
B (o 1) = (0 0) A= (0 1) 5= (5 1) =5 0),
12 01 0 2 10 10

2 _ 1 _ 2 _ _
G O R U R U R G R C)

2 2 2 1
E2,l:(2 2)7E2,2:(1 2)

The neighborhoods of the vertices are given below:

N<EO> = {E0>F17 FQ}a N(EO) = {E07 F17 F2}> N<E1) = {E2,17E27 E2}7
N(EQ) == {E2’27 El, El}, N(El) == {E2,1; E27 E2}, N(EQ) - {E2727 El7 E1}7
N(FY) ={E° F\, b}, N(F?) = {E°, Iy, 5}, N(F\) = {Ey, F', F?},
N(Fy) = {Ey, F', F?}, N(FEy3) = {Ea1, Ea, E*}, N(E21) = {Fs2, E1, E'}.
The graph I*(R) is depicted in Figure 4.
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Here, p = 3 and p = 4r + 3. Observe that I*(R) is p = 3-regular graph
with ”TH = 2 connected components, each of which is K33. The adjacency
spectrum of Kz 3 is {—3M, 0@ 31}, Therefore the adjacency spectrum of I*(R)
is {—32),0® 32} The energy is £(I*(R)) = 12. The Laplacian eigenvalues of
K3 are 09 (3)@ (6)1). Hence the Laplacian spectrum of I*(R) is a multiset:
(0, (3)9, (6},

Let p # 4r + 3, the following result demonstrate that I*(R) is not regular.
Lemma 3.9. Let R = M(F) and p # 4r + 3. Then I*(R) is not regular.

Proof. Suppose p # 4r + 3. Then there exists an element a € F with a? = —1.
The neighborhood of Ey is N'(Eg) = {E°, F,: a € F\ {0}}, which means the size
of N(Ep) is n. For a € F \ {0}, the neighborhood of E, is given by: N(E,) =
{A € My(F): E,A" =0, i.e., A(E,)" = AF* = 0}.

If By. € N(E,), then E, .F'* = 0, which leads to the equation ba+c¢ = 0 implying
¢ = —ba. Observe that E~*F* =0, and E_,~1F* = 0. Therefore E_,-1 € N(E,)
if B_,1 # E,i.e.,ifa® # —1inF. Thus, ifa = —a ' inF, then E_,-1 ¢ N(E,).
Therefore N(E,) = {E_,-1,E"* Ey _p,: b € F\ {0,1}, for a®* # —1. Hence
WV(E,)| =n. And if a*> = —1 in F, then N(E,) = {E~* Ey _p,: b € F\ {0,1}}.
That is for > = —1 in F, |[N(E,)| = n — 1. Therefore the degree of Ey is n as
shown by the neighborhood N'(Ey), whereas the degree of the vertex F, is n — 1
as shown by the neighborhood N(E,) when a®> = —1. Since the degrees of F
and F, are different, I*(R) is not regular. O

Next, we discuss a necessary and sufficient condition for regularity of I*(R).

Theorem 3.10. Let R = My(F). Then I*(R) is reqular if and only if
p=4r+ 3.

Proof. The proof is obtained using Lemma 3.4 and Lemma 3.9. 0

Suppose p # 4r + 3, then F contains an element a with a?> = —1, the structure
of I*(R) can be analyzed by examining the neighborhoods of its vertices. The
vertices corresponding to the elements Ey and E* (with a? = —1) have different
degrees, leading to a non-regular graph, as discussed in the proof above. This
characterization shows how the presence of elements a € F with a?> = —1 disrupts
the regularity of the graph I*(R), and when such elements do not exist in F, the
graph I*(R) is regular.

Let p # 4r + 3. In the next result we describes the structure of I*(R).

Proposition 3.11. Let R = My(F) and p # 4r + 3. Then the components corre-
sponding to E*, E, are complete bipartite graph K, ,, for a* # —1, and complete
graph K, for a®> = —1.

Proof. Since p # 4r + 3, there exists an element a € F with a? = —1.

Case (1): Let a € F\{0} with a? # —1. Then:

(i) Consider the neighborhoods of the elements adjacent to E.

N(E®) = {E_¢, E= By _4-1: b€ F\ {0,1}} = N(E;-1) = N(Eppa).

Next, N(E=*") = {Ey1, B Eypa: b € F\{0,1}} = N(E_,) = N(Ep_pa1)-
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K »=%)x(n—2) K»n=%)x(n-2)

(a) Component corresponding to E* (b) Component corresponding to F,

FIGURE 5. The components of I*(R) corresponding to the vertices
E® and E, for a®> # —1.

Let A = {Eppe: b € F\{0,1}} and B = {E, _p,-1: b € F\ {0,1}}. Note
that Eppe(Eeca)’ # 0, and Eppo(E. _cq-1)" = 0. Therefore all vertices in A are
adjacent to all vertices in B, and no vertices within A are adjacent. Also, no
vertices within B are adjacent. Thus, the component corresponding to £ forms
a complete bipartite graph K, , in I*(R) as shown in Figure 5 (a).

(ii) Now, we find the component of I*(R) corresponding to the vertex E,.
N(E) ={F_41,E% Fy_pa: b€ F\{0,1}} = N(E* ") = N(Eppo1)-
N(E=) ={E*" By, Eppg1: b€ F\{0,1}} = N(E_s-1) = N(Ep _pa)-
Let Ay = {Ep_po: b€ F\ {0,1}} and By = {Eppe—1: b € F\ {0,1}}. Note that
Ey_pa(Ee—ca)t # 0, and Ep_po(Ereq-1)" = 0. Similar to above part {A;, By},
forms the partition of vertex set of the component corresponding to E,. Hence
it forms a complete bipartite graph K, , in I*(R) as shown in Figure 5 (b).
Case (2): Let a € F\{0} such that a? = —1. Then:
(i) N(E*) ={E_,, Eppa: b€ F\ {0,1}}. Note that IN(E*)| =n — 1.
Next, consider the neighborhoods of the elements adjacent to E®.
N(E_,) ={E* Eypa: b€ F\ {0,1}}. Therefore |IN(E_,)| =n— 1.
N(Eppa) ={E* E_o,Ecca: c € F\{0,1},c # b}. Therefore |IN(Eppq)| =n — 1.
This structure leads to the component corresponding to E® forming a complete
graph K, in I*(R) (see Figure 6 (a)).

(i) N(E,) ={E~% Ey_p: b € F\ {0,1}}. Note that |N(E,)| =n — 1.
Consider the neighborhoods of the elements adjacent to Fj,.
N(E=) ={E,, Ep_pa: b€ F\ {0,1}}. Therefore IN(E~*)|=n — 1.
N(Ep-pa) = {Ea, B E¢_ca: ¢ € F\ {0,1},¢ # b}. Therefore |N(Ep_pa)| =
n — 1. Hence the component corresponding to the vertex E, for a®> = —1 forms
complete graph K, in [*(R) (see Figure 6 (b)). O

Let p = 4r + 1. The following result determines the adjacency and Laplacian
spectrum of I*(R).
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(a) Component corresponding to E* (b) Component corresponding to £,

FIGURE 6. The components of I*(R) corresponding to the vertices
E® and E, for a®> = —1.

Proposition 3.12. Let R = My(F) and p = 4r + 1. The adjacency spectrum of
I*(R) is a multiset:

{0200, (=)@, (), ()2, )],
and the Laplacian spectrum is a multiset:
{(m)e*=,008), (2n)0}
Furthermore, the energy is given by: E(I*(R)) = (n — 1)(n +4).

Proof. By Lemma 1, there are n(n+ 1) non-trivial idempotent elements in I*(R).
According to Proposition 3.11, the components of I*(R) are either bipartite or
complete graphs. Specifically: The components E, and E* corresponding to
an element a?> = —1 forms complete graph K,. Hence the eigenvalues corre-
sponding to this component are (n — 1), and (—1)~Y. Also, note that the
component associated to a € F and —a € F are same for a®> = —1. By Remark
3.3, there are only 2 elements in F with a> = —1. Therefore there are exactly
two components of K,. Thus, the eigenvalues corresponding to these two K,
components are (—1)2™=1) and (n — 1)®. The remaining components are reg-
ular bipartite graphs K, ,. Total number of vertices in bipartite components are

n2—n n-—1

n% +n — 2n = n? — n. Therefore there are bipartite components

n
in I*(R). The eigenvalues of K, , are (0)?"=2 (n)® (—n)M. Therefore the

eigenvalues of “>1 bipartite components K, are (0)(=D%) (p)("zD) | (—p)("2 ).
Hence the adjacency spectrum of I*(R) is a multiset

(180D (= 1)@, (), (-5, @)},

Furthermore, the energy is given by:

n—1

E(I*(R)):2(n—1)+2(n—1)+n(nT) —|—n< > ):(n—l)(n+4).

Next, the Laplacian eigenvalues corresponding to K, are 0 n(=1D  Hence
the Laplacian eigenvalues corresponding to 2 components of K,, are
0@ nCr=1) The Laplacian eigenvalues corresponding to K, ,, are

0, (n)®r=2 (2n)M). Since there are 25! complete bipartite components, hence
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the Laplacian eigenvalues corresponding to these components are
n—1

00"z, n=1? (2n)("37). Thus, the Laplacian spectrum of I*(R) is a multiset:
{n(n‘é’—l),O("”) (2n) ;1)}.

Now, we determine the spectrum and energy of I*(R) for p = 2.

Proposition 3.13. Let R = My(F) and p = 2. The adjacency spectrum of I*(R)
1s given by a multiset:

{10, (n = 1), (0)*= (), (—n) 3},

and the Laplacian spectrum is a multiset:
{nm?—l), 053, (2n)<%>} ‘
Furthermore, the energy is given by: E(I*(R)) = n? + 2n — 2..

Proof. There are n(n + 1) non-trivial idempotent elements in I*(R) (see Lemma
1). According to Proposition 3.11, the components of I*(R) are either bipar-
tite or complete graphs. In this case when p = 2, there is only one element
a € F such that a* = —1 (see Remark 3.3). Therefore there is exactly one
component K,. Its eigenvalues are (n — 1)®) (=1)"=Y. Total number of ver-
tices in bipartite components is n? +mn — n = n?. Thus, the number of bipartite

TL2

components in [*(R) is — = g The eigenvalues of adjacency matrix of K,

),07=2)) Therefore the eigenvalues of 2 bipartite components

are (n, (—n)M),
2) ( n)(2), (0)™"=1) Hence the adjacency spectrum of I*(R) is a

K, are (n)(
multiset
{(_1)(1171)7 (n - 1)(1)7 (0)(n(n71))’ ( % )}

The energy is: E(I*(R)) = n? + 2n — 2.
Next, the Laplacian eigenvalues corresponding to K, are 00, (n)(”_l). The
Laplacian eigenvalues corresponding to K, are 0, (n)2"=2 (2n)M).  Since

there are § complete bipartite components, hence the Laplacian eigenvalues cor-

responding to these components are 0(2), (n)™®=1) (2n)(z) Thus, the Laplacian
spectrum of I*(R) is a multiset: {(n) =1 (("5*) (Qn)(%)}. O
Remark 3.14. Let R = My(F), where F # Z,. Then I*(R) is not planar as it
contains K33 as a subgraph.

We end this section by showing that Beck’s conjecture holds for I*(R).

Proposition 3.15. Let R = My(F). Then the chromatic number and clique
number of I*(R) are:

2, ifp=4r+3

X(I*(R))=W(I*(R))={n AT
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Proof. Suppose that p = 4r 4+ 3. By Proposition 3.5, each component of I*(R)
forms a bipartite graph. For a bipartite graph x(G) = w(G) = 2. Hence
X(I*(R)) = w(I*(R)) = 2. Suppose p # 4r + 3, then there exists a € F with
a®* = —1. By Proposition 3.11, the components of I*(R) include K,, and K, ,.
The subgraph K, gives the largest complete subgraph of I*(R), so w(I*(R)) = n.
The graph K, requires n colors, since it is a complete graph, and we need one
color for each vertex. For the bipartite components K, ,, any two of the n avail-
able colors can be used to color the vertices, so they do not affect the total
chromatic number. Therefore x(I*(R)) = n. Hence, in both cases, we have
X(I*(R)) = w(I*(R)), and the values are given by the above cases depending on
whether p = 4r + 3 or not. Thus,

2, ifp=4r—+3

XIR) =) =9 4 g s

O
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